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Abstract A drop-tower based experimental setup was devel-
oped for the impact testing of 2D assembly of cylinders with
impactor velocity of around 6 m/s. This drop tower setup
was used to load 2D granular assemblies of polyurethane and
polycarbonate cylinders of 1′′–1.25′′ length with three differ-
ent diameters of 1/4′′, 3/8′′ and 1/2′′. A high speed camera
was used for recording the images at speeds between 10,000
and 55,000 fps to monitor the deformation of the cylinders.
Kinematic and strain fields in individual grains during each
experiment were measured using digital image correlation.
These experimentally measured strain and kinematic fields
were used as inputs for the granular element method (GEM)
based force inference technique and the inter-particle forces
in normal and tangential direction were determined at every
contact in each experiment. The inter-particle forces at each
contact can facilitate the calculation of frictional work done
at each contact. The GEM based inter-particle forces for a
simple 2 particle granular assembly were found to be in good
agreement with predictions from ABAQUS explicit based
FEM simulation. The influence of different model parameters
was also characterized such as grain stiffness, frictional co-
efficient was investigated qualitatively. The impact response
of the various ordered granular assemblies was also investi-
gated using the GEM approach and the effect of local defects
such as voids or layering of granular materials on the wave
propagation phenomena is also studied. The presence of the
point or line defects have significant effects on the wave prop-
agation in the granular assemblies due to wave scattering and
attenuation.
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1 Introduction

Granular materials are conglomerations of discrete solid
grains which in its dry state, lack of cohesion and transmit
forces via inter-granular contacts through rigid elastic inter-
actions. There can be a wide variation of configurations in
a granular assembly owing to the differences in shape and
size of individual grains and the packing of the grains in the
granular media. This heterogeneous fabric of granular media
results in preferred paths for the force transfer in these mate-
rials. These preferred pathways results in formation of force
chains in dry granular materials as evidenced by numerous
experimental studies [1–6] and numerical simulations [3,7–
12]. The macroscopic behavior of granular materials has been
commonly described using continuum mechanics and phe-
nomenological elastoplasticity [13–17] and hypoplasticity
[18,19]. While these models are very successful in engineer-
ing applications, they struggle to predict some observable
features in the heterogeneous deformation of granular mate-
rials.

These inter-particle force networks have tremendous
implications on the macroscopic behavior of granular media.
The inter-particle forces have been linked to constitutive
response [3,6,20–23], wave motion [5,24,25] and energy
dissipation [26–28] and also influence phenomenon like jam-
ming [29–31], intruder dynamics [10,32,33] etc. There is a
clear need for understanding the connection between micro-
scopic and macroscopic response of granular materials and
this missing link is critical to the success of number of defense
and industrial applications as shock attenuators, blast mitiga-
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tion structures, wave tailoring devices and vibration isolators
[34,35]. Grain scale experiments can help with the validation
of emerging modeling techniques such as discrete element
method [9–12,27] which embrace the links between inter-
particle forces and macroscopic properties.

In the past, photoelasticity based techniques have been
used extensively to visualize inter-particle forces in granular
media [1–6,20,36]. Although photoelasticity is a useful tool
for visualization of inter-particle forces, the choice of materi-
als in these works has to be limited to birefringent grains and
they require the knowledge of the boundary conditions and
contact laws for quantitative measurement of inter-particle
forces. While a number of the limitations of the photoe-
lasticity based force measurement techniques have been
addressed, they are still restricted by factors such as particle
geometry and assumption of a model for contact forces [37,
38]. The recently proposed Granular Element Method (GEM)
[39,40] provides a versatile alternative for inter-particle force
visualization and quantitative measurement of inter-particle
forces. The GEM based technique is limited by the capabil-
ity of experimental techniques to obtain the granular fabric
and full-field displacement fields in individual grains as well
as the constitutive material parameters for grains. The util-
ity of the GEM based force visualization approach has been
demonstrated for granular media under static and dynamic
loads and it presents an interesting opportunity for investi-
gating mechanical response of 3D granular media.

The current paper employs a drop-tower based experimen-
tal approach to load an assembly of polyurethane and poly-
carbonate cylinders and uses high speed imaging to record
the deformation process. Digital image correlation is used to
obtain the particle kinematics and strain fields in the granu-
lar assembly. The experimental measurements like granular
kinematics, contact points and strain fields are then used to
infer the inter-particle forces using the GEM based approach
described in [40]. The mathematical framework of the GEM
based approach is presented in the next section. The Sect. 3 of
this paper discusses the experimental approach designed for
the drop-tower testing of the granular assemblies. The influ-
ence of different model parameters on the predictions for
inter-particle forces is discussed in the Sect. 4 while exper-
imental results obtained for different granular configuration
from the experiments are presented along with some discus-
sion in Sect. 5. The contributions of different components
of energy evolves during impact event and the evolution of
energy for different cases is also presented in Sect. 5.

2 Mathematical framework for granular element
method

The granular element method (GEM) developed in [40],
depends on the ability of the experimental techniques to

obtain certain quantitative information: (1) granular fabric
including particle position and contact locations, (2) strain
fields and kinematic data within each grain, (3) constitu-
tive parameters for individual grains and (4) parameters
describing the inter-particle friction. These measurements
are required as an input for the numerical optimization prob-
lem employing a mathematical framework to solve an inverse
boundary value problem to obtain the inter-particle forces at
each contact.

