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Abstract The behaviour of granular material can be pre-
dicted numerically with the discrete element method. This
method potentially uses material properties to describe the
behaviour of a particle and its interactions with other particles
or walls. One characteristic property is the particle contact
stiffness. The work described herein reviews on one hand
shortly different types of stiffness in particle mechanics and
on the other hand, with regard to the experimental work, an
overview of the newly developed method to examine the con-
tact behaviour between two particles is given. The advantage
of this approach is the exclusion of possible equipment defor-
mation and is, thus, only referring to the deformation of two
particles in contact. Therefore, especially the deformation of
asperities on the particles’ surface can be taken into account.
A variety of contact experiments on single and two parti-
cles were conducted to validate the new method. Glass beads
with a particle diameter from dp = 0.8 to 3.0 mm were cho-
sen and a maximum compression force of F = 80 N. While
only one material type was studied, this work has the broader
implication to present a method for determining a material’s
contact stiffness and its evolution during increasing contact.
This study is part of the PARDEM research network: www.
pardem.eu.
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1 Introduction

Particulate solids are found in a wide range of industries.
Their handling is vigorous for functioning process opera-
tions since approximately 50 % of the products and at least
75 % of the raw materials in industry are granular matter [1].
It is estimated that about 40 % of industry capacity is wasted
due to unknown behaviour of granular material, resulting into
insufficient design of unit operations [2]. The design of unit
operations relies on estimations of the constitutive behav-
iour of granular matter which are often based on continuum
approaches. But the overall mechanical properties of granu-
lar matter are significantly dependent on micro-scale behav-
iour between interacting particles. Here, the understanding
of how particle properties influence the bulk behaviour of
a particle assembly is not yet very well established. Nowa-
days, simulations with the discrete element method (DEM)
provide physical knowledge about particle/particle and par-
ticle/wall interactions and can contribute to achieve under-
standing of the macroscopic behaviour of granular matter in
diverse industrial applications and nature’s phenomena.

One numerical approach was proposed by Cundall and
Strack [3], where particle interactions are computed over
time through a recurrent application of Newton’s second
law of motion. A contact model is implemented to describe
the force-deformation behaviour of particles in contact. The
governing equation in translational direction holds therefore
terms for contact, gravity and drag forces, and is given in
Eq. (1):
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mi
d �vi

dt
= mi �g + �Fd +

( �Fn + �Fd
n

)
(1)

with mass mi and translational velocity vi of particle i, g the
gravity, Fd the drag force,Fn the governing normal contact
force and Fd

n the normal damping force.
Contact models can be classified into three groups which

are contact stiffness models, slip models and bonding mod-
els [4]. Especially the contact stiffness models relate the con-
tact force to the relative displacement of the particle during an
interaction. The approach can be linear, which is less compu-
tational intense, or non-linear. For a non-linear model often
the Hertz-Mindlin model is applied which will be discussed
later. For further information Kruggel-Emden et al. [5] is
proposed who review in their work different contact models
in accordance to its implementation in DEM code and the
reproducibility of real particle behaviour in contact such as
elastic or elasto-plastic behaviour.

Depending on the circumstances of the unit operation
to be modelled and on the chosen contact model different
parameters must be specified before initiating a simulation.
These setup parameters are particle properties as well as par-
ticle/particle and particle/wall interaction properties. One of
these properties is the parameter describing the elasticity of
the contact between two particles, the particle contact stiff-
ness.

1.1 Stiffness term in particle mechanics

In general stiffness represents the resistance of a body against
deformation caused by a force or moment of torque. It is
often expressed relative to the contact area. Thus, stiffness
defines the resistance against the necessary force per dis-
placement (Nm−1) to elastically compress a body. In parti-
cle mechanics different types of stiffness can be defined and
are summarised in Fig. 1. Each stiffness type is referred to a
physical scale: At the level smaller than the particle itself, the
submicro scale, the particle surface stiffness can be defined.
The surface stiffness is examined by local indentation mea-
surements. Particularly attention must be paid to asperities
on a particle’s surface, since they can influence the repro-
ducibility of measurements due to the establishment of dif-
ferent contact areas which are necessary to calculate the sur-
face stiffness [6,7]. Further information on the measurement
of surface stiffnesses can be found elsewhere [8–10,12]. On
the micro scale, corresponding to one particle or the size of
one particle, the stiffness of a particle itself is determined by
single particle compression experiments. Depending on the
particle size and desired load different equipment are avail-
able such as nano- and micro indentation for forces below
1 N or material testing machines for higher forces [13,14].
As transfer between micro and macro scale the micro-macro
bridge, thus, two particles in contact, is considered. The par-

