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Abstract
A new semi-analytical solution to study groundwater flow fields associated with pumping or injection wells in confined isotropic
aquifers with uniform regional flow is proposed and tested against steady-state and transient-state numerical simulations on
MODFLOW-MODPATH. The solution is based on the complex potential theory and can be used for large numbers of arbitrarily
positionedwells operatedwith different rates. The solution can be used to follow the movement of water particles in space (within
pores or within the equivalent continuous media) and in time with two tracking modes: forward (from origin to target) and
backward (from target to origin). The proposed solution is a useful tool that can be used for establishing groundwater resources
management practices like designing groundwater remediation solutions, delineating capture zones, defining safeguard perim-
eters and mapping groundwater vulnerability. Moreover, the paper gives a comparative numerical study of flow fields near
pumping wells, showing that, in terms of their shape and position, delineating capture zones using either steady-state or transient-
state simulations would lead to practically similar results for long pumping periods. It is also shown that in such cases, the main
differences between steady-state and transient-state simulation are present in the computed water particles’ transport time.

Keywords Groundwater flow . Semi-analytical solutions . Pumping wells . Capture zone . Groundwater management

Introduction

Groundwater flow-fields analysis constitutes an important tool
that is widely used in several hydrogeological problems—for

example, in flow fields generated by pumping wells, mapping
streamlines can be useful for delineating capture zones (Christ
and Goltz 2002), defining safeguard perimeters (Asadi-
Aghbolaghi et al. 2011; Ataie-Ashtiani et al. 2012) and design-
ing optimal pump-and-treat groundwater remediation solutions
(Di Lena et al. 2013). From a groundwater flow perspective, the
limit of the capture zone was considered by Shan (1999) as the
line (or more exactly the streamline) that separates the water
flowing down gradient from the water flowing towards a
pumping well. While from a groundwater remediation point
of view, the capture zone can be defined as the area of an aquifer
out of which all the contaminated water will be removed by one
or multiple well(s) within a certain amount of time (Grubb
1993). Optimizing this last definition, by selecting the proper
locations, configuration and number of pumping wells to cap-
ture a plume of contaminated water (Fetter 1993) is the chal-
lenge facing the widely implemented pump-and-treat remedia-
tion strategy (Cohen et al. 1997).

Several research projects have tackled the capture-zone-
delineation problem using mainly analytical or semi-
analytical methods (Bear and Jacobs 1965; Christ and Goltz
2004) or using numerical approaches (Ahlfeld and Sawyer
1990; Cole and Silliman 2000). Due to its simplicity and its
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high adaptability, the complex potential theory has gained
popularity amongst the analytical and semi-analytical ap-
proaches. This theory has been used to study different features
descr ib ing groundwater f low fields: st reamlines
(Kompani-Zare et al. 2005), stagnation points (Lu et al.
2009), and capture zones (Christ and Goltz 2004). Such fea-
tures were analyzed under different boundary conditions rang-
ing from one or multiple pumping (Christ and Goltz 2002) or
injection (Christ et al. 1999) wells, fully (Christ and Goltz
2002) or partially penetrating wells (Faybishenko et al.
1995), vertical (Grubb 1993) or horizontal (Kompani-Zare
et al. 2005) wells, proximity to a stream (Asadi-Aghbolaghi
et al. 2011), to areal recharge rates (Lu et al. 2009). The theory
was applied on confined (Grubb 1993) and unconfined aqui-
fers (e.g. Grubb 1993) under steady (Faybishenko et al. 1995;
Grubb 1993) or unsteady flow regimes (Bear and Jacobs
1965; Yang et al. 1995) using simplifying assumptions on
the aquifer’s material (homogeneous and isotropic) and geom-
etry (constant thickness).

