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Abstract The groundwater tidal prism is defined as the
volume of water that inundates a porous medium, forced
by one tidal oscillation in surface water. The pressure
gradient that generates the prism acts on the subterranean
estuary. Analytical models for the groundwater tidal prism
and associated benthic flux are presented. The prism and
flux are shown to be directly proportional to porosity, tidal
amplitude, and the length of the groundwater wave; flux is
inversely proportional to tidal period. The duration of
discharge flux exceeds the duration of recharge flux over
one tidal period; and discharge flux continues for some
time following low tide. Models compare favorably with
laboratory observations and are applied to a South
Atlantic Bight study area, where tide generates an 11-m3

groundwater tidal prism per m of shoreline, and drives
81m3s−1 to the study area, which describes 23% of an
observational estimate. In a marine water body, the
discharge component of any oscillatory benthic water flux
is submarine groundwater discharge. Benthic flux trans-
ports constituents between groundwater and surface water,
and is a process by which pollutant loading and saltwater
intrusion may occur in coastal areas.
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Notation
226Ra Radium-226
A Tidal amplitude [L]

H Depth to base of the hydrogeologic unit [L]
K Hydraulic conductivity [LT −1]
L Wave length in a porous medium [L]
P Groundwater tidal prism [L3]

Dimensionless groundwater tidal prism
T Wave period [T]bVgw Volume of water in a hydrogeologic unit [L3]
DbVgw Volume of water fluxing into or out of a hyd-

rogeologic unit between t1 and t2 [L
3]

@ bVgw=@t qbf.P integrated across the inclined bed [L3T −1]
dts Inland over-height elevation [L]
h Elevation of the phreatic surface within the

porous medium [L]
qbd Benthic discharge flux, property specific

units: for example L3T�1L�2 ¼ LT�1
� �

for a
benthic volume discharge flux, [M3T −1L−2] for
a benthic mass discharge flux

qbf Benthic flux, property specific units
qbr Benthic recharge flux, property specific units
qbd.P P-forced benthic discharge flux [LT −1]
qbf.P P-forced benthic flux [LT −1]
qbr.P P-forced benthic recharge flux [LT −1]
sb Slope of inclined bed [LL−1]
t Time [T]
t/T Dimensionless time
x Cartesian horizontal (offshore) dimension [L]bx x-coordinate on the inclined bed [L]

x-coordinate on the inclined bed at high tide [L]
x-coordinate on the inclined bed at low tide [L]

y Cartesian horizontal (along-shore) dimension [L]
z Cartesian vertical dimension [L]bz Vertical coordinate on the inclined bed [L]
Φ Dimensionless qbf.P integrated across the inclined

bed
Ω (Surface-water) tidal prism [L3]
β Angle of inclined bed, with respect to horizontal
ε Nielsen’s (1990) perturbation parameter
η Elevation of the free-water surface in the tidally-

forced, surface-water body [L]
l Wave number in a porous medium, l ¼ 2p=L

[L−1]
lB Boussinesq wave number in a porous medium

[L−1]
lr Real component of wave number in a porous

medium [L−1]
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lι Imaginary component of wave number in a
porous medium [L−1]

n Porosity [L3L−3]
σ Radial tidal frequency, � ¼ 2p=T [T −1]

Subscripts
High tide
Low tide

P Related to the groundwater tidal prism
bd Benthic discharge
bf Benthic flux
br Benthic recharge
0 Roots of Eq.(9)

Introduction

Benthic pressure gradients forced by numerous mechanisms
drive a benthic flux qbf of water and constituents between
surface water and a porous medium. With periodic forcing,
qbf can oscillate between a benthic discharge flux qbd, by
which water and constituents are transported from a porous
medium to surface-water, and a benthic recharge flux qbr, by
which water and constituents are transported from surface-
water to the porous medium, such that

qbf ¼
qbd; qbf > 0

qbr; qbf < 0

(
ð1Þ

The units of qbf depend on the property under
consideration. For example, L3T�1L�2

� � ¼ LT�1
� �

for a
benthic volume flux, where [L] is the length dimension
and [T] is the time dimension.

The groundwater tidal prism P is the volume of water
that inundates a porous medium, forced by one tidal
oscillation in surface water. Tidal forcing generates a long
wave in the porous medium, which is physically coupled
with the changing tidal elevation in surface water. Both
tidal forcing and the groundwater wave generate benthic
pressure gradients.

The net volume of water exchanged between idealized
surface water and a porous medium, forced by one tidal
oscillation, is zero. Still-water elevation is the water-
surface elevation that would occur with a cessation of all
forcing (US Army Corps of Engineers 2002; Dean and
Dalrymple 2002). In the idealized water body, still-water
elevation and tidal amplitude are statistically stationary—
they do not change when shifted in time or space. The
mean elevation of a forced system is a function of the type
of forcing; therefore, still-water elevation may not be
equal to mean elevation. In a natural system, a statistically
non-stationary still-water elevation or tidal amplitude may
cause the net volume of water exchanged between surface
water and a porous medium to deviate from zero.

Objectives of the present work are to (1) define the
groundwater tidal prism; (2) present analytical models for

the groundwater tidal prism and associated benthic flux;
(3) show that the models compare favorably with
laboratory observations; and (4) apply the models to the
South Atlantic Bight (the continental shelf along the east
coast of the United States, between Cape Hatteras, North
Carolina and West Palm Beach, Florida).