Particle surface stiffness
Submicro scale

Particle stiffness
Micro scale

Bulk stiffness
Macro scale

Particle contact stiffness
Micro-macro bridge

(a) (b)

(c) (d)

Fig. 1 Overview of stiffness types in particle mechanics

ticle contact stiffness is therefore neither a particle property
nor corresponds to a bulk property; it is the result of a super-
position of surface roughness and particle stiffness. Differ-
ent approaches were made to determine a contact stiffness of
rather large samples using the contact resonance or ultrasonic
method [15,16]. For instance, Shi and Polycarpou [16] used
a screw mechanism to fix the samples and further applied the
contact resonance method; here, the contact stiffness of flat
surfaces were tested. Mullier et al. [17] developed a single-
particle friction cell with which particle-particle contact mea-
surements were carried out while the particles are screwed to
their holdings. Cole et al. [18] created an experimental sys-
tem for uniaxial loading of grain pairs until a force of 25 N.
On the microscopic level particle-particle experiments were
also carried out to determine frictional and adhesive forces
[19,20], however, here other approaches like gluing can be
applied which less influences the contact behaviour studied
here. On the macro scale, referring to multiples particles in
contact, the bulk stiffness can be characterised by uniaxial
bulk compression experiments [21–24]. The bulk stiffness
corresponds to the bulk’s resistance to normal compression
and, for example, depends amongst others on the coordina-
tion number [25].

1.2 Particle contact stiffness

Different theories [26–29] were developed to describe the
contact behaviour between two bodies. One of the most com-
mon theories is the description of an elastic contact between
two spherical bodies offered by Hertz [30]. Hertz assumes
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spherical bodies of an elastic isotropic material in friction-
less contact. The established stress at contact is described
as elliptical distribution in the contact area with a maximum
pressure in the centre of the contact area [31,32]. The result-
ing contact force Fn due to the deformation δ is established
as shown by Eq. (2):

Fn = 2

3
E∗√R∗ · δ3 (2)

with E∗ (Pa) as reduced Young’s Modulus, R∗ (m) as
reduced particle diameter and δ (m) as overlap distance
between two particles. The reduced parameters are calcu-
lated from material and particle properties of particle 1 and
particle 2 according to Eqs. (3) and (4) [32]:

E∗ = 2

(
1 − ν2

1

E1
+ 1 − ν2

2

E2

)−1

(3)

R∗ =
(

1

R1
+ 1

R2

)−1

(4)

with ν = Poisson’s Ratio (–), E = Young’s modulus (Pa) and
R = radius of the particle (m).

The contact stiffness is the numerical derivative at a given
load level. According to Hertz the contact stiffness in normal
direction between two spherical bodies is then described by
Eq. (5):

kn = d Fn

dδ
= E∗√R∗ · δ. (5)

In practice, the contact stiffness is often equated with the sin-
gle particle stiffness measured through single particle com-
pression as shown in Fig. 1b. Therefore, compression tests of
single particles have been carried out by a variety of research
teams with different compression apparatuses using particle
sizes of 1–3 mm and forces up to 35 N as mentioned earlier
[33–35]; some of them especially for the characterisation of
stiffness [11,36–38].

In DEM simulation the contact stiffness does not only
describe the contact between particles, but it is also a cru-
cial parameter influencing the time step of the simulation.
Therefore, the particle contact stiffness is often reduced in
order to reduce the simulation time [39]. On the other hand
different investigations have shown that a reduced contact
stiffness, or reduced Young’s modulus, can influence the
simulation result in an undesirable manner: for instance, in
2007 Moreno-Atanasio et al. [40] showed that in DEM sim-
ulation of fluidised beds the fluidisation behaviour of cohe-
sive material can range from particles at rest to fluidisation,
depending on the set contact stiffness and surface energy.
Also Antony et al. [41] showed that for shear experiments
the influence of normal and tangential stiffness on simula-
tion results seems especially important for the characteris-
tic behaviour of assemblies of non-spherical particles. For

example, for confined compression tests, which are espe-
cially important in geotechnical and civil engineering, Coet-
zee et al. [42] identified the high influence of stiffness on the
compression behaviour of granules. Similar responses were
obtained by Lowery and Zeghal [43] who investigated the
influence of stiffness on the resilient behaviour of aggregated
materials.

