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Abstract This paper presents the results of a numerical
study carried out by 2D discrete element method analy-
ses on the mechanical behavior and strain localization of
loose cemented granular materials. Bonds between particles
were modeled in order to replicate the mechanical behavior
observed in a series of laboratory tests performed on pairs
of glued aluminum rods which can fail either in tension or
shear (Jiang et al. in Mech Mater 55:1–15, 2012). This bond
model was implemented in a DEM code and a series of biax-
ial compression tests employing lateral flexible boundaries
were performed. The influence of bond strength and con-
finement levels on the mechanical behavior and on the onset
of shear bands and their propagation within the specimens
were investigated. Comparisons were also drawn with other
bond models from the literature. A new dimensionless para-
meter incorporating the effects of both bond strength and
confining pressure, called BS, was defined. The simulations
show that shear strength and also dilation increase with the
level of bond strength. It was found out that for increas-
ing bond strength, shear bands become thinner and oriented
along directions with a higher angle over the horizontal.
It also emerged that the onset of localization coincided
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with the occurrence of bond breakages concentrated in some
zones of the specimens. The occurrence of strain localiza-
tion was associated with a concentration of bonds failing in
tension.
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localization · Shear band · Bond failure · DEM

1 Introduction

Cemented granular materials, commonly found in natural
and treated soils, are of great importance in geoengineer-
ing and have attracted substantial interests in the last three
decades (e.g., [5–9,12–14,17,20,21,25,26,33,37,38,40,42,
43,46,54–56,60,67,69–71]). Typical examples of this kind
of material are provided by mortars, asphalts, volcanic ashes,
sandstone and grouted soils. Interparticle bonds for these
materials often consist of sediments such as gypsum, Port-
land cement and lime [20].

In general, at small strain, cemented granular materi-
als exhibit a stiffer stress–strain response than their corre-
sponding reconstituted states. At large strains, they exhibit
strain softening and shear dilation [8,18,19,38,40]. More-
over, the experimental and numerical investigations per-
formed by Wang and Leung [66,67] showed that increasing
the cement ratio leads to a shift of the stress–strain response
from hardening to softening and of the volumetric behavior
from contractive to dilative. Also Consoli et al. [6] investi-
gated the influence of the void/cement ratio on initial stiff-
ness and effective strength by means of both unconfined and
triaxial compression tests.

Some constitutive models [69,70] introduced the bond
effect and were able to reproduce the major mechanical
response of cemented granular materials. However, how the
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bond strength affects the mechanical behavior and shear band
formation of cemented granular materials is not yet fully
understood at the micro scale, which constitutes a strong
motivation for the present study.

Strain localization is a fundamental feature exhibited by
cemented soils when subjected to shearing. In recent years,
several theoretical, experimental and numerical works have
been carried out on strain localization, mainly on uncemented
granules (e.g., [11,15,16,22,34,48,57,58,62]). By means of
advanced technologies, such as X-ray scanning [1,51,63],
stereophotogrammetry [23] and particle image velocime-
try [68], individual particle movements can be tracked and
monitored at different strain levels. Unfortunately in case of
cemented granular materials, experimental tests are still inca-
pable of providing reliable information on the evolution of
the network of bonds with loading and the spatial location
of bond breaking events. This limitation constitutes another
motivation for this paper.

The distinct element method (DEM), originally developed
by Cundall and Strack [10], has been regarded as a powerful
tool to investigate the mechanical behavior of granular mate-
rials at the micro scale. Also it has shown the ability to repro-
duce several features of cemented granular materials, such
as enhanced shear strength and dilation [18,38,32,40,59,67],
liquefaction [72], permeability [49], and strain localization
[38,66]. However, the failure criteria adopted for the inter-
grain bonds in DEM simulations are typically postulated
[4,47,56]. An investigation on real cemented granules is
essential to reveal the interaction laws of bonded granules.
Delenne et al. [14] investigated the force-displacement rela-
tionship and failure condition by performing loading tests on
a couple of aluminum rods glued by epoxy resin and thus
derived a function in the space of the generalized force vari-
ables for the failure of bonds. Their study was based on simple
loading tests (pure tension, compression, shear and torsion
tests), while complex loading conditions with nonzero nor-
mal force were unavailable. Within this framework, Jiang
et al. [37] performed a series of simple (tension and compres-
sion tests) and complex loading tests (shear combined with
different normal forces) on pairs of aluminum rods glued by
epoxy resin and derived a more rigorous empirical function
for the bond failure.

This paper aims to present a comprehensive study and
in-depth investigation of the influence of bond strength on
the mechanical behavior and strain localization of cemented
granular materials. In this paper, the experimentally derived
bond failure criterion was implemented in a DEM code
and simulations were run to identify the link between
bond breakage due to either tension or shear failure and
shear band formation as well as mapping the different fea-
tures of the micromechanical behavior inside and outside
shear bands which have not been investigated in previous
studies.

Bond

Normal 
contact model

Tangential
contact model

Dashpot

Bond

Spring

Dashpot

Divider

Spring

Slider

Bond

Fig. 1 Physical analogue of the employed bond models

2 DEM bond contact model

Jiang et al. [37] presented a comprehensive investigation on
the mechanical behavior of idealized granules glued by epoxy
resin, applying different kinds of forces (i.e. normal force,
shear force and moment) for various combined loading paths.
Two types of bond behavior were identified in their experi-
ments, namely, the thin type and the thick one. In this paper,
the employed bond model is representative of thin bonds. To
speed up computations, moments (bending and torsion) act-
ing on the bonds were neglected, with only forces considered
in the bond model as shown in Fig. 1.