Benthic water flux and tidal prism

The groundwater tidal prism is analogous to the (surface-
water) tidal prism Ω: the volume of water that flows from
an ocean into an estuary or bay, between low tide and high
tide. Although terrestrial groundwater fluxes to an estuary
contribute to the force balance that exists between fresh-
water and saltwater wedges within a porous medium,
freshwater volumes associated with terrestrial ground-
water fluxes do not contribute directly to P. Forces that
generate P drive chemical and biological fluxes between
surface water and the subterranean estuary. For example,
qbf driven by the forces that generate P (shown in Fig. 1,
and denoted as P-forced benthic flux, or qbf.P) can
transport pollutants to both groundwater and surface water
(deSieyes et al. 2008; Robinson et al. 2009), and can
cause natural constituents such as saltwater, to intrude into
groundwater (Cartwright and Nielsen 2001).

Other mechanisms such as terrestrial hydraulic gradient
(Bokuniewicz 1992; Younger 1996), density gradient
(Moore and Wilson 2005), or wave-related mechanisms
(Li et al. 1999; Cartwright et al. 2004a; King et al. 2009),
also generate benthic pressure gradients and force qbf, but do
not directly contribute to P. Submarine groundwater dis-
charge (SGD) is a benthic water discharge flux to a marine
water body. SGD is exclusively a marine process; in the
present work, the more general qbf is used in place of SGD to
avoid this limitation, with the exception of references to
work by others that specifically relate to SGD.

Numerous investigators describe characteristics of
tidally influenced groundwater systems. Nielsen (1990)
developed an analytical solution for the phreatic surface of
a tidally forced groundwater wave inside a beach with an
inclined bed. Moore (1999) defined a coastal mixing zone
within a porous medium, between fresh, terrestrial water
and more saline sea water. He identified this zone as the
subterranean estuary, drawing an analogy with the
estuarine mixing and transition zone in surface water,
which exists between freshwater sources and the ocean. Li
et al. (1999) parsed total SGD into three components:
SGD forced by the terrestrial hydraulic gradient, tide, and
wave setup. They also presented a simple model to quantify
the mass of constituents transported by SGD from a porous
medium to surface water. Mango et al. (2004) used a Hele-
Shaw analog to induce circulation between laboratory cells
that represent a coastal aquifer and tidally forced surface
water. Michael et al. (2005) identified seasonality in the
freshwater-saltwater interface of the subterranean estuary as
a mechanism that drives saline discharges, which lag inland
recharges, to surface-water. They identify a perched saline
zone near the mean tidal elevation, which is shoreward of a
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fresher discharge zone. Prieto and Destouni (2005) used
numerical models to show that tidal forcing enhances the
recirculation of seawater through a porous medium, for
relatively low rates of SGD; where SGD rates are relatively
high, tidal forcing has a lesser effect on recirculation. Colbert
et al. (2008) characterized residence time of water and flow
dynamics at a tidally forced field site using geochemical
tracers and observations of the phreatic-surface elevation.
Robinson et al. (2007a, b) and Li et al. (2008) used
numerical models and dimensional analyses to investigate
relationships between tidal forcing, terrestrial recharge, and
recirculation of seawater through a porous medium. These
generalized characteristics (phreatic surface dynamics, mix-
ing zone, SGD parsed into components, SGD as a transport
mechanism, tidally induced recirculation in a porous
medium, seasonality, residence times, relationship between
recharge and recirculation) partially describe the subterra-
nean estuary. The groundwater tidal prism is an extension of
Moore’s (1999) estuary analogy. It characterizes a flux of
water and constituents between surface water and the
subterranean estuary.

Nielsen’s tidally-forced, phreatic surface

The well-known Boussinesq equation

@h

@t
¼ K

n

@

@x
h
@h

@x

� �
ð2Þ

governs a transient, one-dimensional phreatic surface
h(x,t) within a two-dimensional, x–z oriented domain of
porous media, where x is the horizontal, Cartesian, offshore
dimension; z is the vertical, Cartesian dimension; t is time; K
is hydraulic conductivity; and n is porosity. Nielsen (1990)
solved a boundary value problem governed by Eq. (2), where
one side of the finite-depth, homogeneous domain is
bounded at a free-water surface by an inclined bed, or
sloping beach face, with slope sb ¼ tan b ¼ bz=bx; the other
side is unbounded; β is the angle between the inclined bed
and the impermeable, horizontal base of the unit; and bz andbx are coordinates on the inclined bed (Fig. 2). The domain is
forced by tide

hðtÞ ¼ A cos st ð3Þ

Fig. 1 Conceptual, vertical, x–z oriented section showing benthic discharge flux qbd.P vectors (red, oriented from the bed into the surface-water
domain); benthic recharge flux qbr.P vectors (blue, oriented from the bed into the groundwater domain); phreatic surfaces at high tide (blue) and
low tide (red); water surfaces at high tide (blue) and low tide (red); and the bed of the water body. This figure is not drawn to scale

Fig. 2 Vertical x–z oriented sections showing a the phreatic surface h(x,t) (blue surface) at time t, and reference volumes bVgw:1 (yellow
volume), bVgw:2 (blue volume), and bVgw:3 (gray volume); and b phreatic surfaces h(x,t1) (red surface) and h(x,t2) (blue surface) at time t1 and
time t2, and reference volumes bVgw:4 (blue volume) and bVgw:5 (yellow volume)
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on the inclined bed, where A is tidal amplitude; � ¼ 2p=T is
radial tidal frequency; T is tidal period; z=0 is still-water
elevation in surface water; z=η is the elevation of the free-
water surface; and z=−H is the elevation of the horizontal,
impermeable base of the hydrogeologic unit. Boundary
conditions are @h x ! 1; tð Þ=@t ¼ 0, and h �ðtÞ=sb; tð Þ ¼ �ðtÞ.