The aim of the work presented here is to understand
how the contact stiffness of a particle-particle contact can
be experimentally measured by presenting a new method.
Attention is drawn to the difference of particle contact stiff-
ness in comparison to single particle stiffness and theoretical
Hertzian contact stiffness.

2 Materials and methods

2.1 Materials

Spherical granule soda-lime glass from two different suppli-
ers with different mean particle sizes, 0.8, 1.5 and 3.0 mm,
have been chosen and are presented in Fig. 2. Due to the
nearly ideally spherical shape it is possible to apply the
Hertzian contact theory of spheres [30] for description of
elastic deformation behaviour of these granules. A summary
of the material properties, including the parameters neces-
sary for the calculation of the particle contact according to
Hertz’s theory, is given in Tables 1 and 2, respectively.

The surface roughness has been characterised by means
of atomic force microscopy, XE-100, Park Systems, on a
surface of 30 μm×30 μm on three different specimens. The
topography measurement was carried out with a C-AFM head

Fig. 2 Image of the granules used in this paper with dp =
0.8, 1.5, 2.98 mm

Table 1 Mechanical properties of glass beads and steel plate

Material Poisson’s
ratio ν (–)

E-modulus
E (GPa)

Particle
radius R (m)

Mechanical properties of the materials

3.0 mm glass granule 0.22 65 1.5 × 10−3

1.5 mm glass granule 0.22 65 0.75 × 10−3

0.8 mm glass granule 0.22 65 0.4 × 10−3

Steel plate 0.28 200 –
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Table 2 Reduced material
parameters for the Hertzian
contact model after Eq. (4)

Particle Reduced E-modulus
E* (GPa)

Reduced radius R* (m)

dp = 3.0 mm dp = 1.5 mm dp = 0.8 mm

Parameters for the Hertzian model

3.0 mm glass spheres 68 0.75 × 10−3 – –

1.5 mm glass spheres 68 – 0.375 × 10−3 –

0.8 mm glass spheres 68 – – 0.2 × 10−3

Steel wall 104 1.5 × 10−3 0.75 × 10−3 0.4 × 10−3

Table 3 Measured surface roughness obtained by means of atomic
force microscopy

Material Roughness
average
Ra (μm)

Root mean
square
roughness
Rq (μm)

Minimum
roughness
depth
RMin (μm)

Maximum
roughness
depth
RMax (μm)

0.8 mm glass
spheres

0.155 0.183 −0.552 0.571

1.5 mm glass
spheres

0.029 0.038 −0.210 0.160

3.0 mm glass
spheres

0.035 0.050 −0.414 0.451

mode and a scan rate of 0.5 Hz. The data editing took then
place with the AFM software XEI, where first the surface is
straightened with a fit of second order and then the rough-
ness is determined. Here, Ra describes the mean roughness
of the surface and Rq corresponds to the root-mean-squared
roughness [44]; the minimum and maximum values, RMin

and RMax, are presented in Table 3. With Ra = 155 nm, the
0.8 mm glass spheres show the highest average roughness
with an extremely high maximum and minimum roughness
depth of RMin = 0.552 nm and RMax = 0.571 nm. The 1.5
and 3.0 mm glass spheres own four times less surface irregu-
larities with Ra,1.5mm = 29 nm and Ra,3.0mm = 35 nm. For
all particles the Rq-value is close to the Ra-value, indicating a
smooth surface with some slightly higher valleys and peaks.

