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Abstract

Discrete element method is used to study the effect of particle aspect ratio on the packing structure of cylinders in this work.
Two contact scenarios are complemented to detect particle contacts, following the work of Kodam et al. (Chem Eng Sci
65:5852-5862, 2010) and Guo et al. (Powder Technol 228:193-198, 2012). The results show that the packing density-aspect
ratio curve has two small peaks at aspect ratio of 0.625 and 1.25, and a small cusp at aspect ratio of 1.0. Excluded volume
is used to explain the variation of packing density with aspect ratio for cylinders, spherocylinders and ellipsoids. The lowest
ensemble-averaged coordination number is found at aspect ratio of around 0.75. For platy cylinders, the dominant contact
scenario is the face—edge contacts, followed by band—edge contacts. For elongated cylinders, the major contact scenarios
are band—edge and band-band contacts. The existence of the planar faces of a platy cylinder makes the radial distribution
functions of disks quite different from that of smooth-curved oblates. Most platy cylinders have their principal axis of
pointing to and almost paralleling to the vertical direction, while the principal axis of elongated cylinders tends to point to
the horizontal plane. The platy particles tend to form stacks composed of 2—4 particles for different aspect ratios. The force
gradient increases and force magnitude becomes less uniform when L/D deviates from 1.0.

Keywords Packing - Cylinders - Discrete element method - Excluded volume - Contact detection

1 Introduction spherocylinders and ellipsoids are commonly used to rep-

resent a large range of particle shape varying from platy

Packing of particles with different shapes pervades the phar-
maceutical, chemical, agricultural, mining, building materi-
als, explosives, and food industries. It has been an interesting
topic for decades, and extensively studied experimentally [3,
4] or mathematically [5-9]. A number of factors, e.g., pack-
ing method, container shape/boundary conditions and par-
ticle properties, can affect the packing structure and hence
transport properties. Particle shape has been identified as
one of the most important particle properties.

Many efforts have been made to investigate the packing
of non-spherical particles. In these studies, cylinders/disks,
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to elongated. For example, the porosity—sphericity relation-
ship is obtained based on the packing results of cylinders
and disks by Zou and Yu [10]. Simulation and experimen-
tal studies on spherocylinders [11] and ellipsoidal packing
[12-14] both showed that a small deviation in shape from
spheres may change the packing density significantly. Local
alignment was found in the packing of fibres [15], ellip-
soids [13, 16], and bean, nail and cylinder particles [17].
These particles all experience a bias away from the verti-
cal axis towards the horizontal direction due to the influ-
ence of gravity. Although some similarities are observed at
a macroscopic scale, detailed qualitative and quantitative
analyses of the packing structure are still lacking, especially
for cylinders.

Different methods can be used to generate a packed bed of
non-spherical particles, for example, discrete element method
(DEM) [13, 14, 18], Monte Carlo (MC) [19], molecular
dynamics (MD) [12, 20] or event driven molecular dynamics
(EDMD) [21], mechanical contraction method (MCM) [11],
and combined methods of MCM-MD [22] or MCM2 (modi-
fied MCM)-MC [23], digital packing algorithm (DigiPac)
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[24], and relaxation algorithm [25, 26]. Among these meth-
ods, DEM and MD are dynamic simulation methods which
consider the mechanical forces between particles, while the
others, commonly referred to as “packing algorithms”, are
geometric based packings without consideration of friction.
Different techniques produce qualitatively comparable but
quantitatively unequal packing densities (e.g., within 10%
difference of each other). Frictionless packing describes the
densest possible packing of dry, cohesionless particles, while
frictional packing, often quoted as random loose packing for
spheres [27], can exist over a substantial range in packing
fraction. However, it is no longer “random” since ordered ori-
entational packing structures exist for loose packing of non-
spherical grains [28]. DEM simulations can provide differ-
ent packing densities with varying sliding or rolling friction
coefficients. The packing density results of spherocylinders
generated using the geometric based relaxation algorithm by
Zhao et al. [26] are noticeably higher than any other studies,
such as [11, 23, 29, 30]. The MCM generates reproducible
random packings of non-spherical shapes with densities that
are slightly below values from EDMD [12]. However, the
MCM has yielded contact numbers that are unphysical for
high aspect ratio spherocylinders [22].

In recent years, discrete element method (DEM) has been
increasingly used to study the packing of non-spherical
particles due to its unique advantage in providing dynamic
information. Different approaches to represent and model
non-spherical particles, such as polygon formulation, com-
posite particles, continuous function representation (CFR),
discrete function representation (DFR) or spherocylinders,
have been proposed, as summarized by Kodam et al. [1]
and Lu et al. [31]. For composite particles, particularly
clumping of spheres [32-35], the contact detection is sim-
ple, but composite particles tend to have bumpy surfaces,
and a large number of components (spheres) will be needed
to construct a given shape, resulting in a very demanding
computational effort. For the CFR approach, a non-spherical
particle (e.g. ellipsoids [13, 14] and superellipsoids [36, 37])
is well described by a simple equation. However, it can only
be used for smooth and continuous surface particles, and
the computational time for contact detection is also huge,
because it involves the numerical solution of a high-order
equation. For the DFR method [24], a particle surface is
discrete using a sufficient number of points and the contact
between particles are detected using a geometric potential
energy method. The computational effort is also extraordi-
nary if accurate and robust results are to be ensured. Other
methods have also been proposed, including for example, the
method based on orientation discretization database solu-
tion [38]. This method obtains the overlap information by
space discretization of particles, and stores the information
in a database. It is able to determine the overlap between
two arbitrarily-shaped particles without the need to solve
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any complicated equations. However, in the case of three-
dimensional system, a huge database will be needed to facili-
tate a simulation.

Therefore, for a specific particle shape, for example, cyl-
inders as concerned in the present study, none of the above
contact detection algorithms is efficient. However, Kodam
et al. [1] proposed detection criteria for cylinders by con-
sidering several contact scenarios between particles and
between a particle and wall. Although not applicable to other
particle shapes, this method is much more computational
efficient. More recently, Guo et al. [2] further developed the
method. These two studies lay out a good foundation for the
DEM simulation of cylindrical particles.

