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Abstract 
A micro-scale modelling approach of snow based on the extension of the classical discrete element method has been pre-
sented in the first part of this study. This modelling approach is employed to predict the mechanical response of snow under 
compression dependent on strain rate, initial density and temperature. Results obtained under a variety of conditions are 
validated with experimental data for both micro- and macro-scale, in particular the broad range between ductile i.e. low 
deformation rates and brittle i.e. high deformation rates regimes are investigated. For this purpose snow is assumed to be 
composed of ice grains that are inter-connected by a network of bonds between neighbouring grains. This arrangement rep-
resents the micro-scale of which the interaction is described by inter-granular collision and bonding. Hence, the response 
on a macro-scale is largely determined by inter-granular collisions and deformation and failure of bonds during a loading 
cycle. Consequently, validation was first carried out on micro-scale deformations at different loading rates and temperatures. 
Hereafter, macro-scale simulations of confined and unconfined, deformation-controlled compression tests have been predicted 
and were successfully compared to experimental data reported in literature.

Keywords  Snow behaviour · Compression tests · Micro-mechanical model · Brittle fracture · Ductile failure · Discrete 
element method (DEM)

1  Introduction

The first part of this contribution proposed an extended dis-
crete element method as developed by Peters et al. [23] that 
describes the mechanical behavior of snow on both a micro- 
and macro-scale under various loading conditions. Within 
this approach snow is considered to consist of individual ice 
grains that are inter-connected by a network of binds to from 
a porous structure. Models developed for grain collisions, 
bond generation, deformation and fracture describe the inter-
granular forces and moments for a loaded snow pack under a 
variety of conditions such as pressure, temperature and load-
ing rates. The modelling approach, thus, describes the char-
acteristics for a micro-structure e.g. grain scale and includes 
elastic-plastic grain collision, inter-granular friction, bond 

growth due to creep of ice, elastic viscous-plastic deforma-
tion and fracture of bonds. The algorithms employed are 
based on the ice-ice sintering measurements of [26], on the 
contact theory of [14] and on creep models of ice devel-
oped by [3]. A similar approach based on discrete element 
modelling was employed by Hagenmuller et al. [12]. They 
represented the snow matrix by sphere clumps representing 
a grain that are interconnected by cohesion forces. A simple 
linear spring model was applied to evaluate the normal force 
between grains. If the normal force exceeds a given thresh-
old the normal force is neglected meaning that cohesion is 
broken. Similarly, a shear force acting in the tangential plane 
between two grains was introduced whereby the cohesive 
strength in normal and tangential direction were defined by 
the same value. They concluded from a comparison between 
experimetal data and predictions of a confined compression 
test, that snow density is dominant for the mechanical behav-
ior. Kabore et al. [15–17] employed linear viscoelastic Euler-
Bernoulli beams to represent cohesive forces and torques 
between sintered particles through bending, twisting and 
stretching of the beams. The model was validated with snow 
compression data obtained from the literature. Their study 
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focused on short-term behavior and did not include long-
term creep and plasticity for higher contact stresses. Gaume 
et al. [9, 11] investigated crack propagation in weak snow 
pack layers with a discrete element approach. For this pur-
pose, two horizontal slabs of snow represented by discrete 
elements were connected by beam-like discrete elements. 
Normal contact was described by a linear-spring dashpot 
model and the tangential contact model included a linear 
part combined with Coloumb friction. The cohesive part 
of the contact model was composed of a linear behavior in 
both normal and tangential direction. The cohesive bonding 
in both directions was assumed to break if a given tensile 
strength and shear stress is exceeded and thus, represents a 
weak layer. Cracks are expected to propagate and trigger an 
avalanche [5, 8, 10, 13]. Findings of Gaume et al. [9, 11] 
indicate that the crack propagation speed increases with an 
increasing young’s modulus and weight of the slabs. How-
ever, more research into the structural bahaviour of snow is 
required as stated by Gaume et al. [9, 11] and is addressed 
in the current study.

The objective of the second part is to validate the pro-
posed modelling framework on both a grain scale represent-
ing the micro-mechanical behavior and a macro- scale for 
compression tests of snow samples. In particular a variety 
of loading rates designating the ductile and brittle regime 
of snow at different temperatures was emphasised and com-
pared with experimental data.

2 � Numerical model

This section is an extract of part I to summarise the main 
equations of the modelling approach. It allows linking the 
modelling techniques with the validation of the experimental 
data employed. For more details on the numerical model, the 
reader is referred to part I.

