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Abstract. This paper is about fundamental limitations in electrowetting, used as a tool for spreading
water solutions on hydrophobic surfaces, like the surface of a polymer film. Up to which point can an
electric voltage decrease the contact angle? The first limitation comes when using pure water, above a
threshold voltage, little droplets are emitted at the perimeter of the mother drop. We present an analysis
of the drop contour line stability, involving competition between electrostatic and capillary forces, which is
compatible with observations. The use of salted water solutions suppresses this instability, then one faces a
second limitation: the evolution of the contact angle saturates before complete wetting. We show that this
saturation is caused by ionisation of the air in the vicinity of the drop edge. We analyse the luminescence
induced by gas ionization and measure the related electrical discharges. We explain how air ionization
suppresses the driving force for electrowetting and how it induces the formation of an hydrophillic ring
around the drop.

PACS. 68.45.Gd Wetting – 68.10.Cr Surface energy (surface tension, interface tension, angle
of contact, etc.)

1 Introduction

Electrowetting is the control of the wetting properties of a
liquid on a solid by the modification of the electric charges
present at the solid-liquid interface. Old studies have in-
vestigated this effect at electrolyte-mercury [1] or metal-
electrolyte interfaces [2,3], but recent research have used
the modern engineering of functionnalized surfaces [4–6].
The potential applications belong to microelectronics, mi-
croactuators etc. [7–9]. It is now also possible to induce
large variations of the contact angle of water solutions
on insulating surfaces as polymers, glass or other, using
electric fields. The insulator has to be a film and the elec-
trical potential is applied between the water solution and
a flat electrode placed on the other side of the film [10,11],
as shown in Figure 1. It is possible to explain the varia-
tions of contact angle θ by taking into account the stored
electrostatic energy, assuming that the capacitance of the
drop-film-counter electrode system is given by the sim-
ple approximation of the plane infinite capacitor, namely
C = ε0ε

e Ssol−liq. Here ε is the dielectric constant of the
insulator film, e its thickness and Ssol−liq is the surface of
contact of the drop on the film. The electrostatic energy
is thus linearly dependent upon the area Ssol−liq, which
means that this electrostatic energy contributes to modify
the interfacial energy of the solid-liquid interface. Conse-
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quently, the contact angle θ is expected to vary with the
voltage V as:

cos θ(V ) = cos θ(0) +
ε0ε

2eγ
V 2 (1)

where θ(0) is the contact angle of the liquid in absence of
applied voltage and γ is the liquid surface tension.

In principle one should reach complete wetting when
cos(θ) = 1. Up to now it has never been observed, al-
though the polymer films can withstand very high elec-
tric fields: for a 12 µm thick commercial wrapping film,
according to equation (1) one expects complete wetting
at a voltage of about 160 V, this polymer being able to
withstand easily 500 V in the same conditions. What hap-
pens instead of going smoothly to complete spreading has
been partly already described. For sufficiently pure wa-
ter, we observed an instability of the drop contour line
with droplet expulsion, before complete wetting [11]. The
question of the origin of the instability is addressed in this
paper. When salt is added in the water, it was shown that
the droplet expulsion is suppressed. At some voltage the
observed contact angle deviates from the simple prediction
of equation (1) and electrowetting saturates. The contact
angle saturation might happen abruptly or smoothly, but
in all situations reported up to now, namely with vari-
ous polymers films of different thicknesses from a few µm
to about 1 mm using simple water solutions without sur-
factant, saturation comes for very similar contact angles
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Fig. 1. Schematic side view of the system. A flat infinite elec-
trode is covered with an insulator film of thickness e and di-
electric constant ε. The drop of conducting liquid (water) is
painted in gray: it is equipotential.

in the range 20◦−30◦. For high voltages it was shown that
the polymer surface becomes hydrophillic around the liq-
uid edge, but outside of the drop.

In this paper we present new quantitative experimental
results about the droplet instability and about the satura-
tion phenomenon. We present a linear stability analysis of
the contour line at high electric fields, taking into account
the excess charges at the drop contour, due to sharp edge
electrostatic effects. We also present experimental results
about the saturation of the contact angle and a discussion
of how the ionization of air through partial discharges can
be responsible of this saturation.

