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A constitutive model of multiphase mixtures and its application
in shearing flows of saturated solid-fluid mixtures
Yongqi Wang, Kolumban Hutter

Abstract A continuum theory of a multiphase mixture
is formulated. In the basic balance laws we introduce an
additional balance of equilibrated forces to describe the
microstructural response according to Goodman & Cowin
[11] and Passman et al. [23] for each constituent. Based on
the Müller-Liu form of the second law of thermodynam-
ics a set of constitutive equations for a viscous solid-fluid
mixture with microstructure is derived. These relatively
general equations are then reduced to a system of ordi-
nary differential equations describing a steady flow of the
solid-fluid mixture between two horizontal plates. The re-
sulting boundary value problem is solved numerically and
results are presented for various values of parameters and
boundary conditions. It is shown that simple shearing gen-
erally does not occur. Typically, for the solid phase, in
the vicinity of a boundary, if the solid-volume fraction is
low, a layer of high shear rate occurs, whose thickness is
nearly between 5 and 15 grain diameters, while if the solid-
volume fraction is high, an interlock phenomenon occurs.
The fluid velocity depends largely on the drag force be-
tween the constituents. If the drag coefficient is sufficiently
large, the fluid flow is nearly the same as that of the solid,
while for a small drag coefficient, the fluid shearing flow
largely decouples from that of the solid in the entire flow
region. Apart from this, there is a tendency for solid par-
ticles to accumulate in regions of low shear rate.
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1
Introduction

The mechanics of multiphase mixtures is of fundamen-
tal importance in several fields of engineering, i.e., debris
flows, soil mechanics, ground water engineering, sediment
transport as well as many other fields in mechanical and
chemical engineering. In this work our major interest is in
granular-fluid mixtures. Such a material is a collection of
a large number of discrete solid particles with interstices
filled with a fluid or a gas. In most flows involving gran-
ular materials, the interstitial fluid plays an insignificant
role in the transportation of momentum, and thus flows
of such materials can be considered dispersed single phase
rather than multiphase flows. A detailed review of flows
of single granular materials has been presented by Hutter
& Rajagopal [14].

It is widely known today that granular media exhibit
microstructural effects on their macroscale, which is ac-
counted for, in general, by adding an additional dynam-
ical equation for the solid volume fraction νs. Different
authors do not unanimously agree upon the form of this
equation. Svendsen & Hutter [26] treated the solid-volume
fraction as an internal variable and write an evolution
equation balancing its time rate of change with its pro-
duction. Wilmanski [32] on the other hand, using statis-
tical arguments on the microscale demonstrated that the
Svendsen-Hutter equation needed to be complemented by
a flux term, thus arriving at a complete balance law. On
the other hand, almost 25 years ago, Goodman & Cowin
[11] were, based on the theory of structured media, intro-
ducing a balance law of equilibrated forces in which second
time derivatives of νs, i.e., ν̈s were balanced with a flux,
a production and supply term.

In some occasions or when the mass of the intersti-
tial fluid is comparable to that of the solids the interac-
tions between the fluid and solid phases are significant,
one should study these flow problems by employing the
theory of multiphase flows. Study of multiphase flow has
attracted considerable attention in the past thirty years.
Some detailed reviews of solid-fluid mixtures have been
presented by Hutter et al. [15] and Takahashi [28]. The
large number of articles published on fluid-solid flows typ-
ically employ one of two theories, (i) averaging or (ii)
mixture theory. In the averaging approach, equations of
motion, valid for a single constituent, are modified to
account for the presence of the other components and
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the interactions between components. These equations are
then averaged over time or volume, which are large com-
pared with a characteristic particle dimension or a typi-
cal microscale period but small compared to dimensions
of the whole system. From the viewpoint of mathemati-
cal manipulation of the averaged quantities, a number of
terms arise, which are usually interpreted as some form
of interaction between the constituents. Constitutive rela-
tions to represent these terms and the stress tensors for
each constituent are required. The second method of mod-
eling multicomponent systems is mixture theory. The fun-
damental assumption of the theory is that, at any instant
of time, every point in space is occupied by one particle
from each constituent. Ahmadi [1, 2], Bluhm et al. [5],
Bowen [6, 7], Ehlers [9, 10], Homsy et al. [13], Johnson
et al. [16], Massoudi [19], Passman et al. [23, 24], Svend-
sen & Hutter [26] and Svendsen [27] have used such an
approach for modeling mixture systems. Like averaging,
mixture theory also requires constitutive relations for the
stress tensors of each component of the mixture and for
momentum exchange between the components.

In deriving their reduced constitutive relations from
a class of constitutive postulates for a solid-fluid mixture
Passman et al., following the approach of Goodman &
Cowin [11] for dry granular materials, employed the princi-
ple of equilibrated stresses and introduced additional bal-
ances for each constituent to describe the microstructural
response. They used the Coleman-Noll approach of ther-
modynamics, i.e., the linear momentum equation, the en-
ergy balance and the balance of equilibrated forces for each
constituent had all arbitrarily assignable external source
terms, so that these balance laws would not affect the ex-
ploitation of the entropy inequality. Whereas such a pro-
cedure can be tolerated for the momentum and energy
sources, it is physically not justified for the balance law
of equilibrated forces. This is an internal law all by itself,
and at least this law must influence the thermodynamics.

This is one reason why we have rederived the ther-
modynamic mixture theory, now using the Müller-Liu ap-
proach in which the entropy inequality is exploited for all
thermodynamic processes, i.e., by using all balance laws as
constraints, be these processes driven by external sources
or not. We find that our derived results do not agree with
those of Passman et al. In our more general approach there
are additional terms in the constitutive relations e.g. of
stress not contained in Passman et al.’s model. These ad-
ditional terms turn out to be physically significant.

The present theory is believed to be valid for the full
spectrum of two phase solid-fluid media covering the range
of variation of the solid-volume fraction from the high val-
ues in the granular media to the low values in the low con-
centration suspension flows. The theory allows also the
possibility of supporting shear stress at the equilibrium
state which is necessary for granular media and has e.g.
been observed in the case of high concentration suspen-
sions such as blood.

In section 2, the basic laws of motion for each con-
stituent and the entropy inequality for the mixture are

presented. Section 3 is devoted to the derivation of the
constitutive equations of multiphase media from thermo-
dynamic considerations of the first and second law. In
section 4 the basic equations of motion of the fluid and
solid phases are presented when these constituents (for
themselves) are volume preserving. In order to assess the
implications of the theory, we consider in section 5 a spe-
cific boundary-value problem. By use of a special expres-
sion of free energy for each constituent used in Passman
et al. [24], the theory is applied to analyses of steady
fully-developed horizontal shearing flow of solid-fluid me-
dia between two parallel plates, one of which is held sta-
tionary, the other of which is moved at a constant speed.
The boundary value problem is solved using the method of
successive approximation. We find that our partial numer-
ical results are qualitatively very similar to those obtained
by Passman et al. [24], although the constitutive equa-
tions of both models are not the same. Results show that
the solid particles tend to concentrate themselves near the
centerline of the flow and the velocity profile is nonlinear,
with the shearing highest in the regions of low particle con-
centration, i.e., near the bounding plates. These results are
dependent on boundary conditions; however, they are in
qualitative agreement with experimental results on high
concentration suspensions [3, 4, 12]. In section 6, this pa-
per is summarized.

