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Abstract
The energy consumption of particle breakage is added to the Cambridge energy balance equation so that the energy bal-
ance equation for coarse-grained soil is obtained. To reasonably measure the energy consumption of particle breakage, a 
function of friction coefficient relating to the axial strain is proposed to replace the friction coefficient as a constant in the 
energy balance equation based on the evolution rule of particle breakage. Then, according to the energy balance equation of 
coarse-grained soil, the energy consumption of particle breakage is calculated, and the particle breakage energy increases 
with axial strain increasing, which satisfies the thermodynamic law. Based on this energy balance equation, a simple stress 
dilatancy relationship is developed. In this stress dilatancy relationship, the relationship between dE

b
∕pd�

s
 and M∕

√

M
f
 

can be described by a simple function with acceptable accuracy. This stress dilatancy relationship is validated with the 
satisfactory capability to predict the dilatancy behavior of coarse-grained soils, which can be the effective choice to build 
the constitutive model.

Keywords Coarse-grained soil · Energy balance equation · Particle breakage · Particle breakage energy · Dilatancy

1 Introduction

Coarse-grained soil (CGS) has been widely used in 
earth–rockfill dams due to high shear strength and com-
paction capacity [1–4]. The accurate grasp of engineering 
properties of CGS is of significance to dam safety. It is well 

recognized that particle breakage can occur even at low 
stress levels [5–8], which greatly influenced the engineering 
behaviors of CGS [9–14], especially stress dilatancy behav-
ior [15, 16]. The stress dilatancy relationship is significant 
for soil modelling. With incorporating the influence of par-
ticle breakage, the stress dilatancy relationship can make 
CGS modelling more accurately.

There are two most widely known stress–dilatancy rela-
tionships, Rowe’s dilatancy theory [17] and dilatancy equa-
tion of Cambridge model [18]. Ueng and Chen modified 
Rowe’s dilatancy theory with considering particle break-
age energy, and derived a dilatancy law for CGS. However, 
according to Ueng and Chen’s stress dilatancy relationship, 
the calculated value of particle breakage energy violates 
the thermodynamics law. Jia et al. [19], Mi et al. [20], and 
Guo and Zhu [21] all realized this contradiction and gave 
their own solutions. Then they developed their own dila-
tancy equations. Nevertheless, these dilatancy equations 
were complicated and the plastic potential function cannot 
be derived from the dilatancy equation. The stress dilatancy 
relationship of Cambridge model was simple and derived 
by assuming that the total input work was transformed into 
friction energy and elastic deformation energy of soil during 
triaxial shearing. Obviously, this assumed energy balance 
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equation is suitable for clay. In order to obtain the energy 
balance equation for CGS, the particle breakage energy is 
added to this assumed energy balance equation in this paper. 
Then, according to this energy balance equation for CGS, a 
simple and practical stress dilatancy equation is developed 
incorporating the correction of friction coefficient based on 
the change law of particle breakage and the effect of the 
confining pressure on the critical state stress ratio.

2  Large‑scale triaxial compression tests

CGS tested was obtained from Maji rockfill dam, China, and 
this tested material hereafter is called MRM. The particle 
shape is angular, and the maximum diameter of MRM is 
60 mm. The particle size distribution (PSD) is shown in 
Fig. 1. The coefficient of uniformity Cu and the coefficient 
of curvature Cc are 6.00 and 1.50 respectively. MRM is clas-
sified as well-graded [22].

The large-scale triaxial testing apparatus in Hohai Univer-
sity is used in the tests, as seen in Fig. 2 [23]. This apparatus 
includes load cell, dial guage, triaxial cell, servo-control sys-
tem, digital data collecting system, oil hydraulic system and 
water hydraulic system.