The technique presented in this work uses grain level strain
and kinematic data to facilitate inter-particle force visual-
ization using grain level equations: conservation of linear
and angular momentum, force balance between the exter-
nal forces and average stresses within individual grains and
description of friction constraints.

The conservation of linear momentum and angular momen-
tum for any grain p can be expressed as follows;

d

dt

(∫
Vp

ρv dV

)
=

∫
Vp

ρb dV +
∫

δVp

t dS

(1)

d

dt

(∫
Vp

x × ρv dV

)
=

∫
Vp

x × ρb dV +
∫

δVp

x × t dS

(2)

where ρ is the particle density, b is the body force, t are
surface tractions, v is velocity, and Vp and δV p represent
deformed grain volumes and surfaces. If the body forces b
are ignored, the Eqs. (1) and (2) can be reduced by taking a
time derivative and can be expressed in terms of the contact
forces f α acting on the grain p over contact points N p

c , as

Nc∑
c=1

f c =
∫
Vp

ρa dV (3)

Nc∑
c=1

xc × f c =
∫
Vp

x × ρa dV (4)

where x is the position vector for an arbitrary point in the
grain as shown in Fig. 1 and a is the acceleration vector at the
same point. As seen in Fig. 1, we can express x = xcmp + x̃
and a = acmp + ã in terms of the position vector xcmp and
acceleration acmp of center of mass for grain p. Using these
definitions, the equations are further reduced to

Nc∑
c=1

f c = mpa
cm
p (5)

Nc∑
c=1

xc × f c = mp

(
xcmp × acmp

)
+

∫
Vp

ρ (x̃ × ã) dV (6)
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Fig. 1 Illustration of the geometry and kinematics of a contact between
grain p and its neighboring grains and domain boundary

where mp is the mass of each particle. Thus conservation
of linear and angular momentum, Eqs. (5) and (6), can be
conveniently combined into a single matrix equation for a
group of grains in contact as Km f = Dm . The position vector
terms on the left hand side of Eq. (6) are grouped together in
Km and the cross-product of acceleration terms on the right
hand side of Eq. (6) are grouped together in Dm .

The volume averaged stress tensor ‘σ̄p’ in any grain p can
be expressed in terms of stress field ‘σ ’ at any point in the
grain as;

σ̄p = 1

Vp

∫
Vp

σ dV (7)

If σ within the integral in Eq. (7) is left multiplied by identity
matrix xi,k and switching to indicial notation, we can get

σ̄i j = 1

Vp

∫
Vp

[(
xiσk j

)
,k − xiσk j,k

]
dV (8)

Using divergence theorem on 1st term and balance of linear
momentum in absence of body forces gives σk j,k = ρa j .
Thus Eq. (8) can be expressed as

Nc∑
c=1

xc ⊗ f c = Vpσ̄p +
∫
Vp

x ⊗ ρa dV (9)

where ⊗ is the dyadic product (a⊗b = aib j ). Similar to Eqs.
(5) and (6), we can express Eq. (9) in terms of the position
vector xcmp and acceleration acmp for center of mass as,

Nc∑
c=1

xc ⊗ f c = Vpσ̄p + mp

(
xcmp ⊗ acmp

)
+

∫
Vp

x̃ ⊗ ρãdV

(10)

The balance of average stress and external forces (Eq. 10)
yields 3 equations for each grain. The stress-force balance

equations for a group of grains can be combined as a single
matrix equation Ks f = Ds . The position vector terms on the
left hand side of Eq. (10) are grouped together in Ks and the
dyadic product of the acceleration terms on the right hand
side of Eq. (10) are grouped together in Ds .

A Coulomb type of friction law is used for description of
the frictional constraints governing the cohesion-less contact
between the grains. The constraints dictate that −ei · f i ≥ 0

and −
(
ei ± 1

μi
t i

)
· f i ≥ 0 for each contact point between

grains in the region of interest, where μi is the coefficient
of friction for each contact. This coefficient of friction can
measured from a separate experiment on the materials in
granular media and could be dynamic or static depending
on the experiment. The cohesion-less force and Coulomb
friction constraint equations for the group of grains can be
expressed as a matrix equation (B. f ≥ 0) for a group of
contacting particles.

Thus the inverse boundary value problem based on this
mathematical framework consists of two set of govern-
ing equations Km f = Dm and Ks f = Ds , subject to
the constraint equation (B. f ≥ 0). Thus the GEM method
for obtaining inter-particle forces involves a multi-objective
optimization problem of the form,

f = arg min (‖Ks f − Ds‖2 + λ‖Km f − Dm‖2)

subject to: B. f ≥ 0 (11)

Since the magnitude of the errors in stress or momentum is
not known, the best strategy is not assign any preference to
one set of measurements over the other. Thus we can solve
equation 11 for a large range of λ values and obtain a curve of
‖Ks f −Ds‖2/‖Ds‖2 and ‖Km f −Dm‖2/‖Dm‖2. All points
on this curve for which neither objective can be decreased
without increasing the other are referred to as Pareto optimal
points, and the resulting curve is referred to as the optimal
trade-off curve or the Pareto front. The optimal ‘knee-point’
is selected by procedure described in detail in [40], Hurley et
al have established that this process approximates the knee-
point very well in practice. The mass used in Eqs. (6) and (10)
must be mass per unit thickness (i.e., actual mass divided by
thickness of the particles) and the volume in Eq. (13) must
be the area of the face of the particle.

