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Abstract
The application of freeform surface in an optical system can effectively increase the freedom of optical design and reduce 
the number of optical elements. In this work, a two-mirror off-axis sparse aperture telescope is proposed. The primary mir-
ror is made of three sub-mirrors arranged in the Golay3 configuration while the secondary is a freeform surface defined by 
a polynomial of two variables X and Y. The off-axis configuration is used to remove the obstruction of the secondary mirror. 
The results indicate that the fill factor of the Golay3 primary mirror increases to 58.4%, which is significantly higher than 
that of the on-axis configuration. The image quality is improved within 2.5° full field of view from its spot diagram, distor-
tion, modulation transfer function, and encircled energy.
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1 Introduction

Sparse aperture (SA) optical imaging system is comprised 
of several small apertures to approximate a large equivalent 
monolithic aperture [1, 2]. In addition to maintaining the 
equivalent resolving power of a monolithic aperture imag-
ing system, a SA system has the advantages of light weight, 
small size, and low manufacturing cost. The SA systems can 
be divided into two types. The first is the multiple-mirror 
telescope (MMT) in which several small mirrors resolve an 
object and share the same secondary mirror [3]. The other is 
the multi-telescope telescope (MTT) system that is made of 
several small and independent telescope systems [4].

For a MMT SA system, especially for an on-axis one 
(Cassegrain or Gregorian), misalignment among the sub-
mirrors and residual aberrations of the optical design are 
the most fundamental error sources which severely limit the 
useful field of view (FOV) [5, 6]. For ground-based MMT 

SA systems, the FOV is about 5 arcseconds at a wavelength 
of 500 nm (so-called isoplanatic patch) and increases with 
the wavelength at a power of 1.2 [7]. For space-based SA 
systems, the FOV could be much larger. However, the FOV 
needs to be even larger for many applications when extensive 
objects are observed.

For a SA system, the fill factor is defined as the ratio of 
all sub-mirrors’ area to that of their surrounding aperture. 
The change of the fill factor will affect the system’s modula-
tion transfer function (MTF) enormously. Due to the central 
obstruction caused by the secondary mirror, the fill factor 
of an on-axis two-mirror SA system is relatively small. This 
decreases the mid-spatial frequency in the modulation trans-
fer function (MTF) and could lead to missing a fainter object 
that locates near a brighter one [8–10]. To overcome the 
shortcomings of an on-axis SA system, the off-axis SA sys-
tem is used in which the optical elements are either tilted or 
decentered to avoid the central obstruction [11]. As a result, 
the fill factor is significantly improved at a price of high-
order coma, astigmatism and other field-dependent aberra-
tions. For the convenience of manufacturing and fabrication, 
the surface of the sub-mirrors of an MMT SA system is usu-
ally chosen to be spherical which makes it more difficult to 
balance these aberrations. Although it is effective to balance 
the aberrations and enlarge the FOV [12], a refractive field 
corrector may cause the bothering chromatic aberrations, 
especially for a system with a high F/number.
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Compared with the traditional surface, the freeform sur-
face is more advantageous in correcting the asymmetrical 
aberrations especially for an off-axis system with a wide 
FOV [13]. It provides more variable parameters for the opti-
cal design and hence has the potential to achieve a larger 
FOV with less optical elements. Typically, a freeform sur-
face is represented by a suitable mathematical expression 
that can be decomposed into rotationally symmetric and 
asymmetric parts [14, 15].

In this paper, a new design of a two-mirror off-axis MMT 
is presented. The primary mirror (PM) of the off-axis MMT 
is composed of three identical sub-mirrors and the secondary 
mirror (SM) is adopted a freeform surface that is a combina-
tion of X–Y polynomials and the basic conic surface expres-
sion. The new MMT can achieve a full diagonal FOV of 2.5° 
and a fill factor of nearly 58.4%.

2  The X–Y polynomials of the freeform 
secondary mirror

Compared with surfaces of rotationally asymmetry, the 
freeform surfaces have more freedom of optical design 
and are capable of reducing the number of optical surfaces 

and the complexity of the optical system. There are sev-
eral mathematical descriptors for the design of a freeform 
optical system, such as the anamorphic sphere, X–Y poly-
nomials, Zernike polynomials, Gaussian basis function and 
so on [16]. The XY and Zernike polynomials are relatively 
more advantageous in correcting the asymmetric aberra-
tions among all the mathematical descriptors. Combined 
with the ability of aberration correction and the association 
with the actual machining, we used the X–Y polynomial of 
rotationally asymmetric surface for the secondary mirror in 
this work. The polynomial has high degree of freedom and 
can be expanded into monomials of xmyn, here m + n ⩽ 10.