The large-scale triaxial compression test was carried 
out on MRM. The initial consolidated pressure, p0 , in the 
tests was 400, 800, 1600 and 2400 kPa, respectively. The 
initial dry density of the specimen was set as 2.2 g/cm3. 
The specimen size was 300 mm in diameter by 600 mm in 
height. The soil of a specimen was divided into five equal 
parts, and compacted layer by layer into a cylinder. Each 
layer was compacted through a vibrator with a frequency 
of 70 cycles/s. The specimen was firstly subjected to the 
specific consolidated pressure. Then, it was sheared under a 
drained condition at a constant axial strain rate of 1 mm/min 
until the axial strain reached about 15%. Figure 3 shows the 
stress–strain–volume behaviors of MRM at different confin-
ing pressures.

3  Particle breakage energy

In the process of establishing Cambridge model for clay, 
Roscoe et al. [18] assumed that the sum of work done by 
the mean normal stress and the shear stress was the total 

100 10 1 0.1
0

20

40

60

80

100

 PSD  of MRM

P 
(%

)

d (mm)

Fig. 1  Particle size distribution of MRM

Fig. 2  The large-scale triaxial testing apparatus

Fig. 3  Deviatoric stresses and volumetric strains against axial strain 
of MRM
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input energy in the triaxial shear process, and the input 
energy was converted into the friction energy and elastic 
deformation energy. This energy balance equation for clay 
was expressed as

where d�v is the increment of volumetric strain, d�s is the 
increment of distortional strain, d�e

v
 is the increment of elas-

tic volumetric strain, M is the friction coefficient and the 
value of M is the critical state stress ratio Mc , pd�v + qd�s 
can be seen as the total work increment dEt , Mpd�s is the 
friction energy increment dEf , pd�e

v
 is the elastic deforma-

tion energy increment dEe.
Note that Eq.  (1) was proposed for clay. Compared 

with clay, CGS has an obvious characteristic of particle 
breakage. Therefore, particle breakage energy should be 
considered in the energy balance equation for CGS. Thus, 
particle breakage energy is added into Eq. (1) to obtain the 
energy balance equation for CGS. That is

where dEb is the particle breakage energy increment.
The increment of elastic volumetric strain can be 

ignored compared with the increment of total volumetric 
strain during triaxial shearing [24]. Therefore, Eq. (2) can 
be written as

Notably, Mc needs to be confirmed before calculating 
dEb . The best method to obtain Mc is through the critical 
state of the test, but most times CGS tested cannot reach 
the critical state because of the restriction of test appara-
tus. Additionally, Mc has been found to be passively cor-
related with the confining pressures [25], which is like Mf . 
Therefore, the relationship between Mf and Mc is tried to 
find so that the value of Mc can be obtained easily based 
on Mf . For this purpose, coarse-grained soils for the large-
scale triaxial tests all reached the critical state [26, 27], 
and the test data are arranged (Fig. 4). From the data in 
Fig. 4, it is apparent that the values of Mc∕Mf all fall in the 
range of 0.8–1. For the sake of simplicity, the relationship 
between Mf and Mc is suggested as

where Mf is the peak stress ratio, which can be determined 
directly in the triaxial shearing test.

The values of Mf can be determined from the data in 
Fig. 3. Then, Mc can be obtained according to Eq. (4) and 
particle breakage energy is calculated based on Eq. (3), as 
shown in Fig. 5.

(1)pd�v + qd�s = Mpd�s + pd�e
v

(2)pd�v + qd�s = Mpd�s + pd�e
v
+ dEb

(3)pd�v + qd�s = Mpd�s + dEb.

(4)Mc = 0.9Mf

Particle breakage is essentially a process of energy con-
version. Notably the particle breakage is the unidirectional 
process, the energy consumption by particle breakage is also 
the unidirectional process. However, as indicated in Fig. 5, 
the value of Eb under each confining pressure is not only 
negative in the initial stage of the test but also appearing 
decreasing in the loading of the test, which violate the uni-
directional process and the thermodynamics law. As can be 
seen from Eq. (3), the measurement of Eb depends on p, 
q, d�v , d�s and Mc , and the values of p, q, d�v , and d�s can 
be obtained directly in the triaxial test. That is to say, the 
assumption of Cambridge energy balance equation that tak-
ing the value of M as Mc makes the calculated friction energy 
larger so that the calculated particle breakage energy breaks 
the unidirectional process. Therefore, the friction coefficient 
of Eq. (3) needs to be modified to follow the unidirectional 
process so that reasonable calculation of particle breakage 
energy is realized.