2.1 � Mechanical properties

Elasticity of ice: Ice has an elastic-plastic behaviour that 
additionally is dependent on temperature as reported by [7]. 
They approximated elastic parameters by a linear relation-
ship of the following form:

where X stands for the Young’s and shear modulus accord-
ing to [7] and is commonly valid between −16°C and −3° 
C. In the present work, we assume that this relation is valid 
for temperatures ranging between −23°C and −1°C. The 
Young’s and shear modulus are defined at a reference tem-
perature of T0 = 243.15 K as E = 9.33 GPa and G = 3.45 

(1)X(T) = X(T0)[1 + 1.42 ⋅ 10−3K−1
⋅ (T − T0)]

GPa, respectively. Poisson’s Ratio is derived from the 
Young’s and shear modulus as � = E∕2G − 1.

Creep rate of ice:

where � is the stress, R the gas constant, Q the activa-
tion energy, T the temperature and n , A and A′ are model 
constants.

Hardness of ice:

where Q, R and T denote activation energy, gas constant, 
temperature, respectively, and m and B are constants taken 
from [3]. t stands for the indentation time.

Friction Coefficient of Ice:

where C� , Ta , k, � , cp and L denote a constant nominally 
equal to 1.88, temperature of the contact partner, thermo-
dynamic properties i.e. conductivity, density, heat capacity 
and characteristic length of the sliding body. The exponents 
usually take values of a = 1 , b = 0.25 , c = 0.5 and d = 0.75 
according to [2].

Energy dissipation during collision: In the quasi-elas-
tic regime of vi < 0.4 ms −1 , the coefficient of restitution 
remains constant with varying velocity and the potential 
energy is almost completely recovered after collision. In 
the regime of vi > 0.4 ms −1 ice grains deform at impact and 
even break for very large impact velocities so that the coeffi-
cient of restitution deceases with increasing impact velocity.

The above equation allow to account for energy dissipation 
du to grain damage and plasticity in high impact collisions 
i.e. for a relative velocity above the critical value vc.

2.2 � Modelling technique

The following model characteristics are taken into account:

•	 creep behaviour of ice
•	 temperature T and contact pressure p
•	 elastic-viscous-plastic deformation
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•	 bond growth
•	 material properties of ice
•	 bond fracture
•	 pressure melting of contacting grains

Inter-granular forces and moments: Forces comprise all con-
tact forces due to collision F⃗c

i
 , bonding F⃗b

i
 , gravitation F⃗g

i
 and 

external forces F⃗e
i
 as follows:

Collision Forces: The normal force for a collision writes as

where kn
l
 , kn

unl
 and 𝛿̇n

ij
 denote loading, unloading stiffness and 

overlap rate, respectively, while the tangential component is 
defined through

where t⃗ij , ct , 𝛿̇t and F⃗c,n

ij
 denote the tangential direction, tan-

gential damping coefficient, relative tangential velocity and 
normal collision force, respectively.

Bond forces: The total strain 𝜀tot is composed of an elastic 
strain �e and a viscous-plastic strain �vp as follows:

with the total strain components as

that yields the elastic strain components

The stress components are derived from the strain compo-
nents and may be arranged in a column vector as follows:
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i
+ F⃗b

i
+ F⃗

g

i
+ F⃗e

i
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where �n
ij
 , �t

ij
 , �n

ij
 and �b

ij
 stand for the stress developing under 

tension or compression, shear induced stress component, 
stress component created by torsion and bending of a bond, 
respectively. The Young’s modulus E and the Poisson’s ratio 
� = E∕G − 1 are temperature dependent and are taken from 
eq. 1 according to [7].

Bond forces F⃗b,n

ij
 in normal direction and F⃗b,t

ij
 in tangential 

direction are obtained by multiplying the normal and tan-
gential stress component by the bond area. Hence, multiply-
ing the normal stress component �n

ij
 with the current bond 

area Ab
ij
(t) gives the normal bond force F⃗b,n

ij
 as

and is acting along the normal direction due to tension and 
compression of a bond. Similarly, the tangential bond force 
F⃗
b,t

ij
 results from the shear stress �t

ij
 as

The current bond area Ab
ij
(t) = f

(
�n
ij
(t − Δt), T

)
 depends on 

the previous normal stress �n
ij
(t − Δt) and the ambient tem-

perature T based on the sintering model of ice grains by [26]:

where Rij , rbij(t − Δt) , 𝜀̇
ind

 and Lb denote the effective radius, 
previous bond radius, creep rate and bond length, 
respectively.

3 � Macroscopic behaviour of snow

The current section addresses the macroscopic scale includ-
ing relevant predicted results that are compared to meas-
urements. Accordingly, the obtained results cover brittle, 
transitional and ductile behavior for unconfined and confined 
compression tests.

