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Abstract This paper presents the effect of particle morphol-
ogy (grain shape) on the mechanical response of granular
materials. Two model systems with extreme differences in
morphology were selected (spherical glass ballotini and
angular sand) for this experimental programme. A series
of hollow cylinder torsion tests were conducted in this pro-
gramme under monotonic drained conditions on specimens
reconstituted to the same relative density. Tests were con-
ducted under different intermediate principal stress ratio
(b) on both the model materials. The glass ballotini shows
increased dilation at the outset of the test, however, at
large strains, the particle rearrangement in the sand and the
increased interlocking leads to higher strength at the crit-
ical state. The effect of individual particle morphology is
manifested in both the increased friction angle and a larger
sized failure locus in stress space with increase in angularity.
The stresses developed in these two model materials are also
accompanied by intriguing volume change behaviour. The
glass ballotini despite a lower strength presents a predom-
inantly dilative response immaterial of the ‘b’ value, while
the angular sand shows increased strength at large strains,
while showing a contractive response. These results allow
incorporation of particle morphology effects at the ensemble
level in plasticity based constitutive models.
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1 Introduction

Granular materials (eg. soils, powders) are a collection of
solid particles, in which most of them are in contact with
at least few of its neighboring particles [1]. At an ensem-
ble level, the mechanical behaviour is a cumulative response
of individual inter-grain interactions. It has been long rec-
ognized [2] that the physical properties of an individual
particle such as shape or morphology has an influence on
the overall ensemble mechanical response such as the inter-
nal friction, permeability, compressibility, shear strength
etc. The morphological characteristics of individual partic-
ulates are described through three independent geometric
or shape descriptors [3] such as form or sphericity, round-
ness, surface texture or roughness. Even though there are
several derivatives of these independent shape descriptors
such as non-convexity, inverse aspect ratio etc. [4], the three
independent shape descriptors form the basis of any mor-
phological characterization. Cavaretta [5] provides a very
detailed account of the techniques used for estimating the
various morphological parameters for individual particles.
Techniques using optical imaging, electron microscopy and
subsequent Fourier analysis or fractal analysis of these
images have broadened the suite of methods available for
comprehensive morphological characterization of the indi-
vidual particulates.

Almost all the features of mechanical response of a
granular ensemble are affected by the individual particle
morphology as observed through extensive experiments. The
maximum and minimum packing fractions (density or void
ratio—detailed in “Appendix”) change significantly with par-
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ticle shape; angular particles show a large difference between
the maximum and minimum densities, while spherical par-
ticles show very less difference [6–8]. Santamarina and
Cho [9] while characterizing particle morphology have also
enumerated inter-grain interactions such as sliding, rolling,
interlocking etc. that reflects in the ensemble mechanical
behavior in all strain regimes. In the small strain regime,
the stiffness and shear wave velocity increases with increase
in angularity [10]. At a given relative density, angular parti-
cles show increased strength (and mobilized friction angle)
than rounded particles as observed in conventional labora-
tory tests (such as triaxial compression tests, direct shear tests
etc.) [4,11]. Tests performed under constant volume condi-
tions showed that the rounded sands were more unstable and
had lower strength than the angular sands [12]. Under large
deformations, friction angle at the critical state (CS), critical
state intercept (e vs. log p′), peak friction angle, and friction
angle mobilized at the onset of dilation all of them increase
with increase in angularity [11,13].

Advances in the understanding of granular material
behaviour through specialized laboratory testing (such as
true triaxial and hollow cylinder torsion—HCT) have under-
scored the importance of “fabric”. Fabric at a continuum
scale is described as the particle arrangement (bedding plane
of deposition) vis-à-vis the inclination of principal stresses
which results in an anisotropic behavior of a granular ensem-
ble. This anisotropy is due to the dual effects of particle
arrangement (called inherent anisotropy) and loading direc-
tion with respect to the deposition plane (called induced
anisotropy) [14–17]. A dimensionless parameter ‘b’, (which
can also be associated with the Lode angle—[18–20]), is
often used to depict the effect of intermediate principal stress
and map the failure locus on the octahedral plane. The equa-
tion, which defines the parameter ‘b’ also called intermediate
principal stress ratio, is given below.

b = σ ′
2 − σ ′

3

σ ′
1 − σ ′

3
(1)

where σ′
1, σ′

2 and σ′
3 are major, intermediate and minor effec-

tive principal stresses.
Exploring the effect of this ‘b’ through elemental tests

(such as HCT tests and true triaxial tests) has been used to
experimentally arrive at the shape of a yield surface [21,22].
Yield/Failure, which are mapped on to the octahedral or devi-
atoric (plane perpendicular to the hydrostatic axis), have been
used in designing constitutive models of various levels of
complexity (for example, bounding surface models, critical
state models etc.). More recently, the effect of fabric has also
been included through an evolving anisotropic fabric ten-
sor [23,24]. Even though it is reasonably intuitive that the
fabric in granular materials would depend on the individ-
ual particle morphology, experimental investigations on the

effect particle morphology and its correspondence to the fab-
ric of the particulate ensemble have been very few. To this
end, recently, Yang [25] and Yang et al. [26] used a HCT
testing apparatus to investigate the effect of particle mor-
phology with varying principal stress inclination (α—defined
in Eq. 5). Their results have shown that the anisotropy and
non-coaxiality of granular solids is strongly affected by the
individual particle morphology.

