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Abstract Granular matter consists of a large number of
clearly distinguishable particles. Examples include coarse
grain soil, rockfills and so on in which neighboring parti-
cles contact with each other and form skeletons to support
gravity and other external loadings. Once the contacts are
losing or re-creating, various kinds of energy, such as elas-
tic energy, kinetic energy, would transform into each other,
while some of them would dissipate if sliding occurs. In this
paper, a biaxial test on a 2D granular sample is numerically
simulated by using the software of PFC2D. The fluctuation
of strain–stress relation is observed and considered as the
stick-slip motion of force chain, i.e. destructing and re-con-
structing of force chain. Every kind of energy is calculated
and analyzed at different stress–strain stages. They are fur-
ther compared with force chain network configurations. It is
found that as shear band fully developed, all the boundary
work is almost dissipated within shear band. These findings
emphasize the importance of study on mesoscale structure
dynamics, such as particle and force chain re-arrangement.

Keywords Granular matter · Shear band ·Energy analysis ·
Force chains

1 Introduction

Granular matter consists of individual particles. Typical size
of particles spans from tens of micros to tens of meters which
are usually encountered in coarse granular soil and debris
flows. In many engineering problems, it’s usually treated as
a continuum medium with certain mechanical properties, but
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the continuum assumption would develop into an obstacle
against further progress as soon as stress or strain locali-
zation (shear bands) occurs around a peak stress, and the
shear bands would cause granular matter failure. As the ini-
tial constitutive model cannot well predict the appearance
of shear bands, detailed studies have been conducted in the
past few decades, and many improved models and theories
are proposed, such as gradient plasticity theory, bifurcation
theory and so on [1]. Especially, the non-localized damage
model considers the microscopic structure of the materials,
such as the interaction between the strain gradient and micro-
cracks. The traditional mechanical model of localized dam-
age is extended to non-local damage mechanics model, i.e.
the stress of one point is not only related to its strain change
history, but also affected by the interaction of material points
in a certain neighborhood [2].

A large number of tests and simulations show that the
macro properties of granular matter are affected by the micro
fabric and properties. Oda [3] and Oda and Kazama [4] have
observed the microstructure of shear bands developed in sev-
eral natural sands by means of X-ray application and an opti-
cal method using a microscope and thin sections. Even there
are extensive studies on shear bands and micro fabric, the
micro-deformation mechanism leading to the development
of shear bands is not yet well understood, and more impor-
tantly, the strain localization is still a hot topic in the the-
oretical as well as experimental study on the mechanics of
granular materials.

In order to further study the effect of micro fabric to the
mechanical properties of granular matter, an alternative to
these continuous approaches is to use discrete-based methods
which represent the material by an assemblage of indepen-
dent elements (also called units, particles or grains), which
interact with one another. The commonly adopted numerical
method for discrete system is the particle flow code (PFC)
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which is particularly suitable to simulate granular materi-
als. It abandons the assumption of the continuum from the
beginning and considers the matter as a conglomeration of
discrete particles. It starts from the contacts among particles
which obeys the contact law, such as Hook’s linear contact
law or Hertz’s nonlinear contact law. It has been extended
to solid mechanics to investigate the failure process of ge-
omaterials, like rock [5,6] and concrete [7]. Nowadays, huge
data of particle motion could be easily obtained in exper-
iments and discrete element simulations, and complicated
behaviors could be well understood from the view point
of particle motion. For example, it is clear that shear band
behavior is caused by strong particles’ sliding and rotating.
However, it’s still a very hard issue that how to use the
appropriate theory to explain or successfully predict the
formation and development of the shear bands in granular
matter [8].

By observing the shearing failure, it is found that the
influence range of shearing is only limited to several times
of particle size, while the particles beyond this range is al-
most free from shear effects [9]. Recent studies emphasize
the importance of force chains, which is formed by quasi-
linearly aligned particles. These quasi-linear structures bear
and transmit the compressive loading on the system. The
persistence of a force chain could resist the repulsive contact
forces that push particles apart and try to break the chain. The
transverse contact force is the main reason to break the chain,
applied by particles belonging to weak chains. According to
Albert’s study about the resistance of slow movement objects
in granular system, it can be concluded that the resistance
is from a series of particle force chains in different depths
[10]. The force chain intensity is different in different lay-
ers of the granular system, the deeper of the depth, and the
more stable of the force chain. Evenly splitting the granular
system along the direction of the shear bands to n-particle
layer with a thickness, the force chain in each layer is corre-
sponded to a critical force chain friction. When the applied
stress is greater than the critical value, the force chain will
deform, destruct or reconstruct, giving rise to the damage
of force chain network, and the internal particles will rela-
tively slide and rotate, and cause the energy loses. Tordesi-
llas et al. [11] has studied the force chains’ buckling process
and established the relations between stability and energy
of particle samples. Liu CS has conducted further research
to the energy dissipation and decay properties of granular
matter [12].

