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Abstract. We present results for the complete one-loop electroweak logarithmic corrections for general
processes at high energies and fixed angles. Our results are applicable to arbitrary matrix elements that
are not mass suppressed. We give explicit results for 4-fermion processes and gauge-boson pair production

+

in eTe” annihilation.

1 Introduction

In the LEP regime, at energies s'/2 ~ M, electroweak
radiative corrections are dominated by large electromag-
netic effects from initial-state radiation, by the contribu-
tions of the running electromagnetic coupling, and by the
corrections associated with the p parameter, typically of
the order 10%. Future colliders, such as the LHC [1] or
an eTe™ linear collider (LC) [2], will explore a new energy
range, s'/2 > M. It is known since many years (see,
for instance, [3,4]) that above the electroweak scale the
structure of the leading electroweak corrections changes
and double logarithms of Sudakov type [5] as well as sin-
gle logarithms involving the ratio of the energy to the
electroweak scale become dominating. These logarithms
arise from virtual (or real) gauge bosons emitted by the
initial- and final-state particles. They correspond to the
well-known soft and collinear singularities observed in the-
ories with massless gauge bosons.

In massless gauge theories such as QED and QCD, the
soft and collinear logarithms in the virtual corrections are
singular and have to be cancelled by adding the contri-
bution of real gauge-boson radiation. In the electroweak
theory, the masses of the weak gauge bosons, Z and W,
provide a physical cutoff, and the massive gauge bosons
can be detected as distinguished particles. Unlike for the
photon, real Z and W bremsstrahlung need not be in-
cluded, and the large logarithms originating from virtual
corrections are of physical significance.

The typical size of double-logarithmic (DL) and single-
logarithmic (SL) corrections is given by
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at s'/2 = 1 TeV and increases with the energy. If the ex-

perimental precision is at the few-percent level like at the
LHC, both DL and SL contributions have to be included

at the one-loop level. In view of the precision objectives
of a LC, between the percent and the permil level, be-
sides the complete one-loop corrections also two-loop DL
effects have to be taken into account. The DL contribu-
tions represent a leading and negative correction, whereas
the SL ones often have opposite sign, and are referred to
as subleading. The compensation between DL and SL cor-
rections can be quite important [6,7], and depending on
the process and the energy, the SL contribution can be
even larger than the DL one’.

Owing to this phenomenological relevance, the infrared
(IR) structure of the electroweak theory is receiving in-
creasing interest recently. The one-loop structure and the
origin of the DL corrections have been discussed for eTe~
— ff [8,9] and are by now well established. Recipes for
the resummation of the DL corrections have been devel-
oped [10,9,7,11] and explicit calculations of the leading
DL corrections for the processes ¢ — ff and ete™ — ff
have been performed [12-14]. On the other hand, for the
SL corrections complete one-loop calculations are only
available for 4-fermion neutral-current processes [6,7] and
W-pair production [4]. The subleading two-loop logarith-
mic corrections have been evaluated for ete™ — ff in
[7]. A general recipe for a subclass of SL corrections to all
orders has been proposed in [15], based on the infrared-
evolution equation method.

In this paper, we present results for all DL and SL con-
tributions to the electroweak one-loop virtual corrections.
The results apply to exclusive processes with arbitrary ex-
ternal states, including transverse and longitudinal gauge
bosons as well as Higgs fields. Above the electroweak scale,
the photon, Z- and W-boson loops are most conveniently
treated in a symmetric way, rather than split into elec-

! For instance in ete™ — pup~ [7] at s'/2 = 1 TeV one has
+13.8% for SL and —9.6% for DL corrections to the unpolar-
ized cross section
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tromagnetic and weak parts [10]; at the same time spe-
cial care has to be taken for the gap between the photon
mass and the weak scale My,. To this end we split the
logarithms originating from the electromagnetic and from
the Z-boson loops into two parts: the contributions of a
fictitious heavy photon and a Z-boson with mass My,
which are added to the W-boson loops resulting in the
“symmetric-electroweak” (sew) contribution, and the re-
maining part originating from the difference between the
photon or Z-boson mass and the mass of the W-boson.
The large logarithms originating in the photon loops ow-
ing to the gap between the electromagnetic and the weak
scale are denoted as “pure electromagnetic” (em) contri-
bution.

In contrast to predictions based on the unbroken
phase, our results are obtained from the high-energy limit
of the broken phase, i.e. with calculations in the physical
fields. In this way all features of the electroweak theory
are consistently implemented?. Especially, the mixing and
the mass gap between photons and Z-bosons is well un-
der control. Furthermore, the longitudinal components of
massive gauge bosons and the scalar fields are included as
external states.

On the method

We work within the 't Hooft-Feynman gauge and use di-
mensional regularization so that ultraviolet (UV) single
logarithms depend on the regularization scale u. Exploit-
ing the p independence of the S matrix, we choose p? = s
so that the logarithms log (u?/s) related to the UV sin-
gularities are not enhanced, and only the mass-singular
logarithms log (12 /M?) or log (s/M?) are large. In order
to be specific we fix the field-renormalization constants
(FRCs) such that no extra wave-function renormalization
constants are required [16]. For parameter renormaliza-
tion we adopt the on-shell scheme for definiteness. This
can easily be changed. In this setup large logarithms ap-
pear in the mass-singular loop diagrams as well as in the
coupling and field-renormalization constants, and are dis-
tributed as follows:

(1) The DL contributions originate from those one-loop
diagrams where soft—collinear gauge bosons are ex-
changed between pairs of external legs. These double
logarithms are obtained with the eikonal approxima-
tion.

(2) The SL mass-singular contributions from loop dia-
grams originate from the emission of virtual collinear
gauge bosons from external lines [17]. These SL con-
tributions are extracted from the loop diagrams in
the collinear limit by means of Ward identities, and
are found to factorize into the Born amplitude times
“collinear factors”. These are the main results of this

2 As observed in [9], the Higgs mechanism is irrelevant for
the IR structure at the DL level. This seems to be less clear at
the SL level, where, through self-energy contributions, mixing
effects between gauge bosons and Goldstone bosons enter
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article, and a forthcoming publication [18] will be ded-
icated to a detailed description of their calculation.

(3) The remaining SL contributions originating from soft
and collinear regions are contained in the FRCs.

(4) The parameter renormalization constants, i.e. the
charge- and weak-mixing-angle renormalization con-
stants as well as the renormalization constants for
Yukawa and scalar self couplings, involve the SL con-
tributions of UV origin. These are the leading log-
arithms that are controlled by the renormalization

group.

The DL and SL mass-singular terms are extracted from
loop diagrams by setting all masses to zero in the nu-
merators of the loop integrals. This approach is applica-
ble only if no inverse powers of gauge-boson masses are
present in the Feynman rules. In the Feynman gauge this
is true except for the polarization vectors of longitudinal
gauge bosons. However, since we are only interested in the
high-energy limit, we can use the Goldstone-boson equiv-
alence theorem [19] for processes involving longitudinal
gauge bosons taking into account the correction factors
from higher-order contributions [20].

This paper is organized as follows: in Sect. 2 we intro-
duce our basic definitions and conventions. The leading
logarithms originating from the soft—collinear region, from
the soft or collinear regions, and from parameter renormal-
ization are considered in Sects. 3, 4, and 5, respectively. In
Sect. 6 we discuss some applications of our general results
to simple specific processes. Results for the electroweak
logarithmic corrections to the production of an arbitrary
number of transverse gauge bosons in fermion—antifermion
annihilation are given in Appendix A. Finally, Appendix B
summarizes explicit results for the various generic quan-
tities appearing in our formulas.

2 Definitions and conventions

We consider electroweak processes involving n arbitrary
external particles. As a convention, all these particles and
their momenta p; are assumed to be incoming, so that the
process reads

®i(p1) - @i, (pn) — 0. (2.1)

The particles (or antiparticles) ¢;, correspond to the com-
ponents of the various multiplets ( present in the standard
model. Chiral fermions and antifermions are represented
by f% and f¥, respectively, with the chirality x = R, L and
the isospin indices ¢ = £. The gauge bosons are denoted
by V, = A, Z,W¥, and can be transversally (T) or longi-
tudinally (L) polarized. For neutral gauge bosons we use
the symbol N = A, Z. The components @; of the scalar
doublet consist of the physical Higgs particle H and the
unphysical Goldstone bosons y, T, which are used to de-
scribe the longitudinally polarized massive gauge bosons
71, and Wf with help of the equivalence theorem.
The predictions for general processes,

i (D) - i (D) = @5, (PT") - g (P2, (2.2)
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can be obtained by crossing symmetry from our predic-
tions for the n — 0 process

@i, (P1) -+ @i, (D) P50 (=PT™) - B (=10 0) —(>203>
where @; represents the charge conjugate of ¢;. Thus, out-
going particles (antiparticles) are substituted by incoming
antiparticles (particles) and the corresponding momenta
are reversed. These substitutions can be directly applied
to our results.

The couplings of the external fields ¢;, to the gauge
bosons V, are denoted by iel"(y), and correspond to the
generators of infinitesimal global SU(2) x U(1) transfor-
mations of these fields,

oy, pi = ieI;/jw (@) ir. (2.4)

To be precise, ie[&wu (¢) is the coupling corresponding
to the V,@;p vertex, where all fields are incoming. The
indices of the matrix I gf@w (¢) may be particles or antipar-
ticles, and charge conjugation of the identity (2.4) gives

1,0 = = (If5,(0)) -

As a shorthand notation for those formulas where various
fields labelled by k = 1,...,n occur, the components ¢;,
are replaced by their indices ix. For instance, the genera-
tors in (2.4) are denoted by Ifk% (k). A detailed description

of the generators and other group-theoretical operators is
given in Appendix B, together with the explicit values for
various representations.