On the other hand discrete element method (DEM) has
emerged as an invaluable tool for understanding the manifes-
tations of individual particle morphology and the up-scaling
(or coarse graining) to an ensemble level [27]. Strategies to
create particles of various morphologies in DEM simulations
have been extensively reported. Assemblages of particulates
of various shapes have been simulated to understand the
effect of these micro-level features on the macro (continuum)
response of the ensemble [28,29]. Simulations in 2D pack-
ings of disks and elongated particles have revealed some very
interesting force chain network signatures, while also indi-
cating that elongated particles show increased shear strength
and anisotropy [29–33]. Further, simulations in 3D pack-
ings have revealed that critical state strength, critical angle
of internal friction of these ensembles increase as the particles
become more angular (non-convex) [34–36]. This increased
strength of angular particle assemblages compared to that of
the spherical particles is a result of the rotational frustration
[30] and increase in the coordination number [28,36]. These
DEM simulations have also provided unparalleled insights
into anisotropy of granular materials. With increase in angu-
larity of the particles, the combined effect of fabric and force
anisotropy contributes to greater strength of the assemblages
[34–36]. DEM simulations investigating the effect of inter-
mediate principal stresses on peak strength has been reported
for particulate systems with different inter particle friction
values. The particles with increased friction values showed
an increase in peak strength at different ‘b’ [37].

We present an experimental study to understand how vari-
ation in particle morphology manifests itself at a continuum
or ensemble scale in granular material response. In order to
understand this continuum response, we carried out a series
of hollow cylinder torsion tests on two model particulate sys-
tems with very different particle morphology, spherical glass
ballotini and very angular silica sand. These two model sys-
tems occupy two extreme corners of the Krumbien scale. The
model granular ensembles were reconstituted to the same rel-
ative density (generally used as a descriptor of the state or
packing of an ensemble—[38]) and consolidated to the same
effective stress. We map the failure locus (or the critical state
locus) of the two model systems through HCT tests con-
ducted at various ‘b’ values. These experiments allowed an
exploration of the failure (yield) surface of the ensemble, in
effect providing a continuum manifestation of the particle
morphology. Ancillary inferences on the effect of individual
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Fig. 1 a The hollow cylinder torsion testing apparatus with the actua-
tor unit and the cell base used in this testing programme. b Schematic of
the sectional view of the hollow cylindrical specimen subjected to load

(W), torque (MT), internal (Pi) and external (Po) pressures. c Specimen
reconstitution stages using water pluviation method

particle morphology on the internal friction angle, stress–
dilatancy, non-coaxiality, and anisotropy are explored in this
paper. This data set provides the experimental foundation
for designing and benchmarking of continuum constitutive
models that are necessary for solving engineering boundary
value problems. Additionally, it also provides an extensive
data set which will be useful in understanding and bench-
marking DEM simulations that are traditionally performed
on spherical particles and means for extending to other par-
ticle morphologies.

2 Experimental

A HCT testing system with fully automated controls (GDS
Instruments Co., UK) was used in this study. We conducted
a series of monotonic static drained tests to investigate the
effect of intermediate principal stress ratio (b) and princi-
pal stress inclination (α). This HCT apparatus (shown in
Fig. 1a) provided an independent control of the axial load
(W), torque (MT), internal (Pi) and external (Po) pressures.
The load cell, torqueducer and digital pressure volume con-
trollers had a maximum capacity of 10 kN, 100 Nm and 2
MPa; the resolution of these sensors were 1 N, 0.008 Nm and
1 kPa respectively. The load, displacements and pressures

were recorded at a rate of 0.1 Hz. Further details of the appa-
ratus, instrumentation, actuation and measurement can be
found elsewhere [22,39]. Figure 1b shows the section of the
hollow cylinder specimen when subjected to boundary load,
torque, Pi and Po. Varying the load, torque and pressures,
the four stress components (axial stress—σz, radial stress—
σr, tangential stress—σθ and shear stress τθ z) are controlled
independently. The ability to control these four stress com-
ponents independently in turn allows control of the direction
and magnitude of the principal stresses. The average stress
components and the strain components acting on a contin-
uum element are obtained by solving the balance equations
[40]. The equations of these stress and strain components are
given in the “Appendix”.