2.1 Contact stiffness

Constant normal and tangential stiffness set to 7.5×107 N/m
and 5 × 107 N/m, respectively were adopted. Although the
small strain-elastic stiffness of cemented soils depends on
the cement content [6], the values of the contact stiffnesses,
Kn and Ks, employed in the simulations were constant, since
the soil elastic response at small strains was not the focus of
this study. The same constant contact stiffness was employed
by Wang and Leung [66,67].

2.2 Bond strength criterion

Experimental data from Jiang et al. [37] showed that bonds
subject to uniaxial tension behave according to a non linear
brittle law (see Fig. 2a1) which was simplified into a linear
elastic-brittle law for the bond model adopted in our DEM
simulations (see Fig. 2a2). The tensile strength of the bonds
is a material parameter here called, Rt .

In case of unbonded granular soils, the maximum shear
force at contacts, Run , can be calculated from the Coulomb’s
criterion, as:
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Fig. 2 Relationship between force and displacement: a1 experimental data in normal direction [37]; a2 numerical bond model in the normal
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Run =
{

tan φ · Fn for Fn > 0
0 for Fn ≤ 0

(1a,b)

where, Fn is the normal contact force and tanφ is the inter-
granular friction.

Cementitious bonds are responsible for the presence of
true cohesion exhibited by the bonded granular assembly at
the macroscopic level and its enhanced shear strength in com-
parison with the case of uncemented particles (see Fig. 2b1).
According to the available experimental data [37], the shear
strength of a pair of bonded particles can be divided into two
regions separated by a threshold value of normal force, Ft

(see Fig. 3). When the normal force applied at a contact Fn

is Fn < Ft , the bond adds up shear resistance Rs so that
the strength envelope is curvilinear and Rs is higher than the
strength for a pair of unbonded particles, Run . Instead when
Fn is Fn > Ft , the presence of the bond no longer increases
the shear strength of the pair so that Rs coincides with Run .
The analytical expression for Rs is provided below:

Rs =
{

1.656 · Rt · (1 + Fn/Rt )
0.216 −Rt < Fn < Ft

Rs = Run Fn > Ft

(2a, b)

It is worth noting that according to the adopted bond
model, we can expect that the cohesion exhibited at the
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Fig. 3 Bond strength curve in the FS−FN plane according to the
obtained experimental data [37] (colour figure online)

macroscopic level will decrease for increasing confining
pressures. This bond contact model was implemented into
the commercial software PFC2D [27] via a user-defined rou-
tine. The shearing force–displacement relationships for pairs
of bonded particles subject to different normal forces are
shown in Fig. 2a2, b2.

According to the adopted bond model, bond breakage is
always brittle, i.e. a bond breaks as soon as the force act-
ing on the bond (Fn, Fs) reaches the strength envelope. To
distinguish between tensile and shear modes, a failure has
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Fig. 4 Distribution of grain sizes in DEM analyses

been considered tensile when the strength envelope is reached
with a tensile normal contact force, Fn < 0 (red solid line in
Fig. 3); if otherwise (Fn > 0), the failure mode is considered
a shear one (black solid line in Fig. 3).

3 Simulation procedures

3.1 Sample preparation

In this study, the sample has a dimension of 800 mm
(W ) × 1,680 mm(H) and contains a total number of 24,000
particles. The particle-size distribution adopted in this study
is shown in Fig. 4, with the median particle diameter d50

equal to 7.6 mm and the uniformity coefficient, Cu, equal
to 1.3. Table 1 lists the values of parameters adopted in the
simulations.

In order to generate initial homogenous samples, the mul-
tilayer under-compaction method (UCM) proposed by Jiang
et al. [31] was used. In this study, eight layers of particles
were generated in sequence, with each layer consisting of
3,000 particles randomly distributed into the rectangular con-
tainer of 800 mm wide and 267 mm high. To achieve the tar-
get relative large planar void ratio of 0.27, the accumulated
layers of particles were compacted to an intermediate void
ratio which is slightly higher than the target one. Based on
the under-compaction criterion [31], the intermediate void
ratios for the accumulated layers were ep(1) = 0.2895,
ep(1−2) = 0.289, ep(1−3) = 0.2885, ep(1−4) = 0.2875,
ep(1−5) = 0.2835, ep(1−6) = 0.281, ep(1−7) = 0.279 and
ep(1−8) = 0.27. During each compaction process, the top
wall was moved downward at a constant velocity of 0.5 m/s
while the lateral and the bottom walls were fixed. The inter-
particle friction coefficient was set to 1.0 in order to achieve
the relatively high intermediate void ratio and the walls were
set to be frictionless.

Table 1 Material parameters used in the DEM analyses

Parameters Value

Cemented granules

Density/(kg m−3) 2,600

Normal contact stiffness for test/(N m−1) 7.5 × 107

Tangential contact stiffness for test/(N m−1) 5.0 × 107

Tension bond strength/N 0, 0.1, 0.5, 1, 2, 3

Interparticle coefficient of friction for test 0.5

Coefficient of friction between wall and particle 0.0

Local damping coefficient 0.5

Viscous damping coefficient 0.0

Membrane particles

Diameter/mm 2.0

Density/(kg m−3) 1,000

Bond strength in normal direction/N 1.0 × 10100

Bond strength in tangential direction/N 1.0 × 10100

Normal contact stiffness/(N m−1) 3.75 × 106

Tangential contact stiffness/(N m−1) 2.5 × 106

After generation, the interparticle friction coefficient was
set to 0.5 and samples were consolidated one-dimensionally
under a constant pressure of 12.5 kPa. After consolidation,
the at rest earth pressure coefficient, K0, turned out to be
0.57; then bonds were assigned. Following this process of
generation, samples present some anisotropy of the contact
network induced by the anisotropic state of stress applied
during consolidation [31]. This anisotropy tends to reflect the
in-situ conditions of real geomaterials (e.g. cemented sands
and weak rocks).