The aim of this work is to study the packing structure of
cylindrical particles using DEM. Cylinders differ from the
well-studied spherocylinders and ellipsoids by the existence
of the planar faces. This makes it more difficult for the con-
tact detection and also brings difference in packing structure
from the continuous surface spherocylinders and ellipsoids.
In this work, the contact detection algorithms based on
Kodam et al. [1] and Guo et al. [2] are further developed for
platy cylinders. Then, it focuses on the effect of one single
parameter for cylinders, i.e., aspect ratio (= particle length L/
diameter D) on the packing structure. The packing structure
is also compared with that of spherocylinders and ellipsoids.
The results are analysed in terms of the packing density [or
porosity (=1 —packing density)], coordinate number, the
spatial orientation and radial distribution function. The
force network among particles and force distribution are
also analysed.

2 Simulation method
2.1 Governing equations

According to the DEM, a particle can have two types of
motion: translational and rotational, which are determined
by Newton’s second law of motion. The governing equations
for the translational and rotational motion of particle i with
mass m;, and moment of inertia /; can be written as

k.
dVl <
m—t = ;(fg) +mg (1
and
k.
dw;
li— = ;(MW- +M,;+M,;) )

where v; and ®; are the translational and angular velocities
of the particle at the centre of mass, respectively, and k.
is the number of particles in interaction with the particle.
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The translational movement of the particle of mass m; is
driven by the resultant contact force f;, and the particle rota-
tion is induced by the torque M; arising from the contact
forces. The forces involved are: the gravitational force mg,
and interparticle forces f;; between particles i and j. These
interparticle forces f; can be resolved into the normal f, ;
and tangential f, ; components at a contact point. The torque
acting on particle i by particle j includes two components:
M, ; which is generated by the tangential force and causes
particle i to rotate, and M, ;, commonly known as the roll-
ing friction torque [39], is generated by asymmetric normal
forces and slows down the relative rotation between parti-
cles. For non-spherical particles, addition torque M, ; should
be added because the normal contact forces do not necessar-
ily pass through the particle centre. Moreover, particle may
undergo multiple interactions, so the individual interaction
forces and torques are summed over the k. particles interact-
ing with particle i.

2.2 Particle—particle interaction forces

DEM has been applied to cylindrical particles by a few
researchers [34, 35, 40]. As interaction forces and particle dis-
placements are both dependent on the chosen contact model,
in this work, the popular Hertz-Mindlin contact model is used.
The Hertz-Mindlin contact model computes the normal con-
tact forces f, ; in a similar way to Tsuji et al. [41]. Thus, the
contact force in the normal direction is given by

f " —Il’ll[l(O k .6 u, m.k. v ) (3)

> i Ongij — ij™n,ij ¥ n,ij

where k,, ; is the normal stiffness, J, ;; is the normal over-
lap, u, is the normal damping coefficient, v, is the nor-
mal relative velocity, m;; is the effective mass given by
Um;=1/m+ 1/m; and k ; 1s the effective normal stiff-
ness deﬁned as llkn i l/k i+ 1/k, ;. The stiffness of con-
tact is sometimes directly adjustable in some DEM codes,
but most DEM codes derive the stiffness of contact from
the properties of the material and colliding particles. For
example, the stiffness of the Hertz-Mindlin model is given
by: k,; = 4El]\/_l]/3 where E;; is the effective Young’s
modulus and R;; is the effectlve particle radius given
byl/R;=1/R:+ 1/Rj. For cylindrical particles, R; and R; rep-
resent the radii of the circular end faces of two cylinders in
contact [42].

In the tangential direction, the friction force is modelled
as a damped linear spring, and its magnitude is limited by
Coulomb’s law, such that:

.5”-1. Mo /mykl iV, U) 4)

tij

£ = min(,ubk, 8,k

Ly n,ij Vn,ij?

where u, is the coefficient of sliding friction, y, is the damp-
ing factor in the tangential direction, and v, ; is the relative

velocity in the tangential direction. The tangential displace-
ment &, ; is calculated according to 6,; = /v, ;dt and the
effective tangential stiffness is defined as 1/k, ;= 1/k, + 1/k, ;.

Rolling friction by the Hertz-Mindlin contact model on
cylindrical particles is calculated by applying torque to the
contacting surfaces. The rolling friction torque is expressed
by

M ‘_Mrlngl i (5)

where y, is the coefficient of rolling friction, r; is the dis—
tance of contact point from the centre of mass and @, ; i
the unit angular velocity vector of the particle at the contact
point. The moment calculated due to the rolling resistance is
added to the total moment acting on the particle.

2.3 Contact detection and particle orientation
2.3.1 Contact detection

A cylinder consists of three parts as shown in Fig. 1: the
cylinder faces (the two flat portions), the cylinder band, and
the (two) edges between the faces and band. The size of the
cylinder is characterized by the band radius, R (or diameter,
D), and the face-to-face length, L. A body-fixed frame of
reference is located at the centre of the cylinder with the
local z-axis oriented along the cylinder’s axial direction. The
location of the cylinder in the global frame of reference
(denoted by the superscript “G”) is given as x©, while the
orientation is described by the unit vector aligned with the
cylinder’s body-fixed z axis e°. x}, y; and z; are the x, y, and
z components of cylinder j’s position in cylinder i’s body-
fixed frame of reference. The bold symbols denote the
vectors.

For a cylinder-flat plane interaction, three potential con-
tact scenarios are possible: a face-plane contact, a band-
plane contact, and an edge-plane contact [1]. For a cylin-
der—cylinder interaction, six primary contact scenarios [1,
2] (as illustrated in Fig. la) are possible: face—face,
face—band, face—edge, band—band (parallel and skewed),
band-edge, and edge—edge. The contact criteria and param-
eters describing the contact, i.e. the contact overlap, é,, the
contact location, P,, and the unit normal vector for the con-
tact, n. can be obtained. The axial overlap §, is given by

8, = % (Li + Lj) - |z;| while the radial overlap J, is given by

= (R +R)) = /(2 + (52,

Kodam et al. [1] proposed detection criteria for differ-
ent contact scenarios. However, as shown in Fig. 1b, there
is another contact scenario between the face—edge and
band-edge scenarios, where the radial overlap 9, is greater
than the axial overlap J,. Guo et al. [2] added this scenario

@ Springer



22 Page4of 19

J.Gan,A.Yu

Fig. 1 a Contact scenarios
between two cylinders proposed
by Kodam et al. [1] and b an
additional contact scenario pro-
posed by Guo et al. [2] (Note:
OA, is not parallel to OA))

Face - Face

S L

Face - band

Face - edge

Band - band (parallel)

Ve

Band - edge

(a)

as a special contact scenario and proposed a detection crite-
rion for it. Besides, Guo et al. [2] also slightly modified the
detection criterion for face—edge and band—edge contacts.
In Fig. 1b, the principal axes OA of particle i and j are also
shown (OA, is not parallel to OA,). Table 1 summarizes the
contact scenarios and the corresponding detection criteria
based on Kodam et al. [1] and Guo et al. [2].