2.2 Method for determining particle contact stiffness

As mentioned in Sect. 1.1 the particle contact stiffness k
describes the stiffness at the contact between two parti-
cles. However, until now single particle stiffnesses were
measured and used as simulation parameters. That is why
a new method to directly identify the contact stiffness is
introduced. This approach is advantageous since for forces
<1 N micro irregularities, such as asperities, can be taken
into account. As well as for forces >1 N possible deforma-
tion of the measurement equipment, for instance for similar
Young’s modulus of specimen and apparatus, can be elimi-
nated.

The method is based on a simple mechanical model, con-
sidering that each deformation at a contact point in normal
direction can be described by a spring stiffness. Therefore,
the developing contact stiffness between two particles in
contact can be characterized as a serial connection of two
springs each with its own stiffness, kp1−p2 and kp2−p1, as
shown in Fig. 3 on the left side. How this contact stiffness
can be experimentally obtained by compression experiments
is further explained with the mechanical model of serial con-
nection of contact constellations in the centre and on the
right side of Fig. 3. In the centre, the arrangement of two
particles between an upper and lower wall is shown; also
referred to as wall-particle-particle-wall (WPPW) constella-
tion. The overall established stiffness of this constellation,
kwppw, is the summation of six contact stiffness as given in
Eq. (6):

Fig. 3 Mechanical model of a
serial connection of contact
constellation with
PP-arrangement (left),
WPPW-arrangement (middle)
and WPW-arrangement (right)
and its stiffness k at each contact

WPPW-compression WPW-compressionPP-compression

kwp1

kp2-p1

kp2w
kwp2

kp1-p2

kp1w
kwp1

kp1w

kwp1

kp1w

kp2-p1

kp1-p2 -=
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Fig. 4 Scheme of force-displacement curves obtained through WPW-
and WPPW-compression and the mathematically resulting PP-
compression curve

kn,W P PW =
(

1
kwp1

+ 1
kp1w

+ 1
kp1−p2

+ 1
kp2−p1

+ 1
kp2w

+ 1
kkwp2

)−1

. (6)

On the right side of Fig. 3 the constellation of the known sin-
gle particle compression is shown; here referred to as wall-
particle-wall (WPW) arrangement. The measurable overall
stiffness, kwpw, results from the established contacts and,
thus, four stiffnesses as presented in Eq. (7) can be iden-
tified:

kn,W PW =
(

1

kwp1
+ 1

kp1w

+ 1

kp1w

+ 1

kwp1

)−1

. (7)

The influences of upper and lower walls during a compression
experiment are eliminated by excluding wall-particle con-
tacts. This exclusion takes place when subtracting the WPW-
stiffnesses from the WPPW-stiffnesses as demonstrated in
Fig. 3, which leads to the particle-particle (PP) constellation,
describing the PP-contact. The mathematically expression is
given in Eq. (8):

kn,P P = kn,W P PW − kn,W PW

=
(

1

kp1−p2
+ 1

kp2−p1

)−1

= kn . (8)

Now and in the following the PP-contact stiffness is consid-
ered to describe the total overlap of both particles.

Practically, each contact stiffness as shown in Eqs. (6)
and (7) cannot be measured to obtain the overall kn,WPW

and kn,WPPW stiffnesses, but as stiffness corresponds to the
slope of force-displacement data, the overall stiffnesses are
obtained through WPW- and WPPW-compression experi-
ments. Figure 4 shows schematically through experiments
obtained WPPW- and WPW-force-displacement curves.
Knowing at each force level the corresponding displace-
ment, the WPW-displacement is subtracted from the WPPW-

displacement, resulting into the data for the PP-force-
displacement curve, which is likewise shown in Fig. 4. Now,
from all three force-displacement curves for any given load
the corresponding stiffness can be derived. However, a dis-
placement controlled measurement is not possible, because
for the same displacement much lower forces are needed for
the WPPW-constellation and, thus, the WPW-data cannot be
subtracted from the WPPW-data.