3 Experimental setup and procedure

A schematic for the drop-tower experimental setup used for
testing granular assemblies in the current work is shown in
Fig. 2a. As seen in the figure, hollow aluminum tube (9’ long)
is mounted on a rigid load frame and a rigid impactor can
free-fall under gravity through the hollow tube. The impactor
velocity when it reaches fixture holding the granular assem-
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Fig. 2 a A schematic
representation of the drop tower
setup for loading the granular
assembly of cylindrical grains, b
a representative image recorded
by the high speed camera for a
granular assembly of
polyurethane cylindrical grains
of three different diameters with
speckle-patterns

bly is around 6 m/s. The fixture holding the cylindrical grains
has rigid walls on the sides and the bottom face while the slot-
ted top face allows a flat slider to move vertically on impact.

The drop tower setup was used to conduct impact exper-
iments on two different materials: Polyurethane (Durometer
80A) and Impact Resistant Polycarbonate, purchased from
McMaster-Carr. For both materials, cylindrical grains with
a length of 1.25′′ and three different diameters (1/4′′, 3/8′′
and 1/2′′) were arranged as granular assemblies. The detailed
alignment procedures are employed to maintain the quasi-2D
motion of cylindrical grains during the impact loading. In
order to facilitate the use of digital image correlation (DIC),
the flat faces of the cylindrical grains were patterned with
spray paint with appropriate speckle density for different
diameters (see Fig. 2b). The images during the impact exper-
iments were recorded with Phantom v710 high speed camera
(resolution between 800 × 800 pixels to 512 × 256 pixels)
at frame acquisition rates between 10,000–55,000 fps. The
velocity fields from DIC in each grain were then used to
calculate the acceleration fields and average accelerations in
the grains by numerical differentiation. The recorded images
were also used to obtain the position of the centroid and
the locations of the particles contacts at each time instant
(see Fig. 3a). This was achieved by converting the recorded
grayscale image to a binary image and the particle centroids
and radius were then detected using a circular Hough trans-
form with MATLAB image processing toolbox. The resulting
centroids and radii were then used to find contacting par-
ticles: if the distance between two centroids was less than
two times the radii of the corresponding particles, the parti-

cles were taken to be contacting with appropriate normal and
tangent vectors. Similarly, contact points between particles
and the boundaries of the fixture were also detected using a
MATLAB routine. The DIC software VIC-2D was used to
calculate the displacement and velocity fields for each grain
separately. The displacement fields were then used to obtain
the εxx , εxy and εyy strain fields in each grain (see Fig. 3b–d)
and calculate the average strain in each grain. The linear elas-
tic model has assumed for both materials and average strain
values can then be used to calculate the average stress values
by either assuming plane stress and plane strain.

Noise in the kinematic data (velocity and acceleration)
and strain data for each grain was filtered over time using
in-built smoothening functions in MATLAB. In the next sec-
tion, a qualitative investigation of the influence of different
assumptions on the inter-particle forces in random granular
assembly of polyurethane cylinders using the GEM based
approach is presented.

4 Influence of model parameters on GEM results

The analysis in this section is presented for a random arrange-
ment of polyurethane cylinders of 3 different sizes under
impact loading. The analysis of the velocity fields obtained
from the DIC results for random polyurethane arrangement
reveals that although the wave velocity for the polyurethane
is around 93 m/s, the wave front moves at approximately 5
m/s through the granular media. The numerical optimization
presented in the earlier section links particle positions, accel-
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Fig. 3 a The particle edges (red circles) and contact points (blue cir-
cles) for a representative image as detected by the circular Hough
transform based approach. The b εxx , c εyy and d εxy full-field strain

distribution in polyurethane grains during an impact experiment is cal-
culated using Vic-2D at t = 2 ms from initial impact (color figure
online)

erations, contact points, and stresses to inter-particle forces.
Three particle-scale equations accomplish this connection:
momentum balance, stress-force relations, and constraint
equations. These equations are combined in a multi-objective
optimization problem that can be solved to obtain inter-
particle forces. The last term in Eqs. (6) and (10) are linked
to the local acceleration ã and the relative position vector
x̃ in the individual grains. In [40], the authors have ignored
the effect of local accelerations and have considered only the
mean particle acceleration. In the current work, the effect
of local acceleration within each grain is investigated and
integral terms with moments of local accelerations about the
particle centroid have also been included in the mathemati-
cal framework. The comparison between GEM analysis with
and without these terms associated with local acceleration is
presented in Fig. 4. The Fig. 4a–d reveal that ignoring influ-
ence of local acceleration fields can result in errors up to 5
N in the inter-particle force values in the current granular
assembly. Thus ignoring the effect of local acceleration does
not have significant impact on the inter-particle forces pre-
sented in earlier sections. In [40], the plane stress assumption
has been considered in constitutive response but as seen in
Fig. 4, the comparison of plane stress and plane strain con-
ditions for same experiment at a particular instant reveals a

strong influence of choice of a constitutive law on the inter-
particle forces.

Similar trends have been observed for random polycarbon-
ate assembly under impact loading, although the temporal
resolution of the impact event is limited due to higher wave
velocity for polycarbonate and limitations of image acqui-
sition rates for the camera. Another factor that can have
significant influence on the results for a GEM analysis is the
accuracy of the constitutive and frictional parameters. In the
GEM analysis presented in Fig. 4, nominal values of consti-
tutive constants and frictional coefficients (see Table 1) have
been used as inputs. However, it is important to understand
the influence of variations in these model parameters on the
GEM results.