2 Experimental results

2.1 Presentation of the problem

Figure 1 presents a side view of the system under study:
A drop of water solution (or other conducting liquid) is
deposited on a insulator thin solid film (thickness between
a few µm and ' 1 mm). The contact angle of the drop is
denoted θ. The reverse side of the polymer is assumed
to be grounded by the presence of a conducting surface
laterally much larger than the drop.

The derivation of equation (1) is shortly recalled here.
The electrostatic energy stored in the capacitor formed by
the drop and the counter-electrode is given by

Eelec =
1
2
ε0ε

e
Ssol−liq V 2. (2)

The dependence of Eelec with the area Ssol−liq means that
this electrostatic energy contributes to modify the inter-
facial energy of the solid-liquid interface, γsol−liq:

γsol−liq(V ) = γsol−liq −
1
2
ε0ε

e
V 2 (3)

which is formally equivalent to the Lipmann equation
dγ/dV = σ, where γ is the interface tension, V the po-
tential difference across the interface, and σ the surfacic
charge present at one side of the interface. The minus sign
comes from the fact that the voltage V is imposed from
an external generator. Using Young-Laplace law

cos θ =
γsol−gas − γsol−liq

γ
(4)

and equation (3) leads to the results of equation (1). If
a.c. voltage is applied then V 2 has to be replaced by V 2

eff
in equations (3, 1).

2.2 experimental details

Polytetrafluoroethylene (PTFE) and High Density
Polyethylene (HDPE) films come from Goodfellow, PTFE
13 µm thick were samples from Dupont, polyethylene
terephtalate (PET) are a gracious gift from Rhône-
Poulenc and we sometimes used silanized glass slides of
thickness 0.17 mm or 1 mm. Some experiments were done
with kitchen type films, based on poly vinylidene chloride
(Albal or Saran). The counter-electrode is a flat stainless
steel piece placed under the insulator film. A drop of
salted water is placed between the flat electrode and the
insulator film, in order to insure a good electrical contact.
Usually we used either pure water or water added with
Na2SO4 at 10−2 M/l as the liquid.

The experimental set-up to measure contact angle and
to apply high electric voltages has been described pre-
viously [11]. We used a Zeiss binocular to observe the
sessile drop. In order to look at the weak luminescence
around the drop, we equipped the binocular with a sensi-
tive video camera (S.I.T. DAGE-MTI, Michigan-City, In-
diana, USA). For detection of the luminescence with even
greater sensitivity but without imaging, we used a pho-
tomultiplier tube (Hamamatsu R647-04) just above the
drop. We used generally a voltage source at 1 kHz. We
could measure the partial electric discharges in the air
by adding in the circuit of the sample a 1 kΩ resistance
which delivers a voltage proportional to the current in the
circuit. Discharges are observed either directly with an
oscilloscope, or with a high-pass filter to mask the 1 kHz
sinusoidal displacement current, as it helps to observe the
short pikes, characteristic of partial discharges.

2.3 droplet expulsion

Figure 2 presents contact angle measurements for PTFE
films of thickness 50 µm. Three sets of measurements are
presented corresponding to three different liquids of differ-
ent surface tensions: pure water (circles), a 34% ethanol
solution in water (triangles) and pure ethanol (squares).
For each series a discontinuous line shows the expected
values within the simple theory of the infinite plane ca-
pacitor, equation (1). The recording stops at the arrow,
where emission of droplets occurs. Then the contact angle
measurement becomes impossible, due to the perturbation
caused by these fastly moving little droplets.

In Figure 3 we show measurements of λc the wave-
length of the first unstable mode as a function of the
thickness of the insulator film, for a series of measure-
ments made with pure water drops on PTFE films. This
is a delicate experiment: when raising the voltage the wet-
ting line moves slowly and stays smooth, but suddenly
droplet expulsion starts vigorously. We thus try to capture
the average lateral distance between adjacent droplets.
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Fig. 2. Experimental values of the contact angle versus volt-
age, for a PTFE film 50 µm thick: pure water (circles), 34%
ethanol in water (triangles) and ethanol (squares). For each
series, the arrow marks the point where droplet expulsion oc-
curs and the interrupted lines show the theoretical curves in
each case, using equation (1). The calculated limit of stabil-
ity estimated by equation (10) for three different values of the
screening length ξ (see text) in the V −cos θ plane (continuous
lines).