2
Thermodynamic processes
2.1
Balance relations

We begin by assuming that the mixture consists of N
constituents. The index a denotes the a-th constituent,
a = 1, . . . , N . The necessary thermal and mechanical field
variables for each constituent are introduced as primitive
quantities. Specifically, there exists a kinematic variable,
the volume fraction or volume distribution function νa for
each constituent a, introduced originally by Goodman &
Cowin [11] for dry granular materials, that accounts for
the distributions of volume of each constituent a in a mul-
tiphase mixture. It is complemented by the distributed
mass density (granular true mass density) γa, the stress
tensor T a, body force ba, specific internal energy εa, heat
flux vector qa and heat supply ra. In addition, to account
for energy flux and energy supply associated with the
time rate of change of volume distribution, a higher or-
der stress and body force were introduced by Goodman
& Cowin [11]. Such terms are expected since the volume
distribution function and the motion are assumed to be
kinematically independent. It is plausible, if a new inde-
pendent quantity such as νa is introduced in a theory, a
new equation must be introduced to determine its evolu-
tion. Following the approach of Goodman & Cowin [11]
for dry granular materials, Passman et al. [23] choose
to do this for a multiphase mixture also by means of an
additional equation of balance for each constituent. Ac-
cording to [11] and [23], an equilibrated inertia ka, equili-



165

brated stress vector ha, external equilibrated body force
la

1 and intrinsic equilibrated body force fa are introduced
for each constituent. Each distributed constituent must
satisfy the basic laws of motion of continuum mechan-
ics. We write the local equations of balance for each con-
stituent a (a = 1, . . . , N) of the mixture in the following
forms

– Conservation of mass

c+a = ρ́a + ρa divva, (1)

– Balance of linear momentum

m+
a = c+a va + ρav́a − divT a − ρaba, (2)

– Balance of angular momentum

M+
a − r × m+

a = T a − T T
a , (3)

– Balance of equilibrated force

g+
a = c+a kaν́a + ρa(kaν́a)′ − divha − ρa(la + fa), (4)

– Conservation of equilibrated inertia

ḱa = 0, (5)

– Conservation of energy

e+a = c+a
(
εa − 1

2va · va − 1
2kaν́

2
a

)
+ m+

a · va

+ g+
a ν́a + ρaέa − T a · La − ha · grad ν́a

− 1
2ρaḱaν́

2
a + ρafaν́a + div qa − ρara, (6)

where f́a = ∂f/∂t + ( grad fa) · va = ḟa + ( grad fa) · ua

is the material time derivative with respect to va, ḟa =
∂f/∂t + ( grad fa) · v the material time derivative with
respect to the mixture velocity v and ua = va − v the
constituent diffusion velocity in the mixture; r is the po-
sition vector. c+a , m+

a , M+
a , g+

a and e+a are, respectively,
the internal growths (specific productions) of mass, linear
momentum, angular momentum, equilibrated force and
energy. A derivation of the equations of balance of equili-
brated force and energy and the equation of conservation
of equilibrated inertia can be found in references [11] and
[23].

We require that the growths represent only exchanges
among phases∑
c+a = 0,

∑
m+

a = 0,
∑

M+
a = 0,

∑
g+

a = 0,
∑
e+a = 0.

(7)

Moreover, we assume that exchanges of mass and equili-
brated force do not exist, although there is no particular
difficulty in relaxing this assumption,

c+a = 0, g+
a = 0, (8)

and the exchange of angular momentum happens only
through the exchange of linear momentum

M+
a = r × m+

a . (9)

1 We do not see that, physically, such an external force can
exist. We keep it here for formal coincidence with [11] and [23].
Our form of the second law does not depend on its existence.

Using these constraints (8) and (9), the equations of bal-
ance (1)–(6) can be rewritten in the forms

0 = γ́aνa + ν́aγ + γaνa divva, (10)
m+

a = ρav́a − divT a − ρaba, (11)
0 = T a − T T

a , (12)
0 = ρakaν̋a − divha − ρa(la + fa), (13)
e+a = m+

a · va + ρaέa − T a · Da − ha · grad ν́a

+ ρafaν́a + div qa − ρara. (14)

The summation of (14) for all constituents a (a = 1, 2, . . .,
N) forms the balance equation of energy for the mixture
as a whole equivalent to

0 = ρε̇+ div q − T · D −∑ha · grad ν́a

+
∑
ρafaν́a − ρr, (15)

where the constituent and mixtures fields are connected
by the sum relations

ρ =
∑
ρa, v =

∑
ξava, ε = εI + 1

2

∑
ξaua · ua,

(16)
εI =

∑
ξaεa, r =

∑
ξara

with
∑

=
∑N

a=1 and the constituent mass fraction

ξa = ρa/ρ. (17)

As for the mixture fluxes, they take the usual forms As
for the mixture fluxes, they take the usual forms

T =
∑

(T a − ρaua ⊗ ua) ,

q =
∑{

qa − [T a − ρa(εa + 1
2ua · ua)I

]
ua

}
.

(18)

The balance laws (10)–(14) do not determine the field vari-
ables defined and interrelated by them uniquely. To that
end some fields (here T a, ha, fa, qa) must be expressed as
functionals of the others, such that the emerging equations
have the potential of generating well defined solutions.
The forms of these constitutive relations are reduced or
constained by the second law of thermodynamics which is
here formulated as an entropy principle.

2.2
Entropy principle

There is an additive quantity for each constituent a, the
entropy, with specific density ηa, flux φφφa, supply sa and
growth of entropy η+

a , for which we may write an equation
of balance in the following local form

η+
a = ρaήa + div (φφφa) − ρasa. (19)

The summation of (19) over all constituents a gives the
equation of entropy balance for the mixture in the form

Π = ρη̇ + divφφφ− ρs (20)
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where

η =
∑
ξaηa, φφφ =

∑
(φφφa + ρaηaua) ,

(21)
s =

∑
ξasa, Π =

∑
η+

a .

Following Truesdell [30], we do not restrict η+
a for each

constituent except for the requirement that the total
growth of entropy of the mixture be non-negative. For-
mally, this so-called second law of thermodynamics repre-
sents the restriction

Π = ρη̇ + divφφφ− ρs ≥ 0. (22)

Now, any process, which satisfies (22), represents a so-
called admissible process. Such a process, however, must
in addition satisfy the balance relations (10)–(13) and (15)
and other additional relations, if such relations should ex-
ist. One such constraint is that of saturation. It states that
all constituents together fill the whole mixture space,

∑
νa = 1. (23)

We can also write this constraint condition as∑
(ν́a − ua · grad νa) = 0, t > 0 and∑
νa = 1, t = 0.

(24)

The second of these serves as an initial condition. In ensu-
ing developments we further suppose that all constituents
possess the same temperature θ. Such an assumption is
tantamount to restricting considerations to the mixture
energy equation rather than to each energy equation sep-
arately. We thus must satisfy the entropy inequality (22)
subject to the simultaneous satisfaction of (10), (11), (13),
(15) and (24). (The symmetry of the peculiar stress ten-
sors is satisfied by postulating the constitutive relation
accordingly). Liu [17] has shown that instead of fulfilling
the entropy inequality for independent fields that are con-
strained by the balance laws and constraint conditions one
may extend the entropy inequality by subtracting from
it the products of each constraining equation with a La-
grange multiplier, viz.,

Π = ρη̇ + divφφφ− ρs

− (1/θ)
∑
λν

a [γ́aνa + γaν́a + γaνa divva]
− (1/θ)

∑
λλλv

a · [ρav́a − divT a − ρaba − m+
a ]

− (1/θ)
∑
λk

a [ρakaν̋a − divha − ρa(la + fa)]
−λε

[
ρε̇+ div q−T · D−∑ha · grad ν́a+

∑
ρafaν́a

− ρr
]− (π/θ)

∑
[ν́a − ua · grad νa] ≥ 0, (25)

where λν
a, λλλ

v
a, λ

k
a, λ

ε, π represent the corresponding La-
grange multipliers, and satisfying this extended inequal-
ity for unrestricted independent fields. (For convenience a
factor 1/θ has been extracted above from λν

a, λλλv
a λ

k
a and

π). These Lagrange multipliers may be constitutive quan-
tities or independent variables. In the following evaluation
of the entropy principle for a given constitutive class we

can demonstrate that the Lagrange multipliers λν
a, λλλ

v
a, λ

k
a

and λε can be given by some constitutive relations, while
on π no restriction is exerted, which therefore represents
an independent variable.