For the same impact experiment on a randomly arranged
polyurethane assembly, inter-particle forces were obtained
by employing GEM based analysis for the same experimental
strain and kinematics dataset for varying values of Young’s
modulus E (0.5 Enominal to 1.5 Enominal ) at nominal fric-
tional coefficient (see Fig. 5). The plots in Fig. 5 clearly
indicate that slight variations in Young’s modulus do not
have a significant impact on the direction of the inter-particle
forces. The effect of change in Young’s modulus results in
an almost proportional change in forces, i.e. 25% change in
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Fig. 4 The inter-particle forces (N) obtained in polyurethane grains
using the GEM based approach along with terms accounting for local
acceleration fields in each grain for a plane stress and b plane strain.

Inter-particle forces (N) in polyurethane grains ignoring influence of
local acceleration fields for c plane stress and d plane strain at t = 2
ms from initial impact

Table 1 Nominal values for constitutive and friction parameters used
as input for GEM analysis

Polycarbonate Polyurethane

E 2.6 GPa 9.35 MPa

ν 0.37 0.49

μ 0.1 0.5

nominal Young’s modulus can result in up to 25–30% change
in forces in particles. Thus accurate values of elastic param-
eters like Young’s modulus and Poisson’s ratio are important
in the calculation of inter-particle forces in granular materials
using the GEM approach. However, for the sake of simplicity,
the current paper assumes a rate independent linear elastic
constitutive law for polyurethane as well as polycarbonate
granular particles.

A similar effort was made to investigate the effect of varia-
tions in friction coefficient (μ = 0 to μ = 1) for the nominal
value for elastic modulus, keeping all other parameters con-

stant (see Fig. 6). The frictional coefficient seems to be more
influential on the inter-particle forces obtained by the GEM
approach. The frictional coefficient not only influences the
magnitude of the inter-particle forces but also the direction of
the inter-particle forces in the random polyurethane arrange-
ment. Thus any inaccuracy in the value of the frictional
coefficient can have significant implications on the forma-
tion of force chains in a larger granular assembly. These
trends for variations in the elastic modulus and frictional
coefficient also hold for GEM analysis for impact resis-
tant polycarbonate. Since the frictional coefficient seems
to have such a significant impact on the inter-particle
force measurement by the GEM approach, inter-particle
friction between polyurethane–polyurethane, polycarbonate-
polycarbonate and polyurethane–polycarbonate surfaces was
measured experimentally in this work. This frictional coef-
ficient between two surfaces was measured by the tangential
force while sliding a body of known weight with a flat sur-
face over another rigid flat surface. This frictional coefficient
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Fig. 5 The inter-particle forces (N) obtained in polyurethane grains
using the GEM based approach at time t = 2 ms from impact for elas-
tic modulus of a 50 % of Enominal , b 75 % of Enominal , c Enominal ,

d 125 % of Enominal and e 150 % of Enominal . The small variations in
elastic modulus has no significant impact on the inter-particle forces

was found to be insensitive to sliding velocity within the
range investigated (0.01–1 mm/s). The frictional coefficient
values measured for these combinations are presented in
Table 2.

The monitoring of contribution of different components of
energy enhances the understanding of the interaction of par-
ticles at the micro-scale and provides means to understand

deformation mechanisms at the macro-scale [26–28,41]. The
experimental approach developed here facilitates the moni-
toring of evolution of energy contributions such as elastic
energy, frictional losses and kinetic energy in a granular
arrangement. The energy entering the system due to impact
of the granular assembly with the top wall at any instant t is
given by,
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Fig. 6 The inter-particle forces (N) obtained in polyurethane grains at t =1.7 ms using the GEM based approach for frictional coefficient with
different values; a μ = 0, b μ = 0.25, c μ, d μ = 0.75 and e μ = 1

Table 2 The experimentally measured coefficient friction measured for different surfaces

Polyurethane–
Polyurethane

Polyurethane–
Polycarbonate

Polycarbonate-
Polycarbonate

Polyurethane-
Wall

Polycarbonate-
Wall

μ 0.43 0.22 0.1 0.25 0.13
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Fig. 7 a The evolution of different components of energy and b a comparison between wall friction and total work of friction during impact of
the random assembly of the polyurethane cylinders

Ein =
t∑

t=0

Np∑
i=1

f ti δui (12)

where f ti is the instantaneous force between particle i and the
top wall and δui is the corresponding incremental displace-
ment of the top wall. The kinetic energy and the strain energy
at any instant is given by,

Ekinetic = 1

2

Np∑
p=1

(mpu̇
2
p + IPω2

p) (13)

Estrain = 1

2

Np∑
p=1

Vp
(
σi jεi j

)
p (14)

wheremp is the mass, Ip is moment of inertia and wp is angu-
lar velocity of each particle. Similarly, the GEM approach
also allows us to measure the frictional losses at each contact
and the energy dissipated through frictional sliding can be
obtained using,

E f riction =
t∑

t=0

Nc∑
i=1

f tsli pδuslip

=
t∑

t=0

Nc∑
i=1

( fi · ti ) [(δui · ti )Grain 1

−(δui · ti )Grain 2)] (15)

where δuslip is the incremental slip displacement vector at
the sliding contact for the Nc total contacts at any instant.
The contributions of these different energy contributions for
the randomly arranged polyurethane assembly is shown in
Fig. 7.