However, there are still some contact scenarios not able
to be detected. For example, as shown in Fig. 2a, for very
platy cylinders, both edges of particle j may contact with
one edge of particle i, and this case cannot be detected as
the band—band, face—edge, band—edge, or edge—edge contact
according to the detection criteria proposed by Kodam et al.
[1] and Guo et al. [2]. For disks, the more computationally
expensive glued sphere method is used. Here we proposed
a method to overcome this problem. We label the deepest
point from cylinder j to cylinder i and lies within cylinder
i as point P,. According to the positions of contact points
Al, B1 and A2, B2 (see the “Appendix” for the calculation
of these points), the position of Py is calculated as the cen-
tre point on the band of cylinder j of these 4 points. Thus,
the axial overlap §, and radial overlap 6, can be calculated
according to the position of point P. For this case, the con-
tact points and normal vectors can be decided according to
the band—edge criteria proposed by Kodam et al. [1] or the
corrected criteria for the special contact by Guo et al. [2] as
given in Table 1.

Another contact scenario is shown in Fig. 2b. When
the two edges of particle j cross the two edges of particle
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Band - band (skewed)

e

Edge - edge

i, it cannot be detected according to the criterion of
band-band contact. This is because the contact location
of I} or l; does not lie within the length of each cylinder
(Note that /; and l; are the shortest distance line between
the cylinders intersecting the two cylinder axes at points
defined by Vega and Lago [43]. The calculation of /; and
lj* are given in Table 1). To overcome this problem, the
closest point P, is here calculated as the centre point on
the band of cylinder j of the closest points P1 and P2. The
axial overlap 6, and radial overlap &, can be calculated
according to the position of point P.. For this case, the
contact points and normal vector can also be treated in a
similar way to the band—edge contact by Kodam et al. [1]
as given in Table 1.

2.3.2 Particle orientation

For three-dimensional particles, the moments of inertia /,
must be calculated in every time step according to the new
orientation of the particle in the space. For spherical parti-
cles, I;;=1,=1;=1; and body-fixed coordinates can be set
in the same direction as space-fixed ones. For non-spherical
particles, the local and global orientation of a particle can
be transformed using the space-fixed and body-fixed coor-
dinate systems. The space-fixed coordinate system is fixed
with respect to the laboratory space. On the other hand, the
body-fixed (or local) coordinate system is a moving Carte-
sian coordinate system, which is fixed with respect to the
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Table 1 Contact detection criteria for different contact scenarios proposed by Kodam et al. [1] and corrected by Guo et al. [2]

Contact sce- Contact detection criteria proposed by Kodam et al. [1] Contact detection criteria corrected by Guo et al. [2]
narios
Face—face
<|e.G -e.G~| = 1) and
\ LT J:Z
if < ‘zj" < %(L,» +Lj)] and , then contact occurs

7‘(x]’:)2 + 02| < (R, + Rj)z]

Face—band (eﬁ.eg =0) and

AY i" K )

[i] < (4zi+k,)] and
1

< (3L+R)| and

t<t*

where S = )x]’ . ej’:’z|, t= \/(xjf)z + ()’J‘:)2 - 52,

. 1
R, if s < (31)

if <4 , then contact occurs

'T R - (S - %Lj)z, otherwise.
Face-edge ‘ZlE| < %Li] and )Z;s) < %Li] and

‘(xg)z + (yiE)z’ < th] and i )(xis)z + @2)2| < R?] and
| (b= ) < 7 s

4] > 52

then contact occurs, where point E is the point on the edge of
cylinder j closest to the face of cylinder i

Band-band: §

G . ,G

parallel axes (|el.‘z "€,

if < ‘z]" < %(Li +Lj)] and , then contact occurs

o2 + 092 < (R + R

= 1) and

Band-band: d <R;+Rj| and [d <R;+R] and
skewed axes [+ I

%
I L

1 Ly
< §Li and , then contact occurs < 2Ll and

1
< ELJ

=

, then contact occurs

1
< ELJ' and

I
i

1
L=

I
J

)

- (1
where d is the shortest distance between the axes of two Ri+R; < mm(ELi -
cylinders. I} and l; are the shortest distance line between
the cylinders intersecting the two cylinder

axes at points defined by Vega and Lago [43].

P = (ef.;~e]’_r ) (e:._f ~x;. ) - (e;v: ~x]’ )

J 1—(efvz~el’:v:)

eﬁz =(0,0,1)" and eJ‘:Z = R¥(0,0,1)", and RY is the rotation

,andIF =€l - (x! + el [*), where
i iz j iz j

matrix converting from cylinder j’s body fixed frame. x' is
cylinder j’s center position given in cyliner i” s body fixed
frame of reference

Band-edge |zi | <1 L,] and if not face—edge contact
E 2
if |(X'E)2 +(}"E)2| < R‘Z] and , then contact occurs ‘ZIE‘ < %Li] and

R=\Jed? + 037 < (4L, - |zt|)] and

where point E is the point on the edge of cylinder j closest to
the band of cylinder i

|2 + 02| < B2

then contact occurs
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Table 1 (continued)

Contact sce- Contact detection criteria proposed by Kodam et al. [1] Contact detection criteria corrected by Guo et al. [2]
narios

Edge—edge ) )
|z/’4’ < EL"] and

|62 + 02| < R?]
then contact occurs,
where points A and B are the points on the edge of cylinder j

and the band (point A) and face (point B) of cylinder i (see
the Appendix for the calculation of these points)