We consider the process (2.1) with all external mo-
menta on shell, p? = m?, and in the limit where all in-
variants are much larger than the gauge-boson masses, in
particular

(2.5)

i = (pr + p1)? ~ 2prp1 > M. (2.6)

Note that this condition is not fulfilled if the cross section
is dominated by resonances. We restrict ourselves to Born
matrix elements that are not mass suppressed in this limit,
and we calculate the virtual one-loop corrections in lead-
ing and subleading logarithmic approximation (LA), i.e.
we take into account only enhanced DL and SL terms and
omit non-enhanced terms. The logarithmic contributions
are written in terms of
T « T
2 %, Iy, M?) = Elog %,
(2.7)
and depend on different invariants ry; and masses M, ac-
cording to the Feynman diagrams they originate from. In
order to render the results as symmetric as possible, we
relate the energy-dependent part of all large logarithms
to the scales My and s. To this end, we write all these
logarithms in terms of

o
L(|rgl, M2) = o log

L(s) := L(s, M%), 1(s):=1(s, M%), (2.8)

and logarithms of mass ratios and ratios of invariants.
The DL contributions proportional to L(s) and to I(s)
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Fig. 1. Feynman diagrams leading to DL corrections

x log(|rki|/s) as well as the SL contributions proportional
to I(s) are denoted as the symmetric-electroweak part of
the corrections. The IR singularities are regularized by an
infinitesimal photon mass A, and owing to the mass hier-
archy

(2.9)

all logarithms of electromagnetic origin [(M3,,\?) and
Z(Mgv,m?p) involving the photon mass or light charged
fermion masses are large and have to be taken into ac-
count, whereas the logarithms [(M3,, M%), I(m?, M3,),
and [(M%, M3,) are neglected. Furthermore, in the limit
(2.6), the pure angular-dependent contributions log (74;/5)
and log? (7;/5) can be neglected.

The lowest-order matrix element for (2.1) is denoted
by

MHamhMWaMZ > mf7$t > )\7

M= (py, . pn). (2.10)

In LA the corrections assume the form

v

5Mi1...in (plv . 7pn) — Mél"'ln (pl; o

apn)ai/lil...i;lin;

(2.11)
i.e. they factorize as a matrix, and are split into various
contributions according to their origin:

§ = 6159 4 §55C 159 4 PR, (2.12)

The leading and subleading soft—collinear logarithms are
denoted by 6“5€ and 65€ respectively, the collinear loga-
rithms by §€, and the logarithms resulting from parameter
renormalization, which can be determined by the running
of the couplings, by 6FR.

3 Soft—collinear contributions

The DL corrections originate from loop diagrams where
virtual gauge bosons V, = A, Z, W% are exchanged be-
tween pairs of external legs (Fig. 1). The double logarithms
arise from the integration region where the gauge-boson
momenta are soft and collinear to one of the external legs.
As in QED, they can be evaluated using the eikonal ap-
proximation, where in the numerator of the loop integral
the gauge-boson momentum is set to zero and all mass
terms are neglected. In this approximation the one-loop
corrections give

o n d4
D DD S =

k=11<k V,=A,ZW=*
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x (—die pkpl[Va (k )IVa (i )./\/l 4..1‘;..%)

’L’L;‘

/ {la* = M7 )l(pk + ) — miy ]
< (e = q)* = mipl}, (3.1)

and in LA, using the high-energy expansion of the scalar
three-point function [21], one obtains

INIDY

k=11#k V,=A,Z W=
><./\/101
X[L([rwal, M) —

SMtn I (k)1 (1)

Zka 7 Zl

g
k.“zl...zn

Sy, aL(m3,)?)]. (3.2)

The DL term containing the invariant rx; depends on the
angle between the momenta p, and p;. Writing

L(|r|, M?) = L(s, M?) + 21(s, M2)10g| il + L(|ril, s),
S

(3.3)
the angular-dependent part is isolated in logarithms of
rr/s, and gives a subleading soft—collinear (SSC) contri-
bution of order I(s)log(|rki|/s), whereas terms L(|rxl, s)
can be neglected in LA. The remaining part, together
with the additional contributions from photon loops in
(3.2), gives the leading soft—collinear (LSC) contribution
and is angular-independent. The eikonal approximation
(3.1) applies to chiral fermions, Higgs bosons, and trans-
V(‘e/rse gauge bosons, and depends on their gauge couplings
IVe (k).

Owing to the longitudinal polarization vectors (4.24)
which grow with energy, matrix elements involving longi-
tudinal gauge bosons have to be treated with the equiv-
alence theorem, i.e. they have to be expressed by matrix
elements involving the corresponding Goldstone bosons.
A detailed description of the equivalence theorem is given
in Sect. 4. As explained there, the equivalence theorem for
Born matrix elements (4.26) receives no DL one-loop cor-
rections. Therefore, the soft—collinear corrections for ex-
ternal longitudinal gauge bosons can be obtained using
the simple relations

— §PL A0
_ idDLM"'X"',

SPL AL Wi -

6DLM...ZL... (34)

from the corrections (3.2) for external Goldstone bosons.

Leading soft—collinear contributions

The invariance of the S matrix with respect to global
SU(2) x U(1) transformations implies
k) M-

0 = gy, Miin = 162 i ( (3.5)

For external Goldstone fields extra contributions propor-
tional to the Higgs vacuum expectation value appear,
which are, however, irrelevant in the high-energy limit.
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Using (3.5), the LSC logarithms in (3.2) can be written as
a single sum over external legs,

n ’
LSC clpeeiln
’L ’Lk °

5LSCMi1.,.i (36)

After evaluating the sum over A, Z, and W, in (3.2), the
correction factors read

I(s)

(3.7)

M2

LSC ew Z 2 Z

SO =~ |7 (L) — 2 (6, Yo 377
+ 5i;ciinLem(s,)\2,mﬁ)] .

The first term represents the DL symmetric-electroweak
part and is proportional to the electroweak Casimir op-
erator C® defined in (B.10). This is always diagonal in
the SU(2) indices, except for external transverse neutral
gauge bosons in the physical basis (B.14), where it gives
rise to mixing between amplitudes involving photons and
Z-bosons. The second term originates from Z-boson loops,
owing to the difference between My, and Mz, and

em M2
L™ (5, A2, m3) : = 2I(s) log ()\12/(/)

FL(ME, A2) — L(m2, \2) (3.5)
contains all logarithms of pure electromagnetic origin. The
LSC corrections for external longitudinal gauge bosons are
directly obtained from (3.7) by using the quantum num-
bers of the corresponding Goldstone bosons. Formula (3.7)
is in agreement with [9,11]. In [10] the logarithm L(m3, A?)
that depends on the mass of the external state is missing.

Subleading soft—collinear contributions

The contribution of the second term of (3.3) to (3.2) re-
mains a sum over pairs of external legs,
§55C pgin-in _ Z Z Z
k=11<k V,=A,Z,W*
Va,ssc i
61 il (k, l)./\/l K , (3.9)

with angular-dependent terms. The exchange of soft, neu-
tral gauge bosons contributes with

5A Ssc (k1) = |7“kl|

Z ZkZlZ]

LA (k) I (1),

7 lk lel

2 [U(s) + U(MG,, \?)] log

Tl )17, ),

7,2[

6Z:58C (1, 1) =21(s) log

RN (310)
and, except for IZ in the neutral scalar sector H,y (see
Appendix B), the couplings IV are diagonal matrices. The
exchange of charged gauge bosons yields

W=,88C |7"kz\ +
Oit irn (k1) = 21(s) log I, (K)I], (1),

lll'L
kl S

(3.11)
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and owing to the non-diagonal matrices I+ (k) [cf. (B.17),
(B.22) and (B.26)], contributions of SU(2)-transformed
Born matrix elements appear on the left-hand side of (3.9).
In general, these transformed Born matrix elements are
not related to the original Born matrix element and have
to be evaluated explicitly.

The SSC corrections for external longitudinal gauge
bosons are obtained from (3.9) with the equivalence theo-
rem (3.4), i.e. the couplings and the Born matrix elements
for Goldstone bosons® have to be used on the right-hand
side of (3.9).

The application of the above formulas is illustrated in
Sect. 6 for the case of 4-particle processes, where owing to
T12 = T34, T13 = 724 and T14 = T23, (39) reduces to

§O M = N 2 [I(s) + UMy, My,)]
V,=A,Z W=
X { log —|T12|
s

[ I @M 1 1 (3)15% (@M
+ log 7|r13|

|:I7,‘/11( ) ( )M“Z2Z3Z4 +I7,‘/12( ) [y 14( )M“Z21314i|
+ log 7|r14|

[Il‘/“(l)fi‘z‘;4 (4)/\/%1121314 + IszQ (2) ; 13( )M11121314:| },

(3.12)

and the logarithm with r;; = s vanishes. Note that this
formula applies to 4 — 0 processes, where all particles or
antiparticles and their momenta are incoming. Predictions
for 2 — 2 processes are obtained by substituting outgo-
ing particles (antiparticles) by the corresponding incoming
antiparticles (particles), as explained in Sect. 2.