Fig. 3. Log-Log plot of the wavelength (λc) of the first unsta-
ble mode at the voltage threshold for water droplet emission
on teflon films of different thicknesses. It is measured as the
mean distance between droplets. The error bar are large be-
cause above threshold the droplet are emitted at a high rate
and they experience a lot of collisions. The dashed line has a
slope 1.

The error bar on this value is large, but the data show un-
ambiguously that there is a correlation between the film
thickness and the wavelength λc.

2.4 Optical and electrical observation of air ionization
near the liquid edge

In this section we look at the case of the spreading of
salt solutions by electrowetting. In that case the contact
angle variation stops at some voltage, without any sign of
instability or droplet ejection. In this section we present
the experiments suggesting that saturation is caused by
ionization of air around the drop.

Figures 4a and 4b are side views of the drop on a
PTFE film 50 µm thick under a voltage of 950 V, chosen

Fig. 4. Visualisation of the luminescence: Side view of the
drop on a PTFE film 50 µm thick at V = 950 V. This voltage
has been chosen above saturation, i.e. in the region where the
contact angle does not vary anymore with increasing voltage.
The bar corresponds to 1 mm. (a) Without external light, (b)
with little external light.

above saturation. In Figure 4a there is no external source
of light. One sees clearly a luminous ring around the drop
of water solution. Figure 4b is the same with a little addi-
tional illumination form the rear, in order to observe the
spontaneous emission of light and to be able to localize
this emission relative to the drop. In this figure it is clear
that the spontaneous emission comes from regions outside
of the water drop. Figure 5a has been taken also with a
little external light, but is viewed from above. Figure 5b
shows the pattern observed for a much thinner film, Al-
bal 10 µm thick at V = 350 V, exhibiting a clear lateral
periodicity in the luminescence, and incomplete ignition
of this luminescence around the drop perimeter. When
the voltage is set the pattern of luminescence is static,
although the intensity usually decreases with time.

Figure 6 shows measurements made for PTFE films,
thickness 50 µm. Figure 6a shows the recording during a
cycle of the applied voltage and of the emitted light inten-
sity: Light emission in this case starts at a threshold volt-
age of 500 V. When analysed with an oscilloscope, the light
detected is emitted as series of short light pulses. Figure 6b
shows, in the same conditions, the number of electric par-
tial discharges per unit time observed as pikes of less than
100 ns duration counted using a scaler. Again there is a
threshold voltage for these partial discharges to appear at
' 600 V. Figure 6c shows the record of the cosine of the
contact angle (in fact the average of the advancing and re-
ceding contact angle cosines, see [11]) as a function of the
applied voltage, showing the deviation of the experimen-
tal values from the expectation of equation (1) (continuous
line) at a voltage of about 600 V (Curves exhibiting sat-
uration have already been published in Ref. [11], but it is
recalled in Fig. 6c). Figure 6 thus shows the approximate
concomittance of (i) apparition of luminescent discharges
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Fig. 5. (a) Visualisation of the luminescence: Top view of the
drop on a PTFE film 50 µm thick under 950 V, with little
external light. The bar corresponds to 1 mm. (b) Visualisation
of the luminescence periodicity: Top view of the drop on a
Albal film 10 µm thick under 350 V. The bar corresponds to
1 mm.

in the air around the drop, (ii) apparition of electrical
pikes in the current, and (iii) saturation of the of contact
angle.

We have made the same experiment with different
polymer films. We present in Figure 7 the good correla-
tion between the voltage, Vi, where luminescence appears
and the saturation voltage, Vs, where contact angle starts
to deviate from the variation predicted by the theory. The
two last points for rather thick PTFE films are quite inac-
curate: due to their stiffness it is difficult to be sure that
the polymer film is really applied firmly on the counter-
electrode.