With the aim of developing an efficient and flexible tool
that can be used to describe groundwater flow fields associat-
ed with pumping or injection wells and to track the movement
of water particles in space and time within such fields, a new
semi-analytical solution is presented in this paper. The solu-
tion is derived by numerically solving a system of differential
equations obtained from the complex potential theory. The
predication capabilities of the proposed solution are demon-
strated through a comparative study against steady-state and
transient-state groundwater flow simulations and by comput-
ing safeguard perimeters. At this stage, the focus was not on
the uncertainty of the input parameters used in the solution nor
on the effects of the spatial variability of these parameters.

Background: complex flow theory for uniform
regional flow and a pumping well

The flow regime resulting from pumping groundwater, with a
flow rate Q, using a fully penetrating well tapping a homoge-
neous isotropic confined sedimentary aquifer with a constant
thickness presenting a uniform regional flow with a Darcy ve-
locity U, can be described mathematically using the complex
flow potential theory as follows (e.g. Milne-Thompson 1968):

w ¼ −U ⋅z−
Q

2πB
ln z−z1ð Þ;with

z ¼ xþ i⋅y
z1 ¼ x1 þ i⋅y1
i2 ¼ −1

8<
: ð1Þ

where,w is the complex potential function of the resulting flow,
U [L/T] is the Darcy flow velocity of the regional uniform flow
parallel to the x-axis in the negative direction, Q [L3/T] is the
discharge rate from the well, z is a complex variable describing
the location of a point with coordinates (x,y) within a two-

dimensional (2D) space, z1 is a complex variable describing
the location of the pumping well with coordinates (x1,y1), and
B [L] is the thickness of the aquifer.

The expression of the complex potential given in Eq. (1) can
also be used in the case of an injection well superimposed with
a regional uniform flow by assigning a negative value for Q.

(w ¼ φþ i⋅ψ

ln z−z1ð Þ ¼ 0:5ln x−x1ð Þ2 þ y−y1ð Þ2
h i

þ i⋅tan−1
y−y1
x−x1

� � ð2Þ

Noting that the real part of the complex potential represents
the velocity potential function φ while the imaginary part is
stream function ψ, in addition to the expression of the loga-
rithm of a complex number in terms of its modulus and argu-
ment (see Eq. 2), it is possible to write the velocity potential
and stream functions as given in Eq. (3).

φ ¼ −U ⋅x−
Q

4πB
ln x−x1ð Þ2 þ y−y1ð Þ2
h i

þ C

ψ ¼ −U ⋅y−
Q

2πB
tan−1

y−y1
x−x1

� �
8><
>: ð3Þ

where C is a constant. Additionally, the complex potential
theory can be used to determine position (given by zSP in
complex from or by the coordinates (xSP,ySP) in the 2D space)
of the stagnation point where the flow velocity is null (Milne-
Thompson 1968) using Eq. (4).

dw
dz

¼ 0⇒zSP ¼ z1−
Q

2πB⋅U
; or xSP ¼ x1−

Q
2πB⋅UySP ¼ y1

(
ð4Þ

Furthermore, the theory can provide the mathematical ex-
pression of the capture zone of a well defined as the stream-
lines passing through the stagnation point (e.g. Milne-
Thompson 1968). Note that the aforementioned development
of the complex potential theory describes the flow regime in
steady-state conditions and does not take account of the
transient-state of the initial stages taking place immediately
after the beginning of the pumping.

New semi-analytical solution

Let a hydrogeological system with groundwater flow condi-
tions similar to those assumed in the previous section (a uni-
form regional flow and a pumping well) be considered. Given
that the two components, the effective groundwater flow ve-
locity vector along the x and y axes, can be written as:

( vx ¼ dx
dt

¼ 1

ne

∂φ
∂x

vy ¼ dy
dt

¼ 1

ne

∂φ
∂y

ð5Þ
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and using the expression of the velocity potential function
(given in Eq. 3), it is possible to write the following autono-
mous system of differential equations:

dx
dt

¼ 1

ne
−U−

Q
2πB

x−x1
x−x1ð Þ2 þ y−y1ð Þ2

" #

dy
dt

¼ 1

ne
−

Q
2πB

y−y1
x−x1ð Þ2 þ y−y1ð Þ2

" #
8>>>><
>>>>:

ð6Þ

where vx and vy are the x-component and the y-component of
the effective groundwater flow velocity respectively, ne is ef-
fective porosity of the aquifer.

