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Abstract

A novel micro-vibration reconstruction method based on inverse Hilbert transform is presented. By inversing either side
of the SMI signal after Hilbert transform, micro-vibration can be reconstructed quickly and conveniently. In the paper, the
principle of inverse Hilbert transform algorithm is studied. And, the effectiveness of the method is verified through simulated
signals, and several experiments are carried out, including the self-mixing signal affected by speckle effect. The experimental
results show that the external cavity phase can be rapidly extracted by inverse Hilbert transform algorithm, and the relative

error is no more than 7%.
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1 Introduction

As the high precision manufacturing technology advances,
self-mixing interferometry (SMI) has attracted much atten-
tion because of its inherent simplicity, compactness and self-
aligning [1-3]. It has been widely used in displacement and
vibration measurement field [4—6]. Semiconductor laser self-
mixing interference (SMI) is an interference phenomenon,
which is caused by the reflection or scattering of some light
back into the laser cavity and mixed with the light in the
internal cavity. Feedback light carries the vibration informa-
tion, which can adjust the laser diode (LD) output power and
optical wavelength, this phenomenon is called SMI.

The micro-vibration was measured by counting the peak
value of interference signal using SMI method. However, by
counting peaks we can only get A/2 resolution, to increase
the resolution, a lot of methods have been proposed, in which
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the injection current modulation is one of the phase meas-
urement methods [5, 7], and some demodulation methods
have been reported, but the current modulation method can
change the wavelength of laser diode and it also needs extra
modulation equipment. Bes et al. presented an auto-adaptive
signal handing algorithm which can value the light feedback
level parameter C [8], the proposed reconstruction algorithm
can achieve a maximum reconstructed accuracy of 40 nm
with the moderate feedback parameter. Guo used an electro-
optic modulator (EOM) in an external cavity and developed
a sinusoidal phase modulating technique [5], and it can
effectively improve the resolution of vibration measurement
to a few nanometers. Guo presented an orthogonal demodu-
lation method [9], and used EOM to obtain the modulation
phase, which can only be used in the case of weak feedback.
In 2013, Wang et al. improved fringe precision to near /4
and A/6 of the object vibration by employing an external
reflecting mirror [10], however, the angle between the exter-
nal reflecting mirror and vibration object must be adjusted
carefully. Arriaga et al. proposed a robust phase calculation
approach to detect self-mixing signals from rough surface
targets based on Hilbert transform [11], which can ignore the
dynamic variations in the feedback level even face to speckle
degradations. However, using the proposed phase extraction
method to find an appropriate threshold is a bit complicated.
Tao et al. proposed a signal-processing method to obtain a
couple of exact quadrature signals based on Hilbert trans-
form to extract vibration [12]. But, the combination of the
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continuous wavelet transform (CWT) algorithm makes the
vibration reconstruction algorithm complex. In 2019, our
team proposed a demodulation algorithm based on multiple
Hilbert transform to extract vibration [13]. However, the
algorithm of multiple Hilbert transformation has no reason-
able mathematical model analysis at that time.

In the study, we proposed a novel self-mixing interfer-
ometry phase extraction method based on inverse Hilbert
transform algorithm. First, Hilbert transform (HT) is applied
to the self-mixing signal. However, combing Doppler effect
[12], the HT of SMI signal equals a phase shift of —z /2
relative to original signal when the external object moves
towards the semiconductor laser [14], otherwise a phase
shift of +7 /2 to original signal when the external object
runs away. Second, to extract the external phase correctly,
we inverse the Hilbert transform of the right-inclined SMI
signal to make phase compensation. Further, a same phase
shift of —z /2 compared with original SMI signal on both
sides of the reverse point was obtained, the algorithm is
named inverse Hilbert transform (IHT).

In this paper, the theory of SMI phenomenon is analyzed
by two Fabry—Perot cavities and IHT method is analyzed
theoretically and deduced mathematically. The major advan-
tage of the method is that it does not involve any complicated
calculation and removes the need for optical/electro-mechan-
ical component, which can further ignore the dynamic varia-
tions in the feedback level even face to speckle degradations.
At last, the validity of the method is verified by simulations
and experiments. The proposed method increases the resolu-
tion well beyond half-fringe.