A graphical representation of Nielsen’s (1990) solution

h x; tð Þ ¼ A cos �t � lxð Þe�lx

þ"A
1

2
þ

ffiffiffi
2

p

2
cos 2�t þ p

4
�

ffiffiffi
2

p
lx

� �
e�

ffiffi
2

p
lx

	 

þ
X1
m¼2

O "mð Þ ð4Þ

is shown in Fig. 3 for high tide, low tide, mean tide during
ebb or falling tide, and mean tide during flood or rising
tide, where l ¼ 2p=L is the wave number in the porous
medium, L is the length of the tidally forced groundwater
wave in the porous medium,

" ¼ lA cot b ¼ lA
sb

ð5Þ

is a perturbation parameter, and
P

O "mð Þ represents the
sum of power-series terms in εm, raised to powers of m≥2.
Where b ¼ p=2, the wave number in the porous medium λ
is a function of n, σ, K, and H. Nielsen (1990) used a
perturbation technique, in which an approximate solution
(Eq. 4) is developed—from an exact solution to a similar
problem (a textbook solution to Eq. 2)—by introducing
the perturbation parameter (Eq. 5) into the exact solution,
and developing a power series in terms of the perturbation
parameter. (Li et al. (2000) and Teo et al. (2003)
subsequently developed more robust variants of Nielsen
(1990)). In the present work, power-series terms of O(ε2)
and higher are truncated in Eq. (4), and Nielsen’s (1990)
origin is relocated from the intersection of the inclined bed
and the base of the unit, to the intersection of the inclined
bed and the still-water elevation. The relocated origin is
shown in Figs. 2 and 3.

High and low tides occur at t=0 and t ¼ T=2,
respectively. The shape of the phreatic surface at mean

tide during ebb is different than the shape of the phreatic
surface at mean tide during flood, as shown in Fig. 3. The
surface asymptotically approaches a constant, over-height
elevation z=dts at x→∞, as shown in Fig. 2. Nielsen
(1990) assumed that the elevation of the phreatic surface
and the tidal elevation are coupled on the inclined bed,
and stated that if “decoupling occurs, analytical solution
[for h(x,t)] is probably impractical.” Decoupling of the
phreatic surface and the tidal surface forms a seepage face,
in which qbd.P is realized as a surface flow along the
exposed beach face, from the elevated phreatic surface, to
the tidal surface at a lower elevation.

Benthic water flux associated with the groundwater
tidal prism model

The volume of water in the hydrogeologic unit (bVgw) at
time t, per unit length of shoreline, is

bVgw ¼ bVgw:1 þ bVgw:2 þ bVgw:3 ð6Þ

¼ n

Z 1

bx h x; tð Þdxþ n

Z bx
�H=sb

sbxþ Hð Þdxþ nH 1 �bxð Þ

ð7Þ

where bVgw:1; bVgw:2; and bVgw:3 are volumes shown in
Fig. 2a and evaluated in the Appendix.

Substitute Eqs. (23)–(27), into Eq. (6) to yield

2l
nA

bVgw ¼ lH2

sbA
1þ A

H cos�t
� �2 þ 2H

A 1� lbxð Þ þ " 1� lbxð Þ

þe�lbx sin�t sin lbxþ cos lbxð Þ � cos�t sin lbx� cos lbxð Þ½ �

þ "

2
e�

ffiffi
2

p
lbx sin 2�t þ p

4

� �
sin

ffiffiffi
2

p
lbxþ cos

ffiffiffi
2

p
lbx� �h

� cos 2�t þ p
4

� �
sin

ffiffiffi
2

p
lbx� cos

ffiffiffi
2

p
lbx� �i

ð8Þ

+z

+x

ORIGIN
d ts

x HHHH ,z HHHH
^ ^

x ,z^ ^

HIGH TIDE
MEAN TIDE (EBB)
LOW TIDE
MEAN TIDE (FLOOD)

STILL-WATER SURFACE

Fig. 3 Vertical x–z oriented section showing phreatic surfaces at high tide (blue surface), mean (ebb) tide (gray surface), low tide (red
surface), and mean (flood) tide (green surface). The origin is located at the intersection of the still-water surface and the inclined bed. The
inclined bed (black plane) separates the porous medium on the right from the tidal water body on the left. Phreatic surfaces in this figure are
true graphical representations of Eq. (4)
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Differentiate Eq. (8) with respect to time to yield

2l
�nA

@bVgw

@t ¼ �"2 sin�t 1þ ffiffiffi
2

p
e�

ffiffi
2

p
lbx sin 2�t þ p

4

� �
sin

ffiffiffi
2

p
lbx�h

þ cos 2�t þ p
4

� �
cos

ffiffiffi
2

p
lbx�i

þ" 2 sin �t cos�t � 2e�lbx sin�t sin�t sin lbxþ cos�t cos lbxð Þ
h

�e�
ffiffi
2

p
lbx cos 2�t þ p

4

� �
sin

ffiffiffi
2

p
lbxþ cos

ffiffiffi
2

p
lbx� �h

þ sin 2�t þ p
4

� �
sin

ffiffiffi
2

p
lbx� cos

ffiffiffi
2

p
lbx� �ii

�e�lbx cos�t sin lbxþ cos lbxð Þ þ sin �t sin lbx� cos lbxð Þ½ �
ð9Þ

Since

lbx ¼ l
bz
sb

¼ l
A cos�t

sb
¼ " cos�t ð10Þ

Equation (9) can be expressed as

2l
�nA

@bVgw

@t
¼ F "; �tð Þ ð11Þ

where

@bVgw

@t
¼

Z A=sb

�H=sb

qbf :P x; tð Þdx ð12Þ

and Φ is dimensionless qbf.P integrated across the inclined
bed (Fig. 4), from the intersection of the inclined bed and

the free-water surface at high tide, to a point offshore at
which the forces that generate P cease to drive qbf.P. (The
offshore point cannot be estimated with Eq. 11).