4 Collinear and soft single logarithms

In this section we consider the SL corrections originating
from field-renormalization and from mass-singular loop di-
agrams. The PR contributions associated with the renor-
malization of the electric charge, the weak-mixing angle,
and mass ratios are presented in Sect.5. As explained in
the introduction, in our approach to SL corrections we set
the regularization scale u? = s so that only mass-singular
logarithms log (12 /M?) or log (s/M?) are large.

On one hand the FRCs give the well-known factors
0Z,/2 for each external leg, containing collinear as well as
soft SL contributions. On the other hand, mass-singular
logarithms arise from the collinear limit of loop diagrams
where an external line splits into two internal lines [17],
one of these internal lines being a virtual gauge boson

3 Note that for Goldstone bosons x, the equivalence theorem
as well as the couplings (B.23) and (B.21) contain the imagi-
nary constant i
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A, Z or W. If the two internal lines involve only fermions
and scalars no mass-singular terms emerge. The mass-
singular diagrams are evaluated in the limit of collinear
gauge-boson emission using Ward identities [18], and af-
ter subtraction of the contributions already contained in
the FRCs and in the soft—collinear corrections, we find
factorization into collinear factors §°°!! times Born matrix
elements,

k k
Vo=A,Z,W
"a ‘;1
r — 6C011(k) k .
£k

l eik. appr./ l¢o)1, (4'1)
Then the complete SL contributions originating from soft
or collinear regions can be written as a sum over the ex-
ternal legs,

FOMIin =N 50 ()M (4.2)
k=1
with
C coll
ne=s

The collinear factors §°°!'(k) and the corrections (k)
depend on the quantum numbers of the external fields
©i,.- In the following we give the results for chiral fermions,
transverse charged gauge bosons Wr, transverse neutral
gauge bosons Ar, Zr, longitudinal gauge bosons Wy, Zr,,
and Higgs bosons. We use the conventions of [16] for the
Feynman rules, the self-energies, and the renormalization
constants.

Chiral fermions

In LA the FRCs for fermions ff with chirality x = R,L
and isospin indices o = + are given by

o

5Z?ofm = 600’{ -

1 2 m2
2
+ — 4s2 ((1+6HR)M2 +6nL M2 >‘|Z(M )

w

+ Q3 [20(ME,,N%) — 3U(ME,,m3)] } (4.4)

where the contribution of a non-trivial quark-mixing ma-
trix is not considered. The FRCs depend on the chirality
of the fermions, and contain Yukawa terms proportional
to the masses of the fermion f, and of its isospin part-
ner f_,. While these are negligible for leptons and light
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quarks, they give large contributions for f% = t®, ¢& and
b, where one of the masses is m.

From the mass-singular loop diagrams we obtain the
factor [18]

3% (f%) = Goor [2C521(17) +2Q% UM, m3. )], (4.5)
and the complete contribution (4.3) reads

551, (f*)

- 500/{ gCeYX — % ((1 - 5&)2% + 5KL7]7§V;V”>]
xI(s) + chalem(mfcg)}, (4.6)
where the pure electromagnetic logarithms
o (m3) o= UMy md) +1MF, X)) (A7)

originate from the photonic loops as a result of the gap
between the electromagnetic and weak scales. The sym-
metric-electroweak part of (4.6), i.e. the term proportional
to I(s), agrees with [7,15] up to the Yukawa contributions,
and the electromagnetic part (4.7) agrees with [15].

Transverse charged gauge bosons W
The FRC of W# bosons in LA reads
OXWW (k2)
akQ k}2:M€V
= [} — 203 ]1(1%) + 2Q% LMy, A®), (4.8)

5ZWW = —

where by is the coefficient of the [-function defined in
(B.38) and contains the sum over gauge-boson, scalar,
and fermion loops, whereas C§} is the eigenvalue of the
electroweak Casimir operator in the adjoint representation
(B.24).

Combining the collinear factor [18]

S5 wor (V) = 0 CRFL(),
with the FRC 02000 = 060/0 Zww , results in

(4.9)

]' ew em
85 yyor (VD) = 60r §bwl(s)+Q%Vl (MZ,)|. (4.10)

This result agrees with the revised version of [15].

Transverse neutral gauge bosons A,Z

The physical neutral gauge-boson fields N = A,Z are
renormalized by a non-symmetric matrix 67, i.e.

N — N + 6N,
1 1
ON = S0ZnnN' = S [0Z353" + 023N N'.
(4.11)
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The matrix §Z has been split into antisymmetric and sym-
metric parts in order to facilitate the comparison with
the corresponding FRC §Z for the symmetric components
N =B, W3,

I -
ON = §5ZNN/N/' (4.12)
In the following, we give 6Znn+ as obtained in LA in the
on-shell scheme [16] and compare it with 07 5, using the
matrix relation

67 = 20U (0 ) U1 (0y) + U(0)0ZU 1 (0y),  (4.13)

resulting from the renormalization of the Weinberg rota-
tion U(fy,) defined in (B.4).

The results for symmetric and antisymmetric parts are
expressed in terms of the coefficients of the (-function
defined in (B.41):

(1) For the antisymmetric part the diagonal components
vanish, whereas the non-diagonal ones are

| DpZ(ME) + 247(0)

SZEYmM — g zasymm _ M2 , (4.14)
and in LA we find
SZ5T™™ = b5 1(1?). (4.15)

This part is related to the renormalization of the Weinberg
angle (5.6), and in LA it corresponds to the first term in
(4.13)

-1 Cw 50@
= bazl(u®)Enny,
01
E = . 4.1
(00w
(2) The symmetric part has components
gmm  OZNN'(K?)
(SZJS\?,N/ = — 8k2 )
k2=M2,
EAZ M2 —EAZ
sz = azgym = - MD 22O (447
z

and in LA it reads
SR = [ — 2080 1) 0 a0 a0 2555 (4.18)

The AA component receives a pure electromagnetic con-
tribution associated with the light-fermion loops,

em 4
075 =—3 > NLQF MG, m3, ), (4.19)
frio#t
where the sum runs over the generations ¢ = 1,2,3 of

leptons and quarks f = [, g with isospin ¢, omitting the
top-quark contribution.
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Apart from these pure electromagnetic logarithms,
(4.18) contains the same combination of b°¥ and C*V as
(4.8). This part corresponds to the second term in (4.13)
originating from the renormalization of the symmetric
fields,

6Zyn = Sy B =205 | 1w, (4.20)
which is diagonal, because the U(1) and SU(2) compo-
nents do not mix in the unbroken theory.

The SL contributions (4.15) and (4.18) have to be com-

bined with the collinear factor, for which we obtain [18]

N (Vr) = CRA(u?).

Then, the complete correction is given by

(4.21)

1 1
3 [En'NbRZ + 0N v]1(s) + 30Na0N A0Z5
(4.22)

Note that owing to the antisymmetric contribution (F 4z
= —FEz4 = 1) the non-diagonal components read

5SZ(VT) = b471(s), 5%A(VT) =0,

i.e. the correction factor for external photons does not
involve mixing with Z-bosons. This is a consequence of the
on-shell renormalization condition (4.14). The symmetric
part of (4.22) agrees with the revised version of [15].

61(\:7’N(VT) =

(4.23)

Longitudinally polarized gauge bosons

Our approach is not directly applicable to the calculation
of the effective collinear factor (4.2) for longitudinal gauge
bosons, because the amputated Green functions involving
gauge bosons are contracted with longitudinal polariza-

tion vectors,
P M
er(p) = i +0 (p0> ;

containing a mass term in the denominator so that in this
case contributions of the order of the gauge-boson mass
cannot be neglected. This problem can be circumvented
by means of the Goldstone-boson equivalence theorem, ex-
pressing the Green functions involving longitudinal gauge
bosons by Green functions with the corresponding Gold-
stone bosons. The equivalence theorem for bare ampu-
tated Green function reads (we denote bare quantities by
an index 0)

P (Wo,u(p) - ..) = Mo,w (1 + 6Cw,){do(p)---),
P"(Zou(p)...) =iMo,z(1 +Cz)(x0(p) - - ),
(4.25)

(4.24)

where the dots represent arbitrary fields. In Born approx-
imation, this gives the well-known relations

LWEL £
M :Md'd) =

M7 =My, (4.26)
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between matrix elements. Note however, that besides the
lowest-order contribution, (4.25) contains non-trivial
higher-order corrections 6Cyy,, 0Cz, owing to the mix-
ing between gauge bosons and Goldstone bosons [20]. In
one-loop approximation these corrections can be expressed
in terms of bare self-energies involving Goldstone bosons
and longitudinal gauge bosons evaluated at the mass of
the gauge bosons,

S (M) + Mw SV (M)

6CWD = — M2 )
S22 (M2) — My E7X(M
5Cyy = — 20 2) ]\142 2XXME) (o)

Since neither dC nor the counterterms involve double log-
arithms, the equivalence theorem can be applied to the
DL corrections in the naive way, i.e. without higher-order
corrections 6Cyy,, 6Cz, .