3 Experiment

3.1 Experimental setup

Based on the proposed method discussed in Sect. 2 it is cho-
sen to compress a single particle as well as two particles
with a material testing machine. Figure 5 shows the selected
device, Zwick Z010 (Zwick/Roell, Zwick GmbH & Co. KG,
Germany), with a closer look at the setup of the WPW-
and WPPW-compression. The lower stationary punch is a
4 × 5 cm2 steel square and equals the material of the upper
1 cm2 punch. For the WPPW-compression two particles are
placed one above each other in a hollow cylinder made of
brass. Three different hollow cylinders were fabricated with
a CNC lathe so that the height of the cylinder corresponds to
1.5 times the particle diameter and the inner diameter of the
cylinder was chosen to be about 7 % wider than the particle
diameter. A lower percentage would have had let to inser-
tion problems for particles with a slightly larger diameter
and a higher percentage would allow too much movement
of the particles, including shifted top particles towards one
side. The exact dimensions are given in This method is espe-
cially interesting for contact stiffness measurement of non-
spherical particles which could jump away if they are not
hindered, for example, by a wall.

Table 4 and a picture is included in Fig. 5 on the right
bottom. Wall friction of the hollow cylinder is neglected,
since the horizontal dilatation of the particles due to verti-
cal compression plus the particle diameter are minor than
the cylinder diameter. This method is especially interesting
for contact stiffness measurement of non-spherical particles
which could jump away if they are not hindered, for example,
by a wall.

Table 4 Dimensions of hollow cylinders for WPPW-compression with
a tolerance below 100 μm

Particle diameter (m)

0.003 0.0015 0.0008

Cylinder size (m) D = 0.0032 D = 0.0018 D = 0.0011

H = 0.0042 H = 0.00225 H = 0.0012
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WPW-
Compression

WPPW-
Compression

Cylinder selection

Fig. 5 Material testing machine (left) and closer look of the WPW-
setup with lower and upper plate (right, top) and WPPW-setup with the
cylinder (right, middle) and the cylinder selection for 0.8, 1.5 and 3 mm
particles

3.2 Experimental procedure

Experiments are performed for normal compressive loading
of one particle and of two particles. In order to examine the
loading rate dependency, measurements were carried out at
five different punch speeds: 20, 40, 60, 90 and 120 μm/min.
A velocity of 90 μm/min gave the best reproducibility and is
therefore chosen as loading rate. The experimental system is
force-controlled so that the loading stops at a given maximum
force which is set to F = 80 N for the following experiments.
The sample to be tested is placed unto the lower stationary
punch and the upper punch is lowered at a rate of 0.1 mm/min
until a first contact is detected. Then the force is set to 0 N and
the compression velocity is decreased to v = 90 μm/min.
Once the maximum force is attained the upper punch raises
immediately, maintaining the velocity, until 0 N contact force
is detected.

For the WPPW-compression experiment the first particle
is placed inside the hollow cylinder on the lower stationary
punch and the second particle is positioned on top of the
first one. For both compression types, WPW and WPPW, ten
measurements are carried out. Normally, up to 100 measure-
ments are necessary to obtain a standard deviation below
10 %. However, since we apply spherical and non-porous
particles, the standard deviations are between 4 and 10 %
which is sufficient to validate this new method. Furthermore,
to examine the new method cyclic loading of the particles
is tested and a 0 N—maximum force repetition is chosen,

resulting into five 80 N–0 N–80 N loading and unloading
cycles. Hereby, it cannot be assured, that particles will keep
the exact contact point. However, since the cylinder hole is
only slightly larger than the particles itself, larger movements
can be precluded. The maximum shift of the particles is calcu-
lable, while the drawback of adhesive methods, for instance
influences through the operator, cannot be determined.

Throughout the experiment the load-displacement curves
are registered. Repetitive experiments are performed to deter-
mine the range of variation of the contact stiffness. Since
the obtained data varies, the mean value for force and dis-
placement are calculated. A polynomial fit of second order is
drawn to describe the WPPW- and WPW-displacement at a
given force value. With these obtained data sets the loading
and unloading curve for the PP-deformation can be deter-
mined as described in Sect. 2.

4 Experimental results and discussion

The experiments are carried out as described in the previous
section. Figure 6 summarises the experimentally obtained
force-displacement curves with normalised contact force for
loading and unloading of WPPW- and WPW-compression
for all three particle sizes. The equivalent radius R∗

WPW
for the WPW-contact equals the particle radius. For the
WPPW-contact the equivalent radius R∗

WPPW takes the par-
ticles’ radii into account. All applied values are presented in
Table 2. Further introduced in Fig. 6 is the polynomial second
order description of the graphs and the calculated PP-force-
displacement curve for loading which must be determined
prior to normalising the contact force.