3.2 Isotropic consolidation

Lateral flexible boundaries consisting of bonded frictionless
particles were employed to mimic the presence of a soft rub-
ber membrane as originally proposed by Khun [45]. The
stress controlled flexible boundary was implemented in the
code according to [66,67] where the interested reader can
find all the details of the implementation. As shown in [28]
the use of flexible membrane boundaries allows capturing the
developing shear bands with a good degree of accuracy. The
top and bottom boundaries instead, consist of very stiff walls
mimicking the presence of rigid platens. Samples were then
subjected to an isotropic confining pressure applied to the
top and bottom platens by a servo control algorithm gradu-
ally ramping up the velocity of the platens. In Fig. 5, a typical
sample after consolidation is plotted.

3.3 Biaxial compression

After consolidation, the sample was compressed by mov-
ing the top and the bottom platens towards each other at a
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Fig. 6 Increment of kinetic energy over the increment of external work
versus axial strain (Rt = 1 kN, σ3 = 100 kPa)

constant strain rate of 0.05 per minute while maintaining a
constant pressure on the lateral flexible boundaries. The low
compression rate employed here ensures that the pressure on
the top and bottom platens remain close during simulations.
Moreover, to ensure the presence of quasi-static conditions
in the simulations, we checked the amount of kinetic energy
relative to the total energy of the system. In Fig. 6, the ratio of
the increment of kinetic energy over the increment of external
work versus the axial strain is plotted for a typical simulation
(Rt = 1 kN, σ3 = 100 kPa). The external work represents
the total energy progressively inputted in the system dur-
ing loading. This ratio remains very low (0.1 %) throughout
the whole simulation showing that the sample remains under
quasi-static conditions.

4 Results and discussions

In the following sections, we report the numerical results
from a series of biaxial compression tests in which the ten-
sion strength Rt ranges from 0 to 3 kN and for values of the
confining pressure, σ3, equal to 50, 100 and 200 kPa. In the
description of the state of stress, the following 2D invariant
variables have been used: s = (σ1 + σ3)/2 (mean effec-
tive stress) and t = (σ1 − σ3)/2 (deviatoric stress). In the
description of the state of strain, the associate strain invariant
variables have been used: εvol = ε1 + ε3 (volumetric strain)
and εdev = ε1 − ε3 (deviatoric strain). This particular choice
of invariants guarantees the energetic equivalence relative to
the first-order work.

4.1 Macro mechanical properties

4.1.1 Stress–strain relationship

Figure 7 shows the relationships between deviatoric stress
and deviatoric strain obtained from three selected groups of
simulations with various bond strengths, Rt , and confining
pressures, σ3. It is apparent that the peak deviatoric stress
increases with the bond strength whatever the value of con-
fining pressure, pointing out to a significant effect of bonds
in increasing the shear strength of granular materials. Once
the peak deviatoric stress is reached, the samples exhibit a
strain softening branch due to the occurrence of progres-
sively larger amounts of bonds breaking which will be illus-
trated later (see Fig. 17). The higher the bond strength is,
the larger the amount of strain softening exhibited by the
samples. Moreover, at low strains, the cemented samples
show a stiffer response than the uncemented case. This is
due to the fact that bonded particles are less free to rearrange
than the unbonded ones [38]. These responses are in quali-
tative agreement with the experimental results of reference
[66,67].

In addition, it can be observed that for relatively high val-
ues of confining pressure and low values of bond strength (for
instance σ3 = 200 kPa and Rt = 0.5 kN), the stress–strain
response no longer exhibits strain-softening but strain hard-
ening with the peak stress close to that of the uncemented
case. From Fig. 7, we can conclude that the ratio between
bond strength and confining pressure, Rt/σ3, is indicative
of the expected mechanical strength of the cemented assem-
bly. In dimensionless form, we can define a normalized bond
strength BS in 2D, as:

BS = Rt

σ3 · d50 · t
(3)

with d50 the median diameter of the particle-size distribu-
tion and t the thickness of disk-like particles (t = 1 in this
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Fig. 7 Stress–strain responses of cemented granular materials with different bond strengths and confinement levels: a σ3 =50 kPa; b σ3 =100 kPa;
c σ3 = 200 kPa

study). For high values of BS, the material exhibits a marked
peak in the stress–strain relationship and a strain softening
branch; whereas for low values of BS, the peak lowers and
the strain softening branch tends to disappears. Obviously,
the response of the material tends to the one exhibited by the
uncemented case for BS → 0. At a micromechanical level,
this type of response owes to the fact that at low values of BS
(i.e. high confining pressures σ3 relative to Rt ), the average
normal contact force in the assembly will be higher than the
threshold Ft (see Fig. 3). When Fn > Ft , the shear strength
of a bonded pair of particles coincides with the strength of
an unbonded pair so that most bonds will be ineffective in
increasing the macroscopic shear strength of the granular
assembly.