As seen in Fig. 7, the input energy representing the trans-
fer of the kinetic energy of the impactor to the granular

assembly follows a linear profile and lasted for around 0.5
ms for the random polyurethane assembly. The impactor
bounces upwards after initial impact and results in another
collision with the sliding top wall granular assembly and
results in another smaller increase in the input energy as
seen in the Fig. 7. This input energy enters the granular
assembly as kinetic energy as evidenced by the high rela-
tive contribution of kinetic energy during the initial stages
of impact. As the stress wave moves through the granular
assembly at a particle velocity around 5 m/s, the contribu-
tion of kinetic energy decreases and the elastic strain energy
of the system increases correspondingly. The second impact
of the impactor with the top wall results in a small burst of
kinetic energy and consequently the strain energy reaches
its maximum as the granular assembly is compressed. The
granular assembly subsequently slowly decompresses as the
strain energy of the system is slowly released once again
at much slower particle velocity and hence time for strain
energy release (∼3 ms) is much larger than time for trans-
fer of initial impact. This energy leaves the system as the
kinetic energy of the impactor as the impactor bounces off.
Since the impactor is not necessarily in the field of view, it
is difficult to account for the kinetic energy of the impactor.
Similar analysis for an evolution of energy during impact
of a random polycarbonate assembly is shown in Fig. 8.
For a random polycarbonate granular assembly, the trends
are qualitatively similar but the impact event lasts for much
smaller time frame due to higher wave speed. The higher
elastic modulus also results in higher relative contribution of
the strain energy as compared to polyurethane, however the
kinetic energy contribution could possibly increase for gran-
ular assemblies with lower packing density, thereby allowing
for particle rearrangement. The high relative contribution of
frictional losses for both polyurethane and polycarbonate is
quite surprising since the magnitude of frictional forces are
significantly low ( ft ∼ 5–20 N) as compared to normal con-
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Fig. 8 a The evolution of different components of energy and b a comparison between wall friction and total work of friction during impact of
the random assembly of the polycarbonate cylinders

tact forces which are at least order of magnitude higher at
any instant. A closer look at the frictional losses for each
contact reveals that the small amount of frictional losses are
continually dissipated at each contact over time. It is also
noteworthy that contribution of frictional losses at sidewalls
and bottom wall in the total work of friction is much lower for
the stiffer polycarbonate granular assembly as compared to
the polyurethane granular assembly. This is consequence of
large strains in polyurethane assembly resulting in large lat-
eral confinement forces against the sidewalls. Thus the large
contribution of wall frictional losses in random polyurethane
assembly is a direct consequence of the lateral confinement
due to the sidewalls and it is likely that the contribution
of wall friction in larger granular assembly could be min-
imal.

In the next section, the utility of the GEM approach is
presented through illustrative examples for different pack-
ing arrangements. A comparative study of impact loading
of different ordered granular packing arrangements for both
materials and different particle sizes is presented along with
the energy profile for each example.

5 Results

In the first illustration of the GEM approach, two polyur-
ethane particles are subjected to impact loading using
the experimental approach presented earlier and the GEM
approach is used to obtain the inter-particle forces. The
inter-particle force visualization for the impact of two
polyurethane cylinders is shown in Fig. 9. A finite-element
(FEM) model with the same initial conditions as the exper-
iment was analyzed using ABAQUS-Explicit to compare
experimental measurements and results of GEM approach.

(a) (b)

(c) 

0

200

400

600

800

0 2 4 6

Fo
rc

es
 (N

)

Time (ms)

GEM Solution

ABAQUS FEM MODEL

Fig. 9 The schematic for a two particle impact experiment using a
ABAQUS based FEM simulation and b GEM based solution for similar
experiment. c Comparison between inter-particle forces (N) computed
using ABAQUS based FEM simulation and GEM based approach used
in the current paper for contact 1 between two particles shown above
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(a) Frame 6, t= 0.227 ms (b) Frame 18, t= 0.772 ms (c) Frame 30, t= 1.36 ms 
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Fig. 10 a–f The inter-particle forces in BCC ordered polyurethane
granular assembly at different instants of time during impact loading
calculated using GEM approach. g The different components of energy

and h comparison between wall friction and total work of friction as a
function of time for BCC ordered polyurethane granular assembly

The grain material was modeled as 2D plane strain with
grain properties for polyurethane discussed in Sect. 4.
The walls were modeled as rigid bodies and the impactor
was modeled as stiff 2D linear elastic body with mate-
rial properties for steel. The coefficient of friction between

the walls and the grains was experimental measured to
0.22. The comparison between inter-particle forces between
two grains using the FEM approach and the GEM analy-
sis for contact 1 is shown in Fig. 9. As seen in Fig. 9,
there is reasonable qualitative agreement between the GEM
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approach and the FEM simulations for contact 1 during
the simple two grain impact experiment. Similar agreement
for the inter-particle forces using the two approaches was
observed for all the contacts in the 2 particle experiment.
The acceleration and strain fields used in the GEM solu-
tion during the 2 particle impact experiment was filtered
using smoothing functions in the MATLAB while main-
taining a signal-to-noise ratio greater than 10 for all the
variables. Low-pass filtering of velocity and acceleration
data obtained using photo-elasticity experiments with sim-
ilar signal-to-noise ratio has yielded interesting insight in
particle scale dynamics during granular impact [33]. There
could be slight differences in the inter-particle forces using
the two approaches at certain time instants due to simplifying
assumptions in the constitutive and friction laws as well as
the effects of the filtering experimental data and experimental
errors.