Compression tests of simple sample geometries such as 
cylindrical ones are the most common characteristic set-ups 
to study the mechanical behavior of snow. Hence, uncon-
fined and confined compression tests in conjunction with 
a deformation controlled load plate under different load-
ing rates 𝜀̇l and the temperatures T are preferred within this 
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framework. Furthermore, parameters studied during tests 
include snow density �0 , grain size rg and distribution, coor-
dination number Nb of the bonds and initial bond strength rb , 
i.e. size. The predictions of the unconfined compression tests 
follow the experimental setup of [18, 28] and [25], while 
rigid-confined compression tests are carried out according 
to the conditions chosen by [1, 6, 29] and [30]. The response 
of a snow sample during compression was studied at differ-
ent temperatures and strain rates which are listed in table 1.

3.1 � Snow sample preparation

Cylindrical snow samples of three different initial densities, 
�0 ∼ 400 kg/m3 , �0 ∼ 500 kg/m3 and �0 ∼ 600 kg/m3 have 
been prepared by the gravitational deposition method. The 
grain size distribution follows a linear distribution function 
D(rg) that writes as follows:

where rg describes the grain radius and rmin = 2.356 mm 
and rmax = 2.604 are the minimum and maximum grain 
radii, respectively. x̃  is computed by a random generator 
x̃ = random(0...1) . The linear size distribution correlates 
well with sieves curves of snow. The grain size distribution 
results in a mean radius of rg = 2.48 mm and was employed 
for the current samples. Table 2 summarises the initial 
dimensions and properties of the prepared snow samples 
with their initial radius rc , initial sample height hc and num-
ber of grains Ng.

Figures 1 and 2 depict the arrangements of grains in a 
sample with their associated network of bonds for samples 
1,5 and 7.

The density distributions of the samples as a centre slice 
are shown in Fig. 3. These density distributions are derived 
from a Voronoi tessellation proposed by [24] and illustrate 
an increasing density field with increasing initial density.

In addition, the initial bond strength and coordination 
number are subject to investigations for the chosen sam-
ples whereby the ratio rb∕rg between bond and grain radius 
is employed to determine the initial bond size. The average 
number of bonds per grain Nb of a snow sample writes as 
follows:

where Nb
i
 and Ng refer to the number of bonds per grain 

i and number of grains, respectively. Thus, the following 

(17)rg = rmin +
(
rmax − rmin

)
⋅ x̃

(18)Nb =
1

Ng

⋅

Ng∑
i=1

Nb
i

Table 1   Temperatures and compression rates during compression tests

T [oC] −1 −4 −10 −16 −32

𝜀̇l [s−1] 4 0.4 0.04 4 ⋅ 10−3 4 ⋅ 10−4 4 ⋅ 10−6

Table 2   Initial dimensions and densities of snow samples for predic-
tion of compression tests

Sample �
0
[kg/m3 ] 2 ⋅ rc[mm] hc[mm] Ng

1 408 ±0.7% 58.0 86.0 1700
2 509 ±0.6% 2.9 3.92 1700
3 509 ±0.7% 5.8 8.4 13950
4 509 ±0.7% 116.1 167.3 13950
5 511 ±0.8% 58.0 74.4 1700
6 580 ±0.7% 5.8 7.4 13950
7 580 ±0.7% 116.1 147.4 13950

Fig. 1   Arrangement of grains 
for three cylindrical snow 
samples
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coordination numbers are estimated dependent on the ratio 
rb∕rg and are listed in Table 3.

Furthermore, Table 3 highligts the additional depend-
ency of number of bonds per grain Nb on the sample den-
sity. Although samples 5 and 6 have the same ratio rb∕rg , 
their coordination numbers are different due to different 
densities. The higher density of sample 6 as compard to 
sample 5 increases the coordination number and vice 
versa.

3.2 � Unconfined compression tests of snow

Predictions carried out for different strain rates cover brittle, 
ductile, and associated transitional behavior between ductile 
and brittle regimes. Distinguishing the mechanical behav-
ior of snow by the strain rate is a well established conven-
tion within the research field as stated by [18, 22] and [6]. 
The experimental results of [18] and [6] suggest a transi-
tion between brittle and ductile behavior at a strain rate of 
𝜀̇ ∼ 5 ⋅ 10−4 s −1.