Special contact Not mentioned if not face—edge contact
|Z‘E| < %Li] and
i 2 i 2 2
ang d |67+ 0D |<Ri] and
il 1
|Z;’ > EL’:I and
8, <6,]

then contact occurs

Fig.2 Two special contact sce-
narios identified in this work

(a) Edge-edge contact

(b) Band-band (skewed) contact

particle and the axes are superimposed by the principal axes 3 Simulation conditions

of inertia [44]. A vector can always be transformed from the

space-fixed axes to the body-fixed axes, or vice versaviaa A simulation begins with the pouring of mono-sized and
transformation matrix which can be expressed by the quater-  mono-shaped cylindrical particles into a rectangular box.
nion method [45, 46]. More details about the transformation Such a method has been commonly used elsewhere [13,
can be found elsewhere [47-49]. 14]. A very small velocity with random direction, and a
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random orientation of the cylinder principal axis OA, are
assigned to each cylinder. These particles are then allowed
to fall down under gravity with all above mentioned inter-
particle forces effective. During this densification process,
particles may collide with neighbouring particles and
bounce back and forth. This dynamic process proceeds
until all particles reach their stable positions with an essen-
tially zero velocity as a result of the damping effect for
energy dissipation, as done in the previous studies [13, 14].
Periodic boundary conditions are applied to the sidewalls
to eliminate the wall effect. The bottom wall is assumed to
have the same physical properties as particles. Packing den-
sity is calculated from the rectangular packing volume inside
to eliminate the effects of the ragged or irregular top and the
orientational ordered bottom for some aspect ratios. Graphics
processing unit (GPU) which is capable to accelerate DEM
simulations for non-spherical particles significantly [50] is
employed in this work. For the packing cases of 10,000 cyl-
inders in this work, a simulation can be completed within
several minutes to hours, depending on the aspect ratio.
Cylinders are characterized by the band radius, R (or diam-
eter D), and the face-to-face length, L. Cylindrical particles with
aspect ratios (L/D) varying from 0.15 to 5.5 are used in this
work to produce shapes from discs to rods. Particles with dif-
ferent aspect ratios have the same particle volume V), (For
L/D=1.0, the volume equivalent particle size d,=L=D and
V,= ﬂd;/“-, for L/ID#1.0, d, = {/4V,/x). The particle and

bed properties used in the simulation cases are listed in Table 2.

4 Results and discussion
4.1 Packing pattern

Figure 3 shows the visual packing patterns of cylinders with
different aspect ratios. As seen in Fig. 3a, particles with

Table 2 Simulation settings for particles and bed

Parameters Value
Volume equivalent particle size d,, (mm) 10

Particle density p,, (kg/m?) 2500
Particle shape (-) Cylindrical
Particle aspect ratio L/D (-) 0.15-5.5
Number of particles N (-) 10,000
Bed size (Width X Thickness x Height) (mm) 200 % 200 x 2000
Young’s modulus E (N m?) 1.0x 107
Poisson’s ratio v, (-) 0.30
Sliding friction coefficient yg, (-) 0.3

Rolling friction coefficient u,, d,, 0.002
Normal damping coefficient u,, () 0.3
Tangential damping coefficient y,, (-) 0.3

different aspect ratios shows different bed heights. When
the aspect ratio is very small (e.g. L/D=0.15) or large (e.g.
L/D=35.5), the bed height is higher than aspect ratio of 1.0,
indicating a lower packing density for very platy and elon-
gated particles. Moreover, the bed looks more ordered for
platy and elongated particles, with the principal axis OA
mainly pointing to the vertical direction for platy particles
and horizontal direction for elongated particles. The figure
also suggests that platy particles tend to form stacks of sev-
eral particles in an approximately cylindrical shape, which
is consistent with the literature [51, 52].

The ordered packing is even more obvious at the bed bot-
tom. For example, when aspect ratio is 0.15, most of the
particles contact with the bottom wall with their faces. When
aspect ratio increases to 0.5, most of the particles still con-
tact with the bottom wall with their faces, but a few contact
with their bands. For aspect ratio of 1.0, particles with OA
pointing to the vertical and horizontal directions are almost
half to half. However, for elongated particles, most of the
particles contact the bed bottom with the bands, that is, OA
points to the horizontal direction. The ordered orientation
in the whole bed and bed bottom for platy and elongated
particles is reasonable according to the stable principle of
minimum gravitational potential. To eliminate the wall effect
and the top irregularity, in the quantitative analysis below,
we will only consider particles in the centre with bed height
from 2d, to H,,,,—2d,,, where H,,,, is the maximum height

max

(reduced by d,,).
4.2 Packing density

Figure 4 quantitatively plots the variation of packing density
or porosity with particle shape. As demonstrated in Fig. 4a,
with aspect ratio increasing from 0.15, packing density
increases to a maximum at around 0.875, then decreases
a little at aspect ratio of 1.0 (see the insert in Fig. 4). After
that, packing density increases again to reach another maxi-
mum at aspect ratio of around 1.25. However, when aspect
ratio continues to increase, packing density decreases signif-
icantly. The simulation results are qualitatively comparable
with the experimental results of Benyahia [53] and the simu-
lation results of Jia et al. [24] using digital packing algorithm
and Dong et al. [38] using orientation discretization database
solution. However, Jia et al. [24] and Dong et al. [38] did
not obtain the results for aspect ratio with a small deviation
from 1.0, thus, there is not a cusp at aspect ratio around 1.0
in their work (see the insert in Fig. 4).

In this work, the DEM packing density results of cylin-
ders are also compared with those of ellipsoids [12, 13, 54]
and spherocylinders [11, 23, 25, 30] generated by different
packed bed generation methods. For current DEM approach,
the sliding friction coefficient y, is set to 0.3 and the rolling
friction coefficient u, is set to 0.002, which were regarded
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L/D=0.15

Fig. 3 Packings of particles with different aspect ratios: a overall bed view and b bottom view

0.85

—8— Cylinders, Sim.(DEM, 1=0.3) (Current work)
—@— Cylinders, Sim.(DEM, #=0.3) (Dong, et al. [38)
—a— Cylinders, Sim.(DigiPac, frictionless) (Jia, ct al. [24])
% Cylinders, Exp. (Benyahia et al., [53])
—O— Ellipsoids, Sim.(DEM, =0.3) (Zhou et al., [13])
—O— Ellipsoids, Sim.(DEM, frictionless)(Delaney et al., [54])
—— Ellipsoids, Sim.(MD) (Donev et al., [12])
Sim.(MCM,
(Williams and Philipse, [11])
< Spherocylinders, Sim.(MCM+MD, frictionless)
(Wouterse, et al. [30])
Spherocylinders, Sim.(MCM+MC, frictionless)
(Ferreiro-Cordova and van Duijneveldt [23])
—&— Spherocylinders, Sim.(Relaxation algorithm,
frictionless) (Ment, et al. [25])

o
N
>

0.80 |-

=3
o
N

Packing density
o
=N
D

0.75

Packing density
(=1
A

0.55 - *

0.50 -

0 1 2 3 4 5 6 7
Aspect ratio L/D

(a)