Since the efficacy of the GEM based approach presented
in this work has been established through the 2 particle
experiment, the utility of the GEM approach is presented
to investigate different ordered arrangement of granular
assembly. The following ordered granular assemblies of
polyurethane and polycarbonate cylinders are presented:

The drop-tower setup introduced in Sect. 3 was employed
to apply impact load on a BCC ordered granular assem-
bly of polyurethane cylinders of 3/8′′ diameter. The GEM
based approach introduced earlier was used to obtain inter-
particle forces in BCC polyurethane granular assembly,
which are shown in Fig. 10a–f. The large deformation in
the polyurethane grains resulted in large lateral strains, εxx
(up to 5%) and which in turn, resulted in large lateral forces
(1000 N) due to the confinement effect of the sidewalls. This
is also reflected in the large contribution of the wall fric-
tion to total frictional losses as the large lateral forces cause
significant friction losses. The stress waves move at parti-
cle velocities and the stress waves bound around between
layers of the granular materials. Similar impact tests on the
BCC ordered granular assembly of the stiffer polycarbonate
reveals very low contribution of the frictional losses at the
sidewalls due to much smaller lateral strains (0.1 %). How-
ever, if an external confinement pressure was applied on the
stiffer assembly, a similar effect of confinement would be
observed.

The velocity in y-direction (direction of impact loading)
for each layer of the ordered BCC polyurethane assembly
is plotted in Fig. 11, with the top layer being numbered as
layer 1 and the successive layers are numbered accordingly.
As seen in Fig. 11, the magnitude of initial velocity wave
decreases with the successive layers in the granular assem-
bly and the layers are seen to oscillate with the oscillation
frequency increasing with successive layers. These oscilla-
tions between layers of the granular assembly also leads to
lower magnitudes of final velocity in each successive layer.
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Fig. 11 The velocity in direction of the impact for each layer of the
BCC ordered granular assembly of polyurethane cylinders is plotted as
a function of time. The layers are sequentially numbered from top to
bottom (the top layer numbered as layer 1)

5.1 HCP packed granular assembly

The evolution of inter-particle forces in HCP ordered gran-
ular assembly of polyurethane cylindrical particles of 3/8′′
diameter using the GEM approach is shown in Fig. 12. As
seen in Fig. 12, the large lateral forces (1380 N) are seen
due to confinement effects due to the sidewalls and as the
result of the large lateral strains (εxx up to 4.5%) and lat-
eral motion as a result of the contacts being at the 45◦ angle
to the direction of the vertical impact loading. The contact
angle with respect to the direction of loading in the HCP
granular assembly also results in higher frictional forces in
polyurethane assembly. As seen in Fig. 12, the wall fric-
tion is much lower in HCP granular assembly compared
to BCC ordered granular assembly as only half the layers
in the HCP are in contact with the sidewalls. However, in
spite of significantly lower magnitude of wall friction, the
frictional losses in HCP assembly lead to better frictional
dissipation in the HCP granular assembly in comparison
with the BCC assembly. The evolution of different com-
ponents of energy for HCP granular assembly is shown in
Fig. 12g and the contribution of the strain energy is much
higher in HCP granular assembly compared to the BCC
assembly due to higher packing density. The kinetic energy
in the HCP granular assembly is also lower than the BCC
assembly to the direction of the contact angle with respect
to the applied impact loading resulting in much larger lat-
eral constraints and in loss of kinetic energy due to frictional
losses.

This effect of larger lateral constraints is also reflected
when the velocity of the granular layers in the HCP assem-
bly in the direction of impact loading is plotted in Fig. 13.
As seen in Fig. 13, the average velocity in vertical direc-
tion for the HCP granular assembly is significantly lower
than the BCC assembly for each layer due to angle of con-
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(a) Frame 6, t= 0.227 ms (b) Frame 21, t= 0.772 ms (c) Frame 36, t= 1.36 ms 

(d) Frame 51, t= 1.86 ms (e) Frame 66, t=2.41 ms (f) Frame 81, t=2.95 ms 
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Fig. 12 a–f The inter-particle forces in HCP ordered polyurethane
granular assembly at different instants of time during impact loading
calculated using GEM approach. g The different components of energy

and h comparison between wall friction and total work of friction as
function of time for HCP ordered polyurethane granular assembly

tacts with respect to direction of loading. Similar to the BCC
granular assembly, the magnitude of initial velocity wave
decreases with the successive layers in the granular assem-
bly and the layers are seen to oscillate with the oscillation
frequency increasing with successive layers. The velocity

profile of layer 6 reflects that the vertical velocity dissipates
within a very short time interval after arrival of initial wave
and seems to follow similar trend upon the arrival of second
impact pulse. The grains in densely packed ordered BCC and
HCP granular assembly undergo little to no grain rotation and
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Fig. 13 The velocity in direction of the impact for each layer of the
HCP ordered granular assembly of polyurethane cylinders is plotted as
a function of time. The layers are sequentially numbered from top to
bottom (the top layer numbered as layer 1)

shear banding under impact loading in the current work. The
contribution of rotational energy to total kinetic energy of
the system is minimal in the experiments presented in this
work.