The renormalization of (4.25) leads to extra mass and
field-renormalization counterterms. Especially, the renor-
malization in the neutral sector involves mixing effects,
but as expected, the physical longitudinal Z-boson does
not mix with the photon. Keeping the unphysical scalar
fields unrenormalized, and absorbing correction factors
and counterterms into new renormalized correction fac-
tors 6Cy, 6C,, we can write

P Wyu(p)...) = Mw (1 +6Cs)(¢o(p) - - ),
P"(Zu(p)...) =iMz(1+6Cy)(xo(p)...), (4.28)
with
O My
0Cy = 6Cw, + MW + 5ZWW,
oMy
5CX = 5CZ0 -+ 5ZZZ (429)
My
In LA we find
NE m?
3Cy = |Cg" — S —5 | 1p?) + QL (M, A?),
4s3 My,
ow Né my

The result is written in terms of the eigenvalue of C°V for
the scalar doublet @ and contains large m;-dependent con-
tributions originating from the mass counterterms (5.4),
which are proportional to the color factor N = 3. With
(4.28) and with the collinear factor for Goldstone bosons

= ¢*, x [18],
SR (P) = 055 CS1(1?),

the complete collinear corrections (4.2) for longitudinal
gauge bosons are obtained by means of amplitudes in-
volving Goldstone bosons,

(4.31)

SOM = (ol (@) + 604 M6-¢*-~
:E
= 65 i () My i

?)
- 5§X(¢)M6-ZL-“, (4.32)
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with
ew Nt m2 em
0o (0) = 205" = T2 T | 16) 4 QR (R,
w w

Ne mi ] I(s).

4.33
4s2 M3, (4.33)

C W
Sy (P) = {20%
Note that, up to pure electromagnetic terms, the cor-

rection factors (4.29) correspond to FRCs for Goldstone
bosons. In fact, in LA 6C, =67, /2 and §Cy = 6Z,/2 +

Qi 1My, X%).

Higgs bosons

In LA the FRC for Higgs bosons reads

o N& m?
(SZH = 2C¢ - ﬁ ; l(,LL2),
Wjjw

(4.34)

with a large Yukawa contribution coming from the top-
quark loop. For the collinear factor we find [18]

3575 (@) = Cg¥1(p?), (4.35)
and the complete correction is
Nt m?
C ew C
St (@) = (2057 — 152 Mév I(s). (4.36)

Note that up to pure electromagnetic contributions, lon-
gitudinal gauge bosons and Higgs bosons receive the same
collinear SL corrections.

5 Logarithms connected
to parameter renormalization

Finally, there are logarithms related to UV divergences.
These logarithms originate from the renormalization of
the dimensionless parameters, i.e. the electric charge e,
the weak-mixing angle ¢y, and the mass ratios

My

hy = —1L
H M{%V,

(5.1)

and are obtained from the Born matrix element My =
Myg(e, ¢y, hy, hg) in the high-energy limit by

SMo . OMo
s
e 2T e
L Mo Mo
+ 5 oy +

5PRM _

OCy

6hCH

pi=s

(5.2)

The mass ratios h; and hy are related to the top-quark
Yukawa coupling and to the scalar self-coupling, respec-
tively. They appear only in processes where these cou-
plings enter. The renormalization of the masses in the
propagators or in couplings with mass dimension yields
only mass-suppressed contributions which are irrelevant
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in the high-energy limit in amplitudes that are not mass
suppressed.

The logarithms connected to parameter renormaliza-
tion can simply be obtained by the replacements e —
e+ e, Cy — Cyw +0Cy, Sw — Sw + 08w, hy — hy + dhy and
hg — hyg +5h§§f in the lowest-order matrix elements in the
high-energy limit. In the case of processes with longitudi-
nal gauge bosons, these substitutions must be performed
in the matrix elements resulting from the equivalence the-
orem.

Mixing-angle renormalization

In the on-shell scheme, the renormalization of the weak-
mixing angle (B.5) is given by

2
ocs,

M2,

OMG _ Ty (M)
M2, N

M3 M,

SFM3)

iz (63)

2
Cw

After tadpole renormalization, i.e. omitting the tadpole
diagrams, the mass counterterms give

SM?2 ow ow NE m?
MQW = — by —4Cg ]Z(Mz) - 725(2J 7M; l(ﬂ2)7
w
6M% ew ew 2 Nt m%
M% = — [b%y —4Cg (1) — 252 M2 I(p )7 (5.4)

and contain large (m37 /Mg, )l(u?
terms cancel in (5.3), and using

) terms. However, these

Gy = (b — b,
Sw

(5.5)

which follows from (B.42), we can express the mixing-
angle counterterm by the AZ component of the S-function:

52 sy
— = 209511 )

C W

(5.6)

Charge renormalization

In the on-shell scheme, the coupling-constant countert-
erms are related to the FRCs by Ward identities. For the
electric charge counterterm we have

w

57, = L [5ZAA n SWéZZA}
2 c

_19X2A(R?) _ sw 277(0)
T2 Ok? |, v ME
= B + 625, (5.7)
where the pure electromagnetic part
§Zem = ﬂazAA == Z NEQ3 UM, m3 ) (5.8)

fﬂ oFt
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is related to the running of the electromagnetic coupling
constant from zero momentum transfer to the electroweak
scale,

Aa(ME,) = 257™. (5.9)

The counterterms to the U(1) and SU(2) gauge couplings,

N = % g2 = i (5.10)
can be written as
% =07, — %% = —EINJEBWZ(;LQ) +0Za™,
% =0Z¢ + ;;2;55 —%B‘;‘V”l(ﬁ) +62Z5™,(5.11)

where we have used the relations (B.42).

Yukawa-coupling renormalization

In the on-shell scheme, the renormalization of the top-
quark mass is given by

dmy = —= [ZPL(m?) + SR (m?) + 2585 (m?)] . (5.12)

This leads to the following logarithmic contributions

omy 1 1 3 3 m?

omg (L 1 9 ,
my 4s2, +8S\2NC%V +2C\QIVQ Qt o 3VM3V I(p?).
(5.13)
Using (5.4), the counterterm for h; reads
Ohy _ dmy  10My
ht N my 2 MI%V
1 cW
= §bwl(ﬂ2)
3 3 , ,
T s2ae 202 5z @t~ %th U(w”)
3+ QNC mt
! 5.14
882 M2 ( ) ( )

The counterterm to the top-quark Yukawa coupling,

gt = \/75 ht7 (515)
is given by
5915 1 2 1 2 (Sht
— = —Aa(My;,) — by —_—. 1
o= S Aa(ME) - GBI + (510

Scalar self-coupling renormalization

In the on-shell scheme, the renormalization of the Higgs
mass is given by
SM?, =

SH(ME), (5.17)
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or in logarithmic accuracy

2 2
5]\4’2H = i 9M;V 1 + i — § 1 + i
M3, 2s2, | Mp 2 2 2c2,

15M2]( 2)

2 H |
tam

The renormalization of the scalar self-couplings gets an
extra contribution from the tadpole renormalization (cf.

[22])
ot =—-T= L 3M2 M2+2M
N  esy My 2w 2 w
M12{ 2 2 2 t 4 2
— T(QMW + MZ +3M%) + 2NEm} | 1(1?).
(5.19)

Including this in the renormalization of hy and using
(5.4), we find the effective counterterm

Sheft B SM% B SM3Z, et
hy — My MZ o 2sy, MwMp
ow 3 [ME 1
=)+ 5 [ (2 )
1 M
N& m? mf 9
The counterterm to the scalar self-coupling
02
is given by
oA ow éhﬁ
= Aa(MZ,) — bB¥1(u?) + . (5.22)
By hu

The logarithms resulting from parameter renormalization
are the ones that determine the running of the couplings.

6 Applications to simple processes

In this section, the above results for Sudakov DL, collinear
or soft SL, and PR corrections are applied to simple pro-
cesses. We discuss relative corrections to polarized Born
amplitudes,

5MA_>B
Mé&%B .
Note that the corrections to the cross sections are twice

as large. The complete logarithmic corrections are pre-
sented in analytic form. The numerical results are given

dAB = (6.1)
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for the coefficients of the genuine electroweak (ew) loga-
rithms. These are obtained by omitting the pure electro-
magnetic contributions that result from the gap between
the electromagnetic and the weak scale. Accordingly they
include the symmetric-electroweak contributions and the
I(s) terms originating from Z-boson loops in (3.7). In or-
der to keep track of the origin of the various [(s) terms, we
introduce different subscripts: collinear, Yukawa, PR con-
tributions, and the Z-boson contributions from (3.7) are
denoted by lc, lyuk, lpr, and [z respectively. The numer-
ical results have been obtained using the following values
for the physical parameters:

My =80.35GeV, Mz = 91.1867 GeV, m; = 175 GeV,

1
2 =1-

=303 o (62)

M,
W~ 0.22356.
M3

6.1 Four-fermion neutral-current processes

The Sudakov DL corrections (3.7) and the collinear or soft
SL corrections (4.6) depend only on the quantum num-
bers of the external legs, and can be applied to 4-fermion
processes in a universal way. However, we are interested
also in the SSC and PR corrections, which depend on the
specific properties of the process. A general description
of these corrections requires a decomposition of the Born
matrix element into neutral-current (NC) and charged-
current (CC) contributions. In order to simplify the dis-
cussion we restrict ourselves to pure NC transitions. To
simplify notation, we consider processes involving a lep-
ton—antilepton and a quark—antiquark pair. However, our
analysis applies to the more general case of two fermion—
antifermion pairs of different isospin doublets. The four
external states and their momenta are chosen to be in-
coming, so that the process reads
) -0, (6.3
where k,\ = R,L are the chiralities and o,p = =+ the
isospin indices. All formulas for the 4 — 0 process (6.3)
are expressed in terms of the particle eigenvalues [, l]g , I é\i.
In the high-energy limit, the Born amplitude is givepn
by