The obtained system of differential equations provides a
mathematical formulation of the field of effective groundwater
flow velocity under the previously considered conditions.
Solving this system, in terms of x(t) and y(t), will describe
the motion of water particles at different moments in time.
To do so, a semi-analytical solution obtained using the
Runge-Kutta method—see the electronic supplementary ma-
terial (ESM) for more details—satisfying the initial conditions
x(t = 0) = x0 and y(t = 0) = y0 is provided:

x t þΔtð Þ ¼ x tð Þ þ Δt
6

A1;1 þ 2A2;1 þ 2A3;1 þ A4;1

� �
y t þΔtð Þ ¼ y tð Þ þ Δt

6
A1;2 þ 2A2;2 þ 2A3;2 þ A4;2

� �
8><
>: ð7Þ

with

A1;k ¼ Gk x tð Þ; y tð Þ½ �
A2;k ¼ Gk x tð Þ þ Δt

2
; y tð Þ þ Δt

2
A1;k

� �

A3;k ¼ Gk x tð Þ þ Δt
2

; y tð Þ þ Δt
2

A2;k

� �
A4;k ¼ Gk x tð Þ þΔt; y tð Þ þΔt⋅A3;k

� 	
; k ¼ 1; 2

8>>>>>><
>>>>>>:

ð8Þ

and

G1 x; yð Þ ¼ 1

ne
−U−

Q
2πB

x−x1ð Þ
x−x1ð Þ2 þ y−y1ð Þ2

" #

G2 x; yð Þ ¼ 1

ne
−

Q
2πB

y−y1ð Þ
x−x1ð Þ2 þ y−y1ð Þ2

" #
8>>>><
>>>>:

ð9Þ

where t is the time coordinate, andΔt is the time step used in
the numerical solution.

Note that the proposed semi-analytic solution (given in Eq.
7) was derived using the effective groundwater flow velocity
and can be adapted for Darcy flow velocity by replacing the
effective porosity by 1. Furthermore, under its present form,
the solution can be used to track the movement of a fluid
particle within the pores of the aquifer materials from a given
point of origin (whose coordinates constitute the initial condi-
tions) to a target and thus it will be called a forward solution
with a Δt > 0. A backward solution that can be used to track

the movement of a water particle from a target point to its
origin can be easily obtained by using a negative time step
(Δt < 0) and by taking as initial conditions the coordinates of
the target point.

On the other hand, the developed solution with all its ad-
aptations (i.e. forward and backward tracking, effective and
Darcy velocity) can be extended for the case of
hydrogeological systems with more than one pumping and/
or injection wells. Such generalization to N wells is obtained
by rewriting Eq. (9) as follows:

G1 x; yð Þ ¼ 1

ne
−U− ∑

N

i¼1

Qi

2πB
x−xið Þ

x−xið Þ2 þ y−yið Þ2
" #

G2 x; yð Þ ¼ 1

ne
− ∑

N

i¼1

Qi

2πB
y−yið Þ

x−xið Þ2 þ y−yið Þ2
" #

8>>>><
>>>>:

ð10Þ

where Qi flow rate (taken to be positive for a pumping well
and negative for an injection well) of the well i located at
(xi,yi).

Testing the new forward solution

In order to assess and demonstrate the prediction capabilities
of the proposed solution (under its forward form), a compar-
ative study against the US Geological Survey’s (USGS)
MODPATH particle tracking code (Pollock 2016) is present-
ed. The comparison in conducted in two ways: (1) in terms of
the trajectory of water particles in space (i.e. the shape of the
streamlines) which is an aspect that will consequently cover
the shape and position of the capture zone, and (2) in terms of
the time of their movement from one point to another (i.e. the
shape of the isochrones).