We have verified that the light detected by the pho-
tomultiplier really comes from the regions outside of the
drop, by mounting the photomultiplier on an optical mi-
croscope and scanning the drop laterally under the ob-
jective. We also made a spectral analysis of the emitted
light. Under air atmosphere the major features in the spec-
tra comes from N2, giving the usual blue-violet lumines-
cence. Under C2F6 atmosphere the spectrum was com-
pletely changed for orange type radiation.

We thus tried to do the same experiment under an SF6

atmosphere, a better insulator than air, with the hope that
saturation could occur at higher voltages. The result was
negative, as the saturation of contact angle occurred at
about the same voltage. Presumably the good insulator
properties of SF6 are destroyed by trace amounts of water

Fig. 6. Three different measurements made on the same film
(PTFE, 50 µm), using salted water. (a) Light intensity mea-
sured by the photomultiplier (continuous line) and applied
voltage (dashed line) as a function of time. (b) Number of par-
tial electric discharges per unit time, as a function of voltage.
(c) Cosine of the average of advancing and receding contact
angles versus voltage.

Fig. 7. Saturation voltage, Vs, as a function of the threshold
ionisation voltage, Vi. The dark circles are the experimental
points, with their estimated error bar. The dashed line repre-
sents Vi = Vs. This picture involves polymer thicknesses rang-
ing from 12 µm to 227 µm.
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that are always present in the gas region close to the drop
edge.

3 discussion

3.1 Linear stability analysis of the charged wetting line

In this paragraph we go beyond the simple theory found
in references [10,11] by taking into account the edge cor-
rection to the electrostatic energy Eelec stored in the sys-
tem. Eelec is proportional to the electrical capacitance C
between the drop and the counter-electrode. The leading
term in C is calculated using the infinite plane capacitor
formula C = ε0ε

e S, and is proportional to the surface S of
the drop facing the counter-electrode, namely the solid-
liquid area. It is known to decrease the effective interfa-
cial energy, under applied voltage [10]. The next term in
the capacitance includes a contribution, due to edge cor-
rections, which is proportional to the perimeter L of the
basal surface of the drop. This contribution decreases the
effective line tension and could be responsible for an in-
stability of the drop contour.

In order to simplify calculations we assumed that the
air has the same dielectric constant ε than the insulating
film, so that the discontinuity at the polymer-air inter-
face (thin continuous line in Fig. 1) disappears from the
electrostatic problem. The general problem is then well
established. The drop top surface (liquid-gaz) is free to
adjust to minimize the total energy E of the system:

E =
3∑
i=1

γiSi −Eelec (5)

keeping the drop volume constant.
∑3
i=1 γiSi is the inter-

facial energy, i denoting the type of interface (liquid-solid
liquid-gas or solid-gas) γi being the interfacial tension and
Si the area. As usual the minus sign in equation (5) comes
from a Legendre transformation to take into account that
the drop is maintained at constant voltage by a generator,
considered as an outside part of the system. The electro-
static contribution, Eelec is given by

Eelec =
1
2
CV 2 (6)

C, the electrical capacitance, is calculated by solving the
Laplacian equation for the electrostatic potential ∆v(r) =
0 in all space, with the boundary conditions of being zero
at the bottom electrode and constant (v = V ) at the drop
surface (see Fig. 1). In Appendix A we present an exact
calculation of the capacitance of a 2-D system including
edge effects. This leads to the following development for
our 3-D system:

C ' εε0
e
S + εε0

(
1

π − θLn
√
S

e
+A(θ)

)
L+ ... (7)

where L is the length of the drop perimeter and A(θ) is a
smooth function given in Appendix A (Fig. 9). The first

term in equation (7) is the plane infinite capacitor ap-
proximation used in Section 2.1 to calculate contact angle
variations. The second term is proportional to the perime-
ter length L and is the leading contribution arising from
edge effects.

It is clear that the lineic term will tend to destabilize
the drop contour line, because it has the same sign than
the surfacic term: for the same reason that the first term
in equation (7) leads to a decrease of the surface energy
associated to solid-liquid interface, the second term gives
a negative contribution to the effective line energy of the
drop contour. As expected for macroscopic drops (L� e)
the surfacic term is dominant and the lineic term will not
change the equilibrium contact angle.