The high-frequency acoustic waves are often used in the
above-mentioned experiments, but few experiments about
the frequency response under low-frequency shear have been
reported yet [13]. However, in Geotechnique engineering, the
shear bands always appear in the loading process under quasi-
static condition. Therefore, the study on the elastic energy,
kinetic energy and so on of the whole granular system is very

important for the study of the deformation of granular matter
in the state of biaxial compression [14].

In this paper, the macro and micro mechanical behavior of
the granular sample under biaxial compression is simulated
with the software of PFC2D, the transformation of elastic
energy, kinetic energy, energy dissipation as well as the evo-
lution of energy with force chains are discussed, which is a
try to explain the mechanical mechanism of granular matter
from both energy and meso-structure view.

2 Simulation setup

Numerical simulations using the discrete element method
(DEM) have become a valuable tool in the study of differ-
ent phenomena occurring at the micro- and meso-mechanical
scale in granular materials [15–18]. The mechanical response
of the media is obtained by modeling the particle interactions
as a dynamic process and using simple mechanical laws in
these interactions. In this paper, simulations of biaxial test are
used to investigate the behavior of granular materials. A 2D
granular sample with 0.2 m high and 0.1 m wide is selected. It
consists of 4325 round particles. Particle size obeys a uniform
probability distribution in the range of 0.0046–0.0075 m. Sur-
face friction coefficient μ = 0.5, normal and tangential stiff-
ness are both 5.0 × 108 N/m. Time step is �t = 10−6 s and
the gravity is set to 0. The initial configuration is isotropic.
To achieve this, each assembly is prepared by first dropping
the particles into the container under a gravitational field,
with the friction coefficient between particles set to zero.
The assembly is then allowed to settle to a state where the
kinetic energy is negligible, before it is compressed under an
initial confining pressure. The isotropic assembly is then sub-
jected to boundary driven biaxial compression. Simulations
are performed under conditions of zero gravity. The assem-
bly is compressed at a constant strain rate 0.1 mm/s in the
vertical direction of the top boundary and bottom boundary.
During the loading process, a constant confining pressure of
2, 1.5 and 1 MPa are applied in the horizontal direction. The
deviatoric stress σ = σ1−σ3, in which σ1 is the axial stress,
σ3 is the level of confining pressure (Fig. 1). Axial strain is
ε and the volumetric strain is εv .

Forces in a granular matter are transmitted via a two-phase
network of contact forces: a strong contact force network
comprising of the so-called ‘force chains’, which bear the
majority of the loading; surrounding this is the complemen-
tary weak network of particles that provides lateral stability
to the force chains (Fig. 1). At this time, the ring force chains
are dominated in the granular matter and more uniformly
distributed in spatial.

During the tests, the loading speed is required to be slow
enough, so as to ensure the test is conducted in a quasi-static
condition. It is very important to ensure the quasi-static defor-
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Fig. 1 Snapshot of a granular simulation sample (left); force chain
network about σ3 = 2 MPa (right)

mation process. If the loading process is in dynamic condi-
tion rather than quasi-static one, the force chain behavior
and movement of particles will demonstrate a very differ-
ent behavior [19], which is not mentioned in the past studies
or ignored. This paper analyzes the loading process under
quasi-static condition, which can be checked by the bound-
ary work compared with the elastic energy in the granular
sample. If both are equal in the elastic part, which means it
satisfies the quasi-static condition. Otherwise, the loading is
in dynamic condition.

Figure 2 shows the deviatoric stress curve of granular sys-
tem when σ3 is 2, 1.5 and 1 MPa respectively. This obser-
vation matches Kruyt and Marroquin’s observation [20,21].
It can be seen from Fig. 2, although the confining pressure
is different, the deviatoric stress curve under three cases is
almost overlapped in the elastic stage. Then the granular sys-
tem enters into the plastic phase, and reaches the maximum
peak strength; the peak strength are different under differ-
ent confining pressures, but the ratio of the peak strength
and confining pressure is≈1.5, which indicates that the peak
strength of granular system has nothing to do with confin-
ing pressure. Subsequently, the granular system enters into
the softening stage and eventually the residual phase. In the
residual phase, the ratio of the residual strength and confining
pressure is ≈0.75. In this stage, the granular system shows
very large fluctuations, which are considered as earthquake
process by many scholars [22], and as stick-slip process by
other ones [23], and thoroughly analyzed by combing jam-
ming-unjammed process. The stick-slip phenomenon will be
detailedly described in other papers.