The particle paths (which coincide with the flow stream-
lines under steady-state conditions) and isochrones computa-
tion on MODPATH were made using groundwater flow ve-
locity fields generated from steady-state and transient-state
groundwater flow models elaborated using the USGS
MODFLOW (Harbaugh et al. 2000). A homogeneous isotro-
pic confined aquifer with a constant thickness (B = 10 m) and
an effective porosity ne = 0.3 was considered. The regional
uniform flow, parallel to the x-axis in the negative direction
and with a U = 0.01 m/day, was obtained using specified head
boundary conditions on the eastern and western boundaries of
the spatial domain and no-flow boundary conditions on the
northern and south boundaries (see Fig. 1). The spatial extent
of the modeled aquifer was set to a 10 × 10 km square in order
to reduce the impact of the specified head boundary conditions
on the flow regime near the pumping well(s). The conducted
numerical simulations consisted of introducing 1, 2 and 3
pumping well(s) in the central area of the uniform regional
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flow under (1) steady-state and (2) transient-state groundwater
flow conditions.

The so obtained groundwater flow velocity fields are then
used to compute particle paths (representing also streamlines
for steady-state) and isochrones (using MODPATH) for a set of
water particles having as origin the line x = 1,000m upstream of
the well(s), as presented in (Fig. 1), spaced by 10 m (distance
between two neighboring particles on the line of origin). The
defined line of origin also represents the isochron t = 0. The
choice of the location of this line of origin (and consequently
the spatial extent of the particles tracking domain) was made in
order to reduce the impact of the well(s) on the shape of the
particles paths in the upstream area near the origin (i.e. a line
that is close enough to the well but still produces particle paths
that are initially virtually horizontal). The obtained features
(streamlines/particle paths and isochrones) were compared to
those computed using the proposed solution (forward tracking
within the pores) under the same hydrogeological configura-
tions using a time step Δt = 2 days.

The parameters of steady-state flow simulations

For a homogenous aquifer system under steady-state condi-
tions under the used application’s settings, the flow velocity
field can be made independent of the hydraulic conductivity
(K). This can be achieved by setting this parameter to any
arbitrarily value (here taken as 1 m/day) and by using this
value to compute the necessary specified head boundary con-
ditions that would produce the desired uniform regional flow
using Darcy’ law (Eq. 11).

U ¼ K
HUS−HDSð Þ

L
ð11Þ

where HUS [L] and HDS [L] are the piezometric heads to be
used on the eastern and western boundaries respectively, and L
[L] is the length of the uniform regional flow (which is equal
to the width of the modeled spatial domain).

The choice of the values of specified head boundary con-
ditions was further conditioned by ensuring that the aquifer

will remain confined near the pumping wells. For the steady-
state conditions, three simulations (SS1, SS2 and SS3) were
developed using 1, 2 or 3 pumping wells. The parameters used
for each simulation are given in Table 1.

The parameters and settings of transient-state flow
simulations

Since the flow dynamic for a homogenous aquifer system
under transient-state conditions will depend on the hydraulic
conductivity (K) and the specific storage (Ss), parameters that
are not accounted for in the complex potential theory, it was
considered necessary to investigate the impact of the variabil-
ity of these parameters on the response parameters (shape and
position of particle paths and isochrones). To do so, a series of
six transient simulations (TS1, TS2, ..., TS6) were generated
using one pumping well by using different values of K (and
consequently different values ofHUS andHDS computed using
Eq. 11) and different values of Ss as summarized in Table 1. As
for the settings of the numerical models, three stress periods
(having lengths of 1, 999 and 79,000 days with 24, 20 and 30
numerical time steps respectively and producing a total length
of the simulated period of 80,000 days) were used in
MODFLOW for all transient-state simulations (such a choice
was made to capture the rapid changes in the early stages of
the pumping). The start of the pumping from the well was
taken as t = 0 day and was used as origin of time when track-
ing the movement of particles. The initial conditions of each
simulation were obtained from steady-state simulations under
corresponding specified head boundary conditions with no
pumping from the well.