As mentioned previously, particle breakage is a process 
energy conversion in essence. Then, the research on the 
particle breakage energy should be based on the research 
on the evolution law of particle breakage. That is, the cal-
culation of particle breakage energy should be related to 
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the evolution law of particle breakage. Beyond that, the 
reasonable calculation of particle breakage energy depends 
on the value of the friction coefficient. Hence the deter-
mination of M should be combined with the evolution law 
of particle breakage.

To investigated the evolution law of particle breakage 
under the whole shear process, the particle breakage data 
[28, 29] was rearranged, as seen in Table 1. The experi-
mental evidence indicates that the relationship between the 
particle breakage index BE [30], the confining pressure and 
the axial strain can be expressed as

where � , � and c are three material constants.
The test data of the particle breakage index BE , the con-

fining pressure and the axial strain were fitted by Eq. (5), 
as seen in Fig. 6. Apparently, Fig. 6 demonstrates that the 
fitting data are close to the experimental data. Therefore, 

(5)BE = � arctan
(

��1

)(

�3∕pa
)c

the evolution law of particle breakage under the whole 
shear process can be described by Eq. (5).

Notably, there are small relative motions between parti-
cles in the initial stage of the experiment. Thus, the friction 
coefficient is small, so is the particle breakage value. During 
the test, the soil deformation gets aggravating, and soil par-
ticles appear weltering and rearranging. Consequently, the 
friction coefficient increases all the time, so is the particle 
breakage value. When the soil reaches the critical state, the 
particle breakage value tends to be constant, and the energy 
consumption of particle breakage remains unchanged. That 
is, dEb = 0 . Additionally, d�v = 0 and q∕p = Mc at the criti-
cal state. Substituting the three values into Eq. (3), and rear-
ranging, it can be obtained that M = Mc . Generally, the func-
tion of the friction coefficient should satisfy these conditions 
that it has a small value in the initial stage, increases with the 
axial strain increasing, and is equal to Mc at the critical state.

Based on the above analysis, the variation of the friction 
coefficient is similar to the change law of particle break-
age value against the axial strain. Noting that the confining 
pressure is constant under the test, hence the formula of 
M neglects the influence of the confining pressure, and is 
proposed as

Given that the friction coefficient should satisfy these 
conditions that it has a small value in the initial stage, 
increases with the axial strain increasing, and is equal to 
Mc at the critical state. When �1 goes to infinity, the value 
of M is Mc . Substituting this condition into Eq. (6), � can 
be obtained as 2∕� . Additionally, � can be estimated as 
� = 12.7∕�1c and �1c is the axial strain when the soil reaches 
the critical state. It is apparent from Eq. (11) that when 
the soil reaches the critical state, M∕Mc cannot be equal 
to 1 from the mathematical point of view. Hence, when the 
value of M∕Mc reaches 0.95, it can be considered that the 

(6)
M

Mc

= � arctan(��1).

Table 1  Particle breakage data of coarse-grained soils

References �
3
 (kPa) �

1
 (%) B

E
 (%)

Jia et al. [28] 500 2.15 8.7
500 4.72 11.1
500 8.20 15.0
500 11.2 15.3
500 15.1 14.0

1000 2.16 9.90
1000 5.24 13.9
1000 7.85 18.2
1000 11.2 15.1
1000 15.5 23.4
1500 2.40 22.1
1500 8.24 21.9
1500 10.1 22.2
1500 13.3 25.6
1500 15.2 27.6
2000 2.46 10.9
2000 5.66 17.7
2000 8.62 22.0
2000 12.1 26.7
2000 15.1 29.8

Wang et al. [29] 1000 2.16 9.4
1000 7.84 16.1
1000 15.1 22.0
1500 2.41 10.2
1500 8.24 19.7
1500 15.6 25.7
2000 2.47 9.91
2000 8.61 20.4
2000 15.1 27.2
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Fig. 6  Measured data and fitting data of particle breakage index
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soil reaches the critical state. That is, 2
�

arctan(��s) = 0.95 
is seen as the sign of the soil reaching critical state, and 
� = 12.7∕�1c . Therefore, Eq. (6) can be rewritten as