The existence of ∞ in Eq. (8) is seemingly problematic.
To develop Eq. (4), Nielsen (1990) imposed a landward
boundary condition @h x ! 1; tð Þ=@t ¼ 0 on Eq. (2).
Volume calculations in the present and following sections
must include ∞ to accurately represent this boundary
condition in the calculations. Fortunately, the existence
of ∞ in Eq. (8) is not problematic because ∞ drops out
of the solution when Eq. (8) is differentiated, to yield
Eq. (9).

Groundwater tidal prism model

The volume of water issuing out of the hydrogeologic unit
(DbVgw) between t1 and t2 is

DbVgw ¼ bVgw:4 þ bVgw:5 ð13Þ

¼ n

Z bx2
bx1 sbxð Þ � h x; t1ð Þ½ �dxþ n

Z 1

bx2 h x; t2ð Þ � h x; t1ð Þ½ �dx

ð14Þ

where bVgw:4 and bVgw:5 are volumes shown in Fig. 2b and
evaluated in the Appendix; t1 and t2 are two arbitrary
points in time within the same ebb tide, such that
0 � t2 < t1 � T=2; and bx2 and bx1 are x-coordinates of
intersections of free-water surfaces and the inclined bed at
t2 and t1, respectively, corresponding to bx2 > bx1. With
respect to Fig. 3, if t1 ¼ T=2 and t2=0, then and

, where and are x-coordinates of
intersections of the inclined bed, at low and high tides,
respectively.
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Fig. 4 a Dimensionless tidal elevation z/A above the still-water surface versus dimensionless time t/T; and b dimensionless benthic flux Φ
versus dimensionless time t/T, for Nielsen’s (1990) perturbation parameter ε=0.1 (red line), ε=0.2 (green line), ε=0.4 (black line)
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Substitute Eqs. (28) and (29) into Eq. (13), and solve in
non-dimensional form

2lDbVgw

nA ¼ "
ffiffi
2

p
2 e�

ffiffi
2

p
lbx2 cos 2�t2 cos

ffiffiffi
2

p
lbx2 þ sin 2�t2 sin

ffiffiffi
2

p
lbx2� ��h

�e�
ffiffi
2

p
lbx1 cos 2�t1 cos

ffiffiffi
2

p
lbx1 þ sin 2�t1 sin

ffiffiffi
2

p
lbx1� ��

� lbx2 � lbx1ð Þ�
þ e�lbx2 sin �t2 cos lbx2 þ sin lbx2ð Þ þ cos�t2 cos lbx2 � sin lbx2ð Þð Þ
h

�e�lbx1 sin �t1 cos lbx1 þ sin lbx1ð Þ þ cos�t1 cos lbx1 � sin lbx1ð Þð Þ
i

þ 1

"
lbx2ð Þ2 � lbx1ð Þ2

h i
ð15Þ

Note that ∞ in Eq. (14) is not problematic because
e�1 ! 0 in Eq. (29). Equation (15) can be expressed as

ð16Þ

where subscripts 0.1 and 0.2 denote flood tide and ebb tide
roots, respectively, of Eq. (9) (Fig. 5), such that
DbVgw ¼ P; and is the dimensionless groundwater tidal
prism (Fig. 6). For example, where ε=0.1: Φ=0 at t0.2/T=
0.121 and t0.1/T=0.630 (Figs. 4 and 5); then
(Fig. 6) and P=2.830nA/2λ.

Discussion

In a two-dimensional idealized system, qbf.P integrates to
zero across the inclined bed, over one T

1

T

Z T

0

@bVgw

@t
dt ¼ 1

T

Z T

0

Z A=sb

�H=sb

qbf :P x; tð Þdxdt ¼ 0 ð17Þ

Equation 17 does not imply that qbf.P integrates to zero at
all points on the inclined bed

qbf :PðxÞ ¼ 1

T

Z T

0
qbf :P x; tð Þdt 6¼ 0 ð18Þ

At a point on the inclined bed, qbd.P integrated over 0
to T may exceed qbr.P, such that a net qbd.P exists at the
point. However, to ensure mass balance required by
Eq. (17), qbr.P integrated over 0 to T must exceed qbd.P
at another point on the inclined bed.

It is possible for the qbf.P distribution across the
inclined bed to locally exhibit flux in one direction, when
the profile integrated flux is in the other direction. For
example, although dimensionless benthic flux Φ is in
discharge at low tide (Φ>0 at t/T=0.5 in Fig. 4b), water
locally recharges the hydrogeologic unit in the region of

, as shown in Fig. 3, immediately following the
occurrence of low tide.

Equations (9), (15) and (17) describe qbf.P within a
two-dimensional, x–z domain. In a natural system, where
input parameters such as K, n, or H may not be constant in
x, qbf.P may not sum to zero across the inclined bed.
Restated in equation form

1

T

Z T

0

@

@t
bVgwðyÞ

h i
dt ¼ 1

T

Z T

0

Z A=sb

�H=sb

qbf :P x; y; tð Þdxdt 6¼ 0

ð19Þ

for all y, where y is the coordinate parallel to shore.
However, for the idealized three-dimensional system,
mass conservation requires that qbf.P sum to zero across
the inclined bed. Restated in equation form

1

T

Z T

0

Z 1

�1

@

@t
bVgwðyÞ

h i
dydt

¼ 1

T

Z T

0

Z 1

�1

Z A=sb

�H=sb

qbf :P x; y; tð Þdxdydt ¼ 0

ð20Þ

The two-dimensional, idealized, homogeneous system
defined in Eq. (17) permits the zero-sum mass balance
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over one tidal cycle. A two-dimensional, natural, heteroge-
neous system may not yield a zero-sum mass balance over
one tidal cycle. However, an idealized, three-dimensional,
natural, heterogeneous system must yield a zero-sum mass
balance over one tidal cycle. Statistical non-stationarity in
the still-water elevation or tidal amplitude may not yield a
zero-sum mass balance over one tidal cycle, independent of
the dimensionality of the system under consideration.