Using equation (7) one can perform a linear stability
analysis of the contact line. One starts from a straight
liquid edge which is infinite along the direction of space
(y). The liquid wets the solid with a contact angle θ. Now
we impose this line to have a sinusoidal perturbation x =
X cos ky, where the direction x is in the plane of the solid
surface, perpendicular to the three phase contact line. X
is the amplitude of the distortion, and k its wave vector.

The distorsion of the wetting line has three main
consequences: (i) its length is increased by a factor '(

1 + k2X2

4

)
. (ii) the electric charge distribution close to it

is modified. As the length scale relevant for electrostatic
edge effects is the thickness e, one expects that the modi-
fication of the charge distribution is small when k � 1/e
and important for k � 1/e. In the former case the for-
mula for the capacitance of equation (7) is expected to be
valid providing one takes into account the increased con-
tour length. In the latter case the roughening of the con-
tour line leads to an electrostatic screening which tends to
cancel the effect of its increased length.

As a result of (i) and (ii) the gain in electrostatic
energy due to the distortion is estimated to be approx-
imately:

∆Eelec =
εε0
8

(
1

π − θLn

(√
S

e

)
+A(θ)

)
k2e−kξV 2X2

(8)

where ξ is a screening length, assumed to be of the order
of e. The instability is thus expected to occur for a critical
wavevector kc ' 1/ξ of the order of 1/e. This is in rough
agreement with observation of the length scale for droplet
emission in Figure 3.

(iii) The shape of the drop surface is undulated close
to the edge. It is well known that such a deformation dies
exponentially with the distance to the edge, with a decay
length equal to 1/k [13]. Of course for a given amplitude
of the line distorsion on the solid surface, X , the surface
deformation depends upon θ. The resulting energy cost in
surface energy Es per unit length of the line is [14]

∆Es =
γ

4
k sin2θ X2 (9)

where γ is the surface tension of the liquid.
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The liquid edge will thus be unstable when the energy
gain, equation (8), overcomes the energy cost given by
equation (9).

εε0V
2

γe
≤ 2
ekce−ξkc

sin2θ(
Ln
√
S
e

π−θ +A(θ)
) · (10)

Figure 2 shows the limit of stability given by equation (10)
for a 50 µm Teflon film, in the V − cos θ plane, as a con-
tinuous line. The drop contour line is expected to be sta-
ble on the left side of the line, and unstable on the right
side. In order to evaluate numerical values in Figure 2, we
have taken ε = 1.5, intermediate between the dielectric
constants of air and of PTFE (again in this section we ne-
glected the difference), Ln

√
S
e ' 4.0 and kc = 2π/λc was

taken from data shown in Figure 3 (λc = 35 µm).
We can see from Figure 2, that our experimental data

can be reasonably accounted for by this model, if the
screening length ξ is considered as a fitting parameter. The
best agreement is obtained for ξ ' 20 µm, a length which
is of the order of magnitude of the polymer film thickness
e ' 50 µm and of the critical wavelength λc ' 30−40 µm.
Strictly speaking one should get ξ = λc/2π ' 5−7 µm
which corresponds to the minimum of the right-hand side
of equation (10). It is clear however that the present model
describes the redistribution of electrostatic charges and
screening effects in a very crude way, and one cannot hope
it provides an accurate quantitative description of the in-
stability.

The approximate linear dependence of the critical
wavelength λc with e shown in Figure 3, and the cor-
rect order of magnitudes predicted by equation (10) seem
to show that the above model of instability contains the
right physical ingredients. This could be compared to the
so-called coulomb fission as it involves only the interplay
between capillary and electrostatic forces (see for instance
Ref. [15]). Of course a static analysis might not be suffi-
cient, as thin liquid precursor films might be produced at
the drop margin. Recent theories show that thin charged
liquid films are highly unstable [16].