Fig. 2   Network of inter-connecting bonds for three cylindrical snow samples

Fig. 3   Density distribution in a slice for three snow samples

Table 3   Coordination number 
depending on the ratio of bond 
to grain radius

rb∕rg 0.1 0.3 0.3 0.3 0.5 0.5 0.9
Nb 1.0 2.5 3.0 3.5 3.0 3.5 4.0
Density [kg/m3 ] 408 509 509 509 511 580 580
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3.2.1 � Deformation behaviour in the brittle regime

The response of snow samples with an initial density of 
�0 ∼ 408 kg/m3 subjected to two strain rates of 𝜀̇ = 4 ⋅ 10−2 
s −1 and 𝜀̇ = 4 ⋅ 10−3 s −1 well above the transitional strain rate 
at a temperature of T = −2◦C have been predicted and are 
compared to experimental data of [18] as depicted in Fig. 4.

The profiles of Fig. 4 take the characteristic saw-tooth 
shape of the brittle deformation regime. After an almost ini-
tial linear increase of stress with strain an abrupt decrease in 
stress with almost no plastic deformation takes place. With 
increased strain the stress increases again with almost the 

same gradient as previously. When the stress reaches a maxi-
mum value, the stress collapses again and hereafter follows 
repeating cycles, also observed by [6]. The maximum stress 
reached over the repeated ruptures is defined as the strength 
or yield stress �y of the brittle deformed sample. This cyclic 
behavior is caused by a surface fracture close to the bottom 
end of the snow sample as shown in Figs. 5 and 6 corre-
sponding to a strain rate of 𝜀̇ = 4 ⋅ 10−2 s −1.

[18] described this type of brittle fracture as a non-uni-
form contraction with break downs concentrated at the top 
or bottom of the sample as occurring around the bottom part 
in Fig. 5. Fractures propagate into the sample into the lower 

Fig. 4   Unconfined compression 
of a cylindrical snow sample 
in the brittle regime. The green 
lines are the predicted results 
at different brittle rates with an 
initial density of � = 408 kg/m3 . 
The black curve is a unconfined 
compression test of [18] at the 
brittle rate of about 10−3 s −1 
(colour figure online)

Fig. 5   Unconfined compression of a cylindrical snow sample by a brittle compression rate of 4 ⋅ 10−2 s −1 . The initial sample density equals 408 
kg/m3 . The temperature is −16 °C and the initial bonding parameters are Nb = 3.0 and rb

rg
= 0.5
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part of the sample leaving the upper part intact to a large 
extent as shown in Fig. 6 for the bond network. It is worth 
noting that the model employed in this work does not allow 
grain breakage. Furthermore, after bond fracture, no debris 
or additional friction is created.

Figures 5 and 6 show clusters of grains and individual 
grains detaching from the sample which indicates that 
bonds hardly experience relaxation under high strain rates. 
Therefore, any creep that may take place is negligible in 
the regime considered. A similar but even more amplified 
performance is recognized for a snow sample of an initial 
density of �0 ∼ 511 kg/m3that is loaded with a strain rate 

of 𝜀̇ = 4 ⋅ 10−1 s −1 and is depicted at a strain state of 8.8% 
in conjunction with particle velocities in Fig. 7.

Under loading conditions applied particles of the upper 
part of the sample break off that is also visualised by the 
velocity vectors of respective grains. Fig. 7b shows also 
that the remaining part of the snow sample is weakly 
loaded and thus, does almost not carry any load and almost 
all deformation energy is released by the surface fracture 
mechanisms.

These findings for the location of rupture correlate 
nicely with the density distributions shown in Fig. 3. For 

Fig. 6   Unconfined compression 
of a cylindrical snow sample by 
a brittle compression rate of 
4 ⋅ 10−2 s −1 . The initial sample 
density equals 408 kg/m3 . The 
temperature is −16°C and the 
initial bonding parameters are 
Nb = 3.0 and rb

r̄g
= 0.5

Fig. 7   Unconfined compression 
at 8.8% strain of a cylindrical 
snow sample by a brittle 
compression rate of 4 ⋅10−1 s −1 . 
The initial sample density 
equals 511 kg/m3 . A tempera-
ture of − 10°C is applied and 
the initial bonding parameters 
are Nb = 3.5 and rb

r̄g
= 0.5 . The 

arrows indicate the particle 
velocity
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sample 1 and 5 regions of lowest densities are found at the 
bottom and top part of the sample, respectively, and these 
are the regions for the onset of brittle failure e.g. fracture 
as depicted in Figs. 6 and 7. Less grains occupy regions 
of lower densities so that only a reduced number of bonds 
may be formed between neighbouring grains resulting in 
a weaker snow layer compared to the rest of the sample.

3.2.2 � Deformation behaviour in the transitional regime

In order to investigate the transitional behavior, a snow 
sample with an initial density of �0 = 408 kg/m3 was sub-
jected to a strain rate of 𝜀̇ = 4 ⋅ 10−4 s −1 . We conducted sev-
eral simulation at a different temperature each: T = −4 ◦C , 
T = −10 ◦C and T = −16 ◦C . Figure 8 depicts the predicted 
stress-strain relationship in conjunction with the experimen-
tal data of [4].