Benthic flux oscillates between discharge (Φ>0) and
recharge (Φ<0) conditions (Eq. 1, Fig. 4b). Intuitively, one
may expect that an oscillatory qbf.P system should exhibit a
discharge condition during ebb tide (0 < t=T < 0:5), as pore
water exits the porous medium across the inclined bed; and a
recharge condition during flood tide (0:5 < t=T < 1), as
pore water enters the porous medium across the inclined bed.
Figure 4b shows that this expectation is not correct, in a
global sense, across the entire inclined bed. At high tide,
where t/T=0 (or t/T=1), qbf.P is in a recharge condition,
which persists until t/T≈0.125. Restated, the qbf.P system
remains in the recharge condition for approximately the first
25% of ebb tide. A similar situation occurs for approx-
imately the first 25% of flood tide, where the qbf.P system is
in the discharge condition while the tidal elevation increases.
Mathematically, the π/4 phase lag in Eq. (4) causes the
t=T � 0:125 ¼ p=4 phase lag between tidal elevation
extrema (Fig. 4a) and null points in qbf.P (Fig. 4b).

The phase lag is due to the dynamics of the phreatic
surface, away from the inclined bed. Consider the low tide
and mean tide (flood) expressions of Eq. (4), in Fig. 3. As
tide rises, pore volume is flooded near the inclined bed.
This inundation is due to local-scale qbr.P. Inland, away
from the inclined bed, however, the phreatic surface
decreases as tide rises. Pore volume is evacuated by a
downward flow from regions close to the inland phreatic
surface, into deeper regions in the unit and across an
offshore reach of the inclined bed. A global qbd.P persists
for approximately the first 25% of flood tide because the
decreasing landward portion of the phreatic surface
generates a larger, positive contribution to @bVgw=@t than
the negative contribution from the near-bed portion of the
phreatic surface. Complementary physical descriptions
explain the persistence of qbr.P for approximately the first
25% of ebb tide.

Nielsen (1990) observed that the phreatic surface rises
faster than it falls, and reasoned that this occurs because a
porous medium is inundated more efficiently during flood
tide than the medium drains during ebb tide. He suggested
that this efficiency of recharge generates the constant,
over-height elevation z=dts at x→∞, as shown in Fig. 2.
This reasoning explains why the magnitude of peak
recharge is greater than peak discharge, for perturbation
parameter ε<0.43 (Fig. 7). For larger ε, the previously
described, low-tide dynamics of the phreatic surface away
from the inclined bed cause a relatively more intense
maximum Φ near low tide (Φbd.max near t/T=0.5 in Fig. 4b
for ε=0.4, as compared to ε=0.1). This causes peak
discharge to be greater than peak recharge for perturbation
parameter ε>0.43 (Fig. 7). The transition to a condition in

which peak discharge dominates peak recharge is shown
in Fig. 8, where the dimensionless time t/T of peak
discharge transitions from a nearly constant value of 0.375
for ε<0.15, to approximately 0.5 for ε→0.5. This
transition and the existence of double maxima for ε=0.4
in Fig. 4 are governed by the dynamics of the phreatic
surface away from the inclined bed. The dimensionless
time of peak recharge occurs at t/T=0.876, independent of
ε, for ε<0.5 (Fig. 8). This suggests that phreatic-surface
dynamics that govern peak recharge do not change with ε.

The percentage of the tidal cycle T over which qbf.P is
in the discharge condition exceeds the percentage of the
tidal cycle T over which qbf.P is in the recharge condition
(Dtbd=T > Dtbr=T in Fig. 9). This temporal imbalance is
persistent over 0<ε≤0.5, and is partially explained by
Eq. (17) and the observation that peak recharge exceeds
peak discharge for ε<0.43 (Fig. 7). The largest temporal
imbalance occurs for ε=0.32, at which qbd.P integrated
across the inclined bed persists for 51.8% of the tidal
cycle (Δt/T=0.518), and qbr.P integrated across the
inclined bed persists for the remaining 48.2% of the tidal
cycle (Δt/T=0.482), as shown in Fig. 9. Where the
perturbation parameter becomes very small (ε→0), the
duration of qbd.P and qbr.P are in balance, such that Δt/T→
0.5 for both conditions. This occurs when tidal amplitude
becomes very small (A→0), wave length in a porous
medium becomes very large (L→∞), or the inclined bed
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becomes steeper (sb→∞). The temporal imbalance is
enhanced when tidal amplitude becomes very large
(A→∞), wave length in a porous medium becomes very
small (L→0), or the inclined bed becomes flatter (sb→0).

Li et al. (1999) used an approach that is similar to
Eq. (14) to model SGD forced by tide as the integrated
difference between the highest and mean phreatic surfa-
ces. Li et al. (1999) did not detail the derivation; it is
unclear whether Eq. (14) and Li et al.’s (1999) model
address identical, or related but different problems.

Assumptions and limitations

Abstraction of prototype systems requires assumptions
that can lead to notable limitations. The present models
characterize a system that is forced by tide alone. It would
not be appropriate to apply the present models alone to
estimate total benthic discharge flux qbf to a system forced
by numerous mechanisms, such as tides, waves, and
terrestrial hydraulic gradients.