Substituting the sum relations (16), (18) and (21) into
(25) and introducing the mixture inner free energy

ψI =
∑
ξaψa = εI − θη (26)

and the mixture flux density

j = −θφφφ+ q = jc −∑(
T a − ρa

2 (ua · ua)1
)
ua (27)

with its constitutive part

jc :=
∑

ja +
∑
ρaψaua = jI +

∑
ρaψaua, (28)

where ja = −θφφφa + qa, yields the form

θΠ = −ρ(ψ̇I + ηθ̇) −∑ [γaλ
ν
a + π + ρafa] ν́a

− ∑
ρa (λλλv

a + ua) · v́a − φφφ · grad θ − div jc

+
∑

(λλλv
a + ua) · divT a +

∑
(T a − γaνaλ

ν
aI) · Da

− ∑
λk

aρakaν̋a +
∑
λk

a divha +
∑
λk

aρafa

− ∑
λν

aνaγ́a +
∑
λλλv

a · m+
a +

∑
ha · grad ν́a

+
∑
πua · grad νa ≥ 0 (29)

of the entropy inequality with the assumption λε = 1/θ.
This assumption is not reasonable in cases when θ̇ should
also be an independent constitutive variable. As we will
not include such a dependence the a priori assignment
λε = 1/θ is justifiable on the basis that Müller & Liu have
proved it in [18] and Svendsen & Hutter could also show
it in the context of [19], but did not publish the result.
For single fluids or mixtures of fluids, this assumption can
be directly obtained from the evaluation of the entropy
inequality by use of the property of the entropy that on
an ideal wall where the entropy production vanishes the
normal component of the entropy flux is continuous (see
e.g. [18]). In deducing (29), we assumed also that the ma-
terial behaviour is independent of the supplies, i.e., that
all external source terms balance, viz.,

θρs−∑λλλv
a · ρaba −∑λk

aρala − ρr = 0. (30)

This form of the entropy inequality (29) will be used to
investigate the constitutive postulates in the next section.

3
Constitutive principles

We recall that the purpose of the entropy principle is to
derive restrictions upon the constitutive relations. The en-
tropy and its flux as well as the Lagrange multipliers must
be considered as auxiliary quantities. In this section we
evaluate the entropy inequality (29) for a given constitu-
tive class, which is suitable for a fluid-granular mixture.
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3.1
Constitutive equations

We write constitutive equations in which for each con-
stituent a, the material specific dependent variables

Ca := {ψa, ηa, T a, ha, qa, φφφa} (31)

are functionals only of variables of the same constituent
a (principle of phase separation). We suppose here that
these independent variables are

Sa := (νa, grad νa, ν́a, γa, grad γa, θ, grad θ,Da). (32)

Quite naturally, the growths m+
a may depend on the in-

dependent variables of all constituents, here chosen in the
form Fb, b = 1, 2, . . . , N ,

Fb = (νb, grad νb, ν́b, γb, grad γb, θ, grad θ,Db,ub,Wb),
(33)

where Da is the symmetric part, and W a the skew-symme-
tric part of gradva, representing corresponding deforma-
tion rate and vorticity tensors, respectively; Wa represents
the difference

Wa = W a − W , (34)

where W = skw ( gradv). To conform with the princi-
ple of material objectivity (material frame indifference)
the constitutive quantities cannot depend on all veloci-
ties of constituents va and the skew-symmetric parts of
their gradients (except for the symmetric parts), only on
the relative velocities ua = va − v (constituent diffusion
velocities) and the corresponding gradients. In short,

Ca = Ĉa(Sa),
m+

a = m̂+
a (Fb, b = 1, . . . , N),

}
(a = 1, . . . , N). (35)

Strictly speaking, according to the principle of equipres-
ence [29] in Truesdell’s original list, all the dependent con-
stitutive variables must be functions of all the independent
constitutive variables. However, for simplicity of calcula-
tion, we have replaced the principle of equipresence by the
priciple of phase separation, which has been adopted in
many mixture theories (e.g. [1, 23]). Practically, in mul-
tiphase mixtures, the individual constituents are clearly
separated physically and it is plausible to think of the
mixture as phase separated. On the other hand we ought
to mention that there are also valid plausibility arguments
to reject the principle of phase separation, since the dif-
ferent constituents in the mixture may appear as different
materials in combination with the other constituents than
without. A theory which imposes the principle of equipres-
ence is far more complicated, and inferences from the en-
tropy principle are far more difficult to draw. At last, only
the results in concrete situations can decide whether the
simple theory will be meaningful.

These constitutive equations must satisfy the entropy
inequality (29). Substituting the constitutive relations
(31)–(33) into (29), and using the identities

ν̇a = ν́a − grad νa · ua,
˙́νa = ν̋a − grad ν́a · ua,

γ̇a = γ́a − grad γa · ua, (36)

˙grad νa = grad ν́a− grad νa gradva− grad ( grad νa) · ua,

yields the new inequality

θΠ = −ρ
[
∂ψI

∂θ
+ η

]
θ̇ − ρ

∂ψI

∂ grad θ
· ˙grad θ −∑ ρ

∂ψI

∂Da
· Ḋa

−∑[
ρ
∂ψI

∂γa
+ λν

aνa

]
γ́a −∑[

ρ
∂ψI

∂ν́a
+ λk

aρaka

]
ν̋a

−∑[
ρ
∂ψI

∂νa
+ γaλ

ν
a + ρafa + π

]
ν́a

+
∑[

ρ
∂ψI

∂γa
ua − ∂jc

∂γa

]
· grad γa

+
∑[

ρ
∂ψI

∂νa
ua + πua − ∂jc

∂νa

]
· grad νa

−∑[
ρ

∂ψI

∂ grad νa
+ ρ

∂ψI

∂ν́a
ua − ∂jc

∂ν́a
− ha

]
· grad ν́a

+
∑
ρ

∂ψI

∂ grad γa
· ˙grad γa−∑ ∂jc

∂ grad γa
· grad grad γa

+
∑[

T a−γaνaλ
ν
aI+ρ

∂ψI

∂ grad νa
⊗ grad νa− ∂jc

∂va

]
·Da

+
∑[

ρ
∂ψI

∂ grad νa
⊗ grad νa − ∂jc

∂va

]
· W a

−
[
φφφ+

∂jc

∂θ

]
· grad θ

+
∑[

− ∂jc

∂ grad νa
+ ρ

∂ψI

∂ grad νa
⊗ ua

]
· grad ( grad νa)

− ∂jc

∂ grad θ
· grad ( grad θ) −∑ ∂jc

∂Da
· gradDa

−∑ ρa (λλλv
a + ua) · v́a +

∑
(λλλv

a + ua) · divT a

+
∑
λλλv

a · m+
a +

∑
λk

aρafa +
∑
λk

a divha ≥ 0. (37)

It possesses the form

a · ααα+ b ≥ 0, (38)

where the vector a and the scalar b are functions of the
variables listed in (32) and (33), and the vector ααα depends
on time and space derivatives of these quantities. Hence
inequality (38) is linear in ααα, and since these variables can
take any values, it would be able to violate (38) unless

a = 0 and b ≥ 0. (39)

Explicitly, the entropy inequality must hold for all inde-
pendent variations of ααα = {θ̇, ˙grad θ, Ḋa, γ́a, v́a, ν̋a,
grad ν́a,

˙grad γa, grad ( grad γa), grad ( grad νa), grad
(grad θ) and gradDa}. These variables appear linearly
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in the inequality (37) and thus their coefficients must
vanish. It then follows that the expressions for the La-
grange multipliers λλλv

a, λν
a, λk

a are given by

λλλv
a = −ua, (40)

λk
a = − ρ

ρaka

∂ψI

∂ν́a
= − 1

ka

∂ψa

∂ν́a
, (41)

λν
a = − ρ

νa

∂ψI

∂γa
= −γa

∂ψa

∂γa
. (42)

To simplify our problem, we will now assume that the free
energy ψa is independent of ν́a, so the Lagrange multiplier
λk

a must vanish,

λk
a = 0. (43)

The entropy inequality (37) implies also the following re-
strictions for the constitutive variables

η = −∂ψI

∂θ
, (44)

∂ψI

∂ grad θ
= 0,

∂ψI

∂Da
= 0,

∂ψI

∂ grad γa
= 0, (45)

ha = −ρ ∂ψI

∂ grad νa
− ρ

∂ψI

∂ν́a
ua +

∂jc

∂ν́a
, (46)

∂jc

∂ grad θ
· grad ( grad θ) = 0, (47)

∂jc

∂ grad γa
· grad ( grad γa) = 0, (48)(

ρ
∂ψI

∂ grad νa
⊗ ua− ∂jc

∂ grad νa

)
· grad ( grad νa)=0, (49)

∂jc

∂Da
· gradDa = 0. (50)

Eqs. (40)–(50) correspond to a = 0 in (39).
The restrictions (45) on the form of the mixture spe-

cific inner free energy yield

ψI = ψ̂I(ν1, . . . , νN , grad ν1, . . . , grad νN , γ1, . . . , γN , θ)

=⇒ ψa = ψ̂a(νa, grad νa, γa, θ). (51)

Using (28) and (51), one can rewrite the restrictions (47)–
(49) on jc into the restrictions on its inner parts jI in the
forms

∂jI

∂ grad θ
· grad ( grad θ) = 0, (52)

∂jI

∂ grad γa
· grad ( grad γa) = 0, (53)

∂jI

∂ grad νa
· grad ( grad νa) = 0. (54)

These three restrictions mean that ∂jI/∂ grad θ, ∂jI/
∂ grad γa and ∂jI/∂ grad νa are skew-symmetric, which
implies that jI are collinear to grad θ, grad γa and grad νa,
with the corresponding material coefficient tensors be-
ing skew-symmetric. On the other hand, the isotropy of
jI requires any such material tensors to be symmetric.