The stress increases continuously with increasing strain 
during an initial loading period. Contrary to brittle behav-
ior, the sample does not experience any abrupt rupture 

e.g. collapse of stress. Once the yield stress is reached, a 
strain-softening behavior is observed for the remaining of 
the loading period. This characteristic manifests itself as 
an alternating stress versus strain and agrees well with the 
measurements of [4]. The processes in ductile-to-brittle tran-
sition have been studied by [19] from a continuum mechan-
ics perspective.

Figures 9 and 10 show the arrangement of grains bonds of 
the sample at a temperature of −10 ◦C of Fig. 8, respectively, 
for an axial strain of �l = 1.6% , �l = 5.2% , �l = 20.8% and 
�l = 27.6%.

Figure 9a shows the deformed sample during the initial 
stress build-up at a strain state of �l = 1.6% . At this state 
the sample contracts uniformly with no change in shape 
and the bond structure has not experienced any fracture. 
For smaller strain rates, bond stress and the non-linear 
stress increase reveal that the bonds have time to grow 
and relax stress due to creep. The strain states between 
�l = 5.2% and �l = 20.8% may be identified as a period 
of strain softening derived from Fig.  8, before stress 

Fig. 8   Unconfined compression 
of a cylindrical snow sample 
of 408 kg/m3 in the transition 
regime between ductile and brit-
tle behavior. The purple curves 
show the predicted results at 
different temperatures. The 
black curves depict unconfined 
compression tests of [4] at 
transition rates

Fig. 9   Unconfined compression by a transition rate of 4 ⋅ 10−4 s −1 . The initial sample density equals 408 kg/m3 . The temperature is − 10°C and 
the bonding parameters are Nb = 3.5 and rb

rg
= 0.5
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decreases with increasing strain. Although the shape of the 
sample in Fig. 9b at a strain state of �l = 5.2% is still intact, 
the bond network has disintegrated in the bottom part of 
the sample to a large extent as shown in Fig. 10b. Higher 
strain states e.g. �l = 20.8% and �l = 27.6% in Figs. 9c and 
d are associated with large deformations of the cylindrical 
shape so that clumps of grains break off. These deforma-
tions are associated with a further disintegration of the 
bond network as depicted in Figs. 10b-d whereby more 
and more failure of bonds occurs mainly below an inclined 
fracture plane indicated by the red dashed lines in Fig. 10b 
and c. After each stress build up, a new fracture surface 
develops due to the rupture of a large number of bonds 
between the new and the previous fracture surfaces [6]. 
observed a similar fracture type named type 2 to which he 
referred to as multiple plane failure.

Bonds in the upper part of the sample above the fracture 
surface experience further stress due to deformation. The 
remaining bonds in the damaged part e.g. below the frac-
ture surface are mainly oriented along the loading direction 
which indicates that rupture of bonds was caused by the 
shear stress.

At a strain state of �l = 27.6% in Fig. 9 the sample breaks 
gradually apart during the final period of strain-soften-
ing. The sample becomes more and more fragile due to a 
decreasing number of bonds, in particular along the direc-
tion perpendicular to the loading axis along which major 
cracks develop.

Concluding any stage of deformation at a transitional 
strain rate of 𝜀̇ ∼ 4 ⋅ 10−4 s −1 intra- and inter-granular creep 
occurs and determines the macroscopic behavior to a large 
extent. A lot of bonds relax stress to a certain degree caused 
by creep. In addition, new bonds developed and growth of 
existing bonds resist deformation, however, are not always 
strong enough to prevent local failure of the sample.

3.2.3 � Deformation behaviour in the ductile regime

The present model approximated the grain-scale viscoplastic 
flow law using the secondary creep model from [3]. The 
secondary creep rate 𝜖̇s is considered the minimum creep rate 
in ice such that 𝜖̇s = min(𝜖̇t) = min( ̇𝜖p) < max(𝜖̇t) < max( ̇𝜖p) ,  
̇𝜖p being the primary creep rate and 𝜖̇t the tertiary creep rate 

[21]. Although grain-scale experiments of Szabo and Sch-
neebeli [26] on which the model is calibrated are performed 
at very short time-scale, the use of steady creep properties 
from [3] enables the model to be safely employed to simulate 
compression tests where ductile behavior is exhibited on 
the macro-scale. Furthermore, the stress level in ice grains 
is considered to remain small due to grain mobility lead-
ing to macro- and meso-scale plastic work being dissipated 
through breakage of bonds and grain rearrangement. Hence, 
grain breaking and metamorphism are neglected.