The present models are based on work by Nielsen
(1990). The assumptions and limitations inherent in
Nielsen’s (1990) model also apply to the present models.
Specifically, a simple sinusoidal tide described by Eq. (3)
is the only mechanism forcing the system. The phreatic
and tidal surfaces are coupled on the inclined bed, such
that a seepage face does not exist. Flow in the porous
medium is normal to shore and described by Darcy’s Law.
The shore is long and straight. Flow velocity is horizontal,
such that the pressure distribution is hydrostatic. The
porous medium is bounded by a horizontal, impermeable
base, as shown in Fig. 2. The porous medium is
homogeneous and isotropic, and can be described by K
and n. Fluid is of a constant density. Boundary conditions
@h x ! 1; tð Þ=@t ¼ 0 and h �ðtÞ=sb; tð Þ ¼ �ðtÞ exist and are
valid. Tidal amplitude A is considerably less than the
depth H from the still-water surface to the impermeable
base of the porous medium. Finally, the sum of terms of
O(ε2) and higher, shown in Eq. (4), is considerably less
than the sum of terms of O(ε0) and O(ε). Nielsen (1990)
showed that error associated with neglecting terms of
O(ε2) and higher is not significant.

The present models cannot be used to estimate the
distribution of qbf.P in the offshore direction. Vector trends

shown in Fig. 1, from higher magnitude near the
intersection of the phreatic surface and the water surface
to lower magnitude in the offshore direction, are qual-
itative and based on conclusions in Robinson et al.
(2007a) and Li et al. (2008).

Comparison with Cartwright et al.’s (2004b)
laboratory observations

Cartwright et al. (2004b) conducted a laboratory experi-
ment (also detailed in Cartwright 2004) in which an
inclined bed of uniformly-packed 0.2 mm sand was forced
from the left by a simulated tide to investigate harmonics
at the interface and in the porous medium. The laboratory
tank was 9 m long by 1.5 m high by 0.14 m wide.
Experiment parameters are given in Table 1; tide was a
simple harmonic described by Eq. (3).

Cartwright et al. (2004b) plotted the phreatic surface in
the porous medium as a function of 24 observations over
T, at five locations: x=−0.6, 0.4, 1.4, 2.4, and 4.4 m; and
tabulated the mean and the phase for first, second, and
third harmonics at x=6.3 m and 7.2 m. The seven
piezometers they used were all located at elevation z=
−0.209 m. (In the present work, the origin of the x–z
coordinate system is shifted to the intersection of the
inclined bed and the still-water surface, from Cartwright et
al.’s (2004b) position at the lower left hand corner of the
laboratory tank).

Equation (4) is fit to Cartwright et al.’s (2004b)
observations by adjusting l to minimize the χ2 good-
ness-of-fit parameter. Both the model representation and
observations are shown in Fig. 10 for high tide (t/T=0)
and near low tide (t/T=0.47). Minimum χ2 occurs at l=
0.450 m−1; χ2 ranges from 6×10−3m to 3×10−1m for the
24 observations. Correlation coefficients range from 0.870
to 0.999, with an average value of 0.977.

Equations (9) and (15) are applied to Cartwright et al.’s
(2004b) experiment; results are shown in Fig. 11. Equa-
tion (9) is a continuous representation of qbf.P, integrated
across the inclined bed. Equation (15) is discretized at a
temporal resolution equivalent to Cartwright et al.’s (2004b)
observations, with an average Δt/T step of 0.037. The ratio
of DbVgw calculated with Eq. (15) to the Δt used to calculate
DbVgw yields the dashed line for Eq. (15) in Fig. 11. The
correlation coefficient between the representations of

Table 1 Cartwright et al.’s (2004b) experimental parameters

Parameter Value Units Note

H 1.009 m
sb 0.199
A 0.204 m
T 348 s
n 0.38
K 1.32×10−4 m s−1

l 0.450 m−1 Figure 10 fitting
parameter

ε 0.461 Equation (5)
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Eqs. (9) and (15) in Fig. 11 is greater than 0.9999.
Equation (9) is a continuous representation of discrete
Eq. (15); the favorable agreement between these continuous
and discrete equations is then a necessary condition for the
validity of both equations.

A data set of phreatic surfaces is developed, which
includes Cartwright et al.’s (2004b) 24 observations, best-
fit to Eq. (4) with l=0.450 m−1 (as described in the
present section); two expressions of Eq. (4) at the roots of
Eq. (9); and one additional expression of Eq. (4) at low
tide. Observations plotted in Fig. 11 are derived from this
data set by calculating the ratio of a trapezoidal-slice DbVgw

approximation between successive phreatic surfaces in the
data set, to the duration of time between the occurrence of
each surface. The 26 points shown in Fig. 11 are plotted in
time at the temporal midpoint of successive surfaces in the
data set. Trapezoidal-slice width is 0.01 m; the average
Δt/T between the occurrence of each surface in the data
set is 0.037. The correlation between data points in Fig. 11
and both Eqs. (9) and (15) is greater than 0.99.

While Cartwright (2004) noted that sources of error
may cause his laboratory observations to deviate from
theory, the favorable correlation between observations in
Fig. 11 and both Eqs. (9) and (15) suggest that these errors
are small. Specifically, Cartwright (2004) identified
measurement error, instrument error, the formation of a
small seepage face, non-uniform flow across the flume in
the along-shore direction due to the formation of rivulets
in the seepage face, non-hydrostatic pressure near the
inclined bed at high tide, and vertical flow effects in the
finite-depth porous medium.

Comparison with other studies

Characteristics of the present models are in qualitative
agreement with previous investigations. Prieto and Destouni
(2005) used numerical models to quantify the influence of
tide on SGD. Their models showed that SGD “oscillates
with the same period but with a phase lag relative to the tidal
oscillation.” While they do not quantify the phase lag, the
statement is in agreement with the present models. Robinson
et al. (2007b) used a numerical model forced by tide and a
terrestrial hydraulic gradient to show that qbr “occurs
predominantly on the late stages of the rising tide and over
high tide,” and that qbd “dominates during the ebbing tide
and continues over the early stages of the rising tide.” Their
observations qualitatively agree with Fig. 4.