To satisfy both requirements requires then, these tensors
must vanish, making jI independent of grad θ, grad γa

and grad νa, and yielding its reduced form

jI = ĵI(θ, ν1, . . . , νN , ν́1, . . . , ν́N , γ1, . . . , γN , θ,

D1, . . . ,DN )

or ja = ĵa(θ, νa, ν́a, γa,Da). (55)

If we restrict attention to isotropic behaviour, the spe-
cial form (55) necessarily implies ja = 0, ∀a, (there is no
isotropic vectorial function of only scalars and a second
rank tensor) and thus, the constituent entropy fluxes are
equal to constituent heat fluxes divided by absolute tem-
perature (see eq. after (28)),

φφφa = qa/θ, (56)

which in the entropy principle of Coleman-Noll are from
the outset assumed, and

jI = 0. (57)

In this case, jc reduces to

jc =
∑
ρaψaua. (58)

Let ψa be an isotropic function; then (51) implies

ψa = ψ̂a(νa, grad νa · grad νa, γa, θ). (59)

Substituting (59) and (58) into (46) asserts that the equi-
librated stress ha has the representation

ha = ρa
∂ψa

∂ grad νa
= Aa grad νa, (60)

where

Aa = Âa(νa, grad νa, γa, θ) = 2ρa
∂ψa

∂( grad νa · grad νa)
.

(61)

According to (58) and (60), we can obtain that

[
ρ

∂ψI

∂ grad νa
⊗ grad νa − ∂jc

∂va

]
· W a = 0, (62)

since the bracketed term is symmetric whereas W a is
skew-symmetric. Returning now to the entropy inequality
(37) and employing these restrictions, and the identities
from (58)

∂jc

∂va
= ρa(ψa − ψI)I,

∂jc

∂νa
= γa(ψa − ψI)ua + ρa

∂ψa

∂νa
ua,

∂jc

∂γa
= νa(ψa − ψI)ua + ρa

∂ψa

∂γa
ua,
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we obtain the reduced entropy inequality

θΠ = −∑ [βa − pa + γaνafa + π] ν́a

+
∑

[(γa(ψI − ψa) + π) grad νa

+νa(ψI − ψa) grad γa] · ua −∑m+
a · va

+
∑

[T a + νa (pa + γa(ψI − ψa)) I

+Aa grad νa ⊗ grad νa] · Da

−
[
φφφ+

∂jc

∂θ

]
· grad θ ≥ 0, (63)

where pa is the thermodynamic pressure

pa := γ2
a

∂ψa

∂γa
(64)

and βa is the configuration pressure

βa := ρa
∂ψa

∂νa
. (65)

The inequality (63) corresponds to b ≥ 0 in (39).
At this point we should also point out that the consti-

tutive class (32), (33) is suitable for mixtures with com-
pressible constituents. For density preserving constituents,
i.e. constituents whose true mass density does not change,
γa and grad γa are no longer independent variables. In this
case returning to the initial constitutive assumption (32),
(33), we delete the dependences on γa and grad γa from
the constitutive equations and repeat the above analysis.
We find the same constitutive restrictions for mixtures
with density preserving constituents as before for com-
pressible constituents, if here pa = −γaλ

ν
a is introduced,

which now is an unknown variable and can no longer be
determined by the free energy ψa as expressed in (64).
We shall not repeat the details of the analysis. We further
should point that inequality (63) looks as if entropy would
be produced by the saturation pressure π by the terms in
the first and second lines on the RHS of (63). However
this is not so, because π only contributes to the equilib-
rium parts of the constitutive quantities fa and m+

a , while
the residual dissipation inequality depends only on non-
equilibrium parts of these quantities as we shall demon-
strate shortly.

3.2
Thermodynamic equilibrium

As usual, further restrictions on the constitutive relations
can be obtained from the residual inequality (63) in the
context of thermodynamic equilibrium, which is charac-
terized by the vanishing of the entropy production rate
density Π. In the context of the current constitutive class,
Π vanishes when the independent dynamic variables

Y = (ν́1, . . . , ν́N , grad θ,v1, . . . ,vN ,D1, . . . ,DN ) (66)

all vanish, which implies that Π assumes its minimum,
zero, in thermodynamic equilibrium. Necessary conditions

for this minimum are that

∂Π
∂Yi

∣∣∣
Y =0

= 0, Yi ∈ Y ,

∂2Π
∂Yi ∂Yj

∣∣∣
Y =0

is non-negative definite, Yi, Yj ∈ Y .

(67)

As is well-known, the first condition restricts the equilib-
rium forms of the dependent constitutive fields, while the
second constrains the signs of certain material parameters;
here we deal only with the first:

∂Π
∂ν́a

∣∣∣
Y =0

= 0,
∂Π

∂ grad θ

∣∣∣
Y =0

= 0,

∂Π
∂va

∣∣∣
Y =0

= 0,
∂Π
∂Da

∣∣∣
Y =0

= 0.
(68)

These restrictions yield the following expressions for the
equilibrated internal force fa, the entropy flux φφφ, the heat
flux q, the stress T a and the momentum exchange rate
density m+

a in thermodynamic equilibrium (denoted by
the superscript E)

fE
a =

pa − βa

γaνa
− π

γaνa
, (69)

φφφE = 0, (70)
qE = 0, (71)
T E

a = −νa (pa + γa(ψI − ψa)) I − Aa grad νa ⊗ grad νa,

(72)

m+
a

E =
∑

b {[π + γb(ψI − ψb)] grad νb

+νb(ψI − ψb) grad γb} (δab − ξa)
= π grad νa +

∑
b(ψI − ψb) grad (νbγb)(δab − ξa).

(73)

It is seen that π does also have the meaning of a pressure.
As the Lagrange multiplier associated with the saturation
constraint it is called the saturation pressure. This satu-
ration pressure is an independent variable. It is observed
that when only a single granular phase exists, the equilib-
rium constitutive equations of Goodman & Cowin [11] as
well as Wang & Hutter [31] for granular materials (with
π = 0) are recovered. The existence of a nonvanishing
scalar Aa gives rise to the possibility of supporting shear
stress at zero shear rate, which is an important charac-
teristic of granular materials, blood as well as high con-
centration suspensions. For low concentration suspensions
Aa →0 and the medium becomes incapable of supporting
any shear stress at zero shear rate.

Finally, it should be pointed out that the constitutive
relations (69)–(73) are not in agreement with those ob-
tained by Passman et al. [23]. Using the Coleman-Noll
approach of thermodynamics, their derived constitutive
relations for the thermodynamic equilibrium parts fE

a and
qE are in coincidence with the expressions (69) and (71).
In their form of the entropy principle the constituent en-
tropy fluxes are from the outset assumed φφφa = qa/θ, which
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is equally a disadvantage of the Coleman-Noll approach,
as (70) is automatically satified according to (18)2, (21)2
and (71). However, the constitutive relations for T E

a and
m+

a
E in [23], viz,

T E
a = −νapaI − Aa grad νa ⊗ grad νa, (74)

m+
a

E = π grad νa, (75)

do not agree with (72) and (73). Obviously, the con-
stitutive relations (72), (73), based on the Müller-Liu
thermodynamic approach, contain more terms than those
obtained by a “standard” exploitation according to
Coleman-Noll. The differences are significant.

4
Saturated solid-fluid mixture with incompressible
constituents

In this section we specialize this mixture theory for a spe-
cific binary mixture. We consider isothermal flows of a
two-phase saturated mixture of an incompressible granu-
lar solid and a fluid. Phase f represents the fluid phase,
while phase s represents the granular solid phase.