5.2 HCP packed granular assembly with a void

The evolution of inter-particle forces in HCP ordered gran-
ular assembly of polyurethane cylindrical particles of 3/8′′
diameter with a void using the GEM approach is shown in
Fig. 14. Although the maximum lateral forces in the HCP
granular assembly with a void have similar values (∼1300
N) as the lateral forces in the HCP granular assembly in the
last section. However, these maximum lateral forces occur
in the Layer 2 that are the above the void in the assem-
bly. The maximum lateral forces in the layer 4 (layer with
the void) are much lower around 900 N. This is rather
expected since the void in the layer 4 allows for the relax-
ation of the lateral constraints and resulting in lower lateral
forces. These lower values of lateral forces lead to decrease
in frictional losses due to wall friction as compared to the
HCP granular assembly. There is significant wave scatter-
ing around the void and the inter-particle forces around the
void were also greatly elevated. These observations are con-
sistent with the dynamic photo-elasticity experiments by
Shukla [5].

Fig. 14 a–f The inter-particle
forces in HCP ordered
polyurethane granular assembly
with a void at different instants
of time during impact loading
calculated using GEM approach.
g The different components of
energy and h comparison
between wall friction and total
work of friction as function of
time for HCP ordered
polyurethane granular assembly
with a void

(a) Frame 6, t= 0.227 ms (b) Frame 21, t= 0.77 ms (c) Frame 36, t= 1.36 ms 

(d) Frame 51, t= 1.86 ms (e) Frame 66, t=2.41 ms (f) Frame 81, t=2.95 ms 
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The vertical velocity of the different layers in HCP gran-
ular assembly with a void is plotted in Fig. 15, with the
top layer being numbered as layer 1 and the layer 4 has
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Fig. 15 The velocity in direction of the impact for each layer of the
HCP ordered granular assembly of polyurethane cylinders with a void
is plotted as a function of time. The layers are sequentially numbered
from top to bottom (the top layer numbered as layer 1)

a void along the centerline of the impact loading direc-
tion. As seen in Fig. 15, there is significant drop in vertical
velocity from the Layer 3 to Layer 4 as well as Layer 4
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Fig. 17 The velocity in direction of the impact for each layer of the
BCC–BCC layered polyurethane granular assembly is plotted as a func-
tion of time. The layers are sequentially numbered from top to bottom
(the top layer numbered as layer 1)

Fig. 16 a–f The inter-particle
forces in BCC–BCC layered
polyurethane granular assembly
at different instants of time
during impact loading
calculated using GEM approach.
g The different components of
energy and h comparison
between wall friction and total
work of friction as function of
time for BCC–BCC layered
polyurethane granular assembly

(a) Frame 3, t= 0.105 ms (b) Frame 17, t= 0.841 ms (c) Frame 31, t= 1.578 ms 

(d) Frame 45, t= 2.315 ms (e) Frame 59, t=3.051 ms (f) Frame 73, t=3.788 ms 
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(a) Frame 5, t= 0.16 ms (b) Frame 20, t= 0.76 ms (c) Frame 35, t= 1.36 ms 

(d) Frame 50, t= 1.96 ms (e) Frame 65, t=2.56 ms (f) Frame 80, t=3.16 ms 

(g) 
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Fig. 18 a–f The inter-particle forces in HCP-HCP layered
polyurethane granular assembly at different instants of time dur-
ing impact loading calculated using GEM approach. The velocity
in direction of the impact for each layer of the HCP-HCP layered

polyurethane granular assembly is plotted as a function of time. The
layers 2, 4, 6 are polyurethane cylinders with 1/4′′ diameter while
layers 1, 3, 5, 7 are polyurethane cylinders with 3/8′′ diameter

to Layer 5. Thus the presence of a void results in signifi-
cant attenuation around it and it also resulted in lowering
the oscillations in the granular assembly. However, the
far field effect of the presence of void in HCP granular

assembly is not clearly studied in this work as the lat-
eral confinement effects due to the walls may significantly
affect the dynamic load transfer in the granular assem-
bly.
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(a) Frame 5, t= 0.16 ms (b) Frame 20, t= 0.76 ms (c) Frame 35, t= 1.36 ms 

(d) Frame 50, t= 1.96 ms (e) Frame 65, t=2.56 ms (f) 

(g)

Frame 80, t=3.16 ms 
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Fig. 19 a–f The inter-particle forces in HCP layered polyurethane–
polycarbonate granular assembly at different instants of time during
impact loading calculated using GEM approach. g The velocity in direc-
tion of the impact for each layer of the HCP-HCP layered polyurethane

granular assembly is plotted as a function of time. The layers 2, 4, 6 are
polycarbonate cylinders with 1/4′′ diameter while layers 1, 3, 5, 7 are
polyurethane cylinders with 3/8′′ diameter

5.3 Layered BCC–BCC granular assembly

In this granular assembly, the Layers 1–3 consisted of a
BCC arrangement with 3/8′′ diameter polyurethane cylin-

ders while Layers 4–6 consisted of a BCC arrangement with
1/4′′ diameter polyurethane cylinders. The evolution of inter-
particle forces in this layered assembly under vertical impact
loading is shown in Fig. 16. Due to the non-uniform interface
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Fig. 20 A comparison between different components of energy in a bi-disperse polyurethane layered assembly and b bi-disperse polycarbonate
and polyurethane assembly

between layer 3 and layer 4, layers 4–6 do not necessarily
behave as an ordered BCC granular assembly and these lay-
ers are deformed asymmetrically and hence result in much
larger lateral forces than observed in layers 1–3. These lateral
forces are highly asymmetrical, i.e. the lateral forces in any
of the layers 4–6 against the right and left wall are signifi-
cantly different. The exact extent of the asymmetry caused
by such a non-uniform interface cannot be determined in the
current work and would require the investigation of a much
larger granular assembly.