Mango et al. (2004) used a Hele-Shaw device to
observe “a strongly asymmetric pattern of fluid exchange”
between laboratory cells that represent a tidally forced
surface-water body and a porous medium, in which the
cells were separated by an inclined bed representing a
sloping beach face. Mango et al. (2004) did not force the
device with an analog to the terrestrial hydraulic gradient,
and they did not consider the role that density variation
plays in forcing qbf. They observed that qbd.P is strongest
near low tide, and that qbf.P is not symmetrical. Both
observations are in agreement with the present models.
Specifically, Fig. 4 shows that qbd.P is strongest near low
tide; and Fig. 9 shows that qbf.P is asymmetrical for any
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inclined bed, where ε>0. They also showed that qbf.P does
not integrate to zero at all points on the inclined bed,
which is in agreement with Eq. (18).

Colbert et al. (2008) used geochemical tracers and
observations of the phreatic-surface elevation on a beach
near Catalina Harbor in California (USA) to investigate
tidally forced flow dynamics and residence times of water.
They observed that during flood tide, “the water table near
the beach face rose, while the inland water table fell.” This
observation is in agreement with the behavior of Eq. (4);
Figs. 1, 3, and 10; and the description on the dynamics of
the phreatic surface away from the inclined bed (see
Discussion section). They also observed that the “greatest
flux of water into the beach occurred during” flood tide.
This observation is in agreement with Fig. 4.

Robinson et al. (2007b) showed that qbr is dominated
by tidal forcing, when the system is driven by both tide
and a terrestrial hydraulic gradient, and that the intensity
of tidal forcing “is the primary parameter controlling tide-
induced recirculation rates.” These observations attest to P
and qbf.P as appropriate descriptors of tidally driven
exchange between a porous medium and tidally driven
surface water.

Li et al. (2008) observed that the “amount of seawater”
infiltrating into a porous medium, where the system is
driven by both tide and a terrestrial hydraulic gradient, is
directly proportional to permeability. Equation (16) shows
that P is inversely proportional to l, which is inversely
proportional to hydraulic conductivity K. Since K is
directly proportional to permeability, P as well is directly
proportional to the latter quantity.

Robinson et al. (2007b) parsed qbf into a tidally-driven
recirculation percentage and a density-driven recirculation
percentage, in which both quantities are expressed as a
function of terrestrial, fresh, groundwater inflow. It is

therefore not possible to quantitatively compare the
present models, in which terrestrial, fresh groundwater
inflow is not considered, to Robinson et al. (2007b).

Application to the South Atlantic Bight

Equations (9) and (15) are now applied to a region of the
South Atlantic Bight. Moore (1996) described the delivery
of 226Ra to the inner-shelf study area shown in Fig. 12,
between July 8 and 11, 1994. Moore (1996) quantified the
flux of 226Ra into and out of the study area by numerous
pathways, and deduced that a 347 m3 s−1 qbd must exist to
transport 226Ra to the study area and balance other 226Ra
fluxes.

The National Oceanic and Atmospheric Administration
(NOAA) predicted a semi-diurnal tide with an amplitude
of approximately 0.8 m at Charleston, South Carolina,
between July 7 and July 12, 1994. Benthic water flux to
the study area modeled with Eq. (9) is shown in Fig. 13.
In the absence of field data to develop a more rigorous
estimate of λ, the present analysis, and a similar analysis
of the same study area by Li et al. (1999), estimate l with
the Boussinesq wave number (Nielsen 1990)

lB ¼
ffiffiffiffiffiffiffiffiffiffi
ns
2KH

r
ð21Þ

A field estimate of l may improve the application.
Additional inputs are detailed in Table 2.

Several conclusions can be drawn with the present
models. The groundwater tidal prism is 11 m3 per m of
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shoreline, or 3.5×106m3 for the entire 320-km-long
study area. Benthic discharge flux associated with P is
2.5×10−4m3 s−1 per m shoreline, or 81 m3 s−1 over the
entire study area. In idealized surface water, qbf.P
integrated across the study area and over T is zero, such
that Eq. (17) holds.

Benthic flux is recharging (qbf.P<0) for 48.3% of T and
discharging (qbf.P>0) for 51.7% of T. Benthic flux
continues to recharge for the first 24.7% of ebb tide, and
to discharge for the first 28.1% of flood tide. Peak qbr.P
integrated across the bed (8.0×10−4m3 s−1 per m of
shoreline) exceeds peak qbd.P integrated across the bed
(7.3×10−4m3 s−1 per m of shoreline). Equation (17) and
the discharge-recharge temporal imbalance (Fig. 9) require
this exceedance.

Benthic discharge flux qbf.P to the study area describes
81m3s�1
� �

= 347m3s�1
� � ¼ 23% of Moore’s (1996) obser-

vation. The unexplained 77% remains to be described by
other forcing mechanisms, such as terrestrial hydraulic
gradient, wave setup, wave-induced groundwater pulse,
density gradients, or wave-forced qbf ; or possibly by error
and/or uncertainty in the observation, or error associated
with the abstraction of the natural system with simple
models.

Conclusions

Benthic flux qbf.P integrates to zero over one tidal period T
in an idealized two-dimensional x–z oriented system.
Locally, qbf.P may exhibit in one direction, while the
profile-integrated qbf.P exhibits transport in the other
direction. A π/4 phase lag exists between tidal extrema
and null points in the qbf.P signal. This phase lag is driven
by the dynamics of the phreatic surface away from the
inclined bed. These dynamics also cause a double qbd.P
maxima, such that qbd.P peaks twice, with a lower peak
near dimensionless time t/T≈0.25 and a higher peak near
t/T≈0.5. The duration of discharge exceeds the duration of
recharge over 0<ε≤0.5.