Looking at the recorded stress–strain curves, we can also
state that the value of BS rules the transition between strain-
softening and strain-hardening behavior: low values of BS
being associated to strain-hardening and high values to strain-
softening. Looking at Fig. 7c (test run atσ = 200 kPa) we can
identify a threshold value of BS = 0.8 for such a transition.
However, the threshold value is likely to vary with the relative
density of the sample and the particle size distribution of the
granular material.

4.1.2 Failure envelopes

Figure 8 provides the peak and residual strength envelopes
achieved by tests run for different values of bond strength.
The peak/residual internal friction angle ϕp/ϕr and the cohe-
sion c were calculated as:

sin ϕp = tan a f p (4)

d f = c cosϕp (5)

sin ϕr = tan a f r (6)

where, tan a f p and tan a f r mean the slope of the peak and
residual failure envelopes in the s–t plane, and d f denotes
the intercept of the peak failure envelope.

From the figure, it emerges that the higher the adopted
bond strength, Rt , is, the higher the peak internal friction
angle and the macroscopic cohesion exhibited by the sam-
ples are. Although to a much less extent, an increase of the
residual internal friction angle with the bond strength can
be observed as well. Concerning the increase of peak fric-
tion angle and cohesion with the bond strength (see Fig. 8a),
it is interesting to note that for a sufficiently high value of
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Fig. 8 The peak and residual strength envelopes for various bond strengths: a peak strength envelope; b residual strength envelope. The stresses
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confining pressure the strength envelopes converge to the
strength envelope of the unbonded case (see the dashed lines
in Fig. 8a). In fact, as pointed out by Eq. 3, progressively
higher values of confining pressures translate into progres-
sively lower values of normalized bond strength, BS, which in
turn means that more and more contacts are subject to normal
forces higher than the threshold value Ft implying that more
and more bonds no longer provide any additional shear resis-
tance (i.e. in Fig. 3 the branch of Rs where Rs = Run). So,
according to the experimental bond model adopted, it must
be expected that whatever high value of Rt is considered, at
sufficiently high confining pressures, the macroscopic shear
strength of the granular assembly will tend to the strength
exhibited by the unbonded assembly.

An apparently curious or counterintuitive result is the fact
that the peak friction angles exhibited for low values of bond
strength (Rt = 1 and 0.5 kN in the figure) are lower than the
friction angle of the uncemented case. This result finds a sim-
ple explanation remembering that all the strength envelopes
for cemented samples, whatever the value of Rt adopted,
are curves (as indicated by the dashed lines in the figure)
which must converge on the linear strength envelope of the
uncemented case (t = s · sin φ) for a sufficiently high value
of confining pressure. Indeed, the strength envelope of the
cemented samples would be more accurately expressed by a
non-linear strength envelope as in the case of rock materi-
als. However, for reasons of convenience, the strength enve-
lope for soils is traditionally expressed in soil mechanics by
the linear Mohr–Coulomb criterion (i.e. τ = σ tan φ + c)
which translate into a linear envelope in the s–t plane too.
So inevitably the inclination of the Mohr–Coulomb line for
cemented materials has a limited range of validity in terms
of confining pressure. In other words, the inclination of the
linear envelope we have taken by the least square method
on the three failure points determined in the s–t plane for
each value of Rt , depends on what region of the full enve-
lope they lie on (i.e. high or low BS). In cases of Rt = 1 kN
and Rt = 0.5 kN, the values of relative bond strength, BS,

are low, hence the three failure points found in the s−t plane
belong to the descending part of the curve so that the incli-
nation of the Mohr–Coulomb envelope is lower than the
inclination for the uncemented case and as a consequence,
φun > φpeak. In the case of the other bond strengths consid-
ered (Rt = 2 kN; Rt = 3 kN) instead, the failure points belong
to a different region of the full strength envelope (higher BS)
so that the least square method provides lines which are more
inclined than the uncemented case (so φpeak > φun) since the
relative bond strength of these tests is higher (or equivalently
the relative confining pressure is lower).

Concerning the residual friction angle (see Fig. 8b), values
higher than the uncemented case, are due to the fact that,
even at large strains (εa = 0.10), some bonds were still intact
forming clusters within the developed shear bands, providing
non-negligible rolling resistance.

4.1.3 Volumetric dilation

Figure 9 presents the volumetric strain versus deviatoric
strain under different values of bond strength and confining
pressure. Here, the positive and negative values denote com-
pression and dilation, respectively. In general, whatever the
level of confinement, the volumetric behavior switches from
contractive to dilative with increasing bond strength. This
trend is in agreement with the experimental data of reference
[66,67]. The increase of dilation is due to the formation of
particle arches within the shear bands. This in turn occurs
because of the breakage of some bonds, causing the forma-
tion of clusters of bonded particles which are free to rotate,
thus contributing to volumetric dilation.

Further, the dilation angle�, is studied and the results are
shown in Fig. 10. In this paper, the dilation angle is defined
according to reference [53] as:

sinψ = −dε1 + dε3

dε1 − dε3
(7)
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Fig. 9 Volumetric responses of cemented granular materials for different bond strengths under different confining stress: a σ3 = 50 kPa;
b σ3 = 100 kPa; c σ3 = 200 kPa

where, dε1 and dε3 represent the increment of the major
and minor compressive strains respectively. From Fig. 10,
a common trend of dilative behavior for all the cemented
samples emerges whereby the dilation angle first increases
to a peak value and then falls sharply to a constant near zero
value. Moreover, the higher the bond strength is, the higher
the dilation angle is. For instance, for tests run at 50 kPa of
confinement, the maximum dilation angle varies from 15◦
(for Rt = 1 kN) to 28◦ (for Rt = 3 kN). The uncemented
samples instead exhibit a compactive behavior.