Results and discussion

The streamlines/particle paths and isochrones computed using
the proposed solution (under its forward tracking form of wa-
ter particles within the aquifer materials’ pores) for the con-
sidered simulations (with 1, 2 or 3 pumping wells) are

Fig. 1 Features and boundary
conditions used in the numerical
simulations in MODLFOW-
MODPATH and in the proposed
forward solution
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compared to the MODFLOW-MODPATH modeling results
from the developed nine simulations (summarized in
Table 1). The comparison is conducted by pairs of simulations
(in the form of new solutions against MODFLOW-
MODPATH) having a matching number of wells, and results
are presented and discussed for each flow regime.

New solution against steady-state simulations

For each one of the considered three simulations (in terms of
the number of wells), the streamlines/particle paths and iso-
chrones computed using the new solution are mapped against
those obtained from MODFLOW-MODPATH simulations
(see Fig. 2). Furthermore, in order to produce a more visible
and quantifiable assessment of the difference between the re-
sults of the two used methods, the relative difference between
the time of transport (RDTT) is computed as follows:

RDTT %½ � ¼ tNS−tMP

tMP
� 100 ð12Þ

where tNS [T] and tMP [T] is the transport time of a water
particle from its origin (i.e. the line of origin) to a different
position in its streamline computed using the new solution and
MODFLOW-MODPATH simulations, respectively.

It can be easily observed on (Fig. 2) that in terms of shape
and position, the streamlines obtained from the two methods
are very close one from the other. These are practically over-
lapped in the region located upstream of the wells line (i.e. the
line x = 0) and tend to be slightly separated the closer they get
to the stagnation point or to the NW and SW corners of the
mapped spatial domain. In statistical terms, the streamlines of
all three simulations reflects very high values of Pearson cor-
relation coefficients (R2 = 0.99) for both x (computed using x
coordinates of points on the compared streamlines sampled on

the basis of equal values of y) and y (computed using y coor-
dinates of points on the compared streamlines sampled on the
basis of equal values of x) coordinates. For the particular case
of two wells (simulation SS2), an addition difference can be
observed for the streamline(s) corresponding to the water par-
ticle generated at point (1000,0); MODFLOW-MODPATH
streamlines do not account for the presence of the left-side
stagnation point and go through it to reach either one of the
two wells, whereas the streamline computed with the pro-
posed solution do not continue beyond the stagnation point
(Fig. 2c,b).

As for the differences between the shape and location of the
isochrones, similar trends to those observed for the stream-
lines can be noticed. The differences in the area between the
stagnation point and the well(s) is however more visible. In
terms of magnitude, on the basis of the computed RDTT pa-
rameter, the relative absolute difference between the iso-
chrones is mostly less than 1% (i.e. –1% <RDTT < 1% on
about 97% of the mapped spatial domain); the general trend
indicates that the water particles’ transport times computed
with the new solutions are less than 1% higher than the values
estimated with the steady state MODFLOW-MODPATH sim-
ulations. The largest differences in the computed transport
time are observed in three areas:

1. In the vicinity of the stagnation point with RDTT values up
to −18% (covering an area less than 0.5% of the mapped
spatial domain). These differences are mainly due to the
fact that MODFLOW-MODPATH streamlines tends to
get longer (as clearly shown in Fig. 2b,d,f) than those
computed with the proposed forward solution the closer
they get to the stagnation point (i.e. the water particles are
following a longer path and thus higher transport time).