Fig.4 a variation of packing density with aspect ratio for cylinders
simulated in this work and from [24, 38] and experimental results
from [53], and in comparison with simulation results for ellipsoids
[12, 13, 54] and spherocylinders [11, 23, 25, 30] (the insert: packing

to have insignificant effect on packing density of spheres
[55]. For spherocylinders, L is the length of the particle,
rather than only the cylinder part. It can be seen that similar
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0s L —m— Cylinders with L/D=1.0, DEM. (,ux=0.3), Current work
’ —®— Cylinders with L/D<1.0, DEM. (#=0.3), Current work
---0--- Cylinders with L/D>=1.0, Exp., loose packing (Zou et al. [10])
0.7 | ---O--- Cylinders with L/D<1.0, Exp.,loose packing (Zou et al. [10])
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porosity—sphericity relationship with experimental results from Zou
and Yu [10]

tendency for the two peaks and a cusp at aspect ratio around
1.0 are also found for ellipsoids [12, 13, 54] and spherocyl-
inders [11, 23, 30]. However, there is only a small cusp (in
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this work) or even no cusp (by Jia et al. [24] and Dong et al.
[38]) at aspect ratio of 1.0 for cylinders (see the insert in
Fig. 4). This is reasonable because ellipsoids and sphero-
cylinders become spheres at aspect ratio of 1.0 (singular
shape change), while particles are still cylindrical at aspect
ratio of 1.0 for cylinders. Therefore, a small deviation from
aspect ratio of 1.0 brings less change in the particle shape
for cylinders, thus less variation in packing density. Moreo-
ver, for elongated particles with aspect ratio larger than 2.0,
the order of packing density of frictionless packings (upper
bound of packing density) for the three particle shapes is:
cylinders < spherocylinders < ellipsoids.

Figure 4b also plots the variation of porosity with parti-
cle sphericity (defined as the ratio of the surface area of a
sphere which has the same volume as a given particle to the
surface area of the particle). It shows that with the decrease
of particle sphericity, porosity increases for both the cases of
L/D<1.0 and L/D > 1.0. However, for the same sphericity,
platy particles with L/D <1.0 have a higher porosity than
elongated particles. The simulation results are generally con-
sistent with the experimental results [10]. The difference
might be resulting from the difference in packing method or
the particle properties. Poured packing was used to generate
a loose random packing in current DEM simulation. In the
experiment [10], the cylinder was tipped horizontally and
slowly rotated about its axis and gradually returned to the
vertical position to produce a loose random packing which
may cause more particle interlocks. Moreover, glass cylin-
ders are used in the DEM simulation, and wooded rods are
used in the experiments. A smaller particle density could
also lead to a looser bed with higher porosity.

It is known that for sufficient high aspect ratios, packing
density is inversely proportional to the excluded volume for
spherocylinders [11, 52]. Thus, it is necessary to study the
effect of aspect ratio on excluded volume for non-spherical
particles. Here the excluded volume of a particle refers to
the volume that is inaccessible to other particles in the sys-
tem as a result of the presence of the reference particle. For
platy cylinders, when L/D reduces, the increasing effect of
planar face induces considerable alignment and ordering
of particles, which can reduce the excluded volume effect.
Therefore, we only study the excluded volume effect of elon-
gated cylinders in the present work. We also compare the
excluded volume effect of cylinders with another two typical
elongated particles: spherocylinders and ellipsoids.

The expression of excluded volume for three types of
elongated particles can be obtained in the literature. For two
ellipsoids, the excluded volume can be expressed according
to Eq. (6a), where V; and V] are the particle volume, A; and
Aj are the particle surface area, and R; and Rj are the mean
radii of curvature at the closest point between two parti-
cles [56]. According to Onsager [57], the excluded volume
for a pair of cylinders of lengths L; and L;, diameter D and

relative orientation y is given by Eq. (6b), where E(sin(y))
denotes the elligtic integral of the second kind, given as
E(sin(y)) = /0”/ (1 — sin’(y) sin?(¢))d¢p. For two sphero-
cylinders the excluded volume is expressed according to
Eq. (6¢), where y is also the angle between the long axes of
the two spherocylinders [58, 59].

Vevijeliipsoia = Vi + V; + (A;R; + A;R;) (6a)
Veieinger = 5 (L + L)D? + ZD*sin(y) + 2L LD sin(y)
+ %(L,. +L)D?| cos(y)| + (L; + L;)D*E(sin(y))
(6b)
Vewijspherocytinder = (Di + DpLL;| sin(y)|

+ %(Di + D)L + L)+ %(Di +D)’
(6¢)
From above equations, the excluded volume depends on
the particle orientation. For an aspect ratio of the order unity,
the maximum excluded volume is found between the paral-
lel and perpendicular orientation (y=90°) [51]. Thus, the
expression of the orientational averaged excluded volume
is needed. To compare the orientational averaged excluded
volume V,, for cylinders, ellipsoids and spherocylinders,
particles with the same volume V), are used and V,, is nor-
malized by V,.
The orientational averaged excluded volume for equal

spheroids [52] with volume V), ..., 1S

AV/ 1—¢?
<ﬁ> =2+§z ll+uln<1+€)]
VP spheroid 2 2e I-e
[m+ arcsin (e)]
£

(7a)

where z=L/D for prolate spheroids and D/L for oblate sphe-
roids and €2 = 1 — 1/z?. Therefore, for prolate ellipsoid in
the limit of long rods (L/D> 1), €2 = 1, and the (Vex/Vp)
ellipsoid——aspect ratio curve is almost linear with a slope of
(3n/4)L/D.

Onsager [57] calculated the ratio of excluded volume to
particle volume between two cylinders, the averaged (V,,/
Vp)eylinder OVET an isotropic orientational distribution of cyl-

inders is Ve, cyjinger = (tD/2)[L + (n + 3/2)LD + nD*/4], and
Vv X L z D
< e> =2E+3+25+§Z (7b)
P / cylinder

Therefore, for cylinders in the limit of long rods
(L/D> 1), the (V,/V)))oylinger—aspect ratio curve is almost
linear with a slope of 2L/D.