This paragraph does not explain why the droplet ejec-
tion is suppressed when salt is added to the water in mM
concentrations, whereas it is maintained when other so-
lutes like ethanol are added even in large quantities. It
has probably to do with Marangoni effects but no correct
explanation has been produced up to now. In previous
works on the spreading of water surfactant mixture [17],
Marangoni effects were shown to induce a front instability,
but it is conceivable that surface tension gradients stabi-
lize the wetting line.

3.2 Saturation and air ionization

In the case of salted water we believe that the observations
presented here show that air ionization is responsible for
the contact angle saturation.

First of all, one can understand easily that if the air is
ionized, as indicated by the observation of luminescence,

electrowetting stops working: the principle of electrowet-
ting is that charges are adsorbed in the conducting liq-
uid at the liquid-solid interface. Due to this adsorption,
charges exert a lateral pressure outwards on the wetting
line, inducing spreading of the drop. This lateral pressure
is exerted on the liquid edge only because air is an insu-
lator, such that charges apply the lateral pressure on the
liquid-gas interface, with no possibility of crossing it. If air
is ionized, charges can leak from the liquid drop and the
lateral pressure builds up less efficiently, weakening the
driving force for electrowetting.

The second point is that we observe a concomittance of
the threshold voltage for the observation of luminescence
and electrical discharges, Vi, with the saturation voltage,
Vs, where contact angle deviates from the tendency to-
wards complete wetting (Fig. 7). The concomittance of
these voltages, Vi and Vs, has been checked on insulator
films of various thicknesses made from very different ma-
terials, from glass to PTFE.

As a side effect, we can explain why the surface of
the polymer becomes irreversibly hydrophillic on a narrow
ring around the drop, but outside of it, as observed in
a previous publication [11]. This zone corresponds to a
location where the discharges are the most intense, so that
they can produce chemical surface modifications similar to
corona processing. The consequence is usually to oxidize
the surface groups which makes the surface more wettable
by water.

The effect of changing the atmosphere from air to SF6

or C2F6 seems to affect the spectrum and intensity of lu-
minescence, but not the saturation voltage at all. We pro-
pose that trace amounts of water, at least in the close
vicinity of the drop, are enough to decrease considerably
the insulating properties of these gases. Nevertheless this
point still needs a proof. We should note that in some
cases, like in Figure 5b, one observes a lateral periodic-
ity in the pattern of the luminescence: we cannot exclude
that the sinusoidal instability described in the preceding
section happens without leading to droplet emission, such
that the luminescence reveals an underlying geometric dis-
torsion of the contour line, otherwise undetectable.

The following question is interesting: Why do the con-
tact angle variation stop always at about the same value of
the contact angle, i.e. 20◦-30◦? What is special with this
value? Within the infinite plane capacitor approximation
equation (1), it means that in our experiments saturation
occurs at approximately constant V 2/e values, whatever
the thickness and the nature of the dielectric film. Igni-
tion of the ionization depends actually on the electric field
near the edge of the drop, which is large due to sharp edge
effects. This field is difficult to calculate exactly [18] be-
cause it depends on the precise shape of the drop surface.
For a 2D model of a rounded drop edge the electric field
is calculated using conformal mapping methods in Ap-
pendix B. Its maximal value Emax is found to be equal to
V/
√
πeρ, where ρ is the radius of curvature at the liquid

edge. Attempts to measure optically the rounding of the
drop surface at its margin failed. Nevertheless if one as-
sumes that ρ is small and constant, then it could explain
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the experimental observations that V 2/e is roughly con-
stant at saturation. It is reasonable to assume that ρ is
a microscopic length which is related to the properties of
water (possibly to the debye length) such that the round-
ing of the edge is not detectable by optical microscopy.

4 Conclusion

We have shown in this paper that one can account for
the instability of the drop, observed for pure water or
water-ethanol mixtures, by a simple analysis involving
the competition between electrostatic and capillary forces.
The prediction of threshold voltage of instability corre-
sponds to the experimental measurements, if one considers
a screening length ξ of the order of 20 µm for an insulator
thickness of e = 50 µm. The expectation that the wave
vector of the most unstable mode is proportional to the
insulator thickness, is roughly observed.