4.1.4 Bond strength models

Figure 11 shows the influence of the adopted bond strength
curve (i.e. Fn−Fs plane) on the stress–strain response. The
experimentally derived bond model is compared with two
other models from the literature (see Fig. 11a): model 1, pro-
posed by Jiang et al. [38], assumes a bond strength given by
a frictional and cohesive contributions with the bond cohe-
sion constant whatever the level of normal pressure; model 2
which is the standard bond model in PFC2D [27] assumes a
constant (pressure independent) shear bond strength. In order
to have a consistent comparison, the same value of tensile
strength, Rt , was considered in all models.

It emerges that at low confinement (see Fig. 11b), there
is little difference on the stress–strain response between the

three models. This is due to the fact that at low confinement,
tension failure is dominant and the bond strength criteria dif-
fer little. However, at higher confinement (see Fig. 11c), it
emerges that the peak deviatoric stress of the three models
differ with the highest value related to model 1, the second
to the experimentally derived bond model and the third to
model 2. So we can conclude that the peak stresses are con-
sistent with the bond strength of the models and the choice
of the bond model is important. However, at high strains, no
difference emerges since the residual strength assumed in all
the three models is the same.

4.2 Shear band formation

For sake of brevity, only one case (Rt = 3 kN, σ3 = 100 kPa)
was selected to illustrate the features of strain localization in
the cemented granular materials. The test on cemented sam-
ple can be divided into five stages as indicated by points O
and A–E, shown in Fig. 12. Point O stands for the initial
state after isotropic consolidation. Point A can be seen as the
initial yield point and marks the transition between contrac-
tive and dilative behaviors. Point B indicates the peak of the
deviatoric stress and C the occurrence of maximum dilation.
At point D, the deviatoric stress and volumetric strain keep
almost constant. Finally, point E represents the end of the test.
These points will be used to describe the features mentioned
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Fig. 10 Dilation of samples with different values of bond strength under the following confining pressures: a σ3 = 50 kPa; b σ3 = 100 kPa;
c σ3 = 200 kPa

above of strain localization in the selected sample. The devi-
atoric strains at different loading stages are as follows: (A)
2.0 %; (B) 3.2 %; (C) 4.7 %; (D) 12 %; (E) 20 %.

4.2.1 Bonding breakage

It has been widely accepted that the shear bands in cemented
granular materials are associated with bonding breakage
(e.g., [19,38,46,66]). Figure 13 gives the relationship
between spatial bonding breakage distribution and deviatoric
strain. It can be seen that bonds remain intact at point A and
begin to break in several narrow parallel bands shown as the
blue dash line when the peak deviatoric stress is reached.
With further increasing the deviatoric strain, the later bro-
ken bonds mainly concentrated in two of the narrow bands
located in the bottom of the sample shown as the red full line.
It is worth noting that the orientations of the narrow bands
are among 38−33◦ with respect to the vertical which is the
direction of the major principal stress. This range of values
contains the value prescribed by the Coulomb’s orientation
of shear failure (i.e. 45◦ − ϕ/2, where ϕ is the mobilized
friction angle which is 19.8◦ in this case).

Further, Fig. 14 provides the bonding breakage ratio to
present a more comprehensive study on the degradation of
the microstructure. Here, the bonding breakage ratio rb f is
described as follows:

rb f = Nbf

N
(8)

where, Nbf is the number of broken bonds and N the total
number of bonds before isotropic consolidation.

It can be seen that within the shear band the bonding
breakage ratio increases significantly from 6 to 50 % with
the average deviatoric strain going from 3 to 18 %. Outside
the shear bands instead, the bonding breakage ratio almost is
zero regardless of the value of deviatoric strain.

A question may arise about the effect of the adopted grain
shape (circular) on the observed bond breakage pattern. In
fact, the shape here adopted is a simplification of the real
grain shapes which tend to be irregular. Recently [11,24] ran
DEM simulations on bonded grains of non-circular shapes.
In particular [11] performed 2D biaxial DEM simulations
on bonded polygonal particles which as in our case under-
went progressive breakage under an increasing vertical load.
In their simulations too, diagonal bands with concentrated
bond breakages appear before failure of the sample. How-
ever, for lower load levels, when the first bonds in the sam-
ple start to break, in their simulations they appear scattered
over the sample rather than concentrated along thin bands as
in our case. This may be due to the particular shape of the
adopted polygons and more simulations with various shapes
would need to be run before drawing any general conclusion.
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Fig. 11 Comparison among three bond models: a shear strength of the
models in the FN−FS plane; b stress–strain relationship at low confine-
ment; c stress–strain relationship at high confinement

Moreover, [11] employed only 1,000 particles in their simu-
lations. According to our experience, at least 20,000 particles
should be used to obtain repeatable patterns of behavior of
the shear bands.
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Fig. 12 Mechanical response of selected case for analyzing strain
localization

4.2.2 Shear strain fields

To measure local strains in the samples, mesh-free methods
are often employed (e.g., [3,57,64,65]). In this study, we
used a method recently proposed by Wang et al. [64] which
in the calculation of the local strain field accounts for particle
rotations and captures strain localization features with high
resolution.