Similarly, the orientation average exclude volume of a
pair of random spherocylinders [60]: V, =(n/2)

ex,spherocylinder
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L°D +2xD’L+ (4/3)xD’, and V= (n/6)D" + (w/4)D°L, and
therefore

\V/ 2
<—> - [6<£) ok 16]/<2+3£)
v . D D D
spherocylinder

p
(7c)

Therefore, for spherocylinders in the limit of long rods
(L/D>> 1), the (Voo/ V)spherocylinder = @SPeCt ratio curve is
almost linear with a slope of 2L/D as well.

The variation of orientational averaged excluded volume
V.V, with aspect ratio L/D according to Egs. (7a)—(7c¢) is
plotted in Fig. 5. It can be seen that at low aspect ratio, the
relationship between V,,/V,, and aspect ratio L/D slightly
deviates from linear. However, at higher aspect ratio, V,,/V,
generally increases linearly with aspect ratio L/D, consistent
with the above theoretical analysis. Cylinders and sphero-
cylinders have the same slopes, but ellipsoids have a slightly
larger slope than the other two types. Note that in this figure,
the particle volume V), is kept the same for different aspect
ratios and particle shapes, therefore even at high L/D, the
three particle shapes have different V,,.. When the aspect
ratio is smaller than 11.5, the order of V,, for different parti-
cle types are: cylinders > spherocylinders > ellipsoids, which
is corresponding to the order of packing density as shown
in Fig. 4: cylinders < spherocylinders < ellipsoids. It should
be noted that when aspect ratio is close to 1.0, spherocyl-
inders and ellipsoids are close to spheres, and the packing
is an outcome of a competition between local caging effect
and excluded volume effect [11, 14]. Moreover, at a high
aspect ratio, e.g., L/D>11.5, V,, of ellipsoids gradually
exceeds that of spherocylinders and approaches that of cyl-
inders as ellipsoids have a larger slope than cylinders and
spherocylinders.

40

—o— Ellipsoids
—#&— Spherocylinders
—&A— Cylinders

2 4 6 8 10 12 14
Aspect ratio L/D

Fig.5 Variation of orientational averaged excluded volume with
aspect ratio L/D for particle pairs with different shapes
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Fig. 8 Radial distribution functions for the packing of cylinders with different aspect ratios. a L/D <1.0; b L/D> 1.0 (data of dash curves from
[14] and data of dash dot curve from [11]); and ¢ local RDF for L/D between 0.625 and 0.875

4.3 Particle contacts

Coordination number (CN) reflects the number of contacting
neighbours per particle, which is usually used to characterise
packing structures. CN is here representing a real contact
between particles, and has different contact types as shown
in Figs. 1 and 2. For simplicity, we only consider their aver-
ages, rather than their distributions. The ensemble-averaged

(CN) is plotted with aspect ratio in Fig. 6. When aspect ratio
increases from 0.15,(CN) first increases slightly and then
decreases obviously. The lowest (CN) is reported at aspect
ratio of around 0.75. When the aspect ratio further increases,
(CN) increases dramatically and asymptotes towards 8.2
which is smaller than the value of MCM-MD contact num-
ber (9.8) and upper limit (10) for uncompacted rods [22].
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Fig.9 Variation of OA angle with the horizontal plane for cylinders with different aspect ratios

(CN) for cylinders and ellipsoids are also compared in
this figure. Comparing with ellipsoids [13], the growth of
(CN) with aspect ratio is much slower for elongated cyl-
inders, which is generally consistent with Blouwolff and
Fraden [61]. Moreover, the general variation tendencies of
ellipsoids and cylinders are consistent, but ellipsoids have a
larger difference in (CN) with aspect ratio. Specifically, for
platy particles, when aspect ratio decreases from 0.75, they
have much smaller (CN) than ellipsoids. The largest differ-
ence appears at aspect ratio of around 0.375. The possible
reason for this is that platy cylinders tend to form stacks of
several particles, which reduces the chance for others parti-
cles to contact with both faces of a cylinder. The difference
in (CN) becomes small when aspect ratio reduces to 0.15
where cylinders and oblate ellipsoids are close in shape.
When aspect ratio is near 1.0, cylinders have a much higher
(CN) than ellipsoids. From the aspect of constraint count-
ing, this is reasonable because an ellipsoid become a sphere
at aspect ratio of 1.0, which needs d + 1 ~2d (for frictional
spheres) to cage it [62]. When the aspect ratio slightly devi-
ates from 1.0, it become non-spherical, which requires more
contact points due to the additional orientational degrees of
freedom [63]. For cylinders, a small deviation of aspect ratio
from 1.0 does not change the degrees of freedom and the
number of constraints. When aspect ratio is larger than 1.5,
ellipsoids have a higher (CN) than cylinders as a result of the
lower excluded volume as discussed in Sect. 4.2.

As shown in Figs. 1 and 2, there are generally six differ-
ent contact scenarios for cylinders: face—face, face—band,
face—edge, band—band (parallel and skewed), band- edge,
and edge—edge. The distribution of different contact sce-
narios can be significantly affected by particle aspect ratio,

@ Springer

as shown in Fig. 7. For platy cylinders, as shown in Fig. 7a,
the dominant contact scenario is the face—edge contacts,
followed by the band—edge contacts. There are also con-
siderable part of face—face contacts and small amount of
face—band, band-band and edge—edge contacts. When
aspect ratio increases, the fraction of face—edge contacts
significantly reduces, and the dominant contact scenario is
the band—edge contacts. In the meantime, the fraction of
band-band contacts also grows obviously, while the fraction
of ordered packing structure, the face—face contacts, reduces.
There is only a slight decrease in the edge—edge contacts.

For elongated cylinders, as illustrated in Fig. 7b, the major
contact scenarios are the band—edge and band—band contacts,
and there are also considerable amount of face—edge con-
tacts. With aspect ratio increases from 1.0, the fraction of
band-band contacts increases significantly, while the fraction
of face—edge contacts drops markedly. There is only a small
change in the fraction of band—band contacts. Compared
with platy cylinders, elongated cylinders have very limited
face—edge, face—face and face—band contacts.