Addition of salt to the water suppresses the instabil-
ity, for unknown reasons. In that case we show that air
ionization is responsible for the saturation of the con-
tact angle with increasing voltage. The threshold voltage
where ionization starts coincides with the voltage at which
electrowetting begins to loose its efficiency, as shown by
the discrepancy between observed contact angles and val-
ues predicted by equation (1). Nevertheless the value of
threshold voltage where ionization starts is not explained:
a better understanding of these phenomena requires the
resolution of a rather difficult electrostatic problem with
free boundary (the drop surface) and singularities at the
three phase contact line.

We address a special thank to Pr. Pierre Atten (Univ. Greno-
ble) for his suggestion of looking at electrical discharges. We
thank Dr. Filippini for fruitful discussions. We also had a
very efficient support from Sonia Letant and J. Derouard, who
made possible the spectral analysis of the luminescence. We
had many useful discussions with Pr Jo Lajzerowicz (Univ.
Grenoble).

Note added in proof

Note that the saturation of the contact angle has been
also observed in the following reference: W.J.J. Welters,
L.G. Fokkink, Langmuir 14, 1535 (1998).

Appendix A: Sharp edge effects

The capacitance of the 2-dimensional electrostatic system
shown in Figure 8 can be calculated using conformal map-
ping methods. As described in reference [19] the electro-
static properties of this system can be obtained from the
Schwarz-Christofell formula:

Z(w) =
∫ w

iπ

(ew
′
+ 1)αdw′ + iπ (11)

Fig. 8. Model used to calculate the edge contribution to the
capacitance.

where Z = x + iy and w = u + iv are the complex coor-
dinates of the mapping (in units of e/π and V/π respec-
tively) and α is related to the contact angle θ of the drop:
θ = (1− α)π.

The integral (11) can be explicitly calculated when α
is a rational number: α = p/q (p, q positive integers).
Putting ζ = (ew + 1)1/q (0 ≤ Arg(ζ) ≤ π/q) one gets:

Z(w)− iπ =
q

p
ζp +

q−1∑
j=0

e2iπjp/qLn(1 − e−2iπj/q ζ). (12)

One can easily check that the special cases θ = 0 (p/q = 1)
and θ = π/2 (p/q = 1/2) correspond respectively to

Z(w) = ew + 1 + w (13)

and

Z(w) = 2
√

ew + 1 + 2Ln(
√

ew + 1− 1)− w (14)

in agreement with the results found by Lavrentiev et al.
in reference [19], p. 189. The equipotential lines are
parametrized by u at constant v.

On the upper electrode: v = π. For u ≤ 0, ζ = (1 −
eu)1/q ≤ 1 and:x(u) =

q

p
ζp +

q−1∑
j=0

e2iπjp/qLn(1− e−2iπj/q ζ)

y(u) = π.

(15)

This corresponds to the part A of the electrode in Figure 8.
For u ≥ 0, ζ = (eu − 1)1/qeiπ/q and:

x(u) =
[
q

p
|ζ|p +

q−1∑
j=0

e2iπ(j−1/2)p/q

×Ln(1− e−2iπ(j−1/2)/q |ζ|)
]

cos
πp

q

y(u) = π +
[
q

p
|ζ|p +

q−1∑
j=0

e2iπ(j−1/2)p/q

×Ln(1− e−2iπ(j−1/2)/q |ζ|)
]

sin
πp

q
·

(16)
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This corresponds to the part B of the electrode in Figure 8.
On the lower electrode v = 0 so that ζ = (eu + 1)1/q ≥ 1
and:x(u)= q

pζ
p+Ln(ζ−1)+

q−1∑
j=1

e2iπjp/qLn(1−e−2iπj/qζ)

y(u) = 0
(17)

the charge density σ on the electrodes is related to the
electric field E near these electrodes and is given by:

|σ| = ε0 |Ex − iEy| =
ε0V

e

∣∣∣∣ i
dZ/dw

∣∣∣∣ =
ε0V

e

1
(ew + 1)α

·

(18)