2 Theory of self-mixing interferometry

When the distance between the measurement object and
LD is less than half of the laser coherent length, the basic
theories of the self-mixing interference phenomenon can
be explained by two Fabry—Perot cavities as shown in
Fig. 1 [9], in which r, and r, are the amplitude reflectivity
of laser diode facets, r; is the amplitude reflectivity of the
external target, [ denotes the length of the internal cavity
and L is the length of the external cavity. And the output
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Fig.1 Schematic diagram of self-mixing interference

SMI signal is monitored by a photodiode (PD), which is
encapsulated in LD.

When part of the laser beam is scattered into the inter-
nal cavity by the measurement object, self-mixing inter-
ference happens. And according to [3, 14], the rear PD
outputs in semiconductor laser diodes had the features
that SMI edges tilt to the right when the external target is
far away from LD, and to the left when the target is run-
ning close to LD. Neglecting the multiple reflections in
the external cavity, the SMI phase and LD’s output power
equation can be presented respectively:

w, 2L0 = wg ZLC(t) + Csin |wp 210 +arctanal|, ¢))
c c
P = Py[1 + mcos(¢pp(D)], @

where @, and P are the angular frequency and the laser out-
put power without optical feedback, respectively, wp and Py
are the angular frequency and the output power with optical
feedback, respectively. c is the speed of light in a vacuum.
And « is the line-width enhancement parameter, m is the
modulation coefficient of self-mixing [15, 16]. The feedback
level factor is presented as C, which can be written as:

C= :_—Lg“\/l + a2, 3)
1

where 7; and 7, denote the round-trip time within the exter-
nal cavity and internal laser cavity, which can be written as
7, = 2L/c and 7, = 21/ c respectively. The parameter { is the
coupling coefficient. And based on Ref. [17], self-mixing
interference fringes are categorized into three regions: (a) a
weak feedback level 0 < C < 1, (b) 1 < C < 4.6 a moderate
feedback level, and (c) C > 4.6 a strong feedback level. As
C value increases, it will suffer from hysteresis and fringe
loss [18]. Therefore, in this paper, only weak and moderate
feedback regimes are discussed.

Equation (1) can be simplified by ¢(¢) = @, X 2L(t) /¢
and ¢p(f) = wg X 2L(1)/c.

bo(t) = ¢Pp(t) + Csin[¢@p(t) + arc tan a], 4)

in the equation, ¢y and ¢, are the external round-trip phase
with and without light feedback, respectively. After that,
do(t) = wy X 2L(1)/c can be expressed as:
L0 = o5 = =2 (1 5
T 2wy T 2x22 0 )
where A represents the initial wavelength of the laser. Given
the weak feedback regime [10, 19], ¢y (f) = ¢p(1), Eq. (5) can
be expressed as follows:
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3 Theory of inverse hilbert transform

To extract the external phase ¢p() and reconstruct the
micro-vibration correctly, a novel method on account of
Hilbert transform (HT) is presented. Following equation is
the Hilbert transformation:

% cos(¢g(1)) ds

t—7

Hlcos(dp(1))] = % / %

Equation (7) represents HT as a convolution calculation
of external phase ¢(#) with an impulse response function
h(t) = 1/xt, and the frequency response of the impulse
response function takes below form according to Ref. [12]

H(w>={ "
+J,
where w is the angular frequency of the original SMI signal,
Eq. (8) implies that the HT of SMI signal equals a phase
shift of —x /2 relative to original signal when @ > 0, other-
wise a phase shift of +z /2 to original signal when w < 0.

According to the Doppler effect, as the external object
moves towards the semiconductor laser, the frequency
shift is positive (@ > 0) and the edges of SMI tilt to the
left. As the external object runs away, the frequency shift
is negative (@ < 0) and the edges of SMI tilt to the right.
Now with the combination of Eq. (8), the left-inclined
fringes of SMI obtain a phase shift of —z /2 through Hil-
bert transform of self-mixing signal, which can be written
as cos(¢pp(t) — w/2) = sin(¢pr(r)). And the right-inclined
fringes of SMI obtain a phase shift of +x /2 through Hil-
bert transform of self-mixing signal, which can be written
as cos(¢pp(t) + w/2) = —sin(¢pg(?)). Figure 2a illustrates the
simulation of self-mixing signal, Ref. [3] gives the reverse
point R between these two inclined fringes. The Hilbert
transform of self-mixing signal is shown in Fig. 2b.