4.4 Radial distribution functions (RDF)

RDF is commonly used to describe the particle contact con-
dition and positional order of a packing. It is defined as the
probability of finding one particle centre at a given distance
from the centre of a given particle. For spheres, it is given
by g(r) = N(r)/4nr> Arp,, where N(r) is the number of par-
ticles centres situated at a distance between r and r + Ar of
a given particle, and p, is the number of particles per unit
volume in the packing, given by p, = 6¢,/ (nd;), where ¢ is
the packing density. The similar conception is extended to
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cylindrical particles. Different choices of Ar lead to almost
indistinguishable results [64]. In the present calculation,
Ar = 0.02d,, and the so-called radial distance is made with
the reference to the minimum of particle face diameter D
and axis length L.

Figure 8 shows the RDF of cylinders with different aspect
ratios. When aspect ratio is small, e.g., L/D=0.15 and 0.25,
only two peaks at the radial distance near L and D (e.g. 1.0
and 6.67 for aspect ratio of 0.15) are observed, and the peak
density at the radial distance near L is higher than that near
D. These two peaks are corresponding to three major con-
tact types: face—face/face—edge and band—edge. When aspect

ratio is between 0.375 and 1.0, three peaks are observed at
radial distance near L, (L+ D)/2, and D, corresponding to the
face—edge, band—band and band—edge contacts.

For aspect ratio between 0.625 and 0.875, as shown
in Fig. 8c, the third peak divides into two small peaks,
indicating more diverse contact modes for these aspect
ratios. For example, the first peak in the divided two
peaks is close to the radial distance D (e.g., the radial dis-
tance=1.625L=1.01D for L/D =0.625). The second peak
is at radial distance around 0.5L+0.75D, and there could be
several kinds of contact types leading to this peak. With the
increase of aspect ratio, all these peaks move towards 1.0.
When aspect ratio is 1.0, these three peaks overlap at the
radial distance of 1.0.

When aspect ratio is 1.0, there are also peaks at the radial
distance around \/5 /2 and 2.0, as shown in Fig. 8b. This is
similar to the concept of edge-sharing in-plane equilateral
triangles and three particles along a line for spheres [14].
However, the RDF of cylinders is much lower than that of
spheres. That is, the long-range position order of cylinders
is worse than spheres. When aspect ratio is larger than 3.0,
the second and third peaks at the radial distance of (L+ D)/2
and L become less obvious and even disappear, which means
that there are less face—face and face—band contacts, and the
band-band contacts dominate in the packing of elongated
cylinders.

The RDF of cylinders can be compared with that of
ellipsoids and spherocylinders from the literature [11, 14],
as plotted in Fig. 8. It can be seen that for platy cylinders,
the RDF shows quite different intensity at the same radial

Fig. 11 Effect of the difference in the critical radial distance §,, between two contact particles in the stacks for cylinders with aspect ratio of

0.15:26,<0.05R,b 5.,<0.1R and ¢ §.,<0.15R

cr= cr= cr=
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distance. For oblate particles, the first peak at around radial
distance of 1.0 is very wide, and even becomes obscure
when aspect ratio reduces. However, for elongated particles,
cylinders, spherocylinders and ellipsoids show some similar
peaks, especially at high aspect ratios. For example, they
all show a peak at radial distance around 1.0. This implies
that elongated cylinders, spherocylinders and prolate parti-
cles are similar in packing structure, but the existence of the
planar faces of a platy cylinder makes the packing structure
of disks quite different from that of smooth curved oblates.

4.5 Orientation analysis

Orientation is one of the most important features of non-
spherical particles differing from spheres. As has been illus-
trated in the packing pattern shown in Fig. 3, particle orien-
tation varies with particle shape significantly. Figure 9 show
the variation of OA angle with the horizontal plane (6,) for
different aspect ratios. For platy cylinders with aspect ratio
of 0.15, the highest frequency of @, is observed at around
—75° and 75°, indicating that most platy cylinders have OA
pointing to and almost paralleling to the vertical direction,
consistent with Fig. 3. With the increase of aspect ratio, the

Fig. 12 Stacks in the packing of platy cylinders of different aspect ratios at ,,<0.1R: a L/D=0.15, b L/D=0.25, ¢ L/D=0.375,d L/D=0. 5, e

cr—

L/D=0.75 and f L/D=1.0 (particles are coloured according to their particle orientation vector)
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0, peaks move towards zero, and the frequency at the peaks
reduces significantly. That means that particle orientation
becomes more random in the bed. When aspect ratio is close
to 0.5, there is a small peak at 6, of zero. This implies that
a considerable number of particles have OA pointing to the
horizontal plane. For elongated cylinders, with the increase
of aspect ratio, the frequency of the peak at § =0 increases
obviously, and becomes the dominant peak. Therefore, OA

of elongated cylinders tend to point to the horizontal plane,
which is also consistent with Fig. 3.

To be quantitative, the spatial degree of orientational
alignment of non-spherical particles is characterized using
a scalar order parameter called an orientational order y, [16,
65]. For prolate particles, the orientational order is defined

as yp = 1.5{ (zf:l c0s2(0; — 7r/2))/N ~1/3 } For oblate
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particles the order parameter is given by
Yo = 0.75{ (Zfil cos(29,»)>/N+ 1/3}, where 6 is the
angle between the largest semi-axis of spheroids and the
vertical axis, and the average is taken over all the particles
in the sample. The orientational order y, becomes zero when
particles are all randomly oriented, and one when particles
are all ordered, oriented in a plane. The effect of particle
shape on bulk-averaged orientation order is shown in Fig. 10.
It can be seen that the orientation order curve shows a cusp
at aspect ratio of 0.875. When the aspect ratio deviates from
0.875, the orientation order increases dramatically, indicat-
ing more ordered packing structure. For aspect ratio of 5.5,
the orientation order reaches as high as 0.76, implying most
particles have OA pointing to the horizontal plane, which is
consistent with Fig. 9.