On the part A of the upper electrode one has:

|σ| = ε0V

e

1
(1− eu)α

(19)

taking into account equation (15) one finds that |σ| = ε0V
e

far from the edge and it diverges near the edge accord-
ing to:

|σ| ' ε0V

e

1
(α+ 1)α

(
e

π |x|

) α
α+1

· (20)

This divergence is most important for small θ (σ '
|x|−1/2) and it disappears, as expected, for θ = π. On
the lower electrode one has:

|σ| = ε0V

e

1
(1 + eu)α

· (21)

Taking into account equation (17) this charge density is
found to be |σ| = ε0V/e for x → −∞ and |σ| = ε0V

π−θ
1
|x|

for x → ∞. The total charge Q on the lower electrode
between x1 and x2 is simply given by:

|Q| =
∫ x2

x1

|σ| dx =
ε0V

π
(|u(x2)| − |u(x1)|). (22)

For (−x1/e)� 1 and (x2/e)� 1 one gets:

|Q| = ε0V

π

(
|x1|
e

+
1

π − θLn
(

(π − θ)x2

e

)
+A(θ)

)
(23)

where A(θ) is given by:

A(θ) =
p

q
+
q−1∑
j=1

e2iπjp/qLn
(

1− e−2iπj/q
)
− Ln(q). (24)

Although not obvious, this expression actually depends
only on p/q, (i.e. on θ) and it decreases monotonically
from 1 at θ = 0 to 0 at θ = π (it is related to the edge
effect). The numerical function A(θ) has been evaluated
and is shown in Figure 9.

The capacitance of the 2-dimensional system is then
for |x1| ' x2 ' R

C = ε0

(
R

e
+

1
π − θLn

(
(π − θ)R

e

)
+A(θ)

)
. (25)

Fig. 9. Graph of the function A defined in equation (24) versus
the contact angle θ

Fig. 10. Model of the rounded edge drop.

Appendix B: Rounded edge

In order to find an estimation of the maximum electric
field value near the edge one has to consider a rounded
edge as shown in Figure 10. As discussed in reference [19]
the electrostatic problem of rounded edge systems can be
solved using the conformal mapping defined by:

Z(w)=
1

1+γ

∫ w

iπ

[
(ew

′
+1)α+γ(ew

′
+1+β)α

]
dw′+iπ

(26)

the constants β � 1 and γ determined the rounding of
the edge. Near the edge, for 0 < u � 1 and v = π, equa-
tion (26) leads to:

Z(w) = iπ +
1

(1 + γ)(1 + α)

×
[
eiπαuα+1 − γ

[
(β − u)α+1 − βα+1

]]
. (27)

As the actual shape of the drop edge is not known, one has
to make some rather arbitrary assumption. Let us choose
the point B defined by u = β to be at x = 0:

xB =
βα+1

(1 + γ)(1 + α)
(− cos(θ) + γ) = 0 =⇒ γ = cos(θ)

(28)

yB = π +
βα+1

(1 + α)
tg
θ

2
· (29)
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Let us define the point C by u = β/2 its coordinates are:

xC =
βα+1

1 + α

cos(θ)
1 + cos(θ)

(1− 2−α) (30)

yC = π +
1

1 + α

(
β

2

)α+1

tg
θ

2
· (31)

The electric field near the edge is given by:

Ex − iEy =
V

e

[
i(1 + γ)

(ew + 1)α + γ(ew + 1 + β)α

]

' V

e

[
i(1− cosπα)

eiπαuα − cosπα (β − u)α

]
. (32)

Near the point C, one then finds that:Ex =
V

e

(
β

2

)−α
cotg

θ

2
Ey = 0.

(33)

This shows that the rounded edge has a vertical tangent
at C. The radius of curvature ρ at C is given by:

ρ =
e

π

(
d2x

dy2

)−1

=
e

2πα

(
β

2

)α+1

tg θ tg
θ

2
· (34)

The electric field near C is thus of the form:

Ec =
V

e

(
e tg θ
2παρ

) α
α+1

(
tg
θ

2

) −1
α+1

· (35)

For small θ, α ' 1 and one has:

Ec '
V
√
πeρ
· (36)

This field is expected to correspond to the maximum
electric field near the edge in the present model.
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