2. In the area downstream of the stagnation point (with RDTT
values up to 2.5% over less than 3% of the area of the

Table 1 Parameters used in the steady-state and transient-state groundwater flow simulation in MODFLOW

Flow regime Simulation Wells Aquifer

Number (xi,yi) [m] Qi [m
3/day] HUS– HDS [m] K [m/day] Ss [1/m]

Steady state SS1 1 (0,0) 86.4 100 1 –
SS2 2 (0,–50) 43.2

(0,50)

SS3 3 (0,–100) 28.8
(0,0)

(0,100)

Transient state TS1 1 (0,0) 86.4 100 1 10−4

TS2 5 20

TS3 0.5 200

TS4 1 100
TS5 10−5

TS6 10−3

Hydrogeol J (2019) 27:61–71 65



mapped spatial domain). As for the previous area, the ob-
served differences are principally associated to the length
of the computed streamlines (the streamlines obtained
using MODFLOW-MODPATH simulations are shorter
than those computed with the proposed forward solution).

3. Some fluctuation in the RDTT values can also be observed
near the line of origin of particles, with RDTT values up to
−2.5% over less than 1% of the area of the mapped spatial
domain. Note that these values do not necessarily reflect
important differences in the length of streamlines nor
large differences between the methods; absolute differ-
ences near the origin line where the transport time are
small.

Even though, for the presented test, the largest differences be-
tween theproposedsolutionandMODPATH-MODFLOWresults
areobtainedintheregionclosetothepumpingwell(s)(downstream
thewell(s) toward the stagnation point(s)), it must be noted that:

& The differences in the RDTT are in terms of cumulated
transport time from the line of origin and do not

necessarily reflect low prediction capabilities of the pro-
posed method in this area. However, in order to avoid
propagating possible differences when analyzing flow dy-
namics near a well (e.g. well head protection area), it is
recommended to use the backward solution (this reduces
the cumulated differences in transport time) or the forward
solution over shorter transport distances.

& Another aspect to keep in mind is that MODPATH does
not account for stagnation points (as shown in Fig. 2d),
which is believed to be the main cause of these differ-
ences, thus the differences do not necessarily indicate that
the new solution is deviating for the exact solution.

New solution against transient-state simulations

For each one of the considered transient-state simulations (in
terms of K and Ss), the particle paths and isochrones obtained
from the five MODFLOW-MODPATH simulations are
mapped against those computed using the new solution (see
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Fig. 2 Comparison between the
new forward tracking solution
and MODFLOW-MODPTAH
simulations under steady-state
flow in terms of streamlines/
particle paths and isochrones for a
regional uniform flow with: a–b
one well, c–d two wells, e–f three
wells (histograms: spatial cover-
age of each class of relative dif-
ference between the time of
transport (RDTT) values
expressed in %, reported to the
total area of the mapped spatial
domain)



Figs. 3 and 4). The results are presented for each parameter
separately.

Impact of the hydraulic conductivity (K)

Even using transient-state groundwater flow simulations with
different values of K, the differences between the shapes and
positions of the particle paths computed with the two methods
are still barely noticeable and present similar patterns (see Fig. 3)
as those obtained when comparing the new solution to steady-
state simulations. The coefficient of correlations are still at the

0.99 level. As for the differences between the shapes and loca-
tions of the isochrones, similar trends are obtained. The relative
absolute difference between the isochrones is still frequently less
than 1% (i.e. –1%<RDTT < 1% on 96% of the mapped spatial
domain). However, the general trend seems to shift from RDDT
values mostly within the interval −1 to 1% for lower K value to
values mostly between 0 and 1% for the higherK value (i.e. new
solution results are higher than the simulation). The largest dif-
ferences in the computed transport time are always observed in
the area of the stagnation point with RDTT values up to −15.8%
and in the area downstream of the stagnation point (with RDTT
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Fig. 3 Comparison between the
new forward tracking solution
and MODFLOW-MODPTAH
simulations under transient-state
flow in terms of particle paths and
isochrones for a regional uniform
flow with one well: a–b K = 1 m/
day, c–d K = 20 m/day, e–f K =
100 m/day and g–h K = 200 m/
day (histograms: spatial coverage
of each class of RDTT values
expressed in %, reported to the
total area of the mapped spatial
domain)
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values up to 2.5%over an area of about 2%of themapped spatial
domain). The fluctuations in the RDTT values near the line of
origin of particles are more visible than those observed when
comparing the new solution with steady-state solutions.