TRIK A =X
ol

llcayd, 2 Aqo
M(] =€ ng

A
% 19

; (6.4)

where

1 1
— NN _ 3 3
Ry, =, INIY = 2 Yo Yo + 5 TETE,, (65)
N=AZ w w

and terms of order M% /712, originating from the difference
between the photon and the Z-boson mass, are neglected.
Note that (6.5) and the following formulas have an impor-
tant chirality dependence, owing to the different values of
the group-theoretical operators in the representations for
right-handed and left-handed fermions.
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I A A A
A Z
A Z
Iy 0 Iy Iy
Fig. 2. Lowest-order diagrams for %1% — (j?,q?, and q";\lg —

als

The Sudakov soft—collinear corrections give according
to (3.7) the leading contribution

M2
O Y {c;m@) (1% log 3 L
o odpdp fﬁ:l;vq; w
+ Q?TLem(s, A2 m?T)l . (6.6)

The angular-dependent SSC corrections are obtained
from (3.12). The contribution of the neutral gauge bosons
N = A, Z is diagonal in the SU(2) indices, and factor-
izes into the Born matrix element (6.4) times the relative
correction

>

N=A,Z

X {(Rl';lg + Rq;qé) log + 2Rl;q2 log ::i:}
_2I(MI%V7 )‘2)

12| 713
X {(Qi —i—sz)log% +2Q1,Qq, logﬁ , (6.7)

where [ J{—Vf— = -1 }\9 has been used and terms involving

I(M2,, M%) have been omitted. The contribution of the
charged gauge bosons to (3.12) gives

Z 5Va,ssch’;l§q;q/§ _
Vo=W=

1 LR PPN me PN
—STZ(S) { <5HLM0_U —odpdo | S\LMT aq—Pq—P) log @

N,SSC

5@:@@3 = —2U(s)

|712]
S

1% i5q2 ,a) I gapad 13
R G R e I
S

TR [CPWNFON TRIK A A
_ 670_p (Méfalg‘lp a—p + Mlogl,gq—pqp) log %} } , (68)

where the non-diagonal couplings (B.17) have been used.
On the left-hand side, the SU(2)-transformed Born ma-
trix elements involving the isospin partners I* , ¢* p» have
to be evaluated explicitly. The NC matrix elements (first
line) are obtained from (6.4), and for the CC amplitudes
we find up to mass-suppressed terms using the non-diag-
onal couplings (B.17),

62 A12

25\2;\/ 12

7K 1K A=A
l(,/l,(,/qp/q,p/

My = (6.9)
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Then, dividing (6.8) by the Born matrix element, we ob-
tain the relative correction

z : (;V:,KSSC
I5l5qyay

Vo—w=
1 \7”12|
_ _ml(s) {(@LRZK Lo T OBy ) log 12!
0kLOAL |713] |714]
+ S%V 50’P IOgT —O0_gp IOgT .

(6.10)

The angular-dependent corrections for 2 — 2 processes,
like those depicted in Fig.2, are directly obtained from
(6.7) and (6.10) by substituting the invariants rg; by the
corresponding Mandelstam variables s,¢,u. For the
s-channel processes 1515 — (j;\qg‘, we have to substitute
719 = 8,713 = t, 714 = u, and the SSC corrections simplify
to

OkLOAL
—1(s) NN

t
X (60/)10 %— _Uplogh;'ﬂ

t
—4Qu, Qq, L (M, N?) log "

SSC —
6l“lh—>qp a

t
4Rl:q3 log ” +

(6.11)

If one subtracts the photonic contributions from (6.11)
one finds agreement with (50) of [7]. For the ¢-channel pro-
cesses qpl”£ — qpl“ the substitution reads r15 = t,713 =
8,714 = u, whereas for q’\l" ;‘l; one has to choose
7“12—t 13 = U,T14 = S.

The collinear or soft SL contributions (4.6) give

555”%: > [BCie
)lYuk

H_lm,qp
1 2 mz
T 4s 2 (1+5MR)M2 +0uL 55 M2
(6.12)

=+ 2Qf7— lem(m%’_)] s

and the Yukawa contribution depends on the chiralities p
and on the masses of the fermions f# and their isospin
partners f”_.

The PR logarithms for NC processes are obtained from
the renormalization of the electric charge and the weak-
mixing angle in the Born amplitude (6.4). Using (5.6) and
(5.7) this gives the relative correction

S
PR _ W 1 ew ew
5m~ QD | o AZAlgq’\ —YaA
P Cw P

Ipg + 2625, (6.13)

where

Cw 3 3
Yo Yoo + 3% Tdn T3,

402

A¢i¢k = (6.14)

Ry,
gives a chirality-dependent contribution owing to mixing-
angle renormalization of (6.5), and b%", represents the uni-
versal contribution of electric charge renormalization.
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In order to give an impression of the size of the genuine
electroweak part of the corrections, we consider the rela-

tive corrections 5:j2f iwf—f to NC processes ete™ — ff
with chiralities k.,xy = R or L, and give the numeri-

cal coefficients of the electroweak logarithms for the cases
f = p,t,b. For muon-pair production we have

ew 4
O™, i = —2.58L(s) —5.15 (log u) I(s) +0.291
+ 7.73lc + 8.80lpr,
RL,ew

ete —utu—

4
—4.96L(s) — 2.58 <log u) l(s)+0.37lz

+ 14.91¢ + 8.80Ipg,
LL,ew = —7.35L(s)

ete-—utu—
<5 7610g +13.910g |> I(s) + 0.451,

+ 221 — 9.03lpR, (6.15)
RL,ew

(5LR ew
ete - —utu—

ete —putu—
duction we find

and . For top-quark pair pro-

ew t
Rlbew = —1.86L(s) + 3.43 (log u) I(s) +0.211
+ 5.58lc — 10.6lyuk + 8.80pR,
ew t
gRLev = —4.68L(s) + 0.86 <log u) I(s) + 0.5017
+ 14.0l¢ — 5.30lyuk + 8.80pR,
w t
LRy = —4.25L(s) + 1.72 (log u) I(s) +0.291
+ 127lc — 10.6lYuk + 8.80113}{,
LL,ew
6e+e it 707L( )

t
+ <4.9o log -~ —16.31og |Z|) I(s) + 0.5814

+ 21.2l¢ — 5.30lyux — 12.2lpg, (6.16)

and for bottom-quark pair production we obtain

w t
?Jieﬁbb —1.43L(s) — 1.72 (10g u> 1(s) +0.161z
+ 4.291¢ + 8.80lpR,
ew t
?‘}e —bb —4. 68L( ) +0.86 <log u) Z(S) + 06712
+ 14.0l¢ — 5.300vuk + 8.80lpr,
ew t
Efe —bb —3. 82L( ) 0.86 (10g u) Z(S) + 0.24lZ
+ 11.5l¢ + 8.80Ipg,
LL,ew
oo g = —T.07TL(s)

(40410g —|—19810g| |> ( )+0.75lz
+ 21.2lc — 5.30lyuk — 16.6lpR. (617)

The Mandelstam variables are defined as usual, i.e. s =
(pe+ +pe*)2a t = (pe+ 7pf)2 and u = (pe+ 7pf)2'
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Note that the corrections to light quark-pair production
f = wu,c(d,s) are obtained from the results for heavy
quarks f = t(b) by omitting the Yukawa contributions. In-
dependently of the process and of the chirality, the DL and
SL terms appear in the combination (—L(s)+3l¢), so that
the negative DL contribution becomes dominating only
above 400 GeV, and at s'/2 = 1 TeV the cancellation be-
tween SL and DL corrections is still important. The SU(2)
interaction, which is stronger than the U(1) interaction,
generates large corrections for left-handed fermions. Also
the PR logarithms show a strong chirality dependence: the
RR and RL transitions receive positive corrections from
the running of the abelian U(1) coupling, whereas the LL
transition is dominated by the non-abelian SU(2) interac-
tion and receives negative PR corrections.

6.2 Production of W-boson pairs in ete~ annihilation

We consider the polarized scattering process* efe. —

W;; W, , where k = R,L is the electron chirality, and
A+ = 0,+ represent the gauge-boson helicities. In the
high-energy limit only the following helicity combinations
are non-suppressed [4,23]: the purely longitudinal final
state (A4, A_) = (0,0), which we denote by (A}, \_) =
(L, L), and the purely transverse and opposite final state
(A, A~) = (&£, F), which we denote by (A, A_) = (T, T).
All these final states can be written as (A, A_) = (A, =A).
The Mandelstam variables are s = (po+ + pe-)?, t =
(Pet+ —pw+)? ~ —s(1 —cos0)/2, and u = (pe+ —pw-)” ~
—5(1+cosf)/2, where 6 is the angle between et and WT.
The Born amplitude gets contributions of the s- and t-
channel diagrams in Fig. 3 and reads

eﬁeh—)W Wi 2
MO Re;¢—?7
ete 62 A
MEEeL T WE W = o7 (6.18)

up to terms of order M3, /s, where R is defined in (6.5).
The amplitude involving longitudinal gauge bosons W,
is expressed by the amplitude involving Goldstone bosons
¢* and is dominated by the s-channel exchange of neutral
gauge bosons. The amplitude for transverse gauge-boson
production is dominated by the t-channel contribution,
which involves only the SU(2) interaction. Therefore, it is
non-vanishing only for left-handed electrons in the initial
state.
The DL corrections read

LSC
ete;%W:rW:/\
ew M2
== > |CSL(s) - 2(1)*log —£ e —Zly
p=en Wy
2 rem 2 2
+Q, L™ (s, A ,mcp)]. (6.19)

4 The momenta and fields of the initial states are incoming,
and those of the final states are outgoing
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et st et Wi
A7
Ve
e~ N e Wi
Fig. 3. Dominant lowest-order diagrams for eTe™ — ¢T ¢~

and ete™ — WiWwy

Here and in the follovvlng formulas, for longitudinally po-
larized gauge bosons WL the quantum numbers of the
Goldstone bosons ¢* have to be used.