Therefore, a ductile deformation behavior was predicted 
for a snow sample of �0 = 408 kg/m3 with a strain rate of 
𝜀̇ = 4 ⋅ 10−6 s −1 at temperature of T = −4 ◦C . In order to 

Fig. 10   The bond structure is depicted at increasing strain states and 
coloured by the normal stress component (− compression / + ten-
sion). An unconfined compression rate of4 ⋅ 10−4 is applied. The ini-

tial sample density equals 408 kg/m3 . The temperature is − 10°C and 
the bonding parameters are Nb = 3.5 and rb

rg
= 0.5
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investigate the influence of bonding properties, two numeri-
cal samples were employed with the following set of param-
eters: Nb = 3.0 , rb∕rp = 0.5 and Nb = 4.0 , rb∕rp = 0.9 . The 
obtained results are shown in Fig. 11 in conjunction with 
experimental data of [20, 25] and [4].

The initial stress-strain interrelationship conforms to a 
high gradient that flattens out after reaching the yield 
strength �y . Hereafter, the yield stress follows a more or less 
constant level independent of the strain. The initial stiffness 
of the predicted profiles increases with increasing bonding 
properties, i.e. Nb and rb

rg
 . This agrees well with the observa-

tions of [6], who states that the strength and stiffness 
increase with increasing sintering time [25]. also observed 
an increase of stiffness but related it to higher densities. A 
similar trend is observed for the measurements presented in 
Fig. 11, however, after reaching the yield stress a period of 
work hardening follows as reported by [6, 20] and [25]. The 
predicted results miss a work hardening characteristic which 
is attributed to an over-predicted creep.

Figs. 12 and 13 for the grain structure and the bond net-
work, respectively, represent the sample at an axial strain of 
�l = 4.4% , �l = 16.0% , �l = 20.0%.

Both shape and bonds of the sample experience hardly 
any topological changes until the yield stress is reached 
at a strain of �l = 4.4% as depicted in Figs. 12a and 13a. 
At this stage the sample is compacted almost uniformly 
with no change in shape and bonds experience a moderate 
stress level. This tendency is observed until a strain state of 
�l = 20.0% is reached shown in Figs. 12b and 13b. At this 
stage the sample deforms in the bottom part that causes an 
inhomogeneous distribution of stress throughout the bond 
structure whereby the stress increases towards the bottom 
of the sample. Also, an increasing number of bonds along 

Fig. 11   Unconfined compression of a cylindrical snow sample by 
ductile rates at different temperatures. The blue curves are the pre-
dicted results for a sample of an initial density of 408 kg/m3 . The 
grey and black curves are unconfined compression measurements by 
[20, 25] and [4] (colour figure online)

Fig. 12   Unconfined compression of a cylindrical snow sample for a ductile compression rate of 4 ⋅ 10−6 s −1 . The initial sample density equals 
408 kg/m3 . The temperature is −4 ◦C and the bonding parameters are Nb = 3.0 and rb

rg
= 0.5
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a predominant radial direction experiences tension due to 
the higher radial deformation at the bottom of the sample. 
However, bonds are able to relax the stress under the low 
strain rate, and thus, avoid failure due to creep.

3.2.4 � Relationship between snow yield strength and strain 
rate

The previous findings for the brittle, transitional and duc-
tile regime under unconfined compression tests are sum-
marised in the current section as yield strength versus strain 
rate whereby the yield strength is defined as the maximum 
stress reached while straining a sample. Yield strength ver-
sus strain rate, coloured for the ductile, transitional and 
brittle regime, is shown in Fig. 14 for predicted results and 
measurements, respectively.

The unconfined tests under brittle compression rates of 
[6] at temperature of T = −13 ◦C analyse the brittle strength 
dependent on the sintering age of snow, i.e. bonding proper-
ties and therefore, are marked with the sintering time before 
the compression tests began. These results highlight that 
the sintering period belongs to one of the most influential 
properties affecting the strength of a snow pack. In addition, 
these results of [6] are presented to emphasise the impact of 
snow history on spread in yield stress. Furthermore, Fig. 14 
also includes a curve of [6] identifying the ductile to brittle 
transition rate [6]. showed that the transition rate increases 

with decreasing sintering time, while [18] observed a 
decrease with decreasing temperature.