In all three previously identified areas, the differences in
the RDTT values can be explained by the variation of the
particle paths lengths (with similar trends as before).
However, in contrast to the steady-state simulations, the

Fig. 4 Comparison between the new forward tracking solution and
MODFLOW-MODPTAH simulations under transient-state flow in terms
of particle paths and isochrones for a regional uniform flowwith one well:

a–b Ss = 10
−5 m−1, c–d Ss = 10

−4 m−1 and e–f Ss = 10
−3 m−1 (histograms:

spatial coverage of each class of RDTT values expressed in%, reported to
the total area of the mapped spatial domain)
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particle paths computed by transient-state MODFLOW-
MODPATH simulations tend to get shorter the higher K gets
(aspect leading to lower transport time). Moreover, the in-
creased RDTT fluctuations’ contrast (in comparison with
steady-state simulations) near the origin line reflects the dif-
ferences in the flow conditions at early stages of the flow
between steady-state and transient-state MODLFOW simula-
tions. In steady state the impact of the pumping well is felt
from the start in the area of interest (near the line of origin);
while in transient-state this effect is delayed.

Impact of the specific storage (Ss)

In the same manner, the use of transient-state groundwater
flow simulations with different values of Ss does not appear
to have a visible impact of the shape and the position of the
particle paths leading to the same observation as previously
(see Fig. 4) and comparable values of the coefficient of corre-
lation (R2 = 0.99) are obtained. The relative absolute differ-
ence between the isochrones is still frequently less than 1%
(i.e. –1%<RDTT < 1% on 96% of the mapped spatial do-
main). Similarly, the highest differences between the comput-
ed transport times are always observed in the area of the stag-
nation point (with RDTT values up to −15.7%) in the area
downstream of the stagnation point (with RDTT values up
to 2.5% over an area of about 2% of the mapped spatial do-
main) and in the vicinity of the particles’ line of origin. The
fluctuations in the RDTT values near this line are more visible
than those observed in steady-state simulations.

Likewise, the differences in the RDTT values can be asso-
ciated with variation of the particle paths’ lengths. Likewise, the
more visible RDTT fluctuations (in comparison with steady-
state simulations) near the line of origin are due to the discrep-
ancy in the flow conditions at early stages of the flow between
steady-state and transient-state MODLFOW simulations.

Application of the new backward solution

Backward tracking a water particle for a given target to its
source can be used, in a more efficient and easier way (com-
pared to a forward tracking), to identify possible contamina-
tion sources as well as in defining safeguard perimeters. This
last application is of great importance when establishing
groundwater resources management practices. As a

demonstrative application, the proposed backward solution
is used to define safeguard perimeters for a groundwater ab-
straction system. In order to further exemplify the flexibility of
the new solution, in terms of well location and discharge rate,
a pumping system composed of five fully penetrating wells
arbitrary distributed in space and exploited with different dis-
charge rates is considered (see Table 2). As before, a confined
homogeneous and isotropic aquifer having a constant thick-
ness (B = 10 m) with a similar uniform regional flow (parallel
to the x-axis in the negative direction with a Darcy flow ve-
locity U = 0.01 m/day) and an effective porosity ne = 0.3 is
used.

In agreement to the specification of the Romanian legislation
(i.e. according to the Romanian-Water-Law-310/2004 and the
Government Resolution HG-930/2005), two safeguard perime-
ters are defined: (1) the first one is called the Bsevere regime
protection perimeter^ and is delineated by the 20-day isochron
and (2) the second, called the Brestricted regime protection
perimeter^ is defined by the 50-day isochron. To define these
perimeters, several streamlines (20 and 50 days long) and
matching isochrones are computed with the backward solution
using a negative time step of Δt = −0.025 day for sets of 37
particles per well distributed uniformly on the perimeter of each
well (assumed to have a radius of 0.5 m). The location of each
particle was used as the initial condition to compute its associated
streamline/path. A small time-step value was necessary in this
case, because the movement of water particles near a pumping
well (in the near field) is very fast compared to the regional flow
(which is predominantly in the far field). The obtained results are
mapped in Fig. 5.