Figure 15 shows the field of shear strain at different
loading stages. Clearly, two pronounced and concentrated
shear bands are progressively shaped in the bottom of the
cemented sample (Fig. 15a–e). The shear strain is mainly
distributed in the transient shear bands at point B (Fig. 15b)
and instead concentrated in the permanent shear bands
after their formation (Fig. 15c–e). Furthermore, the shear
bands turn thicker with increasing deviatoric strain (see
Fig. 15c–e). Additionally, the shear behavior is distinctly
restrained outside the shear band by the intact bonds. Com-
pared with Figs. 14 and 15 implies that the evolution of
shear strain is essentially related to bonding breakage. Con-
sequently, the inclination of shear bands in cemented samples
is seldom altered due to the uniform spatial distribution of
bonding breakage.

4.2.3 Principal stress vectors

In Fig. 16, the vectors indicating the direction of the princi-
pal stresses inside the sample are plotted for different load-
ing stages. The black cross indicates the non-rotation major
principal stress. In comparison, the blue and the red crosses
mean the major principal stress rotate counterclockwise and
clockwise respectively.

It can be seen that the directions of major principal stress
remain vertical until the onset of the permanent shear bands,
after that, the directions begin to rotate counterclockwise and

123



An investigation on loose cemented granular materials via DEM analyses 75

(a) εdev εdev εdev εdev=2% (b) =3.2% (c) =4.7% (d) =12% (e) εdev=20% 

Fig. 13 Distribution of bond breakage in cemented case at different loading stages corresponding to points a–e in Fig. 12
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Fig. 14 Distribution of bond breakage ratio in cemented case at different loading stages corresponding to points a–e in Fig. 12
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Fig. 15 Distribution of shear strain in two cases at different loading stages corresponding to points a–e in Fig. 12

clockwise within the right and left shear bands respectively.
In contrast, the stress vectors outside the shear band remain
unchanged.

4.2.4 APR distributions

Energy dissipation between sand particles may be propor-
tional to the relative sliding displacement which can be

described by their sliding rotation rate. The sliding rotation
rate, introduced in Jiang et al. [29], consists of two parts: one
related to particle translation and the other to particle rotation
and radius. The second part, hereafter called the pure rotation
rate θ̇ , can be computed by:

θ̇ = 1

r
(r1θ̇1 + r2θ̇2) (9)
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(a) εdev=2% (b) εdev=3.2% (c) εdev=4.7% (d) εdev=12% (e) εdev=20%

Fig. 16 Principal stress vectors fields of two cases at different loading stages that corresponding to points a–e in Fig. 12
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Fig. 17 Distributions of averaged pure rotation rate (APR) of two cases at different loading stages that corresponding to points a–e in Fig. 12
(colour figure online)

where r1 and r2 are the radii, θ̇1 and θ̇2 are the rotation rates
of two particles in contact. r is the equivalent radius of the
two particles in contact, defined as:

r = 2r1r2

r1 + r2
(10)

Therefore, the averaged pure rotation rate can be expressed
by:

ω = 1

N

N∑
k=1

θ̇ = 1

N

N∑
k=1

[
1

rk

(
θ̇k

1 rk
1 + θ̇k

2 rk
2

)]
(11)

where N is the total number of contacts and rk is the equiv-
alent radius for two particles in contact at the kth contact.
Hence, APR is a local variable linking the macro- and micro-
mechanics of sand motion which does not exist in classical
continuum mechanics.

In Fig. 17 the fields of averaged pure rotation rate (APR)
are plotted at various loading stages. The APR in the counter-
clockwise direction is considered as positive (marked in red)
whereas negative (marked in blue) in the clockwise direc-
tion. At small strains, the APR is homogeneously distributed

in the whole sample. However, at large strains, the APR is
significantly concentrated in the shear bands with a positive
and negative rotation inside the right and left shear bands
respectively, clearly showing that particle rotation plays an
important role in the formation of shear bands, which is con-
sistent with the experimental results obtained by Oda [52].

4.2.5 Microscopic behaviors inside and outside
the shear bands

In Fig. 18, the main indicators of the development of shear
bands (bonding breakage ratio and the shear strain, void ratio
and averaged pure rotation rate) are presented with respect
to the evolution of global deviatoric strain for the regions
external and internal to the identified shear bands respec-
tively. A total of eight circles (three along the left and five
along the right shear bands) were used to calculate the values
of the variables, see Fig. 18a. Each calculation circle has a
radius of 75 mm, containing about 400 particles. It can be
seen that the bonding breakage ratio, shear strain, void ratio
and APR measured inside the shear band are much larger than
the ones obtained outside the shear band after the peak devi-
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Fig. 18 Relationships of local parameters and deviatoric strain observed inside and outside the shear bands for the cemented case: a Location of
measurement circles; b bond breakage ratio; c shear strain; d planar void ratio; e APR; f inclination of the major principal stress

atoric stress is reached. For instance, the bonding breakage
ratio (see Fig. 18b) is almost zero everywhere before point
A. Then, it increases gradually (up to 40 %) inside the shear
band while remains almost zero outside. Meanwhile, inside
the shear bands, the direction of major principal stress strays
away from the vertical direction around 5−10◦ after the
occurrence of strain localization, shown in Fig. 18f. However,
outside the shear bands, the angle of the major principal stress
always fluctuates near the vertical direction at all stages.