[25] used naturally sintered snow for their investiga-
tion for which the increase in density is an indicator for a 
longer sintering time. Their results are depicted in Fig. 14 

Fig. 13   The bond structure is depicted at increasing strain states and 
coloured by the normal stress component (− compression / + ten-
sion). An unconfined compression rate of 4 ⋅ 10−4 s −1 is applied. The 

initial sample density equals 408 kg/m3 . The temperature is −10 ◦C 
and the bonding parameters are Nb = 3.5 and rb

rg
= 0.5

Fig. 14   Unconfined compression strength versus strain rate for snow 
densities of � = 400 kg/m3 to � =500 kg/m3 . The lines interpolate the 
measurements by [6] and [25]
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at a temperature of T = −12 ◦C for densities of �0 = 350 kg/
m3 and �0 = 435 kg/m3 , respectively, to which the predicted 
results agree well. However, the predicted results at a strain 
rate 𝜖̇ = 4.0 ⋅ 10−3 indicate a deceasing strength with increas-
ing density. It is attributed to the fact that the sample with 
a higher density has smaller bond radius e.g. weaker bonds 
that reduce the strength.

Summarising, both measurements and predicted results 
in Fig. 14 demonstrate a very apparent dependency of snow 
strength on strain rate. While unconfined compression 
strength increases with increasing strain rates in the ductile 
regime, a transitional regime is encountered at maximum 
values that then migrates into the brittle regime with fall-
ing strength versus strain rates. In addition, the transitional 
regime appears with a further influence of temperature and 
sintering time as reported by [6, 18 and 25].

3.2.5 � Influence of initial bonding on snow strength

Long sintering times i.e. age of snow correspond to stronger 
bonding properties that were investigated by [6]. He used a 
sealed container to avoid density changes and to sinter snow 
for 0.5, 1 and 2 hours and 3 days of which the measurements 
of strength versus strain rate are depicted in Fig. 15.

Since longer sintering periods affect the bond network it 
is expressed through coordination number Nb and bonding 
radius rb∕rg in the current study. For this purpose three bond-
ing configurations presented in table 4 were chosen:

Results of the compression strength were extracted from 
predictions obtained under brittle strain rates of 𝜀̇ = 0.4 s −1 ,  
𝜀̇ = 4 ⋅ 10−2 s −1 and 𝜀̇ = 4 ⋅ 10−3 s −1 and a transition rate of 
𝜀̇ = 4 ⋅ 10−4 s −1 are presented with the experimental data in 
Fig. 15.

Both predicted results and measurements show an 
increase of the unconfined compression strength with 
increasing bonding properties i.e. sintering age. Both results 
further describe an increase in strength with decreasing 
strain rate which is very uncommon to other brittle material. 
Although weakened by the logarithmic scale of the ordinate 
axis, experiments and predictions reveal that the strength 
increases stronger e.g. larger gradients with reducing strain 
rate that is also captured well by the developed models. 
Under these conditions, bonds relax the developed stress as 
described by the elastic—viscoplastic bond and creep model 
and is described as a ‘healing’ process of snow by [30]. 
Predicted results also indicate that the compression strength 
obeys an asymptotic behavior with increasing strain rates 
in the brittle regime. Although the configuration Nb = 4.0 
is only represented by 2 values, we assume that it follows 
a similar asymptotic trend and therefore, is not joined by a 
straight line. The same characteristics were labelled as the 
second kind of brittle behavior by [18] and confirmed by 
[30]. Transition from brittle to second kind of brittleness 
takes place at a rate of 𝜀̇ ∼ 5 ⋅ 10−2 s −1for temperatures of 
T = −7 ◦C to T = −8 ◦C according to [18] and is very well 
predicted. Above this critical rate, the strength does hardly 
change with increasing rate, temperature and bonding prop-
erties. Finally, it has to be noticed that the predictions and 
the experiments show that below a certain size in bonding 
properties, i.e. sintering time, the bonding structure of a 
sample loses its influence on the strength almost entirely.

3.3 � Confined compression tests of snow

Contrary to the previous sections addressing unconfined 
compression test, this section describes confined tests, in 
which the cross-sectional area of the sample remains con-
stant. Therefore, strain state �l and averaged density �t of 
a sample at any time during compression are related as 
follows:

where �0 is the initial density of the sample and has a domi-
nant influence on a compression test.

(19)�t = �0 ⋅
(
1 − �l

)−1Fig. 15   Unconfined compression strength versus the bonding 
strength, i.e. sintering age, and strain rate. The black lines interpolate 
the measurements by [6]. A coloured line indicates a predicted result. 
The different bonding strengths are indicated by colour and the differ-
ent sintering ages of snow within the measurements are noted next to 
the curves (colour figure online)

Table 4   Three selected bonding 
configurations rb∕rg 0.3 0.5 0.9

Nb 2.5 3.0 4.0
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3.3.1 � Initial Density Dependency of Stress

[1] conducted confined compression tests with isothermally 
sintered snow under brittle strain rates of 𝜀̇ = 4 − 16 s −1 at 
temperatures of T = −1 ◦C , T = −4 ◦C , T = −10 ◦C and 
T = −32 ◦C for varying initial densities. His measurements 
for a temperature of T = −4 ◦C in conjunction with predicted 
results under strain rates of 𝜀̇ = 0.4 − 4 s −1 for initial densi-
ties of �0 =408 kg/m3 , �0 =511 kg/m3 and �0 =578 kg/m3 
are depicted in Fig. 16 whereas Fig. 17 shows respective 
results for temperatures below T < −10 ◦C.