We assume that the constituent stresses T a, the intrin-
sic equilibrated body forces fa as well as the momentum
exchange rate densities m+

a may be decomposed according
to

T a = T E
a + T D

a , fa = fE
a + fD

a , m+
a = m+

a
E + m+

a
D
,

(76)

so that

θΠ = −∑ γaνaf
D
a ν́a +

∑
T D

a · Da −∑m+D
a · va

+
[
φφφ+

∂jc

∂θ

]
· grad θ ≥ 0, (77)

where T E
a , fE

a and m+
a

E represent the thermodynamic
equilibrium parts, as displayed in (69), (72) and (73), while
T D

a , fD
a and m+

a
D are their dynamic contributions, which

must vanish in the thermodynamic equilibrium. Relation
(77) is the true dissipation inequality, and it does not in-
volve the constraint pressure. This is proof that the con-
straint pressure does not produce entropy for whatever the
thermodynamic pressure may be. For the dynamic parts
in (76), a very useful assumption of simplification is quasi-
linearity, i.e., scalar-, vector- and tensor-valued quantities
are assumed to depend explicitly and linearly on scalar-
vector- and tensor-valued independent dynamic variables,
respectively, via scalar coefficients which themselves de-
pend on these and on the scalar-valued independent vari-
ables. A special case of this is linearity, which arises when
the scalar-valued coefficients in the quasi-linear form are
assumed to depend at most on the scalar-valued inde-
pendent variables. Such a form is indeed the simplest,
and when there are no observations, experiments or other
physical reasons to believe that the constitutive processes
involved are more complicated, it seems sensible to work

with this linear form. Having no such information to the
contrary, and for simplicity, we assume in this work that
the dynamic parts of the constituent stresses T a, the in-
trinsic equilibrated body force fa as well as the momentum
exchange rate density m+

a can be adequately represented
by their linear forms.

T D
a = 2µaDa,

fD
a = λaν́a, (78)

m+
a

D = −mD(va − vb), (a 6= b),

where µa, λa, mD are functions of νa, grad νa · grad νa,
IDa , IIDa , IIIDa . Substituting (78) into the reduced en-
tropy inequality (77) and exploiting (67)2 yields the ther-
modynamic stability properties

νE
a ≥ 0, λE

a ≥ 0, mE
D ≥ 0, ∀a, (79)

where the index E signifies evaluation at equilibrium.
Substituting the expressions (69), (72), (73) and (78)

into (76), and the emerging expressions into equations
(10), (11) and (13) yields the equations of conservation
of mass, linear momentum and equilibrated forces for two
incompressible constituents

∂νs

∂t
+ div (νsvs) = 0, (80)

∂νf

∂t
+ div (νfvf ) = 0, (81)

νs + νf = 1, (82)

νsγs

(
∂vs

∂t
+vs · gradvs

)
= − grad [νs(ps+γs(ψI −ψs))]

−div [As grad νs ⊗ grad νs]
+ div

[
νs( gradvs + ( gradvs)T )

]
+ νsγsbs

+ [π + (1 − ξs)γs(ψI − ψs) + ξsγf (ψI − ψf )] grad νs

−mD(vs − vf ), (83)

νfγf

(
∂vf

∂t
+ vf · gradvf

)
= − grad [νf (pf +γf (ψI −ψf ))]

−div [Af grad νf ⊗ grad νf ]

+ div
[
νf ( gradvf + ( gradvf )T )

]
+ νfγfbf

+ [π + (1 − ξs)γs(ψI − ψs) + ξsγf (ψI − ψf )] grad νf

−mD(vf − vs), (84)

νsγsksν̋s = div(As grad νs) + (ps−βs−π) + νsγsλsν́s,

(85)
νfγfkf ν̋f = div(Af grad νf ) + (pf −βf −π) + νfγfλf ν́f .

(86)

From (85) and (86) we have

π = pα − βa + div (Aa grad νa) − νaγakaν̋a − νaγaλaν́a,

a = {s, f}, (87)
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βs − βf = ps − pf + div [(As + Af ) grad νs]
+ νfγfkf ν̋f − νsγsksν̋s

+ νfγfλf ν́f − νsγsλsν́s. (88)

Furthermore, we choose

µs =
µ̄sν

2
s

(νm − νs)2
(89)

according to Passman et al. [24] with µ̄s a constant, in
which νm is the volume fraction corresponding to densest
possible packing of the solid particles. For uniform spheres
νm ≈ 0.74. Savage [25] uses essentially the same function,
except with an eighth power dependence on (νm −νs). We
will assess the effects of changing this power for the later
example of simple shearing flow. For the viscosity of the
fluid, we let (see Passman et al. [24])

µf = ν2
f µ̄f , (90)

with µ̄f a constant. We also assume the drag coefficient
mD

mD = νs(1 − νs)D, (91)

which assures that the drag force between the constituents
vanishes automatically for the limit cases νs → 0 and
νs → 1.

To obtain the explicit expressions of T a, m+
a and fa,

a representation for the specific free energy ψa for each
constituent a is needed. We choose the simplest form ac-
cording to Passman et al. [24]

νaγaψa = φa(νa) + αa( grad νa · grad νa) (92)

with the expressions

φs = as[νs − νc]2, as > 0
φf = af [νf − (1 − νc)]2, af > 0,

(93)

where νc is called the critical volume fraction for solid
particles, above which shearing of the material will cause
dilatancy, below which it will cause contraction. For uni-
form spheres this corresponds to a simple cubic lattice, so
νc ≈ 0.52. Similarly to (89) we take

αs =
ᾱs

(νm − νs)2
(94)

for the solid constituent with ᾱs a constant. We assume
that αf is a constant.

Substitution of the expression for the free energy (92)
and the expressions for the viscosities of fluid and solid
constituents (89), (90) into the field equations (80)–(86)
gives eleven scalar equations for eleven unknowns νs, νf ,
ps, pf , π, the three components of vs and the three
components of vf . In the following sections we will nu-
merically solve the differential equation system subject
to appropriate boundary conditions for a typical shearing
flow problem.

5
Horizontal shearing flow problem
5.1
Basis equations and boundary conditions
for horizontal shearing flow

First we discuss a simple shearing problem. The bound-
aries are two parallel, infinite plates, a fixed distance l
apart. Deformation is caused by moving one plate paral-
lel to the other. Choose fixed Cartesian coordinates with
the origin on the fixed plate, x parallel to the direction of
motion of the top plate, and y orthogonal to the plates,
and pointing from the fixed plate toward the moving plate
against the gravity field, as shown in Fig. 1.

We consider only steady motions and assume

vs = [vs(y), 0, 0], vf = [vf (y), 0, 0],
νs = νs(y), νf = νf (y), bs = bf = [0,−g, 0], (95)
ps = ps(y), pf = pf (y), π = π(y).

In view of the field equations (80)–(84), (87), (88), the
assumptions (95) and the expressions (89)–(94), the gov-
erning differential equations for this special problem re-
duce to

νs + νf = 1, (96)

d

dy

[
νs(ps + γs(ψI − ψs)) + As

(
dνs

dy

)2
]

− [π + (1 − ξs)γs(ψI − ψs) + ξsγf (ψI − ψf )]
dνs

dy

+ gνsγs = 0, (97)

d

dy

[
νf (pf + γf (ψI − ψf )) + Af

(
dνf

dy

)2
]

− [π + (1 − ξs)γs(ψI − ψs) + ξsγf (ψI − ψf )]
dνf

dy

+ gνfγf = 0, (98)
d

dy

(
µs
dvs

dy

)
−Dνs(1 − νs)(vs − vf ) = 0, (99)

d

dy

(
µf
dvf

dy

)
−Dνs(1 − νs)(vf − vs) = 0, (100)

x

y

l
g

vs

vf

v0

Fig. 1. Horizontal shearing flow and coordinate system
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π = pf − βf +
d

dy

(
Af

dνf

dy

)
, (101)

βs − βf = ps − pf +
d

dy

(
(As + Af )

dνs

dy

)
. (102)

with

νsβs =as

[
ν2

s −ν2
c

]
+ᾱs

3νs−νm

(νm−νs)3
grad νs · grad νs, (103)

νfβf = af

[
ν2

f − (1 − νc)2
]− αf grad νf · grad νf , (104)

As = 2αs, Af = 2αf . (105)

Equations (96)–(102) are a system of seven equations in
the seven unknowns νs, νf , π, ps, pf , vs, vf , which is sec-
ond order in νs, νf , vs and νf , and first order in ps and
pf . Thus, we expect that specification of ten boundary
conditions will allow us to determine νs, νf , π, ps, pf , vs,
vf . We specify

νs(0), νs(l), νf (0)(= 1 − νs(0)), νf (l)(= 1 − νs(l)), (106)

consistent with (102) and choose no-slip boundary condi-
tions

vs(0) = 0, vs(l) = 1,
vf (0) = 0, vf (l) = 1.