In Fig. 3, the volume change of a typical simulation shows
first compression, then dilatancy, and eventually a very weak
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Fig. 2 The results for the partial stress versus axial strain
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Fig. 3 The results for the volumetric strain versus axial strain

change at very large deformations. Figure 3 shows that with
the increase in confining pressure, the dilatancy of the granu-
lar matter is reduced i.e. confining pressure has a significant
effect on the reduction in dilatancy of a granular assembly.
This observation matches the results in [21]. Since the results
are very similar, the energy analysis in the following will
mainly focus on σ3 = 2 MPa. At the same time, when the
axial strain of granular system reaches 15%, the volume strain
has no big changes, and the granular system enters into stable
flow state. The energy analysis on the stable flow state has
been conducted by extensive literatures [24], so only when
ε ≤ 15% is considered in this paper.

Figure 4 shows the stress–strain curves and the evolu-
tion of force chains. One reason for the large stress–strain
fluctuation is from the scale effect, i.e. the number of par-
ticles of 4325 is not large enough. Another major reason is
from the stick-slip motion of force chain network [23]. Force
chains are self-adaptive under external loadings, i.e. the con-
figuration of force chains transforms instantaneously into an
appropriate stable state. If an applied force is large enough

123



506 Z. Bi et al.

Fig. 4 The curve of stress with strain and three diagrams of force chain
network transformation. Each diagram shows the difference of force
chain during a time step of 10−6 s

to cause larger force chain configuration, a sudden drop in
the stress of the granular system would be caused, as shown
in the above stress–strain relation. We can see the frequent
transformation of force chain configuration from the right
inset, even within a short duration of 10−6 s. The problem
of how to characterize the stick-slip motion of force chain
network is open.

The two arrows in Fig. 4 from left to right respectively
represent the starting point of elastic and plastic stage. This
can be determined by the subsequent kinetic energy and fric-
tion energy pulse. From the stress–strain curve, we can see
that the granular system experiences a complete elastic-plas-
tic process. When ε ≈ 1.9%, the system shows significant
elastic properties. With the increase of the axial strain, the
system enters into the plastic stage, and the localized shear
bands emerge. Initially, these localized shear bands (called
microbands [25,26]) are very small and randomly distribute
within the whole granular system. With the further increase
of the axial strain, the localized shear bands begin to deliver,
combine and form a number of distinct shear bands, and
form an X-type shear band at some time. When ε = 2.8%,
the granular system achieves the peak strength, and subse-
quently with a rapid decline in stress. A single shear band
appears along the direction of around 45◦, and then the gran-
ular system enters into the softening stage and the residual
stress stage.

It can be also observed by the force chain changes in Fig. 4.
At different stress–strain stages, the force chain changes are

not the same. When the loading is imposed to the top and
bottom boundary, the vertical direction changes to the ma-
jor principal stress direction, while the horizontal direction
changes to the minor principal stress direction; then the force
chain structure changes immediately into columns which
are parallel to the vertical direction, i.e. the major princi-
pal stress direction. At the elastic stage, the force chain evo-
lution mainly shows the thickening of the force chain and
some of the sliding cracks which are evenly distributed in
the granular system. With the system entering into the plas-
tic stage, the evolution of force chains mainly shows a large
number of dispersed shear sliding short force chains. When
the shear bands are formed, the evolution of the force chains
mainly centralizes in the shear bands, and the changes are
mainly the formation and destruction of the force chains in
the shear direction. At the same time, the number density
of force chains inside of shear bands is significantly sparser
than the one outside, and the force chain inside is signifi-
cantly weaker than the one outside.

3 Energy analysis

In the shear failure under biaxial compression, there exists
the following several main energy forms: the elastic energy,
kinetic energy and frictional energy dissipation. Each of them
will be analyzed one by one in the following. As to energy
loss, there are two main types in granular systems. One type is
the energy dissipation caused by mutual collisions between
particles, which are usually defined by the camping coef-
ficient. In this paper, the particle is defined as completely
elastic collision, i.e. coefficient of restitution as 1, damp-
ing coefficient as 0. The other type is the energy dissipation
caused by friction. One part of the particles loses contacts
while another part of particles establishes new contacts by
the external loading. Through these contacts changing, there
exists energy dissipation, which is focused by this paper.