The vertical velocity for the different layers in BCC–BCC
granular assembly is plotted in Fig. 17, with the top layer
being numbered as layer 1. As seen in Fig. 17, the vertical
velocity decreases significantly for layers 4–6 and the fre-
quency and the amplitude of oscillations is also lower for
these layers. The velocity profile of layer 6 reflects that the
vertical velocity dissipates within a very short time interval
after arrival of initial wave.

5.4 Layered HCP granular assembly

In this section, the impact response of two types of lay-
ered HCP granular assemblies are compared using the GEM
approach. The first granular assembly in this section is a
HCP- HCP bi-disperse polyurethane layered assembly where
the layers 2, 4, 6 are polyurethane cylinders with 1/4′′ diam-
eter while layers 1, 3, 5, 7 are polyurethane cylinders with
3/8′′ diameter (top layer is numbered as layer 1). The evo-
lution of inter-particle forces in this layered assembly under
vertical impact loading is shown in Fig. 18. The Fig. 18 also
shows the velocity in direction of the impact for each layer
of the HCP-HCP layered polyurethane granular assembly as
a function of time. A closer look at velocity profiles for lay-
ers 1, 2, 3, 4 in Fig. 18f reveal significant oscillations in the
waves around the first velocity peak. The wave oscillations
indicate successive collisions between the HCP layers since

there is approximate 180◦ phase difference between layers 1
and 2. These successive collisions also result in significant
broadening of the waves (Fig. 18f).

The second granular assembly in this section is a HCP-
HCP polyurethane–polycarbonate layered assembly where
the layers 2, 4, 6 are polycarbonate cylinders with 1/4′′
diameter while layers 1, 3, 5, 7 are polyurethane cylin-
ders with 3/8′′ diameter (top layer is numbered as layer
1). The evolution of inter-particle forces in this layered
polyurethane–polycarbonate assembly under vertical impact
loading along with the vertical velocity for different layers
as function of time are shown in Fig. 19. These plots clearly
show how the polyurethane assembly deforms uniformly
while the polyurethane–polycarbonate assembly deforms in
the heterogeneous manner as the stiffer polycarbonate lay-
ers almost act as a rigid particles under impact loading.
Expectedly, the vertical velocity of the layers is signifi-
cantly higher in the polycarbonate-polyurethane assembly
due to the higher wave speed in the stiffer polycarbonate
material. The comparison between layer velocities for both
assemblies indicate the amplitude of oscillations is much
higher for polycarbonate-polyurethane assembly. However,
the oscillations in the polyurethane–polycarbonate mixture
dissipate much faster while the poly-disperse polyurethane
assembly keeps oscillating for a much longer time. A com-
parison between the different energy components for two
types of layered granular assemblies is presented in Fig. 20.
The input energy in two layered assemblies compare well
till the first peak and there is significant deviation beyond
this point. The total energy of bi-disperse polyurethane
assembly follows a similar qualitative profile to the cases
presented in earlier sections. In contrast, the total energy of
the polyurethane–polycarbonate assembly actually decreases
after the first peak as some of energy entering the system
during the first impact may have been reflected from dif-
ferent polyurethane–polycarbonate interfaces. The acoustic
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impedance mismatch at these interfaces could result in sig-
nificant wave reflections and the stiffer polycarbonate results
in this energy reflection to occur before the second impact. As
expected, the strain energy contribution in the polyurethane
layered assembly is much larger than the polyurethane–
polycarbonate assembly. These initial observations seem to
suggest that layered bi-material granular assembly such as
the polyurethane–polycarbonate mixture here would be more
suited to dissipation impact loading and could prove as can-
didate materials for applications involving impact mitigation
or shock protection.

6 Conclusions

The utility of the granular element method based mathe-
matical framework to infer inter-particle forces in granular
materials is demonstrated in the current work. The mathe-
matical framework is presented along with an analysis of
the sensitivity of different input parameters such as coeffi-
cient of friction, constitutive law for individual grains and
elastic modulus. It was observed that assumption of the con-
stitutive law (plane stress Vs plane strain) as well as the
changes in modulus significantly affect the magnitude of the
inter-particle forces using the GEM approach while the fric-
tion coefficient affects both the magnitude and direction of
the inter-particles and thus can influence the predictions of
the formation of force chains in the granular assembly. The
inter-particle forces computed using the GEM approach for
a simple 2 particle granular assembly under impact loading
show good agreement with the predictions for inter-particle
forces using an idealized ABAQUS explicit based FEM
model. Since the experimental approach in this work provides
high fidelity full-field strain and kinematic measurements and
accurate predictions of inter-particle forces using GEM, it
provides a great opportunity to monitor the contribution of
different components of energy such as kinetic energy, strain
energy, work of friction and the energy exchange with the
surroundings through the moving top wall.

The GEM based methodology is used to investigate the
mechanical response of different ordered granular assem-
blies under impact loading. However, the results in the current
work exhibit significant influence of the confinement effects
due to small system size and the high lateral forces experi-
enced by the assemblies due to sidewalls. It is also noteworthy
that although the frictional forces between particles in the
granular assemblies are relatively small, the frictional dissi-
pation due to the inter-particle forces plays a major role in
impact response of granular materials. The investigation of
ordered granular assembly with void under impact loading
indicated that local inter-particle forces near the void were
significantly elevated and the presence of the void caused
significant wave scattering and attenuation. Thus the GEM

analysis indicated the presence of defects can have significant
influence on the wave propagation in the granular assemblies.
This work also investigates the impact response of different
layered granular assemblies which have effective dissipative
response to impact waves.
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