In terms of practical applications, even under its simplify-
ing assumptions (homogeneous aquifer with a constant thick-
ness and a uniform regional flow), the proposed solution falls
within the recommendations of the US Environmental
Protection Agency (EPA 1987) regarding the design of well-
head protection areas. Jacobson et al. (2002) also reported that
the use of similar simple approaches was found to be useful by
many small municipalities considering the elevated cost
linked to collecting large data sets from field investigations
necessary to build detailed numerical models that would ac-
count for the spatial heterogeneity of the aquifer parameters
and geometry. Similar practices are actually in agreement with
the Romanian legislation (Government Resolution HG-930/
2005) when dealing with abstractions with small discharge
rates (less than 2 L/s).

Table 2 Characteristics of the
groundwater abstraction system Characteristic Well

W1 W2 W3 W4 W5

Location (x,y) [m] (−5.0,5.0) (3.0,5.0) (6.5,–1.0) (2.0,-20.0) (−5.0,–4.0)
Discharge rate [m3/day] 20 80 120 135 200
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Summary and conclusions

The study of groundwater flow fields is a useful tool for es-
tablishing groundwater resources management practices.
Designing groundwater remediation solutions, delineating
capture zones and defining safeguard perimeters are amongst
the most common applications. In the present work, a new
semi-analytical solution that can be used to describe ground-
water flow fields associated with pumping or injection wells,
and to track the movement of water particles in space and
times within such fields, is proposed and tested against nu-
merical steady-state and transient-state simulations. The solu-
tion is based on the complex potential theory. It can be used
with any number of arbitrarily distributed abstraction and/or
injection wells operated with different flow rates and presents
several innovative capabilities allowing the user to follow the
movement of particles, within pores or within the equivalent
continuous media, not only in space but also in time with two
tracking modes: forward (from origin to target) or backward
(from target to origin). Computations using this new solution
are faster and easier than other existing methods (it does not
involve solving several non-linear equations). In addition to
the presented applications (flow field computation, capture
zone delineation, stagnation points identification and safe-
guard perimeters delineation), it is believed that the proposed
solution’s capabilities can be further exploited in groundwater

vulnerability concepts, particularly when speaking of ground-
water source vulnerability.

On the basis of the conducted comparative study, it was
found that, by tracking particles generated in the far field (up-
stream of the well), the shape and position of the capture zone
obtained using transient-state numerical simulations do not
present significant differences from those obtained from
steady-state simulations. For long pumping periods, transient-
state simulations would account for changes in the flow field
(originating at the well and progressively propagating within
the zone of influence of the well) that take place at early stages
(at the beginning of pumping), whereas in steady-state simula-
tions, such perturbations are taken as fully developed from the
start. Consequently, the main differences in the computed flow
fields were found to be in the transport time; moreover, for
transient-state simulations, given that a particular uniform re-
gional flow can be generated from different specific storage and
hydraulic conductivity values, the conducted simulations
showed that changes in these parameters would affect the trans-
port time more than (relatively speaking) they would affect the
shape and the position of the particle paths and that the impact
of the Ss was higher than that associated with changes in K.

Under the adopted simplifying assumptions (homogeneous
aquifer with a constant thickness and a uniform regional flow),
the proposed solution with its different adaptations treats input
parameters as deterministic variables (taken in practice as
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mean values). However, uncertainty in these parameters can
be accounted for by conducting computations with several
values of each parameters (defined statistically or stochastical-
ly) and by keeping the worst-case scenario in design practices.
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