With Eqs. (3), (4) and (7), particle breakage energy can be 
calculated. Noting that p, q, d�v , d�s and Mc can be obtained 
in triaxial test. Taking �1c as 40%, correspondingly � is 31.8, 
and the reason for this will be discussed next. Then particle 
breakage energy of MRM is calculated again, as illustrated 
in Fig. 7. As expected, Eb increases with �1 increasing and 
tend to be stable, which follows the irreversible law of par-
ticle breakage. Therefore, the reasonable calculation of par-
ticle breakage energy is realized with Eq. (3) incorporating 
the correction of friction coefficient and the effect of the 
confining pressure on the critical state stress ratio.

4  Stress dilatancy relationship

Given that d�pv
/

d�
p
s can be regard as equal to d�v

/

d�s [24], 
to obtain the stress dilatancy relationship, Eq. (3) can be 
rewritten as

Especially, the determination of dEb

pd�s
 is much cumber-

some. If it can be replaced by one simple mathematical 
expression in terms of other variants, the stress dilatancy 
relationship, Eq. (8), can be better used conveniently. For 
this reason, the value of dEb

pd�s
 is calculated. The computed dEb

pd�s
 

values are then plotted against M
�

√

Mf values (Fig. 8). As 
Fig. 8 shows, there is a simple relationship between dEb

pd�s
 and 

M

�

√

Mf , as given by

(7)M =
2

�

Mc arctan(��1).

(8)dg =
d�

p
v

d�
p
s

=
d�v

d�s
= M − � +

dEb

pd�s
.

where A and B are the material constants.
Figure 8 indicates Eq. (9) can describe the relationship 

between dEb

pd�s
 and M

�

√

Mf well. Substitution of Eq. (9) into 
Eq. (8) gives

Cambridge dilatancy relationship can be given as

Predictions of Eq. (10) and Cambridge law [Eq. (11)] 
on the dilatancy behavior of MRM are plotted in Fig. 9. 
As presented in Fig. 9, the confining pressure affects the 
dilatancy behavior of coarse-grained soils. However, the 
curves expressed by Cambridge law under various confin-
ing pressures are the same. That is, Cambridge law cannot 
well predict the dilatancy behavior under different confining 
pressures. By contrast, the proposed dilatancy equation [Eq. 

(9)
dEb

pd�s
= A + BM

�

√

Mf

(10)dg = M − � + A + BM

�

√

Mf.

(11)dg = Mc − �.
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Fig. 7  Energy consumption of particle breakage (variable M)
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(10)] can well predict the observed characteristics of stress 
dilatancy.

It is worth mentioned that the mathematical form of 
Eq. (10) is so simple that the plastic potential function can 
be derived. Then, the fractional non orthogonal flow rule can 
be used to build fractional order constitutive model [31, 32]. 
The fractional non orthogonal flow rule means that loading 
direction can be derived according to the plastic potential 
function or plastic flow direction can be derived based on 
the yield function, and the angle between plastic flow direc-
tion and loading direction is determined by the order of the 
fractional derivative.

5  Verification

In order to examine the applicability of Eq. (10), the labora-
tory experimental results of drained triaxial shearing on 
TRM [33] and YXR [34] are arranged and the test data 
between dEb

pd�s
 and M

�

√

Mf are fitted by Eq. (9) (Fig. 10). 
Figure 10 indicates that Eq. (9) proposed in this paper can 
well express the relationship between dEb

pd�s
 and M

�

√

Mf . 

Then, the comparison between predictions of Eq. (10) and 
the experimental data is shown in Fig. 11. As seen in Fig. 11, 
it is evident that Eq. (10) predicts the stress dilatancy rela-
tionship with acceptable accuracy.