The SSC corrections are obtained by applying (3.12)
to the crossing symmetric process e e, Wy~ Wf/\ — 0. The
contribution of the neutral gauge bosons N = A, Z gives

D

t
§N.8sC = —4R,_-y-1(s)log "
N=A,Z

eN en —)W+W7
t
— 4Qc- Q- 1(My, X*) log —,
u
(6.20)

and corresponds to the result (6.7) for 4-fermion s-channel
NC processes. The contribution of soft W¥-bosons to
(3.12) yields

Z 6Va,SSCMe:e;¢7¢+ 2l( )5
v.Sve V2
1% 6 6 1% t
x 30 MY g m e S}logu,
S=H,x s
Z 5\/&,550/\46;@;W;VVT+ _ 2l(s)
V,=W* V28
vy e E 1% t
% Z {IJrMLLNTW . NML LW NT]IOgU7
N=A.Z 5

(6.21)

where, depending on the polarization of the final states,
one has to use the non-diagonal W* couplings to Gold-
stone bosons (1) defined in (B.22) or the W= couplings
to gauge bosons (I3) defined in (B.26). The SU(2)-trans-
formed Born matrix elements on the left-hand side of
(6.21) have to be evaluated explicitly. For Goldstone
bosons, we have s-channel CC amplitudes

Okl A
Mume S¢ 21_ As
5 V2sy s
MEPTS — 21t On, A (6.22)

S V2sy 5

similar to the NC Born amplitude in (6.18), whereas for
transverse gauge bosons we have

Upe,, NTW e l/,.iW Nt

M, = My"

St [ n A A,
e = 2
eﬁsw<”~t+ w )62
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where A; = A, up to mass-suppressed contributions. In
contrast to (6.18), the transformed amplitude (6.23) re-
ceives contributions from both ¢- and u-channels. Express-
ing (6.21) as relative corrections to the Born matrix ele-
ments we obtain

Z V., SSC — _i(s) OxL 1t]
y S Ren o WIWL siR,-, s’
2 t 1t|
V,,SSC _ _t It
V;V 5eLeL_>W+W, ) (1 u) I(s)log S

(6.24)

The SL corrections can be read off from (4.6), (4.10), and
(4.33),

5© = [3C + 4C5"]1 _ 3 mi,
ez = B +4C8le = 5 b
+ Z 2lem(m2)
p=e,W
St erswiwy = 308 + 0] lo+ 3o 2A(m

p=e,W
(6.25)

Despite of their different origin, the Il contributions for
longitudinal and transverse gauge bosons have similar nu-
merical values 4CgY = 14.707 and by) = 14.165. The
strong W- polarlzatlon dependence of (50 is due to the
large Yukawa contributions occurring only for longitudinal
gauge bosons.

The PR logarithms are obtained from the renormal-
ization of (6.18) and read according to (5.6)—(5.11)

SW W W m
s Lwrwe = G724y — VAU | lpr + 20257,
Opre wiwe = —UWlpr + 2025, (6.26)

where A is defined in (6.14). Note that for transverse
polarizations, the symmetric-electroweak parts of the PR
corrections (—bYlpr) and the collinear SL corrections
originating from external gauge bosons (b$;'lc) cancel. As
illustrated in Appendix A, this kind of cancellation takes
place for all processes with production of arbitrary many
charged or neutral transverse gauge bosons in fermion—
antifermion annihilation.

The results (6.19)—(6.26) can be compared with those
of [4]. After subtracting the real soft-photonic corrections
from the results of [4] we find complete agreement for the
logarithmic corrections. The coefficients for the various
electroweak logarithmic contributions to the relative cor-

rections 6e+e _w+w- read
LL,
O - = —1.35L(s)

t t
- <5.76 log — + 13.91log |) I(s)
u S
+ 0.4507 + 25.7lc — 31.8lyuk — 9.03lpR,
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Fig. 4. Dependence of the electroweak correction factor

de;erW:A on the scattering angle 0 at s*/2 = 1TeV for
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ew t
65}6 W = —4.96L(s) —2.58 (log u) I(s)4+0.37lz
+ 18.6lc — 31.8lyuk + 8.80lpR,
LT, ew
e e = —12.6L(s)

—8.95 {logi + (1 - i) log T] I(s)

+ 1.9814 + 25.2l¢ — 14.2pg. (6.27)

Recall that the pure electromagnetic contributions have
been omitted. These correction factors are shown in Figs. 4
and 5 as a function of the scattering angle and the energy,
respectively. If the electrons are left-handed, large negative
DL and PR corrections originate from the SU(2) interac-
tion. Instead, for right-handed electrons the DL correc-
tions are smaller, and the PR contribution is positive. For
transverse W-bosons, there are no Yukawa contributions
and the other contributions are in general larger than for
longitudinal W-bosons. Nevertheless, for energies around
1TeV, the corrections are similar. Finally, note that the
angular-dependent contributions are very important for
the LL and LT corrections: at s'/2 ~ 1TeV they vary
from +15% to —5% for scattering angles 30° < 6 < 150°,
whereas the angular-dependent part of the RL corrections
remains between +2%.

6.3 Production of neutral gauge-boson pairs
in eTe~ annihilation

We consider the polarized scattering process ele, —
N1N2 with incoming electrons of chirality x = R L and
outgoing gauge bosons N¥ = A, Z. The amplitude is non-
suppressed only for transverse and opposite gauge-boson
polarizations (A1, A2) = (£, F) [24]. In lowest order the ¢-
and u-channel diagrams (Fig. 6) yield

MEer o NENE _ 2Nt Ve [At + A]

> (6.28)

€r  €Ex

up to terms of order M2, /s, where the Mandelstam vari-
ables are defined as in Sect.6.2. In the ultra-relativistic



474

o
8

10

124

—1a] RL

IR 6]
—18
_201] LL

—22

247
] LT

800 1000 1200 1400 1600 1800 2000

Vs [GeV]

Fig. 5. Dependence of the electroweak correction factor

g Swiwe, on the energy s*/2 at 0 = 90° for polarizations

RL, LL, and LT

600

et Nt et N!

e N? e N?

Fig. 6. Lowest-order diagrams for efe™ — N'N?

limit the amplitude is symmetric with respect to exchange
of the gauge bosons, and up to mass-suppressed contribu-
tions we have

A= A,
The DL corrections read [cf. (3.7)]

(6.29)

5LSCM6je;HN%N%
=— |CVL(s) — 2(I7 )?log MZ Iz + L°™(5,\%,m?)
XMS:e;—w;N? {OﬁwalMS“ el > NLN2
O;VWNQ/\/te o *NTNT] L(s), (6.30)

with a non-diagonal contribution associated with the ex-
ternal neutral gauge bosons. Using

aws 2 T
(6.31)
where Uy 5 (6) is the Weinberg rotation defined in (B.4),

we can derive a correction relative to the Born matrix
element,

/ 2
N
CN'NI = 57

LSC —
e:.r en HN% N%

M2
— {C’:Z’L(s) — Q(Ii)2 log —MQZ
W

lz + L™ (s, A%, m?)

T Uners (6
5 3 N’“Wi()L(s). (6.32)
Wok=1,2 en
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Note that only the SU(2) component of the neutral gauge
bosons is self-interacting and can exchange soft gauge
bosons. For this reason, only left-handed electrons (T #
0) yield a contribution to (6.31) and to the corresponding
term in (6.32).

Angular-dependent logarithmic corrections (3.12) arise
only from the exchange of soft W®-bosons between ini-
tial and final states, and with the non-diagonal couplings
(B.26)

21(8)5,€L
V254

o oe— + t
X {[Ilthghen Wi _ N2M8 sl Wn } logu

S

- NlMP V"W NT] 10g|u}

(6.33)

5SSCMeje; N%N% _

e NTW

[

The SU(2)-transformed Born matrix elements on the left-
hand side are given by

Mgme;W;NT _ MSj{VKNTW{

N A Ay
— O (v Ay v Au
V2sy \ & 1 u
and by (6.23) with A; = A,. Expressing the correction

(6.33) relative to the Born matrix element (6.28), we ob-
tain

) ,(6.34)

ssc —
efer »NLNZ —
k 1r=t,u e;
RS
— L | log — 6.35
s s JN* S (6:35)
‘L
where ' = (t,u) for r = (u,t), and k' = (1,2) for k =

(2,1).
Using (4.6) and (4.22) we obtain for the SL corrections
relative to the Born matrix element

6¢ , = 3CIc + 21 (m?) + 55,

eter +>NLN2 + 5N2 , (6.36)

with

1
8% =054 (V) = 51)?&10 —0Zg",

Me e, —ATNT
85 = 085,(Vr) + 5SZ(VT)W

I 0
= [2 7z + AWZIeZh

€r

lc. (6.37)

The PR logarithms result from the renormalization of
(6.28). As shown in Appendix A, they are opposite to the
collinear SL corrections up to pure electromagnetic loga-
rithms. Relative to the Born matrix element they read

R = O + O (6.38)

e,te;%Np}N% — YNi
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with

SRR = 69, PR .= 65 + oz, (6.39)
For right-handed electrons, x = R, the various electroweak
logarithmic contributions to the relative corrections
6:‘?6——>N1N2 give

sy = —1.29L(s) + 0.1517 + 0.20lc + 3.67lpg,

Rlew ;= —1.29L(s) + 0.15l7 — 11.3lc + 15.1lpg,
grbew = —1.29L(s) + 0.15]; — 22.8Ic + 26.6lpR.