(107)

Here, since Eqs. (99) and (100) are linear, vs and vf may
be nondimensionalized by dividing by the speed of the
boundary y = l, so there is no loss of generality in choosing
unity for the velocity boundary conditions at y = l.

For simplicity we suppose that in the upper surface the
normal stress is given by

Tsyy(l) = Tfyy(l) = −σ0 (σ0 > 0). (108)

We know from previous studies [22, 31] that in problems
of this type, specifying the normal stress on the boundary
is equivalent to specifying the flow rate.

This problem lays bare a known weakness of this the-
ory, namely the necessity of prescribing the values of the
volume fraction of the solid (and the fluid) at the plate
boundaries. These are physically not controllable and thus
make the solution of this problem rather academic. An-
other difficulty are the no-slip conditions (107) imposed
upon the solid and the fluid. There could be a slip that
might be tolerable. These difficulties call for a different
parameterization of the stresses, not in terms of the vol-
ume fraction gradient, but rather on a rate independent
stretching measure. As long as parameter studies on the
influence of these boundary conditions are performed one
may proceed ahead and infer consequences they imply.

5.2
Numerical method

The differential equations (96)–(102) are nonlinear. Here
we solve the system of nonlinear algebra-differential equa-
tions with the boundary conditions (106)–(108) by means

of the method of successive approximation. For this
boundary-value problem we describe this method as fol-
lows:

We may represent equations (96)–(102) and the ex-
pressions (103)–(105) in the form (the numbers on the
left indicate which eq. is involved)

(96) νf = 1 − νs, (109)

(103) βs = as
ν2

s − ν2
c

νs
+ ᾱs

3νs − νm

νs(νm − νs)3

(
∂νs

∂y

)2

, (110)

(104) βf = af

ν2
f − (1 − νc)2

νf
− αf

νf

(
∂νf

∂y

)2

, (111)

(97) ps =
1
νs
σs − γs(ψI − ψs) − 2

αs

νs

(
∂νs

∂y

)2

, (112)

(98) pf =
1
νf
σf − γf (ψI − ψf ) − 2

αf

νf

(
∂νf

∂y

)2

, (113)

(101) π = pf − βf +
d

dy

(
2αf

dνf

dy

)
, (114)

(97) σs = σ0 +
∫ l

y

{
− [π + (1 − ξs)γs(ψI − ψs)

+ ξsγf (ψI − ψf )]
dνs

dy
+ gνsγs

}
dy,

(115)

(98) σf = σ0 +
∫ l

y

{
− [π + (1 − ξs)γs(ψI − ψs)

+ ξsγf (ψI − ψf )]
dνf

dy
+ gνfγf

}
dy,

(116)

(102)
d

dy

[
2(αs + αf )

dνs

dy

]
= βs − βf − (ps − pf ), (117)

(99)
d

dy

(
µs
dvs

dy

)
−Dνs(1−νs)vs =−Dνs(1−νs)vf , (118)

(100)
d

dy

(
µf
dvf

dy

)
−Dνs(1−νs)vf =−Dνs(1−νs)vs, (119)

where σs = −Tsyy, σf = −Tfyy are the normal stresses
in the vertical direction. We can now define an itera-
tive procedure which determines a sequence of functions
(ν0

s (y), v0
s(y), v0

f (y), . . .), (ν1
s (y), v1

s(y), v1
f (y), . . .), (ν2

s (y),
v2

s(y), v2
f (y), . . .), . . . in the following manner: (ν0

s (y),
v0

s(y), v0
f (y), . . .) are chosen arbitrarily, then (ν1

s (y), v1
s(y),

v1
f (y), . . .), (ν2

s (y), v2
s(y), v2

f (y), . . .), . . . are calculated suc-
cessively as the solutions of the boundary-value problem

d

dy

[
2(αk

s + αf )
dν̃k+1

s

dy

]
= βk

s − βk
f − (pk

s − pk
f ), (120)

d

dy

(
µk

s

dṽk+1
s

dy

)
−Dνk

s (1−νk
s )ṽk+1

s = −Dνk
s (1−νk

s )vk
f ,

(121)
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d

dy

(
µk

f

dṽk+1
f

dy

)
−Dνk

s (1−νk
s )ṽk+1

f = −Dνk
s (1−νk

s )vk
s

(122)

subject to the boundary conditions (106), (107), with the
expressions

νk
f = 1 − νk

s , (123)

βk
s = as

νk2
s − ν2

c

νk
s

+ ᾱs
3νk

s − νm

νk
s (νm − νk

s )3

(
∂νk

s

∂y

)2

, (124)

βk
f = af

νk2
f − (1 − νc)2

νk
f

− αf

νk
f

(
∂νk

f

∂y

)2

, (125)

pk
s =

1
νk

s

σk
s −γs(ψk

I −ψk
s )−2

ᾱs

νk
s (νm−νk

s )2

(
∂νk

s

∂y

)2

, (126)

pk
f =

1
νk

f

σk
f − γf (ψk

I − ψk
f ) − 2

αf

νk
f

(
∂νk

f

∂y

)2

, (127)

πk = pk
f − βk

f +
d

dy

(
2αf

dνk
f

dy

)
, (128)

σk+1
s = σ0 +

∫ l

y

{
− [πk + (1 − ξk

s )γs(ψk
I − ψk

s )

+ ξk
s γf (ψk

I − ψk
f )]

dνk
s

dy
+ gνk

s γs

}
dy,

(129)

σk+1
f = σ0 +

∫ l

y

{
− [πk + (1 − ξk

s )γs(ψk
I − ψk

s )

+ ξk
s γf (ψk

I − ψk
f )]

dνk
f

dy
+ gνk

f γf

}
dy.

(130)

We can discretize the equations (120)–(122) for n uniform
distributed discrete points in y ∈ [0, l] by finite-difference
approximations with central finite-difference quotients. In
so doing, for each iterative step three tri-diagonal systems
emerge, for ν̃k+1

s from equation (120), for ṽk+1
s from (121)

and for ṽk+1
f from (122), respectively. We can solve this

boundary-value problem e.g. by Gaussian elimination to
obtain ν̃k+1

s , ṽk+1
s and ṽk+1

f , then νk+1
s , vk+1

s and vk+1
f are

defined by the over-relaxation iteration by the formulas

νk+1
s = νk

s + τ(ν̃k+1
s − νk

s ),
vk+1

s = vk
s + τ(ṽk+1

s − vk
s ),

vk+1
f = vk

f + τ(ṽk+1
f − vk

f ),


 0 < τ ≤ 1, (131)

where τ is a positive real parameter. We should choose τ
so small that convergent iteration is reached. We would
like to point out that this iterative choice is not the only
possible one.

We start with the initial trial functions

ν0
s = νs(0) +

y

l
(νs(l) − νs(0)), v0

s =
y

l
, v0

f =
y

l
, (132)

which statisfy the boundary conditions. The iteration
should be carried out until the relative differences of the
computed νs, vs and vf between two iterative steps are
smaller than a given error, respectively, chosen to be 10−6.

5.3
Numerical results

We choose to investigate the case with estimated param-
eters corresponding to a mixture of water with natural
angular beach sand (average particle diameter 0.04 cm).
For this mixture, the values for γa, µa and νm are given
according to Passman et al. [24] by

γs = 2200 kg m−3, µ̄s = 723 kg m−1 s−1,

νm = 0.74, γf = 1000 kg m−3,

µ̄f = 0.001 kg m−1 s−1.

(133)

The values of parameters αa, aa are somewhat problem-
atic. We take as values

ᾱs = 4.0 × 10−5 kg m s−2,

αf = 3.0 × 10−5 kg m s−2,

as = 20 kg m−1 s−2 (Pa),

af = 10 kg m−1 s−2 (Pa),

(134)

for initial computational investigation and later assess the
effects of changing them. For the drag coefficient D we
choose

D ∈ [0, 105] kg m−3 s−1 (135)

to perform our computations. It is even more problematic
as to what boundary conditions to assign to νs(0), νs(l).
We know of no evidence, experimental or otherwise, which
would guide the choice of either of these two numbers
for types of physical boundaries we assume, and indeed,
although our numerical scheme works successfully for any
νs(0) ∈ (0, νm], νs(l) ∈ (0, νm], our choices are essentially
arbitrary. In our computations we first take

νs(0) = 0.7, νs(l) = 0.3 (136)

and later assess the effect of changing them.
We have done an extensive parametric study for this

problem, which is not presented in detail here. Instead,
a few representative volume fraction, velocity and normal
stress profiles will be included with a discussion of effects
of the parameters.