For temperature range examined the predicted results 
agree well with experimental data illustrating that the 
strength at any fixed strain state increases significantly with 
increasing initial density. The profiles for initial densities of 
�0 = 578 kg/m3 and �0 = 511 kg/m3 in Figs. 16 and 17 reveal 
a continuous stress increase with increasing strain. However, 
the gradient becomes smaller once the point of yield stress 
has been passed.

A different behavior is observed for an initial density of 
�0 = 408 kg/m3 in Figs. 16 and 17. Snow sample responds 
during the first part of compression with a sawtooth-like shape 
that is a well-known phenomenon of the brittle regime. Stress 
build-up and release alternate that is caused by continuously 
fracturing bonds through the snow sample with increas-
ing strain. Each subsequent stress build-up reaches a higher 
strength than its predecessor. After a sufficiently large com-
pression of the sample the stress follows a continuous profile 
versus strain. This behavior was also monitored by [6]. He 
projected the continuous part of the curve backward on the 
strain axis and extracted the threshold density at which the 
sawtooth shape of the lower initial density curve increases 

continuously. Thus, he assessed threshold densities between 
� = 420 − 460 kg/m3 at a strain rate of 𝜀̇ = 4 s −1 . A predicted 
threshold density of � = 450 kg/m3 in Figs. 16 and 17 falls 
well into the experimentally determined interval and proofs 
the predictive capabilities of the models developed. [1] also 
reported the threshold effect for samples with initial densities 
between �0 = 300 kg/m3 and �0 = 400 kg/m3 . They observed 
a change in curvature for a current density between � = 400 
kg/m3 and � = 500 kg/m3 at strains from � = 20% to � = 40% 
which is well matched by the predictions in Figs. 16 and 17.

3.3.2 � Temperature dependency of stress

The temperature dependency of stress is largely determined 
by creep on a micro-scale for confined compression tests in 
the brittle regime. In general, snow becomes softer and more 
viscous with higher temperature. [1] showed that the brittle 
compression behavior can be separated into two regions at a 
temperature of T ∼ −10 ◦C shown in Figs. 16 and 17. Fig. 16 
shows a continuous decrease of the gradient with increasing 
strain at temperatures T > −10 ◦C for both experiments and 
predictions, while the gradients in Fig. 17 remain constant 
to a large extent for temperatures T < −10 ◦C at large strains.

4 � Conclusion

In this study the advanced micro-mechanical approach, 
developed in Part I of this article, was employed to predict 
brittle and ductile deformation behavior of snow including 

Fig. 16   Confined compression of a cylindrical snow sample at 
T = −4 ◦C and various initial densities loaded with high rates of 
strain 𝜀̇ = 0.4 − 4 s −1 . The grey curves are confined compression 
measurements by [1] (colour figure online)

Fig. 17   Confined compression of a cylindrical snow sample at 
T ≤ −10 ◦C and various initial densities loaded with high rates of 
𝜀̇ = 0.4 − 4 s −1 . The grey curves are confined compression experi-
ments by [1]
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its transitional regime on both a micro- and macro-scale. On 
a microscopic scale, bonds experience tension, compression, 
bending and torsion during deformation. Bond growth, com-
pressive response and fracture of bonds were successfully 
validated through experimental data. This modelling frame-
work was applied to predict snow behavior on a macroscopic 
scale for confined and unconfined compression tests of snow 
of which the results obtained were compared to large sets of 
experimental data.

The strain-stress interrelationship was well predicted in 
both the brittle and ductile regime separated by a strain rate 
of 𝜀̇ = 4 ⋅ 10−3 s −1 by a single numerical approach, although 
the ductile behavior lacks the work-hardening effect under 
unconfined compression conditions. In addition the depend-
ency of stress on initial density and temperature of a snow 
sample was captured very well. A good performance was 
achieved for describing the effect of sintering i.e. snow his-
tory and was proven to be the most influential parameter on 
snow strength. However, results shown in this study might 
be size-dependent therefore, the model parameters should 
not be extrapolated beyond the specimen size presented 
herein. Future efforts will focus on work-hardening under 
ductile conditions during unconfined compression tests.
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