In the following the determination of the particle contact
stiffness is discussed using the example of 3.0 mm glass
beads, followed by a discussion on the influence of particle
size and of cyclic loading on the particle stiffness value. At
the end the experimental data is compared to the theoretical
Hertzian approach.

4.1 Determination of particle contact stiffness

With regard to the diagram c in Fig. 6 two areas can be distin-
guished: For low forces the WPW-force-displacement curve
increases faster than the PP-graph. At about 500 Nm−1/2

the displacement for the PP-compression rises over that of
the WPW-compression. The steeper the slope, the higher
is the contact stiffness as shown in Fig. 7. In this fig-
ure the evolution of contact stiffness over normalised con-
tact force (with the equivalent radius R∗) for three differ-
ent cases is presented: First the experimentally measured
WPW-stiffness is averaged and shown with its deviation. Fur-
ther, the polynomial description of WPW-stiffness is plotted,
which underestimates the experimentally determined WPW-
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(a)

(b)

(c)

Fig. 6 Averaged load-displacement curves for WPPW- and WPW-
compression with polynomial second order description and calculated
PP-force-displacement curve for a 0.8 mm, b 1.5 mm and c 3.0 mm
glass beads

stiffness until approximately 600 Nm−1/2, then the polyno-
mial fit approaches the experimental values. Thirdly, the PP-
contact stiffness is plotted over the normalised force.

The WPW-stiffness increases from kn,WPW = 2.15 ×
106 Nm−1 to kn,WPW = 2.85×106 Nm−1 during an increas-

Fig. 7 PP- and WPW-contact stiffness values related to normalised
contact force for 3.0 mm glass beads; standard deviation of 10 mea-
surements in average and median below 10 %

ing normalised contact force up to 2,050 Nm−1/2. Remark-
able is the increase and fall of the WPW-stiffness between
0 and 600 Nm−1/2. An explanation of this behaviour is not
found for this evolution was not seen for the compression of
0.8 and 1.5 mm glass beads (not shown here). Furthermore,
the roughness of the 3.0 mm particles’ surface is only slightly
higher as for the 1.5 mm glass beads so that a roughness
influence should be negligible, however, only the appear-
ance of surface asperities followed by a contact flattening
could explain the obtained bend. The evolution of the WPW-
stiffness is not well described by the second order polynomial
which is imprecise for forces close to 0 N. That is why the
bend is not seen for the PP-contact stiffness which increases
from 1.36 × 106 Nm−1 to 3.96 × 106 Nm−1. Thus, the PP-
contact stiffness is for low forces, F < 500 Nm−1/2; lower
than the WPW-stiffness, but rises almost twice as high at
maximum force. It seems that at the beginning of a contact
the particles’ surfaces influence the contact behaviour and
therefore the force-displacement behaviour and a varying
contact stiffness is obtained. For example, for a particle with
a rough surface the contact is not immediately established
between two particles’ surfaces but between their asperities.
Consequently, the PP-force-displacement is lower than the
WPW-curve for low forces and, thus, the PP-contact stiff-
ness is lower than the WPW-stiffness. Carpick et al. [45]
revealed the influence of asperities on the contact area-load
relation established with different indentation tip shapes. It
is proven that the possible contact area between two bodies
is arbitrative for the contact stiffness which is apparently the
case at the initialisation of a particle-particle contact.

4.2 Influence of particle size on particle contact stiffness

In the previous section the utilisation of single particle stiff-
ness versus particle contact stiffness was discussed. Now the
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Fig. 8 Stiffness values related to normalised force for WPW- and PP-
compression of 0.8, 1.5 and 3.0 mm glass beads

influence of particle size is analysed with the new method.
For that glass beads with a diameter of 0.8, 1.5 and 3.0 mm,
respectively, are examined. The force-displacement curves
for all three materials are plotted in Fig. 6. It is shown that
the smaller the particle, the higher the deformation of the par-
ticle for the same load. The remanent plastic deformation at
Force F = 0 N specifies that with regard to the particle size, a
stronger flattening of smaller particles takes place. The effect
of particle size on stiffness, and thus, that the larger the par-
ticle diameter, the higher the stiffness, has been discussed
before by Antonyuk et al. [46].