Further, Fig. 19 provides the relationship between local
deviatoric stress and strain both inside and outside the shear
band. The local deviatoric stress and strain are measured from
the measurement circles belonging to each zone, i.e. inside
or outside the shear bands. Local strains can be expressed in
terms of the first invariant of the strain tensor, εij:

I1 = εi i (12)

and the second invariant of the strain deviator tensor:

I2 = 1

2
(εi iε j j − εi jεi j ) (13)

As it can be expected, the local stress–strain relationship of
the material inside the shear band is remarkably different
from the relationship for the material outside (see Fig. 19).
It emerges that the local deviatoric stress (both inside and
outside the shear bands) sharply increase to a maximum value
with I1 decreasing to a negative minimum value at initial
stages where the shrinkage of the whole sample is evident.
Then the local stress gradually drops to a low residual value
with I1 slightly increasing to a value near zero outside the
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Fig. 19 Relationships of local stress and strain observed inside and outside the shear bands for the cemented case: a q−I1 relationship; b q−I2
relationship

shear band and intensely rising to a constant positive value
inside the shear band. Figure 19b shows that I2 is almost zero
through the whole specimen before the peak deviatoric stress
is reached. After that, I2 keeps increasing inside the shear
band and remains constant outside. These responses indicate
again that shear strain and dilation occur mainly inside the
shear bands.

4.3 Relationship between bond breakage
and strain localization

It has been generally accepted that granular soils subjected
to biaxial compression manifest strain localisation in several
narrow zones which are generally called shear bands. From
our simulations, it emerges that in case of a loose sample
most of the bonds break up in tension as shown in Fig. 20a. In
Fig. 20b, the rose diagrams illustrating the distributions of the
directions of the bonds at the moment of breakage are shown.
The rose diagrams were constructed by recording the normal
orientation of bonds at breakage, and dividing the final data
into 36 fractions each with an angle of 10◦. It is interest-
ing to note that bond breakages are strongly anisotropic. In
particular, bonds break in tension in the horizontal direction
(perpendicular to the major principal stress) whereas they
break in shear along the orientations of the two conjugate
shear bands.

4.3.1 Effect of bond strength

In Fig. 21, the tensile and shear bond breakage ratios are
plotted for various values of bond strength (Rt = 0.1, 0.5, 1
and 3 kN) for tests run at 100 kPa of confining pressure. From
Fig. 21a it emerges that the network of bonds is destroyed

quicker in case of low bond strength. For instance, nearly all
the bonds are broken in case of a bond strength Rt = 0.1 kN
whereas 90 % of bonds remain intact in case of Rt = 3 kN.
It can also be observed that at the beginning of the test in
the case of Rt = 0.1 kN, around 60 % of bonds are broken,
which shows that the microstructure in cemented granules
at low bond strength can be seriously damaged already after
the consolidation stage.

From Fig. 21b, c, it emerges that with decreasing the bond
strength the predominant bond failure type changes from ten-
sile type to shear type. In this figure, the tensile and shear
bond breakage ratio, rtb f and rsb f , are defined as:

rtb f = Ntbf

Nbf
, rsb f = Nsbf

Nbf
(14a, b)

where Ntbf and Nsbf are the number of tensile and shear
broken bonds respectively, and Nbf is the total number of
broken bonds. Figure 22 further shows the spatial distrib-
utions of bond breakage ratio with various values of bond
strength at 12% deviatoric strain.

From the data in Figs. 21 and 22, two findings emerge:
(1) at low bond strength, the shear strength of loose
cemented granules mainly depends on the inter-particle fric-
tion, leading to a global shear failure (see Fig. 22a), this
behavior is similar to the uncemented case; (2) it links the
strain localization with the dominant tensile bond failure
since they occur side by side in the strong cemented materials
in our simulations (see Figs. 21b, 22).

4.3.2 Effect of confining pressure

In Fig. 23a–c the total, tensile and shear bonding breakage
ratios, respectively, are plotted against the deviatoric strain in
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Fig. 22 Distributions of bond breakage ratio for different values of bond strength (σ3 = 100 kPa): a Rt = 0.1 kN (BS = 0.13); b Rt = 0.5 kN
(BS = 0.66); c Rt = 1 kN (BS = 1.32); dRt = 3 kN (BS = 3.96)

case of Rt = 1 kN. Figure 24 further shows the bond break-
age ratio distributions with various confining stresses at 12 %
of deviatoric strain. As it can be expected, the degradation of
the bonds is quicker and more pronounced at high confine-
ment than at low confinement, see Fig. 23a. The type of bond
failure differs depending on the level of confinement. At low
confining pressure (or high BS), tensile bond failure is dom-
inant and a high degree of strain localization takes place. At

high confining pressure (or low BS), the shear bond failure
is dominant with a low degree of strain localization taking
place.

Concerning the effects of bond strength and confin-
ing pressure, two main features of strain localization for
cemented granular materials have been revealed by the DEM
simulations: (1) the higher the BS is, the higher the degree
of strain localization exhibited; (2) strain localization is
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Fig. 24 Distributions of bond breakage ratio for different confinement levels (Rt = 1 kN): a σ3 = 50 kPa (BS = 0.66); b σ3 = 100 kPa
(BS = 1.32); c σ3 = 200 kPa (BS = 2.63)

commonly accompanied by tensile bond failure rather than
shear one. This is mainly due to a strong dilation response
during the occurrence of localization.