(6.40)

Note that there is no angular dependence. The PR con-
tributions are numerically compensated by the SL and
DL Sudakov contributions, and at s'/2 = 1 TeV the elec-
troweak logarithmic corrections are less than 1%. For left-
handed electrons, we find

orheY = —8.15L(s) + 8.95F (t)(s) + 0.227
+ 7.36lc + 3.67lpg, (6.41)

orbev = —12.2L(s) + (17.0F;(t) — 8.09F,(t))i(s)
+0.221 + 28.1l¢ — 17.1lpg,

gEhew = —16.2L(s) + (25.1F,(t) — 45.4F5(t))l(s)
+ 0.22l7 + 48.9lc — 37.9lpR,

with the (¢, u)-symmetric angular-dependent functions

U t t U
Fl(t) L= glogg + glOgL(J,

Fy(t): = Elogm + 2 logM. (6.42)
S s s s

For left-handed electrons all contributions are larger than
for right-handed electrons owing to the SU(2) interac-
tion. The non-abelian effects are particularly strong for
Z-boson pair production (see Figs.7, 8), where the to-
tal corrections are almost —25% for s'/2 = 1TeV and
0 = 90°. The angular-dependent contribution is forward—
backward symmetric, and for ZZ production it varies from
+15% to —5% for scattering angles 30° < 6 < 90°.

7 Conclusion

We have considered general electroweak processes at high
energies. We have given recipes and explicit formulas for
the extraction of the one-loop leading electroweak log-
arithms. Like the well-known soft—collinear double log-
arithms, also the collinear single logarithms can be ex-
pressed as simple correction factors that are associated
with the external particles of the considered process. Up
to electromagnetic terms, the collinear SL corrections for
external longitudinal gauge bosons and for Higgs bosons
are equal. The subleading single logarithms arising from
the soft—collinear limit are angular-dependent and can be
associated to pairs of external particles. Their evaluation
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requires in general all matrix elements that are linked to
the lowest-order matrix element via global SU(2) rota-
tions. Finally, the logarithms originating from coupling-
constant renormalization are associated with the explicit
dependence of the lowest-order matrix element on the cou-
pling parameters.

Our results are applicable to general amplitudes that
are not mass suppressed, as long as all invariants are
large compared to the masses. As illustration, we have
applied our general results to fermion—antifermion pro-
duction and the pair production of charged and neutral
gauge bosons. For processes involving resonances, like in
ete” — WTW™ — 4f, the corresponding invariants are
evidently not large and our results must be applied to the
subprocesses eTe™ — WHW = and W+ — 2f.

Acknowledgements. We thank W. Beenakker, M. Melles,
and A. Werthenbach for discussions.
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Appendix A
Production of transverse gauge bosons
in fermion—antifermion annihilation

For transverse W-pair production, we have observed that
the symmetric-electroweak parts of the PR contributions
and of the collinear SL corrections originating from the
external gauge bosons cancel exactly. Here we illustrate
how this cancellation takes place when arbitrarily many
charged or neutral gauge bosons are produced in fermion—
antifermion annihilation. To be specific, we consider elec-
tron—positron annihilation into mn transverse charged
gauge-boson pairs and m transverse neutral gauge bosons
N=AZ,
ele W Wi W Nir . Ny
(A1)

Collinear SL contributions give the correction factor

K

+
— WLT

5CMe+e_W1+...Wn_N1.-~Nm —

25 (L) + 2085 (Vi) Me W W NN

"‘Z(SN' VT Me e W W, Ni.. N,;...Nm7 (A2)

and owing to mixing we have a non-diagonal factor (4.22)
in the neutral sector.

For the processes considered, it turns out that in the
high-energy limit the contribution of coupling-constant
renormalization can be written as a sum over the exter-
nal gauge bosons. This can be easily shown, starting from
the unbroken phase. If one considers the production of n
W-boson pairs and m neutral gauge bosons N = B, W3,
W pNir. . Ny,

(A.3)
the Born matrix element receives a factor gy = go for
each SU(2) gauge boson and a factor gg = g1 for each U(1)
gauge boson, and neglecting masses in the propagators we
arrive at

n,

eieg — WfL Wt T

eeWJr

Mg
e e *. “Ni..Npy,
( HgNk) e (A

The coupling-constant renormalization gives

§PR — <2n692 + Em: %)

92 =1 I

W, Ni..Ny,

(A.5)

pi=s

In the broken phase, the charged gauge bosons remain
pure SU(2) eigenstates, and only the neutral gauge bosons
mix. In the high-energy limit, if we neglect the gauge-
boson masses in propagators, we can decompose the Born
matrix elements into the symmetric amplitudes (A.4) us-
ing the Weinberg rotation. For the production of m neutral
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gauge bosons (n = 0), we find
Ny “Ny..N, -1
MS e Me e H UNka( w)]
k=1
etTe " Ni...Np, -1 -
A ! [H UNka( W)gNk s
k=1

(A.6)

where sums over Nj ... N,, are implicitly understood, and
the renormalization of coupling constants and mixing an-
gle gives

5PRM6+6_N1H.NM

N i { (6U1§1N (6w

jete™ ~1... -
= A5 )95, + Usy, (6)095,)

095, .
JFUN;NL (0y) sz UNllN, (9w)>-
9N,

(A7)

Therefore, the complete PR correction can be written as
5PRMe+e—W+ W, N1..Nm _

2n5 MeeW+WN1N

e temwi..wo .NL... m
+Z BRI M e W NN (6 )
with the correction factors
6 1 CcW em
Stow = 22 = — by l(s) + 027,
92 {2=s 2
_ dg
o8By = {[U(GW)(SU Y0w)] pon T () }
9/ NN p2=s
1

—5 [EN’NbZWZ + ?\‘;ZN] Z(S) + 5Z:m5N/N7 (Ag)

where we have used (4.16), USU ! =
coupling-renormalization matrix

dg 095
<> = UN/N(HW) NU
9 /NN

—dUU™!, and the

v (0w)

EW (

= _5 N’Nl /142) +§Z§III(5N/N, (A].O)

generated by Weinberg rotation of the two gauge-coupling
counterterms (5.11).

Comparing the PR and collinear SL contributions for
transverse gauge bosons, (A.9), (4.10) and (4.22), we find
that all symmetric-electroweak logarithms are related to
the (-function and cancel in the sum so that only large
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logarithms of pure electromagnetic origin contribute to
the complete SL corrections,

Sivw (V) + 8ty = 0Z8™ + Qi 1™ (M),
65 N (V) + 68Ry = 62°™6 N 20N 2. (A.11)
Note that this cancellation between PR and collinear log-
arithms occurs already in the symmetric basis and is a
consequence of Ward identities, like the identity between
the electric charge and the photonic FRC in QED. In
the physical basis, both coupling and field-renormalization
constants receive additional terms owing to mixing of the
neutral gauge bosons, but also these terms cancel. The
same relation holds for an arbitrary fermion—antifermion
pair in the initial state.

Appendix B
Representation of SU(2) x U(1) operators

Generators of the gauge group and various group-theoret-
ical matrices used in the article are presented in detail.
Our notation for the components of such matrices is

Mvwi/ (‘P)v

where the argument ¢ represents a multiplet and fixes
the representation for the matrix M, whereas @, are the
components of the multiplet. In this appendix we give ex-
plicit representations for left- and right-handed fermions
(o = f fR, fL fR), for gauge bosons (¢ = V) and for
the scalar doublet (¢ = ®). Where the representation is
implicit, the argument ¢ is omitted. For the eigenvalues
of diagonal matrices we write

(B.1)

(B.2)

My,p, = 5sawiwar

Symmetric and physical gauge fields
and gauge couplings

For gauge bosons we take special care of the effect of
Weinberg rotation (mixing). The symmetric basis V, =
B, WY W2 W3, is formed by the U(1) and SU(2) gauge
bosons, which transform as a singlet and a triplet, respec-
tively, and quantities in this basis are denoted by a tilde.
The physical basis is given by the charge and mass eigen-
states V, = A, Z, W+, W~. The physical charged gauge
bosons,
Wt Fiw?
\/i 9
are pure SU(2) states, whereas in the neutral sector the
SU(2) and U(1) components mix, and the physical fields
N = A, Z are related to the symmetric fields N =B, W3
by the Weinberg rotation,

w* (B.3)
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with ¢y, = cosf,, and s, = sinf,,. In the on-shell renor-
malization scheme the Weinberg angle is fixed by

Cyp = ——.
Y My

(B.5)
The gauge couplings are given by the generators of global
gauge transformations (2.4). In the symmetric basis, they
read
Fwe 1 a
=——— I =—T% a=12,3, (B.6)

where Y is the weak hypercharge and T* are the compo-
nents of the weak isospin. In the physical basis we have

IA _ _Q, IZ _ T3 — S%’VQ7
SwCyw
1 1 T +iT?
I = 7% = —71, (B.7)
Sw Sw V2
with Q = T3 +Y/2.
Casimir operators
The SU(2) Casimir operator is defined by
3
C=> (T (B.8)

a=1

Loops involving charged gauge bosons are often associated
with the product of the non-abelian charges

(V)= 17177 = [C_ (Tg)Q} :

(B.9)
o=+ s

w

and if one includes the contributions of neutral gauge
bosons, one obtains the effective electroweak Casimir op-
erator

CV =

. 1 /Y\? 1
VagVa _
> IVar _02(2) +5C.