As to extract the external phase correctly, we inverse
either side of the HT of SMI signal, which is original right-
inclined fringes of self-mixing signal or the original left-
inclined fringes of self-mixing signal. The purpose is to
make a phase compensation for the HT of SMI signal, so as
to ensure the same phase shift of the original SMI signal on
both sides of the reverse point.

Based on the above analysis, this paper proposes an
algorithm to inverse the Hilbert transform of the right-
inclined SMI signal, the algorithm is named inverse

>0

w<0 ®)
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Fig.2 Hilbert transform of self-mixing signal. a Simulation of SMI:
C=0.5, b Hilbert transform signal
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Fig.3 Transform algorithm. a Self-mixing and IHT signal in com-
parison, the red curve is SMI signal, the blue one is HT signal and the
black is the inverse of HT signal, b wrapped phase

Hilbert transform (IHT). And then we can get a same
phase shift of —z/2 compared with original SMI signal
on both sides of the reverse point, then, it can be repre-
sented as sin(¢g(?)). Figure 3 shows the transform simula-
tion process. In Fig. 3a, the comparison of the self-mixing
signal and IHT signal is presented, of which the blue curve
is Hilbert transform signal and the black one is the inverse
of HT signal. Figure 3b shows the wrapped phase.

Figure 4 shows the flow chart of IHT algorithm. First,
we filter and normalize the SMI signal, and then we per-
form Hilbert transform of SMI signal, decide vibration
inverse point of external object, and inverse the Hilbert
transform signal of the right-inclined self-mixing signal.
After that, the combination with the HT of left-inclined
SMI signal on the reverse point forms sin(¢g(¢)). At last,
tan ¢p(?) is acquired using the combination IHT signal
dividing by self-mixing interference signal.
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Fig.4 Flow chart of IHT method

The phase ¢(¢) wrapped within the region of —z and
+7 is obtained. With a phase extraction course, the external
object vibration can be reconstructed based on Eq. (6).

4 Matlab simulation
4.1 The simulation of harmonic vibration

The measurement of micro-vibration using the proposed
method has been tested on MATLAB. First, the numeri-
cal simulation has been operated with weak feedback level
C=0.2, and line-width enhancement parameter is chosen as
4.6. As shown in Fig. 5a, the harmonic vibration is driven
with a frequency of 10 Hz and an amplitude of 2.6 pm
(A =44;). And the original wavelength is 650 nm without
optical feedback, the original external cavity length between
laser and external object is Ly = 0.1 m. The sampling points
of the simulation are 5000 under sampling frequency of
50 kHz. The red curve is self-mixing interference fringes
and the blue one presents IHT signal, it has a same phase
shift of —z /2 compared with the original self-mixing signal
as presented in Fig. 5b. Figure 5c shows the reconstructed
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Fig.5 Simulation with C=0.2. a Harmonic vibration, b the red curve
presents the SMI signal and IHT curve is presented in blue, ¢ recon-
structed vibration, d error

vibration and Fig. 5d shows the absolute error between the
reference and the reconstructed vibration.

Figure 6 presents simulation results with an amplitude
of 2.3 pm and feedback parameter C=2.5 with moderate
feedback level. The sampling points of the simulation are
10000 under sampling frequency of 50 kHz. Besides, other
parameters are the same with Fig. 5. Figure 6a presents a
simulated harmonic vibration with a frequency of 5 Hz. Fig-
ure 6b shows the SMI signal. The reconstructed vibration
is shown in Fig. 6¢c. Figure 6d presents the reconstructed
absolute error.
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Fig.6 Simulation with C=2.5. a Harmonic vibration, b SMI signal,
¢ reconstructed vibration, d the reconstructed absolute error
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The MATLAB simulation results show that the maximum
absolute error is ~ 4,/7.9 (82 nm), when the peak-to-peak
amplitude is 5.2 pm of the simulated harmonic vibration
with C=0.2. And the maximum absolute error is ~ A,/4.7
(137 nm), when the peak-to-peak amplitude is 4.6 pm of
the simulated harmonic vibration with C=2.5. The algo-
rithm proposed in this paper can be well applied to the field
of micro-vibration displacement measurement under weak
feedback regime, and the maximum reconstructed error
occurs at the reverse point of the vibrating object.