3 Material characterization

Two model materials with significantly different particle
morphologies were chosen for the study without fines or silt
sized particles i.e. spherical glass ballotini and very angular
quartzitic sand. The physical properties of the model materi-
als are presented in Table 1. These model materials lie on the
two extremes of the spectrum of particle morphologies [41–
43]. The form/sphericity (S) of these two material systems
was obtained by imaging about 20 particles using a scanning
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Table 1 Physical properties of the model materials used

Glass ballotini Angular sand

Max. void ratio 0.73 0.97

Min. void ratio 0.60 0.53

Max. porosity 42.0% 49.0%

Min. porosity 37.5% 35.0%

Roudness (R) 0.97 0.17

Sphericity (S) 0.96 0.42

Roughness (Ra) 0.03 0.036

Specific gravity 2.50 2.65

Mean grain size (D50) 0.45 mm 0.45 mm

Uniformity coefficient (Cu) 2.80 3.20

Coefficient of curvature (Cc) 0.90 0.80

electron microscope and calculating the ratio of the radius of
largest inscribed circle to the radius of smallest circumscribed
circle for each particle thereby calculating an average value
of S. Similarly the roundness (R) was also quantified from
the average radius of curvature obtained from the surface
irregularities to the radius of the maximum circle that can be
inscribed in the particle/grain [8]. Figure 2a, b presents the
scanning electron micrographs of the model materials used in
this study. The particle roughness was characterized using a
surface profilometer [44]. It was observed that the roughness
values of two material systems were found to be 0.03 and
0.036 for glass ballotini and sand respectively. The effect
of surface roughness on the overall mechanical response
of these two model granular materials was negligible while
sphericity and roundness forms a dominant factor. The mean
grain size (D50) of the two material systems was 0.45 mm
while the coefficient of uniformity (Cu) and the coefficient of
curvature (Cc) (equations given in the “Appendix”) for both
the material systems is provided in the Table 1. It should be
noted here that when the uniformity coefficient is less than 4
the ensemble is said to have uniform or similarly sized par-
ticles. The differences in the mechanical response of these

two model systems can be attributed to variations in particle
morphology and not due to the gradation because the D50, Cu
and Cc are almost equal. The other physical characteristics
such as specific gravity [45], maximum and minimum poros-
ity, void ratio (definitions given in the “Appendix”) [46,47]
are also measured for the two material systems and shown in
Table 1. The chemical characterization of these two materi-
als, investigated using X-ray diffraction revealed that these
materials were predominantly made of silica.

4 Specimen reconstitution

The HCT test specimens were reconstituted such that the
relative densities (at the end of isotropic consolidation, i.e.
prior to the shearing stage) are equal. Figure 1c shows the
stages of artificial reconstitution of granular hollow cylinder
specimens using water pluviation technique. This pluviation
technique was used [48,49] to target a particular pack-
ing/density. Further details of the specimen reconstitution
technique are provided in [39]. The dimensions of the speci-
men used in this study were 200 mm height, external diameter
of 100 mm and internal diameter of 60 mm. These dimensions
were fixed based on the criteria (given in the “Appendix”) put
forth by Sayao and Vaid [50] after extensive numerical simu-
lations performed on a thick cylinder with different boundary
conditions using both elastic and plastic formulations. The
specimen geometry is fixed such that the stress distribution
across the annulus is kept as uniform as possible.

The specimens were saturated with a backpressure of 300
kPa at an effective stress of 100 kPa until the Skempton B
parameter [51] reached a value of 0.96 or more. All the spec-
imens were isotropically consolidated to an effective stress
of about 300 kPa in several stages, to achieve a target relative
density of about 34% before shearing the specimen. Stress
controlled monotonic drained tests (sheared at a rate of 1.5
kPa/min) were conducted at different values of intermediate
principal stress ratio (b) keeping the major principal stress

Fig. 2 Scanning electron micrographs of the two model materials used in this study. a Glass ballotini. b Sand
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inclination (α) to be vertical. Two tests were also performed
keeping b = 0 and α = 0◦ & 90◦ for each model material sys-
tem. Tests performed at different ‘b’ values other than b = 0
require varying the external and internal pressures of a hollow
cylinder. Ratio of internal pressure (Pi) to external pressure
(Po) was maintained between 0.75 to 1.30 so that the stress
non-uniformities developed during testing were minimal and
acceptable [40,52,53]. This ratio of internal pressure (Pi) to
external pressure (Po) at the end of each test is given in the
“Appendix” for the tests performed on both sand and glass
ballotini. Errors due to membrane penetration were also cal-
culated and observed to be negligible. A series of three tests
were performed under the same stress conditions and fabric
to check for repeatability. It was observed that the tests were
highly repeatable.

5 Results

A series of 14 HCT tests (seven each on glass ballotini and
sand were performed) results are analysed in the critical state
soil mechanics framework (The CSSM is a conceptual frame-
work built on the fundamentals of the mathematical theory
of continuum plasticity, which elegantly combines the effect
of density, mean effective stress, and shear stress on the plas-
tic flow of a granular material [18,54]). In order to isolate
the effect of particle morphology, two model systems were
chosen which had identical particle size distribution and sur-
face roughness. The specimens were then reconstituted to
the same relative density, and consolidated to the same mean
effective stress. A typical stress strain curve obtained for a
test with b = 0 and α = 0◦, for glass ballotini and sand
is presented in Fig. 3a, b, octahedral shear stress (scalar
representation of the three dimensional stress given in the
Eq. 23 of “Appendix”) versus octahedral shear strain (Eq. 27
of “Appendix”) between the two systems shows striking sim-
ilarity i.e. the nonlinear increase in stress with strain and

reaches a constant value at larger strains. However stresses
reached at critical state of these two model systems is differ-
ent. Sand exhibited a greater critical state stress of 206 kPa
compared to that of glass ballotini (160 kPa). The volume
change responses measured in the two systems show a sig-
nificant difference, with the sand showing a predominantly
contractive response while the glass ballotini showing a pre-
dominantly dilative response. The octahedral shear strain
required to reach a critical state was larger for angular sands
when compared to that of the rounded glass ballotini. All
specimens had low packing fractions, which prevented severe
localization, and allowed shearing to large strains. The spec-
imen was deemed to have reached a ‘critical state’ when the
octahedral shear stress and the volumetric strain reached a
constant value under large deformation.