The results for the parameter choices (134), (135) and
the boundary conditions (107), (108) with σ0 = 0 as well
as (136) are shown in Figs. 2a–d. The solid-volume frac-
tion (Fig. 2a) decreases initially only very slowly from its
boundary value as the distance from the bottom increases.
As the distance increases, this decrease becomes rapid,
specially in the top region of the cross section. The normal
stresses for the solid and the fluid (Fig. 2b) increase ap-
proximately linearly from their given zero boundary value
at the top as the depth increases. The solid normal stress
is considerably larger than that of the fluid except for
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Fig. 2. a Solid volume fraction profile. b Normal solid and
fluid stress profiles. S: Solid; F: Fluid. c Nondimensional fluid
velocity profiles for various values of the drag coefficient D.
D = 105 (A), 104 (B), 103 (C), 102 (D), 0 (E) kg m−3 s−1.
The solid velocity for these cases is almost the same as the
fluid velocity (A). d Nondimensional (solid or fluid) velocity

profiles for D = 105 kgm−3 s−1 with various values of power
n = 2 (A), 4 (B), 8 (C) (instead of n = 2 for c) in the func-
tion (89) µs = (µ̄sν

2
s )/(νm − νs)n. The other parameters are:

ᾱs = 4.0 × 10−5 kg m s−2, αf = 3.0 × 10−5 kg m s−2, as =
20 kgm−1 s−2, af = 10 kg m−1 s−2, νs(0) = 0.7, νs(l) = 0.3,
σ0 = 0, l = 0.01m

the very small zone at the top. The fluid velocity profiles
for various values of the drag coefficient D are shown in
Fig. 2c. All parameters are the same as in Fig. 2a, b. For
the case of D = 105 kg m−3 s−1 the solid velocity is nearly
the same as that of the fluid (for curve A in the graph),
and decreasing the value of D decreases the solid velocity
only very slightly so that we do not show it in the fig-
ure. The value of the fluid velocity increases considerably
when the value of D is decreased, a fact that is expected
as D measures the Darcy drag. For D = 0 the fluid con-
stituent behaves very similar to a viscous fluid flow. On
the other hand, the solid flow occurs mainly only near the
top. Comparision of the solid velocity profile (curve A in
Fig. 2c) with the solid volume fraction (Fig. 2a) shows
that near the top the shearing of the material causes di-
latancy. Qualitatively, these results are similar to those
obtained by Passman et al. [24], although the used con-

stitutive equations in the two models are significantly dif-
ferent. That is to say that the additional terms in the
constitutive relations obtained in the evalution of the en-
tropy principle following the concept of Müller and Liu
play not a very significant role in this numerical exam-
ple of simple shearing, but we still cannot say that these
terms are not important for all flow problems. We need
further study in what cases these additional terms may
be important.

In the above computations we have empolyed an ex-
pression of the solid viscosity in the form

µs =
µ̄sν

2
s

(νm − νs)n
. (137)

with n = 2 according to Passman et al. [24] (see eq. (89)),
which is different from Savage’s choice [25] with a power
n = 8. We have also assessed the effect of the value of the
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Fig. 3. a Solid volume fraction profiles. b Nondimensional
velocity profiles. c Normal solid stress profiles. d Normal fluid
stress profiles. Here nothing has been changed from the case

shown in Figs. 2a–c for D = 105 kgm−3 s−1, except with vari-
ous values of the normal stress at the top σ0 (instead of σ0 = 0):
A: σ0 = 0Pa; B: σ0 = 50Pa; C: σ0 = 100Pa

power in the expression of the solid viscosity, with n =
2, 4, 8 instead of n = 2. The results are shown in Fig. 2d
for the solid and fluid velocities which are almost identical
for D = 105 kg m−3 s−1. Increasing the value of the power
n tends to bound the solid flow toward a thinner layer at
the top; this is not the same as obtained by Passman et al.
who claimed that the exact value of this power, as long as
it is positive and even, appears to have little effect on the
character of the flow.

Computations have also been performed for various
other values of the normal stress. Fig. 3 shows the effect
of changing the normal top-wall stress on the horizontal
mixture shearing flow, where nothing has been changed
from the case shown in Figs. 2a–c, except the value of the
normal top-wall stress and the drag coefficient is fixed at
D = 105 kg m−3 s−1. Increasing the normal stress will tend
to cause the grains to interlock and increase ν through-
out the flow field (Fig. 3a). For large values of D (here
D = 105 kg m−3 s−1) the solid and fluid velocity profiles

are approximately the same (Fig. 3b). As the normal stress
increases, the grain motion has an increasing tendency to-
ward a rigid motion in the larger region near the bottom,
while the shearing layer near the top becomes thinner. The
normal solid and fluid stresses (Figs. 3c–d) do no longer
increase approximately linearly with increasing depth as
for the case with σ0 = 0 (curve A). Specifically, for the
normal fluid stress, if the normal top-stress is sufficiently
large, the normal fluid stress decreases initially with in-
creasing distance from the top and then increases. There
is even a case for which the normal fluid stress at the bot-
tom is smaller than that at the top (curve C in Fig. 3d).

Fig. 4 demonstrates the effect of varying the distance
of the two plates on the volume fraction, velocity and
normal stress. It can be seen from Figs. 4a, b that a wide
channel shows a relative large interlock layer near the
bottom with an almost constant volume fraction, while,
as the channel width decreases, there is an increasing
tendency to extend the shearing and dilatant layer near
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Fig. 4. a Solid volume fraction profiles. b Nondimensional
velocity profiles. c Normal solid stress profiles. d Normal fluid
stress profiles. All parameters are the same as in Figs. 2a–c

and D = 105 kgm−3 s−1, except the distance of the plates l.
A: l = 0.5 cm; B: l = 1.0 cm; C: l = 3.0 cm

the top. However the absolute value of the shearing
layer thickness is less influenced, which is approximately
between 5 and 15 grain diameters. The normal solid and
fluid stresses, shown in Figs. 4c,d, as expected increase
when the channel width increases.

We have also investigated the effect of changing αs

and αf by changing each by factors of 0.1, 10, 100, us-
ing the case in Figs. 2a–c with D = 105 kg m−3 s−1 as
a basis. These results are displayed in Fig. 5. As the
values of αs and αf are increased, the curvatures of the
volume fraction and velocity profiles are decreased, i.e.,
increasing αs and αf enlarges the shearing zone near the
top and reduces the interlock zone near the bottom. The
shear rate at the top is, of course, decreased accordingly.
It can also be seen from Figs. 5a, b that for sufficiently
large values of αs and αf , (ᾱs > 4.0 × 10−4 kg m s−2 and
αf > 3.0 × 10−4 kg m s−2) the volume fraction and the
velocity profiles are influenced only very slightly by vary-

ing ᾱs and αf . Interesting is that the normal solid stress
decreases by increasing ᾱs and αf (Fig. 5c), whereas the
normal fluid stress changes in the reverse way (Fig. 5d).
This behaviour is also fairly different from varying of
the volume fraction and the velocity; the normal stresses
vary still, even more, rapidly with ᾱs and αf for ᾱs >
4.0 × 10−4 kg m s−2 and αf > 3.0 × 10−4 kg m s−2, which
we can see from Figs. 5c, d. A possible reason is that, for
small αs and αf , the change of the normal stresses by vary-
ing αs and αf is compensated by a corresponding change
in volume fraction. When αs and αf are large enough
(ᾱs > 4.0 × 10−4 kg m s−2 and αf > 3.0 × 10−4 kg m s−2),
the volume fraction remains nearly unchanged when αs

and αf are varied; in this case, the influence of varying αs

and αf manifests itself mainly in the change of the nor-
mal stresses. Besides, there exists even a negative normal
solid stress (tensile) zone near the top for large ᾱs and αf

(curve D in Fig. 5c), which is perhaps unphysical because
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Fig. 5. a Solid volume fraction profiles. b Nondimensional
velocity profiles. c Normal solid stress profiles. d Normal fluid
stress profiles. Here nothing has been changed from the case
shown in Figs. 2a–c for D = 105 kgm−3 s−1, except the values

of ᾱs, αf . A: (ᾱs, αf ) = (4.0, 3.0) × 10−6 kgm s−2;
B: (ᾱs, αf )=(4.0, 3.0)×10−5 kg m s−2; C: (ᾱs, αf )=(4.0, 3.0)×
10−4 kg m s−2; D: (ᾱs, αf )=(4.0, 3.0) × 10−3 kg m s−2

the values of αs and αf exceed the physically reasonable
range.