In Fig. 8 the experimentally obtained WPW-stiffnesses
for all three particle sizes over normalised normal force as
well as the polynomial description for the PP-compression
are shown. Apart from the bend in the 3 mm WPW-stiffness
graph, larger particles own an increased WPW-stiffness over
smaller particles. Very well presented in Fig. 8 is the strong
increase of PP-contact stiffness during contact establish-
ment. Therefore, an overestimation of the PP-contact stiff-
ness occurs for low forces when applying the WPW-contact
stiffness. Furthermore, it shows that a PP-contact is much
stiffer for higher forces than the WPW-constellation since
less elastic contacts (e.g. between particle and wall) are taken
into account. An influence of surface roughness as presented
in Table 3 is not remarkable because of the high chosen con-
tact forces. An influence of surface properties is especially
expected for minor forces.

4.3 Influence of multiple contacts on particle contact
stiffness

Further investigations demonstrate how the new method can
be applied to cyclic loading. Cyclic loading of particles is
used to simulate multiple contacts between particles. For that

(a)

(b)

Fig. 9 a Five loading-curves for cyclic WPW-compression and b cor-
responding WPW-stiffness values for 3.0 mm glass beads

after each loop the contact force is decreased until F = 0 N
is reached, denoting a contact release, followed by a steady
increase until the maximum force is reached, which is here
set to Fmax = 80 N. Figure 9a presents experimentally deter-
mined loading-curves for WPW-compression of 3 mm glass
beads and in Fig. 9b the corresponding WPW-stiffness val-
ues in dependence of the normalised contact Force. In both
diagrams a remarkable difference between the first and the
second cycle is presented while further distinction between
cycle two to cycle five is almost not possible. A slightly
increase of WPW-stiffness with further loading is notice-
able which is in accordance to scientific results obtained by
Mader-Arndt et al. [14]. While in their research, carried out
in the μN force range, the force-displacement curves are
increasing with increasing number of contacts, a further, sig-
nificant increase might not be possible here due to high forces
the particles are exposed to and resulting flattening of the
contact areas. Furthermore, Cole et al. [18] found in their
grain-pairs experiment, carried out until a force of 10 N, the
so-called seating effect, between the initial loading curve and
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(a)

(b)

Fig. 10 a Five loading-curves for cyclic PP-compression and b corre-
sponding PP-contact stiffness values for 3.0 mm glass beads

the more similar following loading cycles. The same result
was found here, showing a hardening effect due to changes
in the particle’s structure.

The PP-force displacement and PP-contact stiffness evo-
lution are plotted in Fig. 10a, b respectively. A change of
contact point during continuous loading and unloading would
lead to similar force-compression curves as obtained for the
first cycle. However, as shown in Fig. 10a the second to
fifth cycle are similar as previously discussed for the WPW-
compression. Therefore, a movement of the particles can be
excluded.

The first contact corresponds to a lower contact stiffness
than the following contacts, hence, the PP-contact stiffness
increases with increase of number of contacts. Furthermore
it seems as if a saturation point is reached here as well: An
increase of PP-contact stiffness is shown for the first to the
fourth contact cycle, but the fifth lies very close to the fourth
so that the PP-contact stiffness can be hardly distinguished.
This phenomena has been described by Antonyuk et al. [11,
12], which implies that the material started to flow during the

(a)

(b)

Fig. 11 Force-displacement curves for a WPW-, PP- and Hertzian PP-
compression and b evolution of stiffness to normalised force for 3.0 mm
glass beads

first contact and stays remanent plastically deformed during
the following contacts.

A comparison between Figs. 9b and 10b demonstrates
very well the difference between a stiffness obtained through
WPW- (single particle) and PP-compression. While for the
first cycle a WPW-stiffness of kn,WPW = 2.0 − 3.25 ×
10−6 Nm−1 is attained; the PP-contact stiffness increases
more strongly from kn,PP = 2.8 × 10−6 to kn,PP = 5.1 ×
10−6 Nm−1. Therefore, the physical response of two parti-
cles in contact differs to that from one particle due to surficial
changes which are neglected during a WPW-compression.