Here z is the sag of the surface along the local z-axis, x 
and y the coordinates in the local coordinate system of the 
freeform surface, c the vertex curvature, and k the conic con-
stant. Once given a reasonable starting point, the curvatures, 
conics, and the parameters cj are set as variable parameters 
and optimized with the optical software ZEMAX which uses 
the damped least square (DLS) algorithm to improve the 
telescope design. For an off-axis optical system, the starting 
point is an on-axis one which is firstly optimized to obtain 
the correct first-order parameters. During the design process, 
we use a progressive design strategy to approach the design 
requirements. Besides, successful optimization of a freeform 
system also depends on suitable optimization constraints 
which are detailed in Sect. 3.

The layout of the Golay3 SA primary mirror is illustrated 
in Fig. 1. Due to the YZ-plane symmetry, the two-mirror off-
axis SA system is optimized over half of the FOV. The FOV 
is sampled in a rectangular grid instead of linear sampling 
in the radial direction of a rotationally symmetric system.

(1)z =
c(x2 + y2)

1 +
√
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�

j=2
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Fig. 1  The layout of the Golay3 SA

Fig. 2  The configuration of the on-axis Golay3 SA
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3  The design process of the two‑mirror 
off‑axis Golay3 SA system

First, a two-mirror on-axis Golay3 SA system is determined 
based on the first-order optics and third-order aberration 
theory as illustrated in Fig. 2 [17]. The fill factor of this 
on-axis system is around 33%. As the FOV increases, the 

size of the secondary mirror will increase to receive off-axis 
incident rays when the distance between the primary and the 
secondary mirrors remains unchanged. This will increase 
the obstruction of the central rays and reduce the fill factor 
of the system.

Therefore, we tilt the primary and secondary mirrors 
to reduce the central obstruction. The tilt parameters are 

Fig. 3  The initial configuration 
of the off-axis Golay3 SA

Table 1  Specifications of the 
proposed Golay3 SA

Parameters Value

Wavelength coverage 0.5–2.0 µm
Diameter of primary mirror 136 mm
Entrance pupil diameter 100 mm
Full field of view(diagonal) 2.5°
CCD pixel pitch 20 µm
Image quality MTF > 0.4 at the Nyquist frequency
Spot size (the shortest wavelength) RMS radius < the size of one CCD pixel pitch
Distortion < 0.5% at the maximum field

Fig. 4  The final configuration of the proposed off-axis Golay3 SA system
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Table 2  Coefficients of the 
XY polynomial for secondary 
mirror

Coefficient Value Coefficient Value

Conic 0.085  X2 Y5 − 1.243 × 10−15

 X0 Y1 − 1.373 × 10−7  X0 Y7 3.326 × 10−15

 X2 Y0 − 2.719 × 10−3  X8 Y0 − 3.639 × 10−17

 X0 Y2 − 2.723 × 10−3  X6 Y2 − 4.212 × 10−17

 X2 Y1 1.296 × 10−8  X4 Y4 − 7.089 × 10−17

 X0 Y3 1.877 × 10−8  X2 Y6 − 6.402 × 10−17

 X4 Y0 − 2.648 × 10−8  X0 Y8 − 3.446 × 10−17

 X2 Y2 − 5.295 × 10−8  X8 Y1 − 1.311 × 10−19

 X0 Y4 − 2.642 × 10−8  X6 Y3 − 2.886 × 10−19

 X4 Y1 − 2.144 × 10−12  X4 Y5 3.284 × 10−19

 X2 Y3 2.024 × 10−12  X2 Y7 1.370 × 10−19

 X0 Y5 − 6.960 × 10−12  X0 Y9 − 5.488 × 10−19

 X6 Y0 − 4.150 × 10−13  X10 Y0 2.927 × 10−21

 X4 Y2 − 1.428 × 10−12  X8 Y2 − 2.723 × 10−21

 X2 Y4 − 1.378 × 10−12  X6 Y4 − 2.834 × 10−21

 X0 Y6 − 4.488 × 10−13  X4 Y6 − 6.286 × 10−21

 X6 Y1 1.169 × 10−15  X2 Y8 2.215 × 10−21

 X4 Y3 − 2.602 × 10−17  X0 Y10 3.931 × 10−21

Fig. 5  Spot diagram of the off-axis Golay3 SA system
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considered as variables and the constraints are set to ensure 
an unobstructed and compact system as shown in Fig. 3. 
During the optimization process, the top of the second-
ary mirror is first set to be at least 30 mm lower than the 
bottom of the Golay3 primary mirror and 70 mm right to 
the stop. Then the bottom of the image plane is set to be 
at least 100 mm above the top of the primary mirror. It is 
also important to optimize the system to meet the physical 
requirements such as the tube length and baffle. The entrance 
pupil is located at 760 mm in front of the Golay3 SA primary 
mirror to simplify the baffle design. During the optimization 
process, six representative wavelengths are chosen and they 
are 0.486, 0.587, 0.656, 0.800, 1.100 and 2.000 µm. Table 1 
lists the specifications of the proposed off-axis Golay3 SA 
system.