We also investigated the effect of changing as and af

by changing the value of each variable by factors of 0.1, 10,
100, using the case in Figs. 2a–c with D = 105 kg m−3 s−1

as a basis. It can be seen from Figs. 6a, b that decreasing
as and af has the effect of causing an even larger region
near the bottom where the solid-volume fraction profile
remains close to constant (the boundary value), and cor-
respondingly causing a somewhat larger region where the
motion is almost rigid, with a smaller region of even higher
shear rate. These features of varying as and af are very
similar to those of varying αs and αf . The difference from
those of varying αs and αf is that for sufficiently small
values of as and af (as < 20 Pa and af < 10 Pa) the vol-
ume fraction and the velocity profiles vary only slightly
by varying as and af , which can be seen in Figs. 6c, d.
Increasing as and af decreases the normal solid stress,

but increases the normal fluid stress, which is similar to
varying αs and αf . It is of interest to note that the nor-
mal stresses at the bottom are essentially unaffected by
varying as, af .

The effect of changing boundary conditions νs(0) and
νs(l) is illustrated in Figs. 7, 8. Here, all parameters
are exactly the same as in Figs. 2a–c, except that the
solid-volume fraction at the bottom has been set equal
to νs(0) = 0.72, a value very close to νm, and at the
top νs(l) = 0.02, i.e., almost only fluid constituent ex-
ists (Fig. 7), as well as νs(0) = νs(l) = 0.4 (Fig. 8),
respectively.

Fig. 7a indicates that, for the case that the solid-
volume fraction at the bottom attains its possible max-
imum and at the top nearly only fluid constituent is
present, the solid-volume fraction decreases only slightly
from its boundary value with the distance from the bot-
tom over approximately a half of the cross section, then



178

0

00

0.2 0.2

0.20.2

0.4 0.4

0.40.4

0.6 0.6

0.60.6

0.8 0.8

0.80.8

1.0 1.0

1.01.0

1.00.80.60.40.20 1.00.80.60.40.20

0.50.40.30.20.10

y 
l/ y 
l/

y 
l/

y 
l/

νa b

dc σf (x10 Pa)2σs (x10 Pa)2

Vs , Vf

1.61.41.21.00.80.60.40.20-0.2

0

Fig. 6. a Solid volume fraction profiles. b Nondimensional
velocity profiles. c Normal solid stress profiles. d Normal fluid
stress profiles. Here nothing has been changed from the case

shown in Figs. 2a–c for D = 105 kgm−3 s−1, except the values
of as, af . A: (as, af ) = (2, 1) Pa; B: (as, af ) = (20, 10)Pa; C:
(as, af )=(200, 100)Pa; D: (as, af )=(2000, 1000)Pa

there is a sudden decrease and at the top one-tenths of the
cross section the decrease becomes slower again. This re-
sembles a two layer effect: a thick solid layer near the bot-
tom and a very thin fluid layer near the top. For this case
the normal fluid stress increases rapidly at the top two-
tenths of the cross section with decreasing distance from
the top, then varies only very slightly, while against it, the
normal solid stress decreases only slightly at the top two-
tenths of the cross section from its zero boundary value,
then increases almost linearly with the increasing depth,
as demonstrated in Fig. 7b. The corresponding solid and
fluid velocity profiles are displayed in Fig. 7c for various
values of drag coefficient D. Because of a fairly low solid-
volume fraction near the top, the solid and fluid velocities
are visibly different, even though D = 105 kg m−3 s−1.
The graph S indicates the solid velocity, which is prin-
cipally independent of the value of D. A solid motion

of high shear rate exists only in a very small region at
the top. In the remaining large lower region the solid mo-
tion vanishes. It clearly demonstrates the existence of an
internal boundary separating a shearing region from a
rigid region. The fluid motion for a large value of D is
very similar to that of the solid, with appreciable values
only in a thin layer near the top. Decreasing D extends
the region of the fluid motion till the bottom. For very
small D the fluid constituent behaves nearly as a viscous
fluid.

For the boundary conditions that the solid-volume
fraction at the top and at the bottom possesses the same
value νs(0) = νs(l) = 0.4, it can be seen from Fig. 8a that,
in addition to the increase in the solid-volume fraction
in the neighborhood of the top plate, which is similar
to Fig. 2a, there is an increase also in the neighborhood
of the bottom plate. The volume fraction diagram is,
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Fig. 7. a Solid volume fraction profiles. b Normal solid (S) and
fluid (F) stress profiles. c Nondimensional velocity profiles. S:
Solid velocity. A–E: Fluid velocity for various values of the drag
coefficient D. D = 105 (A), 104 (B), 103 (C), 102 (D), 0 (E)

kgm−3s−1. All parameters are the same as in Figs. 2a–
c, except the boundary values of the volume fraction
νs(0) = 0.72, νs(l) = 0.02

of course, unsymmetric in the obvious way because of
gravity. In both cases, the region of the low solid-volume
fraction is a region of high shear rate (Fig. 8c as well as
Fig. 2c), which may lead back to the effect of dilatancy
in granular materials. For the high drag coefficient
D = 105 kg m−3 s−1, the velocities of the two constituents
again are virtually indistinguishable. As before, the solid
velocity is nearly independent of D (graph A), while the
fluid velocity profiles become less astute with decreasing
D, close to that of a viscous fluid. The normal stresses
increase monotonously with increasing depth with the
exception of the normal solid stress near the bottom.

6
Concluding remarks

In this paper a thermodynamic theory for a multiphase
mixture, specially for a solid-fluid mixture was presented

in which, besides balances for mass, momentum and en-
ergy, a balance law for equilibrated forces, as proposed
by Goodman & Cowinfor dry granular and then used
by Passman et al. for mixtures, was introduced, for each
constituent of mixture, to accommodate for the dynam-
ical effects played by the volume fraction. The form of
the entropy principle of mixture imposed on a postu-
lated constitutive relation was that of Müller-Liu, i.e.,
for the prescribed constitutive class the entropy inequal-
ity was identically satisfied under the constraints that
the balance laws of mass, momentum, energy and equi-
librated forces of all constituents (with or without supply
terms), as well as a saturation condition be satisfied. It
was shown that in comparison to a “standard” exploita-
tion according to Coleman-Noll from Passman et al. [23],
in which momentum, energy and equilibrated force sources
of arbitray value are permitted, the constitutive relations
based on the more general Müller-Liu thermodynamic
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Fig. 8. a Solid volume fraction profiles. b Normal solid
(S) and fluid (F) stress profiles. c Nondimensional velocity
profiles for various values of the drag coefficient D. D =
105 (A), 104 (B), 103 (C), 102 (D), 0 (E) kgm−3 s−1. The

solid velocity for these cases is almost the same as the fluid
velocity (A). All parameters are the same as in Figs. 2a–c,
except the boundary values of the volume fraction νs(0) =
0.4, νs(l) = 0.4

consideration are different. This theory was applied to
analyses of steady fully-developed horizontal shearing flow
of a saturated solid-fluid mixture with incompressible con-
stituents. The partly numerical results are in qualitative
agreement with those obtained by Passman et al. [24], al-
though the used constitutive equations in the two models
are not quite the same. Most results showed that the flow
was divided in two regimes of behaviour by the existence
of an internal boundary above which the granular material
deformed rapidly, but below which the granular material
remained rigidly locked in place. This feature is in quali-
tative agreement with experimental results by Hanes and
Inman [12]. Their experiments clearly demonstrate the ex-
istence of an internal boundary separating a shearing re-
gion from a rigid region. The thickness of the shearing
region was measured to be between 5 and 15 grain di-
ameters. In our computional results the thickness of the
shearing layer also lays approximately in this range.
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