4.4 Comparison with Hertzian approach

As mentioned before the Hertzian contact model is often used
to describe the contact of spherical particles. According to
Hertz’s theory the particle deformation behaves to the power
of 3/2. With Eqs. (2), (3) and (4) and the material properties
given in Tables 1 and 2 the Hertzian force-displacement curve
and contact stiffness for 3.0 mm glass beads are calculated
as presented in Fig. 11.
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The Hertzian force-displacement curve is presented in
Fig. 11a as straight line as the displacement is normalised
to the power of 3/2. As long as the WPW- and PP-force-
displacement curves correspond to the straight line, the
particle contact is elastic, otherwise they show non-elastic
behaviour [32]. It can be seen that elastic deformation
of the particles took place for very low forces. For the
PP-compression non-elastic deformation begins at about
125 Nm−1/2 which corresponds to 1.5 N normal force. For
the WPW-compression the non-elastic deformation starts at
about 250 Nm−1/2, which corresponds to 5 N. Elsewhere
[38] compression experiments showed as well that for elasto-
plastic particles the divergence from the Hertzian curve is
below a force of 10 N. Nevertheless, at the beginning of
the compression, thus for low forces below 10 N, the PP-
deformation is more elastic and a higher deformation is
obtained. However, once the plastic deformation for the
WPW-constellation starts, a higher deformation than for the
contact deformation between two particles is obtained. The
micro yield pressure, σY ield (Pa), is almost identical to the
maximal pressure at the centre of contact [47], pmax (Pa),
and, thus, can be calculated with Eq. (2), the measured defor-
mation at yield point, δn,Y (m), and the measured force at
yield point, Fn,Y (N):

σY ield ≈ pmax = 3

2

Fn,Y

π R∗δn,Y
. (9)

The normal force at yield point for the PP-contact was mea-
sured to 6.3 N and the displacement was determined to
2.52 μm, therefore a relatively large micro yield pressure
of σyield = 796 MPa was obtained.

Regarding the obtained stiffness as shown by the diagram
in Fig. 11b, the difference between WPW- and PP-contact
stiffness is significant. The experimentally obtained PP-
stiffness follows the same trend as the theoretically obtained
Hertzian stiffness. The difference between both PP-stiffness
curves could be due to the fact that the Hertzian curve was cal-
culated with supplier data and should therefore not be taken
as a correct but as an appropriate solution. As predicted by
the force-deformation curve, a higher WPW-stiffness than
PP-stiffness is obtained while being in the elastic deforma-
tion range, probably overestimating the stiffness of a contact.
With further load the WPW-contact stiffness increases less
and shows a more linear behaviour.

5 Conclusions

A simple and straightforward experimental method is devel-
oped to determine the contact stiffness of two spherical parti-
cles in contact. This experimental method avoids drawbacks
as caused through adhesive methods. And contrary to the
apparatus as developed by Mullier et al. [17] where particles

are fixed through micro-screws, this method can be applied
in any compression tester.

Experiments were conducted on two particles, result-
ing into a wall-particle-particle-wall (WPPW) arrangement
and on single particles, resulting into a wall-particle-wall
(WPW) arrangement. Subtracting force-displacement curves
obtained from both particle arrangements, particle-particle
(PP) force-displacement data is obtained which is useful to
investigate the influence of asperities or other surface phe-
nomena, such as adhesion, on the PP-contact behaviour.

Theoretically, the optimal stiffness value which can be
obtained is that of a PP-contact and is therefore the numerical
derivation of the force-displacement curve of two particles
in contact. This work shows that the stiffness obtained by
a WPW-compression underestimates the stiffness of a PP-
contact as obtained with this novel method. One explanation
for this underestimation could be a deformation which is
not only encountered by the particle itself but also from the
device used for the measurement. Furthermore, for forces
below 5 N the contact between two 3 mm glass spheres is
softer than predicted by the WPW-stiffness. These lower val-
ues suggest that there is an influence of particle surfaces on
the established contact which should be taken into account
when determining the PP-contact stiffness.

Future work includes the application of this new method
to lower force ranges as they are applied in atomic force
microscopy or contact frictional measurements.
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