Some specimens continue to contract or dilate with contin-
ued shearing, and may sometimes show increased propensity
for localization (or shear banding) without reaching a critical
state. In such cases, we use the stress–dilatancy relation pro-
vided by Been and Jefferies [55] to identify the critical state,
i.e., when the dilatancy Dp = 0, the corresponding stress
ratio was considered as the critical state. The stress ratio (η)

and dilatancy (Dp) are given in the Eqs. 2 and 3 below.

η = q

p′ (2)

Dp =
(
εv, j+1 − εv, j−1

) −
(
p′
j+1 − p′

j−1

) /
K

(
εq, j+1 − εq, j−1

) − (
q j+1 − q j−1

) /
3G

(3)

where the evolving dilatancy is computed through a central-
difference performed on q (deviatoric stress), p′ (mean
effective stress), εv (volumetric strain) and εq (deviatoric
strain or shear strain) (equations of q, p′, εv, εq are pro-
vided in the appendix). K and G are bulk and shear modulus,
which were obtained from experiments using resonant col-
umn apparatus for both the model materials reconstituted to
the same relative density and confining pressure. The contri-

Fig. 3 Typical octahedral shear stress versus octahedral shear strain and volumetric strain plot for the two model materials. a Glass ballotini, where
the volumetric strain is purely dilative. b Sand, where the volumetric strain is predominantly contractive
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Fig. 4 Variation of dilatancy with increase in stress ratio for the two model material systems. a Glass ballotini—the behavior is predominantly
dilative. The test at b = 1 did not reach a critical state. b Sand—the behavior is predominantly contractive

bution of the elastic strains is relatively small in calculating
the plastic dilatancy, and hence a constant value of the elastic
modulus was used.

Figure 4a, b shows the variation of dilatancy with stress
ratio for ‘b’ values from 0 to 1 at 0.2 intervals for glass
ballotini and sand respectively. As stated earlier, when the
dilatancy values reaches almost 0, the specimens were con-
sidered to have reached a critical state (tests at b = 1 did not
reach a clear critical state and the pressure ratio is very high).
Even though some of the specimens did not reach the very
large strains generally ascribed for a critical state, we conjec-
ture that the stresses, friction angle measured in these tests,
would not be significantly different and would not alter any
conclusions if the specimens were to be sheared to very large
strains. The dilatancy values are positive in case of sands due
to its continued contractive response while the values are neg-
ative in case of dilative glass ballotini, also reported in the
results on different particle morphologies by Alikarami et al.
[56], Guo and Su [13]. Since our tests were performed under
stress-controlled conditions, the dilatancy changes monoton-
ically with increase in stress ratio and reaches critical state.

6 Effect of intermediate principal stress ratio

In these set of experiments, the octahedral shear stress at
the critical state decreased with increase in ‘b’ and reached
a minimum at b = 1 immaterial of the particle morphol-
ogy. Both the material system showed increased contractivity
with increase in intermediate principal stress ratio. A 20%
reduction in the critical state friction angle (ϕc) from the
compression plane (b = 0) to the extension plane (b = 1)
was observed in both the model systems. This friction angle
is highest under plane strain conditions (as also identified by
Oda and Iwashita [57], Guo and Su [13], Nouguier-Lehon et
al. [33]). Figure 5 shows the variation of ϕc obtained from
the experiments performed on both the model material sys-
tems at different ‘b’ and calibrated with Lade isotropic single
hardening failure criterion (Eq. 4—[58]).

Fig. 5 Angle of internal friction at critical state for both glass ballotini
and sand calibrated with Lade isotropic failure criterion. Specimens
tested at b = 1 did not show a clear critical state

(
I 3
1

I3
− 27

) (
I1
Pa

)m

= η (4)

where I1 and I3 are the first and third stress invariants of the
stress tensor. The Lade’s model parameters ‘m’ and ‘η’ gov-
erns the curvature and the apical angle of the failure surface
respectively. The Lade’s failure parameters that are used to
show the variation of friction angle with ‘b’ are η = 37.36
and 14.72 while m = 0.16 and 0.12 for sand and glass ballotini
respectively.