4  Results and discussion

The layout of the proposed off-axis Golay3 SA MMT 
is shown in Fig. 4. The F/number of the optical system 
is 10.46 and its focal length is 1051.77 mm. The radii 

of curvature of the primary and secondary mirrors are 
− 3984.39 mm and 172.474 mm, respectively. The dis-
tance between primary mirror and secondary mirror is 
685.92 mm while that between the secondary mirror and 
the image detector is 702.87 mm. The primary and sec-
ondary mirrors are tilted in the x direction by -4.99° and 
− 5.60°, respectively, where the minus sign represents 
counterclockwise. The detailed surface data of the second-
ary mirror are presented in Table 2, and the normalization 
radius is 1 mm.

In the optical system the stop is located far away from the 
primary mirror. The secondary mirror and the image detec-
tor are tilted in such a way that a direct stray-light path from 
the object to the detector is prevented.

The optical performance of the off-axis SA system is 
assessed for the following representative FOVs (0°, 0°), 
(0°, ± 0.55°), (0°, ± 0.8°), (0.5°, 0°), (0.5°, ± 0.5°), (1°, 
0°), and (1°, ± 0.8°). The spectrum of the SA system cov-
ers visible light and near infrared (NIR) region as well. 
The performance of the off-axis Golay3 SA system is eval-
uated using the criteria of the spot diagram, modulation 
transfer function (MTF), encircled energy and distortion. 

Fig. 6  MTF curves of the off-axis Golay3 SA system
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The spot diagram is shown in Fig. 5. For the shortest wave-
length (0.486 µm), the maximum root mean square (RMS) 
radius is 10.683 µm which is larger than 6.206 µm of the 
Airy disk radius, but still less than the size of one CCD 
pixel pitch. The system has no chromatic aberration seen 
from Fig. 5 because it is an all-reflective.

The MTF curves are presented in Fig.  6. The MTF 
values are greater than 0.4 at 25 line pairs/mm which 
correspond to the Nyquist frequency of the CCD pixel 
pitch. The diameter of each sub-mirror is 60 mm which 
contributes to a fill factor of 58.4%. The fill factor of the 
off-axis Golay3 SA system is large enough that the first 
cutoff frequency usually characterized by a system with 
small fill factor does not appear. The MTF of the Golay3 
SA system does not lose too much information compared 

with an equivalent monolithic aperture system as shown 
in Fig. 7.

Figure 8 shows an encircled energy plot for the off-axis 
Golay3 SA system. For most FOVs, the encircled energy 
plots approach the diffraction limited, and 80% of the energy 
is contained within a diameter of 44 µm (nearly two times 
the size of the CCD pixel pitch), which is acceptable con-
sidering the fact that SA primary mirror collects less light 
energy than an equivalent monolithic mirror. The maximum 
distortion is -0.404% as shown in Fig. 9.

Figure 10 provides a departure in curvature of the sec-
ondary mirror after optimizing the coefficients of the X–Y 
polynomials. The curvatures of the freeform surface vary 
between 3.48E−4 and 3.55E−4 mm−1 within the range 

Fig. 7  MTF curves of the off-axis system with an equivalent monolithic aperture
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(diameter of 100 mm), which ensures the feasibility of the 
manufacturability and testing of the secondary mirror.

For a two-mirror SA system, the adoption of an off-axis 
configuration with a freeform secondary mirror will achieve 
a large fill factor and a wide field of view compared with its 
on-axis counterpart. There is no doubt that the manufactur-
ing, test and assembly cost of an off-axis optical system is 
much higher than the on-axis one. However, techniques in 
manufacturing, test and assembly of the off-axis freeform 
optical system are becoming more and more mature in recent 
years, which in turn lowers the difficulty and cost of the 
system.

5  Conclusion

A two-mirror off-axis SA optical system with an entrance 
pupil of 100 mm is proposed. The spherical primary mirror 
consists of three identical sub-mirrors which are arranged 
in the Golay3 configuration. The surface of the secondary 
mirror has a freeform surface described by the X–Y poly-
nomials to balance the spherical and off-axis aberrations. 
Both the primary and secondary mirrors are tilted to avoid 
the central obstruction. The fill factor of the final off-axis 
system is 58.4%, which is much larger than that of an on-axis 
system. The aperture stop which serves as a baffle is located 
at 760 mm from the primary mirrors to more easily control 
the amount of entry light. With the optimization using the 
optical design software ZEMAX, the off-axis Golay3 SA 
system achieves a 2.5° full diagonal FOV.

Fig. 8  The encircled energy plot of the off-axis Golay3 SA system
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Fig. 9  Grid distortion of the off-axis Golay3 SA system

Fig. 10  Curvature variation of the secondary mirror
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