Two dimensionless numbers allow direct estimation
of the groundwater tidal prism P, and characterization of
associated benthic flux qbf.P. Specifically, the benthic flux
qbf.P is directly proportional to tidal frequency σ, porosity n,
and tidal amplitudeA; and inversely proportional to the wave
number λ in the porous medium. Higher amplitude tides, an
increase in medium porosity, shorter tidal periods, or longer
groundwater waves increase the amplitude of qbf.P. It is
shown that P is also directly proportional to both porosity n
and tidal amplitude A, and inversely proportional to the wave
number λ in the porous medium. Higher amplitude tides, an
increase in medium porosity, or longer groundwater waves
increase the groundwater tidal prism P.

The present models reinforce conclusions made by
other investigators. Tidally forced benthic flux oscillates
between discharge and recharge conditions, and the flux
signal lags the tidal signal. The inland phreatic surface is
out of phase with the phreatic surface closer to surface
water. The benthic flux signal is not symmetrical, such
that benthic discharge and benthic recharge exhibit different
durations and peak magnitudes. Peak benthic recharge
occurs during flood tide. Benthic flux does not integrate to
zero over one tidal cycle, at all points on the bed.

The present models quantify the role that tide plays in
mixing surface-water, groundwater, and associated con-
stituents within coastal zones. For example, the present
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Table 2 Model inputs and outputs for application of Eqs. (9) and
(15) to the SAB

Parameter Value Units Reference

Inputs
H 30 m Li et al. (1999)
sb 0.1 Li et al. (1999)
A 0.8 m NOAA
T 12 hours NOAA
n 0.45 Li et al. (1999)
K 5×10−4 m s−1 Assumed
lB 4.67×10−2 m−1 Equation (21)
ε 0.37 Equation (5)

Outputs
@ bVgw=@t 2.5×10−4 m3 s−1 per m

shoreline
Equation (9)

P 11 m3 per m shoreline Equation (15)

213

Hydrogeology Journal (2010) 18: 203–215 DOI 10.1007/s10040-009-0519-y



models can be used to estimate the role that tide plays in
estuarine pollutant loading. The present models provide
insight into the relative effect of benthic forcings that
drive mixing processes, when used in combination with
other models driven by different forcing mechanisms such
as waves or terrestrial hydraulic gradient.
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Appendix

Elements of Eq.(6)
Volume bVgw:1 is the volume per meter of shoreline
between the phreatic surface h(x,t) and the still-water
surface, from point bx on the inclined bed to x→∞, as
shown in Fig.2a.

bVgw:1 ¼ n

Z 1

bx h x; tð Þdx

¼ n

Z 1

bx A cos �t � lxð Þe�lxdx

þn

Z 1

bx "A

2
dx

þn

Z 1

bx "A
ffiffiffi
2

p

2
cos 2�t þ p

4
�

ffiffiffi
2

p
lx

� �
e�

ffiffi
2

p
lxdx

ð22Þ
Each term in Eq.(22) is evaluated separately:

n

Z 1

bx A cos �t � lxð Þe�lxdx ¼ nA
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e�lbx sin�t sin lbxþ cos lbxð Þ½

� cos�t sin lbx� cos lbxð Þ�
ð23Þ
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Volume bVgw:2 is the volume per meter of shoreline
between the inclined bed and the base of the hydro-
geologic unit, from point bx on the inclined bed to the
intersection of the inclined bed and the impermeable base
of the hydrogeologic unit, as shown in Fig.2a.

bVgw:2 ¼ n
Rbx
�H=sb

sbxþ Hð Þdx¼ nH2

2sb
1þ A

H
cos�t

� �2

ð26Þ

Volume bVgw:3 is the volume per meter of shoreline
between the still-water surface and the impermeable base
of the hydrogeologic unit, from point bx on the inclined
bed to x→∞, as shown in Fig.2a.

bVgw:3 ¼ nH 1� bxð Þ ð27Þ

Elements of Eq.(14)
Volume bVgw:4 is the volume per meter of shoreline
between the inclined bed and the phreatic surface h(x,t1),
from point bx1 to point bx2, both located on the inclined bed,
as shown in Fig.2b.

bVgw:4 ¼ n
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bx1 sbxð Þ � h x; t1ð Þ½ �dx

¼ n

Z bx2
bx1 sbx� Ae�lx cos �t1 � lxð Þ�

�"A
1

2
þ

ffiffiffi
2

p

2
e�

ffiffi
2

p
lx cos 2�t1 þ p

4
�

ffiffiffi
2

p
lx

� �	 


dx

¼ n
sb
2

bx22 �bx21� �� "A

2
bx2 � bx1ð Þ

	
þ A

2l
sin�t1 � cos�t1ð Þ e�lbx2 sin lbx2 � e�lbx1 sin lbx1� �h

þ sin�t1 þ cos�t1ð Þ e�lbx2 cos lbx2 � e�lbx1 cos lbx1� �i
þ

ffiffiffi
2

p

4

"A

l
sin 2�t1ð Þ e�

ffiffi
2

p
lbx2 sin ffiffiffi

2
p

lbx2 � e�
ffiffi
2

p
lbx1 sin ffiffiffi

2
p

lbx1� �h
þ cos 2�t1ð Þ e�

ffiffi
2

p
lbx2 cos ffiffiffi

2
p

lbx2 � e�
ffiffi
2

p
lbx1 cos ffiffiffi

2
p

lbx1� �ii
ð28Þ

Volume bVgw:5 is the volume per meter of shoreline
between the phreatic surfaces h(x,t1) and h(x,t2),
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from point bx2 on the inclined bed to x→∞, as shown in
Fig. 2b.
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