A clear increase in critical state friction angle under plane
strain conditions was observed in case of angular sand. How-
ever, this increase is less pronounced in case of glass ballotini.
The critical state friction angle (ϕc) of the angular particles
show 20% higher values at b = 0 (triaxial condition) com-
pared to glass ballotini and increases to 34% at b = 0.4 (plane
strain condition). This dependence of critical state friction
angle on the individual particle morphology is reflected in a
20% decrease (triaxial case) in ϕc with increase in particle
sphericity/form as reported by Guo and Su [13].
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Fig. 6 a The decrease in critical state stress and increase in contrac-
tivity with increase in principal stress inclination was observed in both
the model material systems. The critical state stresses for glass ballotini

was lower than sand. b Glass ballotini possesses a completely dilative
response (negative sign for dilation) compared to that of sand

7 Effect of principal stress inclination

Principal stress inclination (α) is the direction of the major
principal stress with respect to the vertical axis of the speci-
men. The expression for calculating ‘α’ given in Eq. 5 below
which is used to quantify the induced anisotropy of the gran-
ular material.

tan 2α = 2τzθ

σz − σθ

(5)

where τz θ, σz, σθ—shear, axial and tangential stress respec-
tively.

Figure 6a shows the variation of octahedral shear stress
with octahedral shear strain for tests conducted at α = 0◦
and 90◦, while b = 0. The octahedral shear stress gradually
increases and reaches constant value at large strains in sand
and glass ballotini for both α = 0◦ and 90◦. Even though
the specimens were prepared and tested under similar condi-
tions, the percentage decrease in the critical state stress (τoct

between α = 0◦ to 90◦) was slightly lower in case of rounded
glass ballotini (18%) than angular sand (22%). Figure 6b
shows the volumetric strain response of the two material
system for both α = 0◦ and 90◦. Angular sand showed a con-
tractive behaviour for both α = 0◦ and 90◦ while rounded
glass ballotini showed a dilative behaviour. However in both
the material systems the contractivity increases with increase
in principal stress inclination. This response was due to the
fact that the contact planes between particles were parallel to
the bedding planes and consequently the specimen deforms
quite easily when the mobilized plane coincides with the
bedding plane [25].

8 Discussion

The primary rationale of this experimental study is to under-
stand the mechanical behavior at an ensemble level; given the

constituent particulates have drastically different morpholo-
gies. We focus specifically on particle morphology effects in
stress–dilatancy, anisotropy and non-coaxiality, and finally
the failure characteristics. These two model ensembles used
in this research—angular sand and spherical glass ballotini
were reconstituted to the same relative density.

Effect of particle morphology on the packing proper-
ties and basic mechanical response has been extensively
researched through both experiments and simulations [10,11,
34,59,60]. The effect of particle morphology on the mechan-
ical behaviour of the ensemble concludes that the strength/
stress ratio/ friction angle increases with increase in angu-
larity of the particles. This increase in strength/ stress ratio
is attributed to a higher degree of interlocking (or rota-
tional frustration) in angular particles. Additionally, angular
particles try to rearrange and configure themselves into a
denser configuration during shearing resulting in lesser slid-
ing contacts, in effect exhibiting a more contractive response.
While angular particles show a higher coordination num-
ber [28,36], spherical particles rarely show any interlocking,
and a lower coordination number. However, these spherical
particles ride/slide over each other and its neighbors during
shearing [4,13], exhibiting a dilative response from the very
outset of the test. We also observe from these experiments that
with increase in the sphericity of the particles, the strength
of the ensemble reduced, while also showing higher dilation.

Stress–dilatancy relationships, which are a hallmark of
granular material predictions account mostly for ensemble
density and mean stress (or confining pressures), however,
particle level attributes such as size, shape etc. are often
not considered. Abbireddy and Clayton [11] have discussed
the efficacy of Bolton’s stress–dilatancy relationship [61]
for a range of particle morphologies. They further suggest
that Bolton’s relationship can be used for limited range
of bulky particulates comprising of sub-angular and sub-
rounded shapes, however for particulates that are spherical or
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Fig. 7 Variation of principal stress direction and principal strain increment direction for principal stress inclination at 0◦ and 90◦. a Glass ballotini.
b Sand

very platy, Bolton’s relationship does not predict the exper-
imentally observed stress–dilatancy response. Guo and Su
[13] performed triaxial compression tests on different parti-
cle shapes and used the data set to modify the conventional
stress–dilatancy relationships to incorporate the effect of
inter particle locking for highly angular particles. Cox [4]
has also attempted to account for particle morphology in
addition to the relative density and confining pressure in
stress–dilatancy correlation, empirically through a ‘weighted
single sand shape parameter (WSSSP)’. This weighted shape
parameter was able to reasonably predict the dilatancy. How-
ever a rigorous theoretical underpinning in incorporating the
effect of particle morphology is still lacking.

Abbireddy and Clayton [11] and Nouguier-Lehon et al.
[33] from their experimental results and DEM simulations
respectively claim that constant volume shearing or a critical
state was not attainable in case of angular particles. However,
Pena et al. [59], Azema et al. [36] have shown that granular
ensembles indeed reaches a critical state immaterial of the
constituent particle morphology. We also observe that a ‘crit-
ical state’ was indeed achieved at large strains, in that, a state
of constant shear stress or plastic flow with no correspond-
ing volume change (or near zero dilatancy) was seen in both
spherical as well as angular particles.