As shown in Fig. 3, platy particles tend to form stacks of
several particles. Note here a particle i is identified to belong
to a stack when its axial distance to the neighbouring particle
J is smaller than 0.5*(L+L;) and the radial distance is smaller
than a critical value §,,. In order to study the tendency of form-
ing stacks for different aspect ratios and how many particles
are contained in a stack, the stacks in a packing are showed
in Fig. 11. It can be seen that the total number of stacks in the
packings significantly increases with the difference in the criti-
cal radial distance J,,.. For most of the stacks, there are only 2
disks. However, there are also stacks composed of 3 or 4 disks.
The total numbers of stacks in the packing differ obviously for
different aspect ratios, as shown in Fig. 12. With the increases
of aspect ratio, the number of stacks increases somewhat and
then decreases dramatically when aspect ratio increases to 1.0.
For aspect ratios between 0.15 and 0.625, most stacks contain
2 particles and a few contain 3 or 4 particles, but for aspect
ratios of 0.75 and 1.0, all the stacks are found to contain only 2
particles. This is consistent with Alan et al. [52] who found that
the number of particles per column/stack in the packing of cut
spheres increases when the particles are more platy.

4.6 Force network

The force network is also analysed and plotted in Fig. 13.
Here, the forces between particles or between a particle and
base wall are demonstrated by the thickness of sticks that are
proportional to the magnitude of the normal contact force.
Each stick represents a contact between two particles, and its
direction represents the direction of the normal contact force.
As seen in Fig. 13, obvious force gradient in the vertical direc-
tion can be observed. That is, most forces are in the vertical
direction. For L/D=0.15, some large forces can be observed
in the vertical direction due to the stacking of particles, which
have the origin from the bed bottom. With the increase of L/D
from 0.15 to 1.0, the particle stacking phenomenon becomes
less obvious, the number of large forces become less, and the
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Fig. 14 Probability distribution of total contact force for different par-
ticle shapes

force magnitude becomes more uniform within a bed. For
L/D=1.0, the force directions are diverse. This is because
that the contact force does not necessarily pass through a par-
ticle centre, thus the long force chains, which are normally
observed in the packing of coarse spheres [18], cannot be
formed. From L/D=1.0 to 5.5, an increase in the force gra-
dient can be seen. Moreover, there are more small forces in
the horizontal direction, corresponding to the increase in the
band-band contact as shown in Fig. 7b.

One way to quantify the force variation in disordered
materials is to measure the probability distribution of
forces P(f};) in the grain assembly. Figure 14 shows the
probability distribution of forces of total contact force for
the aspect ratios mentioned in Fig. 13. It can be seen that
for cylinders with different aspect ratios, the probability
distributions of forces P(f};) are quite close, except that
both flat and elongated cylinders have more small (e.g.,
Ji > <0.2) and also more large (e.g., f;/ f;;> > 4.0) forces.
This is consistent with the force networks as shown in
Fig. 13 and also consistent with the Qian et al. [66] in
random close packings of cylinders. However, this is quite
different from ellipsoidal particles [18] which show large
difference in P(f;) for different aspect ratios. This is again
caused by the geometry changes from spheres to ellipsoids
when aspect ratio slightly deviates from 1.0.

5 Conclusions

DEM has been used to study the packing structure in packed
bed of cylindrical particles. Two special contact scenarios
are found not able to be detected according to the detection
criteria proposed by Kodam et al. [1] and Guo et al. [2]. New
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contact detection methods are proposed for these contact sce-
narios. Based on this, this work focuses on studying the effect
of aspect ratio on packing structure at both macroscopic and
microscopic levels. The results are summarized below:

1. The packing density-aspect ratio curves show two small
peaks at aspect ratio of 0.625 and 1.25, and a small cusp
at aspect ratio of 1.0. When aspect ratio is larger than
2.5, the order of excluded volume for different parti-
cle types are: cylinders > spherocylinders > ellipsoids,
which is corresponding to the order of packing density:
cylinders < spherocylinders < ellipsoids.

2. The lowest mean coordination number (CN) is reported
at aspect ratio around 0.75. When aspect ratio is larger
than 1.5, cylinders have a lower (CN) than ellipsoids,
due to higher excluded volume. For platy cylinders, the
dominant contact scenario is the face—edge contacts, fol-
lowed by the band—edge contacts. For elongated cylin-
ders, the major contact scenarios are the band—edge and
band-band contacts.

3. When aspect ratio is small (0.15 or 0.25), only two
peaks in RDF are observed when the critical radial dis-
tances are near L and D. When aspect ratio is between
0.375 and 3.0, three peaks are observed at the radial
distance near L, (L+ D)/2 and D. With the increase of
aspect ratio, all these peaks move towards to 1.0; and
for aspect ratio of 1.0, these three peaks overlap at the
radial distance of 1.0. When aspect ratio is larger than
3.0, the second and third peaks at the radial distance of
(L+ D)/2 and L become less obvious and even disap-
pear. Elongated cylinders, spherocylinders and prolate
particles are similar in RDF, but the existence of the
planar faces of a platy cylinder makes the RDF (and thus
packing structure) of disks quite different from that of
smooth-curved oblates.

4. Most platy cylinders have their orientation QA point-
ing to and almost paralleling to the vertical direction,
while the OA of elongated cylinders tend to point to
the horizontal plane. Platy particles tend to form stacks
composed of 2-4 particles for different aspect ratios.
With aspect ratio approaches 1.0, the number of stacks
reduces obviously.

5. Unlike coarse spheres, long force chains cannot be
formed for cylinders with L/D=1.0. The force gradi-
ent increases and force magnitude becomes less uniform
when L/D deviates from 1.0. For cylinders with differ-
ent aspect ratios, the total contact force distributions are
quite close, except that flat and elongated cylinders have
more small and large forces.
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Appendix

Any point P on the edge circle of cylinder j can be specified
in cylinder i’s frame of reference as [1, 67]:

mm:@+@mwm+@m@v (A1)

where C; is the centre of cylinder j’s edge circle. u and v are

the two .perpendicular unit vectors in the plane containing
the edge circle of j. These vectors are defined as follows:

el % (0,0, 1)

" fxoon] -
ler.x 0.0,1Y]

and
uxe

_ Jz

V=TT (A3)

A

Point A (or A1 and A2 in Fig. 2a) is obtained by equating
the radial component of point P to the radius of cylinder j,
and then solving for 6:

2 p2_ p2
P+ Py =R (A4)
And point B (or B1 and B2 in Fig. 2a) is obtained by equat-
ing the vertical component of point P to the half the height
of cylinder i and solving for 6:

1

Pz=§

L (AS)
Substituting the z component of point P in the previous

equation and solving for 8 and noting that the z component
of vector u is always zero in Eq. (A2).

L - C,
0 =sin”!| =—
Rsz
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