V,=AZ W+ w w

(B.10)

For irreducible representations (fermions and scalars) with
isospin T, the SU(2) Casimir operator is proportional to
the identity and reads

Coip () = 00,0, Cop,

For gauge bosons we have a reducible representation. In
the symmetric basis C(V) is a diagonal 4 x 4 matrix

C,=T,T,+1. (B.11)

7. = 0aCy (B.12)
with U(1) and SU(2) eigenvalues
Cp=0, Cya=2. (B.13)

The transformation of a matrix like (B.12) to the physical
basis, yields a 4 x 4 matrix with diagonal 2 x 2 block



478

structure, i.e. without mixing between the charged sector
(W%) and the neutral sector (N = A, Z). In the neutral
sector C' (V) becomes non-diagonal owing to mixing of the
U(1) and SU(2) eigenvalues,

~ 82 —SwCy
Cnnr = |U(8y)CU 1(9W)]NN/:2<—5 AR

(B.14)
whereas in the charged sector it remains diagonal,

Covomor = 2000 (B.15)

Explicit values for Y, Q, T3, C, (I4)2, (I%)2, (IV)?,
Cev, and I+

Here we list the eigenvalues (or components) of the opera-
tors Y, Q, T3, C, (I*)?%, (I%)2, (I")2, C*V, and I, that
have to be inserted in our general results. For incoming
particles or outgoing antiparticles the values for the parti-
cles have to be used, for incoming antiparticles or outgoing
particles the values of the antiparticles.

Fermions

The fermionic doublets f* = (f%, f*)T transform accord-
ing to the fundamental or trivial representations, depend-
ing on the chirality x = L,R. Except for I*, the above
operators are diagonal. For lepton and quark doublets,
L* = (v*,1%)T and QF = (u®,d®)T, their eigenvalues
are (see (B.16) on top of the next page). For left-handed
fermions, I*(f%) have the non-vanishing components

6 /
o Ly _ o Ly oo
17 . () =—1F7 ¢ (f")= Vs

whereas for right-handed fermions I*(f®) = 0.

(B.17)

Scalar fields

The symmetric scalar doublet, @ = (¢, )T, &* = (¢,
#%)T, transforms according to the fundamental represen-
tation, and its quantum numbers correspond to those of
left-handed leptons (B.16) with

¢F o It

R 7 SRR LGP (B.18)
After symmetry breaking the neutral scalar fields are pa-

rameterized by the mass eigenstates

b= ——(v+ H +1i).

V2

With respect to this basis S = (H, x) the operators @, C,
(IM)2, and C°V remain unchanged, while 7% and Y be-
come non-diagonal in the neutral components

Y 1{0-1
2 ) g 2\10

(B.19)

(B.20)

A. Denner, S. Pozzorini: One-loop leading logarithms in electroweak radiative corrections. I

and .
z _ _ gz _ 1
Iy, =—Iig = T (B.21)
The W# couplings read
gdf“’ = _Igo’s = 0o 13, (B.22)
with
o i
1% =——, 17 :=—— B.2
H 28y X 25w (B.23)
Gauge fields

For transversely polarized external gauge bosons we have
to use the adjoint representation. In the symmetric basis
the diagonal operators have eigenvalues

‘Y/Q Q T3 C (IA)Z (IZ)2 (IW)2 Cew
c2

WE 0 41 41 2 & % %

w30 0 0 2 0 = 3

B 0 0 0 0 0 0 0

(B.24)

In the neutral sector, owing to the Weinberg rotation,
the non-trivial operators C°%,C and (I"')? become non-
diagonal in the physical basis N = A, Z, with components

1 2 82 —syc
ew () /ZIW2 = = w wEw ,
NN ng NN ( )NN 5\2;v — 8y Cy C\2N
(B.25)
whereas the trivial operators Y/2 = Q = T2 = (I4)? =

(I%)? = 0 remain unchanged. In the physical basis the
non-vanishing components of the I* couplings are

;W70/ - _IgVG/N = 50—0—/_[%, (B26)
with .
I$=-0, Ij=0—" (B.27)

Dynkin operator

The group-theoretical object appearing in gauge-boson
self-energies is the Dynkin operator

o (9) =Tr {I"(p)I"(9)} .

The indices a,b are those of the gauge group, and the
trace is over the isospin doublet for ¢ = &, f fR and
over the gauge group for ¢ = V. In the latter case the
Dynkin operator corresponds to the electroweak Casimir
operator,

(B.28)

a (V) =Cay' (V). (B.29)
In the symmetric basis DV is diagonal,
DY () = 8 D2 (). (B.30)
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Y/Q Q T3 C (IA)Q (IZ)Q (IW)Q cev
L 5L 1 13 1 1 1+2¢
ve,v +3 0 ii 4 0 4s2 c2, 2s2, 4s2 c2,
L L 1 13 (co—53)° 1 142¢2
=1 +3 Fl 2 1 1 4s2 c2 252 452 c2
2
S 1
IR R FL F1 0 0 1 x =
2 Y22 2 om 2 (B16)
ub 41 42 41 3 4 (B —sy) 1 sy 27y
) 6 3 2 4 9 36s2,c2, 2s2, 36¢2,52,
L gL 1 1 1 3 1 Beats53)° 1 s t27cy
d ’ d + 6 + 3 +3 4 9 365%,2031 2s2, 36¢2,s2,
R gR 2 2 4 45w 4
U, U 5 +£5 0 0 5 9 0 92
2
R JR 1 1 1 15w 1
d*,d Fz3 F3 0 0 9 9c2 0 9cZ

The SU(2) and U(1) eigenvalues of the fundamental rep-
resentation, p = &, f&, read

2
Eew _ ©» NEew _
DE'(p) = E7 Dy (p) = Tgva (B.31)
while for right-handed fermions
~ R Yf2+R' * Yf2§ ~ R
DE'(f*) = Dy (f*) =0. (B.32)

4c2
In the physical basis we have

(90) = §UU'D€/I‘}V(90) (B33)

for the charged components, whereas in the neutral sector
the U(1) and SU(2) eigenvalues mix, resulting in

ew
Woweo'

Dyt (9) = [U0)D™ (U 00)]
V242 _ 2
== Swlw (B.34)
2 Y252 70‘2‘, Yjsi+c§,
SwCw s2.c2,

for ¢ = @, f¥, and

Y2 +Y?2
o (£ = o 2 s (B.35)
NN 4 CwSw 82 ) '

The explicit values of the components of the Dynkin oper-
ator for the leptonic doublets (and for the scalar doublet)
are

ew ew ew ew
DAA DAZ DZZ DW
2 _ 2 4, 4
IR 1] Sed sda 1
25w Cw 252 c2 252
R . o w (B.36)
L 1 S = 0
2 2 4y 4
L R 38, —Ch  38u,+C 1
L*+L 2 25w Cw 252 .c2, 2s2,
and for the quark doublets
ew ew ew ew
DAA DAZ DZZ DW
QL 5 5\2‘,790‘2” sévjtgcé, 1
9 185w Cw 18s2,c2 2s2,
9 9 Cw 9 c2
Q- + QR 10 1152 —9¢c2  11s* 4+9¢% 1
9 185w Cw 18s2,¢2, 2s2,

(B.37)

B-function coefficients

In gauge-boson self-energies and mixing energies, the sums
of gauge-boson, scalar, and fermionic loops give the follow-
ing combination of Dynkin operators

= {OREDY

ew ,__ -
I

ab 3

ew
ab

ew
ab

S Ca (V) -

NEY D (),
A
(B.38)
which is proportional to the one-loop coefficients of the
B-function. The fermionic sum runs over the generations
i =1,2,3 for leptons and quarks f = [, ¢. In the symmetric
basis b} is diagonal, and its eigenvalues

41
6¢c2’

W

~ ow 19

Bew _ _
w — 2
65z,

W= _ (B.39)

describe the running of the U(1) and SU(2) coupling con-
stants. In the physical basis b}y remains diagonal in the
charged sector

Wewe = Ooarbiy, (B.40)
with b = I;%V,V, whereas the neutral components
e = (U0 T 00)] B.41
v = (U ew)] (B.41)
are
~ ~ 11
G = CLbE + sLbY = BER
~ ~ 19 + 2252
eW — wSw beW _ beW I W
Az = Cwsw(bp w) T Gswcn
~ ~ 19 — 3852 — 2254
ew _ 271ew 2 1ew W W

The AA component determines the running of the elec-
tric charge, and the AZ component is associated with the
running of the weak-mixing angle [cf. (5.7) and (5.6)].
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