Anisotropy in a granular ensemble is consequence of
the deposition direction vis-à-vis the loading direction. This
anisotropy is also affected by the particle morphology, rough-
ness of the particles [26]. Boton et al. [62] suggest that this
increase in anisotropy is a consequence of sliding, rolling
and dilation of particles relative to the loading direction.
Abbireddy and Clayton [11] proposed that when the load-
ing direction is normal to the bedding plane, an increased
propensity for particle breakage allows denser packing con-
figuration and in effect also reducing dilatancy. Whilst our
results show increase in shear strength and increase in dila-
tancy when the loading direction is normal to the bedding
plane (α = 0◦) especially for angular particles. It should
be noted here that measurement of the grain size before and

after the testing did not show much particle breakage during
shear. However, the overall anisotropy (measured as RA, as
shown in Eq. 6—[26]) reduces from 30% for angular sand to
25% when the particles are spherical in our experiments.

RA = ηmax − ηmin

ηmin
(6)

where ηmax is the maximum stress ratio which occurs at
α = 0◦ and at critical state in this study, while ηmin, the
minimum stress ratio occurs at α = 90◦. Experimental stud-
ies by Yang et al. [26] also noted that anisotropy exists for
both angular and rounded particles; the magnitude is smaller
with increase in sphericity. Oda [63] opines that anisotropy
not only exists in angular particles but also in spherical parti-
cles primarily due to the particle contacts that are different in
different directions. DEM simulations of Azema et al. [36]
on spherical and polyhedral particles show that the increased
strength in angular particle assemblages is primarily due to
the increased force anisotropy (due to normal and tangen-
tial forces) compared to that of the fabric anisotropy (due to
number of contacts and contact length). This increased force
anisotropy in angular particles is a result of the increased tor-
tuosity in force distributions and the existence of increased
face-face contacts in angular particles.

Non-coaxiality is defined as the non-coincidence of the
principal stress direction (α) with the direction of the prin-
cipal strain increment (αδ ε) during the plastic deformation.
Figure 7a, b shows the variation of principal stress direction
and principal strain increment direction (for α = 0◦ and 90◦
at b = 0) of spherical glass ballotini and angular sand par-
ticles respectively. The principal strain increment direction
‘αδ ε’ at the initial stages of the test was seen to be far more
scattered, up until a threshold value of deviatoric stress. This
initial scatter in the data is conjectured to be due to the inac-
curacies in measurement of strains at low deviatoric stress
levels [64]. However with increase in deviatoric stress, the
strain increment direction tends to coincide with the stress
direction and becomes coaxial well before critical state. We
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did not find any significant variation in the response with
change in particle shape.

Yang et al. [26] in their extensive investigation on
anisotropy and non-coaxiality have concluded from their
experiments that the specimens tend to show a coaxial
response (α = 0◦ and 90◦) immaterial of the particle mor-
phology. However, they also suggest that the non-coaxiality
exists when tested at other principal stress inclination (0◦ <

α < 90◦). This non-coaxiality increases with reduction in
sphericity of the particles.

9 Strength development

Figure 8 shows the variation of difference in octahedral
shear stress between sand and glass ballotini normalized
with respect to mean effective normal stress (τoct (sand) −
τoct (GB))/(p′) to the octahedral shear strain at b = 0 and
b = 1. All the specimens were sheared at different ‘b’ under
constant mean effective stress (p′) of 300 kPa for both sand
and glass ballotini. We observe here that the stresses devel-
oped at lower octahedral shear strains for glass ballotini is
higher when compared to that of sand. At strains between
0.4 to 0.6% the τoct of sand begins to increase and contin-
ues to increase towards the critical state. The shear stresses
developed for ‘b’ values between 0 and 1 lie in between
these two limiting curves. This increased strength of glass
ballotini at the initial stages of loading is due the increased
number of contacts during shearing (or increase in coordi-
nation number due to sliding and rolling over of particles)
when compared to that of sand. This also allows the onset
of dilatancy under very small strains. On the other hand,
in case of angular sands, rearrangement and interlocking of
sand particles into a denser configuration occurs under small
strain regimes. Azema et al. [36] also show that the number of
face-face contacts increases creating a higher degree of inter-
locking with continued shearing, in effect providing a higher

Fig. 8 Variation of octahedral shear stress difference between sand and
glass ballotini normalized with respect to mean effective normal stress
during the shearing process for b = 0 and b = 1 at α = 0◦

strength and denser configuration to angular particle assem-
blages than spherical particles. It is also interesting to note
that Abbireddy and Clayton [11] further suggest that when
particles are platy and angular, dilatancy need not occur in
the ensemble, contradicting the classical view of Reynolds
that dilatancy is inevitable immaterial of the particle shape.