4.2 Speckle disturbance vibration reconstruction
simulation

As the laser spot has finite size, SMI signal in this condition
exhibits an envelope shape in time domain due to the vari-
ation which results of the incoherent superposition of dif-
ferent waveforms reflected by rough targets, and it is called
speckle effect [11]. In order to simulate the phenomenon,
we plot Fig. 7 with amplitude attenuation. So under this
condition, the adaptive threshold algorithm [20] is not useful
here. Since each fringe contributes to half LD’s wavelength
of target vibration, reconstruction of a target vibration from
SMI signal relies on the proper extraction of external phase.
The proposed IHT algorithm in this paper can well adapt to
the amplitude attenuation of SMI signal caused by speckle
effect.

The simulation has been operated under weak feedback
regime with C=0.1, and line-width enhancement param-
eter is chosen as 4.6. As shown in Fig. 8a, the red curve
represents self-mixing signal with attenuation of harmonic
vibration which is driven with a frequency of 10 Hz and an
amplitude of 3.2 pm, the black curve is the IHT signal. And
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Fig.7 Simulation of the amplitude attenuation of SMI signal
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Fig.8 Reconstruction simulation. a The red curve represents SMI
signal with amplitude attenuation, the black curve is the IHT signal,
b wrapped phase, ¢ displacement of the reference (red) and the recon-
struction (black), d error

Ap = 650nm, the original external cavity length between
LD and the object is Ly = 0.1 m. Figure 8b presents the
wrapped phase arctan2[¢g(#)]. In Fig. 8c, the red curve is the
simulated sinusoidal motion of external object, and the black
curve is the reconstructed vibration. And the reconstructed
error is presented in Fig. 8d, in which we can get the maxi-
mum error is ~ 4y/12.7 (51 nm).

The simulation results show that the micro-vibration
reconstructed method for laser self-mixing interferometry
based on inverse Hilbert transform can properly extract
external phase with weak or moderate optical feedback level,
and it can also well adapt to the amplitude attenuation vari-
ation of SMI signal caused by speckle effect.

5 Experimental setup and results

The proposed method has been tested experimentally. The
schematic diagram of the experimental setup is shown in
Fig. 9. It includes a semiconductor laser diode (QL65D5SA,
QSI, 650 nm) packaged with a photo-diode (PD), and its
power is 5 mW, which is driven by a constant current driver
(LD1255R, Thorlabs). A piezoelectric transducer (PZT,
P753.1CD, PI) with a travel of 12 pm is selected to be used
as a vibrating object, which is a high-precision reference
with a resolution of 0.05 nm when performing vibration
measurement tests. To perform experiments with the proper
feedback regime, a variable attenuator (VA) is used to con-
trol the amount of reflected beam into the internal cavity.
The PD detects the current change of the laser output power,
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Fig.9 Schematic diagram of the experimental setup

and the current signal is converted into voltage by the trans-
conductance amplifier. We use a PC to process the data,
which is obtained through data acquisition card (NI-4431).

5.1 PZT harmonic vibration measurement

Figure 10 shows the measurement process that the tests
are operated with weak feedback level. The external object
vibrates a sinusoidal movement, which has a frequency of
5 Hz and a peak-to-peak amplitude of 4 pm. The experi-
mental sampling frequency is 50 kHz and 20000 points in
total. In the experiment, a 500 Hz low-pass filter is used to
filter the PD output acquisition signal, and then the filtering
signal is normalized. The red curve in Fig. 10a is self-mixing
signal with weak feedback level for C=0.1, and IHT signal

EY A

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
t/s

Fig. 10 Object movement. a Signal of the experimental SMI in red
and the IHT signal in black, b wrapped phase, ¢ displacement of the
reference (red) and the reconstruction (black), d error

is the black curve. Figure 10b presents the wrapped phase
¢p(?). And in Fig. 10c, the movement of reference object is
shown in red and the reconstructed harmonic movement is
shown in black. The object movement reconstructed error
is shown in Fig. 10d.