6  Discussion of dilatancy equation 
parameters

� can be determined according to � = 12.7∕�1c , but this way 
lacks practicality because generally CGS tested cannot reach 
the critical state. That is, �1c cannot be determined accord-
ing to the triaxial test. The value of � affects the calculation 
value of particle breakage energy. It is apparent from Eq. (3) 
that there is a negative correlation between � and Eb and 
unreasonable value of � can make the calculated particle 
breakage energy violate the thermodynamic, thus the value 
of � needs to satisfy the thermodynamic law. Given that the 
reasonable calculation of particle breakage energy is only 
the carrier to investigate the stress dilatancy relationship 
of CGS, the focus of this paper is not the value of particle 
breakage energy but developing a simple and practical stress 
dilatancy relationship for CGS. Therefore, if the value of � 
has no influence on the prediction results of Eq. (10) or this 
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influence is so little that it can be ignored, it will be enough 
that the value of � satisfies the thermodynamic law.

Noting that the prediction efficiency of Eq.  (10) is 
dependent of the fitting effect of dEb

pd�s
 and M

�

√

Mf  by 
Eq.  (9). Figure  11 gives the calculated dEb

pd�s
 values and 

M

�

√

Mf values corresponding to different values of � . It 
can be seen from Figs. 8 and 12 that the value of � has no 
impact on the fitting effect of  dEb

pd�s
 and M

�

√

Mf by Eq. (9). 
That is to say, the prediction efficiency of Eq. (10) is inde-
pendent of � . In general, the value of �1c is less than 40% for 
CGS. Thus taking �1c as 40% can satisfy the thermodynamic 
law, which is the reason for taking 40% as the value of �1c 
before.

In the proposed dilatancy equation incorporating four 
parameters, � can be regarded as a constant. Mc is only 
related to the confining pressure, which can be obtained 
according to Mf . A and B are obtained by Eq. (9) fitting 
values of dEb

pd�s
 and M

�

√

Mf of different confining pressures. 
Thus, A and B have no correlation with the confining pres-
sure. To show the correlation between A and B and void ratio 
clearly, the triaxial compression test data of coarse-grained 

soils with different initial dry densities [23, 27] are arranged. 
Figure 13 shows the computed dEb

pd�s
 values and M

�

√

Mf val-
ues. It is clear from Fig. 13 that excellent agreement is found 
between the computed dEb

pd�s
 values and M

�

√

Mf values with 
different relative densities and the relationship between com-
puted dEb

pd�s
 values and M

�

√

Mf values can be fitted well by 
Eq. (9). That is, A and B can be regarded as irrelevant to void 
ratio.

7  Conclusions

Particle breakage can cause a shift in the stress dilatancy 
relationship of coarse-grained soils, and particle breakage 
energy can be used as a bridge to reflect the internal rela-
tionship between particle breakage and dilatancy behaviors. 
However, how to calculate particle breakage energy has yet 
to be satisfactorily addressed. To solve the dilemma, the rea-
sonable calculation of particle breakage energy and the dila-
tancy relationship incorporating particle breakage energy 
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were investigated in this paper. The main conclusions are 
summarized as follows:

1. A energy balance equation for CGS was obtained by 
adding particle breakage into the Cambridge energy 
balance equation. Then the friction coefficient of this 
energy balance equation was modified based on the 
change law of particle breakage so that the reasonable 
calculation of particle breakage energy was realized, 
which satisfied the thermodynamic law.

2. The linear equation can describe the relationship 
between dEb

pd�s
 and M

�

√

Mf with acceptable accuracy. 
Then a dilatancy equation considering particle breakage 
was developed by substituting this linear relationship 
into the energy balance equation, and this proposed dila-
tancy equation was able to simulate dilatancy behaviors 
of CGS well.

3. The proposed dilatancy equation incorporates four 
parameters, � can be regarded as a constant, Mc is only 
related to the confining pressure, and A and B are inde-
pendent of void ratio and the confining pressure, which 
can be regarded as the advantage of this proposed dila-
tancy equation.

4. The dilatancy equation proposed in this paper has a sim-
ple mathematical form, and the plastic potential function 
can be derived from this dilatancy equation. In the fur-
ther study, with this derived plastic potential function, 
fractional non orthogonal flow rule can be used to build 
the fractional order constitutive model considering par-
ticle breakage.
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