10 Failure characteristics

The enhancement of strength due to angularity of the parti-
cles at large strains is presented in Figure 9 which is a 2-D
representation (a1/S and a3/S—Eqs. 7 to 9) of the 3-D stress
space where the critical states (the stress state at the end of
the test) was plotted for both the particulate systems. This
representation of the octahedral plane was obtained by rotat-
ing the intermediate principal stress so as to coincide with
the hydrostatic axis (σ′

1 = σ′
2 = σ′

3), while the other two
principal stresses lie on the octahedral plane [1].

a1 = (
2σ ′

1

) − σ ′
2 − σ ′

3

/√
6 (7)

a3 = σ ′
3 − σ ′

2

/√
2 (8)

S = σ ′
1 + σ ′

2 + σ ′
3 (9)

Figure 9 shows the critical state loci obtained for these two
particulate ensembles. Only one sector of the octahedral
plane was explored, using sixfold symmetry, the entire criti-
cal state locus was constructed [19]. The critical state locus
was benchmarked with Lade’s failure criteria (Eq. 4) [58] to
fit the experimental results. Lade’s dimensionless constant
‘η’ were estimated as 37.36 and 14.72 for sand and glass
ballotini respectively. In addition to the confining pressure
and density, particle morphology also has an influence in
controlling the size of the critical state (yield) locus. Accord-

Fig. 9 Change in the size of the critical state locus due to the variation
of particle morphology. The experimental points are benchmarked with
Lade failure criterion. The inset in this figure shows the distance between
the two loci at different intermediate principal stress ratio
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ingly, this manifestation of the effect of individual particle
morphology, at an ensemble level, can be incorporated by
appropriate modification of size of the yield/failure locus.

We further quantify the enhancement in the strength as a
‘distance’ between the two critical state loci on the octahedral
plane (Eq. 10—[65]).

�l = �lSand − �lGB =
(√

2J2

)

Sand
−

(√
2J2

)

GB
(10)

where J2 is the second deviatoric stress invariant. �l for
different ‘b’, is shown as an inset in Fig. 9. It is observed
that �l = 80 kPa at b = 0 and increases with increase
in ‘b’ value up to b = 0.4 where �l = 130 kPa and then
decreases. Even though the critical state locus is approxi-
mated as smooth concentric loci, small variations exist with
changing ‘b’ value. O’Sullivan et al. [37] suggest an elegant
conceptual model to portray the effect of ‘b’, and suggest that
the variation in strength with ‘b’ is a consequence of buckling
of the strong force chains. These DEM simulations indi-
cate the lateral support to the network of strong force chains
vary with intermediate and minor principal stress directions,
eventually resulting in the reduction of deviatoric stress with
increase in ‘b’. The authors present the results of two series
of simulations performed with two different inter particle
friction values, indicating that, the angle of internal friction
increases with increase in ‘b’ upto b = 0.5 after which it
decreases with ‘b’. The particles having a higher inter parti-
cle friction exhibited a greater deviatoric strength at critical
state. Our results indicate that increase in particle angularity
increases the deviatoric strength at a critical state. We draw
comparisons between our experiments and the simulations of
O’Sullivan et al. [37] in that; particles with higher angularity
show similar manifestation at the ensemble level as that of
particles with higher inter particle friction (or surface fea-
tures). Even though these DEM predictions of strength due
to increase in inter particle friction and ‘b’ coincides with the
experimental observations, the volumetric responses which
are also strongly dependent on inter particle friction or par-
ticle morphology has not been discussed.

In summary, the effect of particle morphology on the
mechanical behaviour of granular materials has long been
recognized as an important feature. In addition to character-
ization of particle morphology, quantification of mechanical
response such as friction angle, non-coaxiality, stress–
dilatancy is presented here. Our experiments have been able
to quantify this influence of particle morphology through a
corresponding change in the size of the yield locus. This is
of importance in designing a new or modifying the exist-
ing constitutive models. It can also be easily envisioned that
results of DEM simulations traditionally carried out on spher-
ical particles can be suitably scaled to particles of various
morphologies, if the manifestation at a continuum level is
reasonably well established.

11 Summary

This paper presents a series of HCT tests conducted on two
model granular ensembles reconstituted to the same relative
density, and consolidated to the same effective stress. The
critical state locus obtained by conducting tests at different
‘b’ values indicates that the angular particles exhibit higher
strength, i.e. a larger size of the CS locus on an octahedral
plane than the spherical particles. Spherical particles exhibit
a predominantly dilative behaviour, however present a lower
strength at the critical state. The mobilization of strength as
a result of rearrangement of angular particles and the conse-
quent interlocking is higher, even with contractive behaviour
which is reflected in the higher values of critical state fric-
tion angle and the larger size of the yield locus. This effect of
individual particle morphology and its manifestation on the
critical state behaviour of sand allows incorporating these
effects in continuum constitutive models. Another intriguing
observation is that during shearing process, the glass bal-
lotini exhibits a greater strength at initial stages. While at
larger strains i.e. at critical state, the strength possessed by
sand becomes greater than that of the glass ballotini. Finally
the overall anisotropy exhibited by angular particles were
higher when compared to that of spherical glass ballotini due
to increased interlocking and contacts points in case of angu-
lar sands. Even though the behavior was coaxial at α = 0◦
and 90 ◦ as observed in this study, non-coaxiality exists when
tested at other principal stress inclination. Anisotropy and
non-coaxiality increases with increase in angularity of the
particles.