Then, the proposed algorithm has been operated with
moderate feedback regime as shown in Fig. 11. The exper-
imental parameters are the same with Fig. 10, except the
feedback parameter which is estimated using the algorithm
provided in ref. [8] is 2.5. With moderate feedback regime,
Eq. (5) is used to carry out vibrated reconstruction. The red
curve in Fig. 11a shows the experimental self-mixing signal
with C=2.5, and the black curve is IHT signal. Figure 11b
presents the wrapped phase ¢p(f). And Fig. 11c shows the
reference object movement in red and the reconstructed
movement in black. And the object movement reconstructed
absolute error is shown in Fig. 11d.

Experimental results show that the maximum absolute
error is ~ 4,/6.2 (105 nm), when the peak-to-peak ampli-
tude is 4.0 pm of the object harmonic vibration with C=0.1.
And the maximum error is about 4,/4.16 (156 nm), when
the peak-to-peak amplitude is 4.0 pm of the object harmonic
vibration with C=2.5.

Several group of repeated tests with feedback parameter
C=0.1 have been done to illustrate the reliability. And the
external object moves a harmonic vibration with a frequency
of 5 Hz and a peak-to-peak amplitude from 1 to 10 pm,
with a step length of 1.0 pm. Ten times experiments were
repeated in each group of tests. Figure 12 shows the analysis
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Fig. 11 Object movement with C=2.5. a Signal with the experi-
mental SMI in red and the IHT signal in black, b wrapped phase, ¢
displacement of the reference (red) and the vibration reconstruction
(black), d error
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results, of which the black points are relative error of meas-
urement movement with weak feedback level, the red error
bars are the standard error.

It can be seen from Fig. 12 that the mean relative error of
the vibrated reconstruction tests are less than 7%. With the
increasing of harmonic amplitude, error of vibrated recon-
struction tends to decrease gradually.

5.2 Speckle effect of SMI experiments

Due to the influence of surface roughness of the measured
object in the experiment, the SMI signal is often accompa-
nied by speckle effect. In this experiment, we put a piece of
white paper on the surface of the vibrated object to simulate
the rough surface. And the PZT is controlled to move at
a sinusoidal form with a frequency 5 Hz, a peak-to-peak
amplitude 5.5 pm. The sampling rate of the A/D card is
50 kHz. The test results are shown in Fig. 13. In Fig. 13a, the
curve represents self-mixing signal of the harmonic vibra-
tion, whose amplitude is influenced by speckle effect. Fol-
lowing phase unwrapping steps, the real phase is regained
as arctan2[¢(#)] in Fig. 13b. And Fig. 13c, the red curve is
the object’s sinusoidal vibration and the black curve is the
reconstructed vibration. The reconstructed absolute error is
presented as Fig. 13d, in which we can get a maximum error
164 nm.

From Fig. 13, it can be seen that the algorithm can recon-
struct micro-vibration effectively when the self-mixing sig-
nal is disturbed by speckle effect.

5.3 Aleatory vibration measurement

Finally, to verify the generality of the proposed algorithm,
a group of aleatory vibration reconstruction experiments

@ Springer
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Fig. 13 Experimental of SMI affected by speckle effect. a SMI sig-
nal disturbed by speckle, b wrapped phase, ¢ target motion (red) and
reconstructed displacement (black), d error

has been performed. The object movement is a sinusoidal
form of 10 Hz modulated by a 5 Hz form with a modu-
lated depth of 50%, which is shown in Fig. 14¢ in red, and
the black curve is the reconstructed vibration. The curve
in Fig. 14a shows the experimental self-mixing signal of
the external object. And Fig. 14b presents the wrapped
phase. The reconstructed error is shown in Fig. 14d and
the measurement error is ~0.114 pm for a maximum sinu-
soidal amplitude 6.0 pm, which shows a good performance
of the algorithm proposed in this paper.
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Fig. 14 Aleatory movement. a Self-mixing signal of aleatory move-
ment, b wrapped phase, ¢ displacement of the reference (red) and the
reconstruction (black), d error
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6 Conclusion

An effective micro-vibration analysis method is presented
in this article. By inversing the Hilbert transform of the
right-inclined self-mixing signal, we get a same phase shift
of —z /2 on both sides of the reverse point, and the micro-
vibration can be measured with weak or even moderate feed-
back regime. The repeated experimental results show that
the error is less than 7%. Then, the reconstructed ability of
the method is verified when the measured object is affected
by speckle effect. The optical path is simple and does not
need complicated calculation and it can be applied to the
vibration measurement field using semiconductor laser self-
mixing interference technique.
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