4.4 Inclination and thickness of the shear bands

To further quantify the bonding effect on the strain localiza-
tion, the two main features of shear bands, i.e. inclination

and thickness, are directly measured from the distribution of
shear strain. From Fig. 13 it can be noted that the inclina-
tion of shear bands change little with increasing deviatoric
strain. Hereafter, the observed shear band inclinations are
compared with the inclinations predicted by three different
theories according to: Coulomb, ϑC , Roscoe [53], ϑR , and
Arthur–Vardoulakis [2,61], ϑAV . Defining ϑm as the angle
of the band with the principal major stress direction, they are
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Table 2 Inclinations of shear
bands for different values of
bond strength and confinements

Bond strength Rt , kN Rt = 0 Rt = 1 Rt = 3

Confining pressure σ3, kPa 50 100 200 50 100 200 50 100 200

Coloumb orientation, θC 53◦ 53◦ 53◦ 52.3◦ 52.3◦ 52.3◦ 54.9◦ 54.9◦ 54.9◦

Roscoe orientation, θR – – – 52.2◦ 48◦ – 58.9◦ 57.2◦ 55.8◦

Arthur–Vardoulakis orientation, θAV – – – 52.2◦ 50.1◦ – 56.9◦ 56.1◦ 55.4◦

Measured orientation, θm – – – 52◦ 53◦ – 55◦ 55◦ 55◦

Table 3 Thicknesses of shear bands for different values of bond
strength and confinements

Rt = 0 kN Rt = 1 kN Rt = 3 kN

σ3 = 50 kPa – 17.1 d50 12.4 d50

σ3 = 100 kPa – 18.6 d50 15.5 d50

σ3 = 200 kPa – – 16.8 d50

given as follows:

θC = 45 − φ

2
(15)

θR = 45 − ψ

2
(16)

θAV = 45 − 1

2

(
φ + ψ

2

)
(17)

where ϕ and ψ are the mobilized friction and dilation angle
respectively. The mobilized dilation angle was taken as the
peak value from the curve in Fig. 10. In Table 2, the results
are shown. The measured shear band inclination angle for
cemented case with bond strength equaling to 1 kN/m is
52◦ and then it reaches 55◦ with increasing bond strength
to 3 kN/m, showing a clear increase of ϑm with Rt whereas
little influence of the confining stress on ϑm is observed.
A further investigation suggests that the measured shear band
orientations ϑm are much closer to the Coulomb orientation.

In previous works the width of shear bands observed in
biaxial tests was 8–20 times the median diameter d50 (e.g.,
[1,18,38,50]). Hereafter, the width of the shear band is also
normalized with respect to the median diameter d50 of the
particles. In this study, the thickness is constructed by mea-
suring the width along the direction perpendicular to the shear
bands in the plots of the distributions of void ratio since the
available experimental data of granular materials are mostly
measured employing void ratio distributions. Table 3 gives
the thickness variation in the samples with different values of
bond strength and confining stress. The shear band thickness
markedly decreases both with the bond strength and confin-
ing stress. It is obviously that the thickness of shear band at
different conditions range from 12.4 d50 to 18.6 d50, which

is in agreement with available experimental data. The results
imply that bond degradation in cemented granular materials
is restrained by relative high value of BS, and thus buckling
of columns appears in a narrower zone.

5 Conclusions

In conclusion, by means of DEM analyses, we investi-
gated the mechanical behavior and strain localization of
loose cemented granular materials subjected to biaxial
compression tests. An experimentally derived bond contact
model [37] was employed for the first time. The effects of
bond strength and confining pressure on the global stress–
strain response and the dilation exhibited by the samples
were investigated. Much attention of the paper was devoted
to study the onset and development of shear bands inside
the samples. Local stresses and strains inside and outside the
shear bands were computed throughout the tests. The main
conclusions of the study are summarized as follows:

1. The macro mechanical behavior of cemented granular
material depends on both bond strength and confining
pressure which can be incorporated into one dimension-
less parameter, herein called the relative bond strength,
BS. At low bond strength, or equivalently high confining
stresses (i.e. low value of BS), the cemented structure of
samples is globally disrupted so that the material response
approaches that of loose uncemented samples. In case of
high relative bond strength (BS) instead, samples exhib-
ited strain softening and shear dilation, with bonds break-
ing mainly inside the shear band. The peak friction angle
and cohesion exhibited by cemented samples increase
with the level of bond strength. However, the peak fric-
tion angle of weak cemented granular materials is smaller
than that of uncemented materials due to the fact that most
bonds are intact at low confining pressure (i.e. high rel-
ative bond strength). The peak friction angle showed to
increase with bond strength until becoming larger than
the friction angle for the uncemented case. Also the resid-
ual friction angle showed to increase with increasing
bond strength, but to a significantly less extent than the
macroscopic cohesion and the peak friction angle. The
increase of residual friction is likely due to the presence
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of intact bonds inside the shear bands giving rise to non-
negligible rolling resistance.

2. Shear band formation in cemented granular material is
associated with gradual localization of bonding breakage,
shear strain, rotation of stress vectors, void ratio and aver-
aged pure rotation rate (APR). Bonding breakage ratio,
shear strain, void ratio and APR measured inside the shear
band are much larger than the values measured outside
the shear band. The tensile bond failure rather than the
shear failure is dominant within the shear bands.

3. The orientation of the shear bands for cemented samples
varies largely with the level of bond strength. The mea-
sured orientations are in agreement with the orientations
predicted by the classical Mohr–Coulomb criterion.

4. Shear band thickness showed to be dependent on the
value of relative bond strength, BS: the higher the bond
strength is, the thinner shear bands become; conversely
the higher the confining pressure is, the thicker the shear
bands become. The measured thicknesses for the bands
varied from 12.4 to 18.6 of the median particle diameter
d50.

One of our future works is, based on the results of the cur-
rent paper, to employ the DEM method to numerically inves-
tigate several boundary-value problems of cemented granu-
lates in geotechnical engineering, such as: cone penetration
tests (CPT) [30,41,44], tunnel lining [39], landslides [35,60],
cavity expansion [36].
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