Appendix

• D50—mean grain size/ median obtained from a parti-
cle size distribution (plot between cumulative percentage
finer and particle size where the particle size correspond-
ing to 50% finer).

• Cu—uniformity coefficient which is nothing but the ratio
between D60 (particle size corresponding to 60% finer
obtained from the grain size distribution plot) to D10
(particle size corresponding to 10% finer obtained from
the grain size distribution plot). Cu = D60

D10

• Cc—coefficient of curvature. Cu = D2
30

D60D10
(D30—

particle size corresponding to 30% finer obtained from a
grain size distribution plot).

• Void ratio (e) is the ratio of volume of voids to the volume
of solids.

• Porosity (n) is the ratio of volume of voids to the total
volume.

• Packing fraction χ = 1
1+e .

Sayao and vaid [50]—Criteria put forth to fix the specimen
dimensions so as to minimize non-uniformities.
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The specimen geometry is fixed such that the stress distri-
bution across the wall is kept as uniform as possible i.e. the
stress difference between real and calculated values should be
minimized. In order to fix the dimensions of the hollow cylin-
der specimen, extensive numerical studies have been carried
out using both elastic and plastic formulations to arrive at
various sample dimensions.

The criterion proposed by Sayao and Vaid [50] in fixing
the specimen geometry is given below:

1. Inner radius: 0.65 ≤ ri
ro

≤ 0.82

2. Height: 1.8 ≤ H
2ro

≤ 2.2
3. Wall thickness: ro − ri = 20 to 60 mm

where ri—internal radii of the specimen (mm), ro—external
radii of the specimen (mm), H is the height of the specimen
(mm). The above criteria can be used when the sand spec-
imen volume is sufficiently large compared to the volume
change during shearing, the density is uniform across the
wall and the wall thickness should be large compared to the
maximum grain size so that the failure mechanism would not
be constrained.

Pressure ratio at the end of each test:

Equations:

σz = W

π
(
r2
o − r2

i

) +
(
por2

o − pir2
i

)

(
r2
o − r2

i

) (11)

σr = (poro + piri )

(ro + ri )
(12)

σθ = (poro − piri )

(ro − ri )
(13)

τθ z = 3.MT

2.π
(
r3
o − r3

i

) (14)

εz = �H

H
(15)

εr = − (u0 − ui )

(r0 − ri )
(16)

εθ = − (u0 + ui )

(r0 + ri )
(17)

γθ z = − 2β
(
r3
o − r3

i

)

3H
(
r2
o − r2

i

) (18)

σ1 = σz + σθ

2
+

√√√√
((

σz − σθ

2

)2

+ (τθ z)
2

)

(19)

σ3 = σz + σθ

2
−

√√
√√

((
σz − σθ

2

)2

+ (τθ z)
2

)

(20)

p′ = σ ′
1 + σ ′

2 + σ ′
3

3
(21)

q = 1√
2

[(
σ ′

1 − σ ′
2

)2 + (
σ ′

2 − σ ′
3

)2 + (
σ ′

3 − σ ′
1

)2
]1/2

(22)

τoct = 1

3

[(
σ ′

1 − σ ′
2

)2 + (
σ ′

2 − σ ′
3

)2 + (
σ ′

3 − σ ′
1

)2
]1/2

(23)

J2 = 1

6

[(
σ ′

1 − σ ′
2

)2 + (
σ ′

2 − σ ′
3

)2 + (
σ ′

3 − σ ′
1

)2
]

(24)

J3 = 1

27

[(
σ ′

1 − σ ′
2

)2 (
σ ′

1 + σ ′
2 − 2.σ ′

3

)

+ (
σ ′

2 − σ ′
3

)2 (
σ ′

2 + σ ′
3 − 2.σ ′

1

)

+ (
σ ′

3 − σ ′
1

)2 (
σ ′

3 + σ ′
1 − 2.σ ′

2

)]
(25)

q = √
3.J2( for TX-C and TX-E q = σ1 − σ3) (26)

γoct = 2

3

[
(ε1 − ε2)

2 + (ε2 − ε3)
2 + (ε3 − ε1)

2
]1/2

(27)

Relative density,

R.Dr = emax − enat
emax − emin

(28)

εv = ε1 + ε2 + ε3 (29)

εq =
√

2

3

[
(ε1 − ε2)

2 + (ε2 − ε3)
2 + (ε3 − ε1)

2
]1/2

(30)
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uo is the external radial displacement, ui is the internal radial
displacement, εz is the axial strain, εr is the radial strain, εθ
is the circumferential strain, γθ z is the shear strain, β is the
rotation angle, H is the initial height of the specimen, �H
is the change in axial displacement, p′ is the mean effective
stress, q is the three dimensional form of deviatoric stress, J2

is the second deviatoric stress, invariant, J3 is the third devi-
atoric stress invariant, τoct is the octahedral shear stress, γoct

is the octahedral shear strain, emax—maximum void ratio the
material can achieve, emin—minimum void ratio the mate-
rial can achieve, enat—void ratio at which the specimen is
prepared, εv—volumetric strain and εq—deviatoric strain.
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