3.1 Elastic energy and critical sensitivity

The static loading method is used, so that at each stage the
deformation is in equilibrium. Particle contact model is elas-
tic, and the elastic energy is stored through the contact defor-
mation of particle. The elastic energy formula is written in
the below

Ee =
Nc∑

i=1

(
| f cn|2
2Kn

+
∣∣ f ct

∣∣2

2Kt

)
(1)

where Nc is the number of contacts. f cn and f ct are the
normal force and tangential force, Kn and Kt are the nor-
mal stiffness and tangential stiffness. The results of Ee are
shown in the inset of Fig. 5. From the fluctuation of Ee, we
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Fig. 5 Critical sensitivity in the biaxial test. The inset is the elastic
energy. The dotted curve outlines the tendency of S. First a few sharp
drops of S imply the following occurrence of shear bands

guess that the granular sample might become sensitive to
axial strain prior to failure, i.e. critical sensitivity [27]. Since
the controlling variable is the axial strain ε in the simulations,
a sensitivity of elastic energy release to axial strain is defined
by

S =
(

�Ee

�ε

) (
Ee

ε

)−1

(2)

where �Ee is the response of elastic energy release to axial
strain increment �ε. The sensitivity S is shown in Fig. 5.

From the inset of Fig. 5, it can be observed that the elastic
energy curve is very similar with the stress–strain curve, indi-
cating that when subjected to external loading, the granular
system shows elastic effects, i.e. with the increase of stress,
elastic energy also increases. The sensitivity S is shown in
Fig. 2. Before ε = 1.9%, S remains low and nearly a constant,
indicating that in the elastic stage, the external loading is
completely converted to elastic energy. This is easy to under-
stand. When ε = 1.9%, there is the first pulse of S, and then S
increases and oscillates. The system begins the plastic defor-
mation and the local force chains occur fracture and reorga-
nization, combined with the subsequent pulses. Entering into
the plastic stage, the granular sample dissipates energy due
to plastic deformation. Since the ideal elastic particles are
used in this simulation, the particle itself does not take place
the plastic deformation, therefore, in this stage, the plastic
energy is the energy caused by the unrecoverable structural
changes of local force chains. When ε = 2.8%, the elastic
energy achieves the peak, i.e. the maximum energy storage
of elastic energy. The cyclical fluctuation is closely linked to
structural changes of the particles in the shear bands. At this
stage, the sensitivity decreases very sharply ahead of eventual
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Fig. 6 Kinetic energy evolution

shear band appearance. So, it seems that critical sensitivity
may provide a reasonable clue to shear band occurring.

3.2 Kinetic energy

Kinetic energy is mainly caused by the translation and rota-
tion of particles in the process of breaking and restructuring
of particle contacts. The variation of kinetic energy can be
obtained by calculating the changes in particle velocity field,
calculation formula is

Ec =
N∑

k=1

ek
c (3)

ek
c is the kinetic energy variation of single particle

ek
c =

1

2
mv2 + 1

2
Iω2 (4)

where m is the particle mass, v is the translational speed, I
is the moment of inertia and ω is the rotational speed. Since
the loading process in this work is under a quasi-static con-
dition, the kinetic energy is as small as approximately 1% of
the elastic energy, as shown in Fig. 6.

At the elastic and plastic stage, kinetic energy is close to
zero due to the quasi-static loading of granular system. At
the softening region and the residual phase, the kinetic en-
ergy shows large fluctuations. Combined the elastic energy
shown in Fig. 5, the positions of kinetic energy incrementing
exactly correspond to the positions of elastic energy decrease.
It implies that the release of elastic energy first drive parti-
cles to move, and force chains consequently destruct and
re-construct, and eventually the drop of elastic energy is
largely transformed into plastic energy. When σ3 = 1.5 and
1.0 MPa, the results are similar.

Literature [22] has conducted detailed analysis on the
kinetic energy with the changing of time, and regarded
the fluctuations of kinetic energy as earthquake process,
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which is very reasonable. While some other literature [23]
regards the process as stick-slip process. The stick and slip
events are periods where the stress increases and decreases,
respectively, with increasing strain. A slip event is most often
due to the collapse of force chains by buckling. In general, it
is accompanied by the release of stored energy, accumulated
in force chains during the preceding stick event. The force
chain fracture will be particularly analyzed in Sect. 4.2.

3.3 Energy dissipation

According to Coulomb’s law, when the friction force reaches
the limit, the particles slide and rotate each other. The
inter-rotating will not cause micro-deformation, so if all the
particles rotate, there will be deformation without energy dis-
sipation. When the system is under the quasi-static loading
conditions, the stress anisotropy and contact network anisot-
ropy in the granular system are not only because of the anisot-
ropy of the contact force, but also because some particles are
in sliding state, while the others are in rotating state.

The friction dissipation is the sliding energy dissipation
of all contacts at a certain time step. Formula is written as

E f =
∑

Nc

(
(〈 f s

i 〉)(�U s
i )sli p

)
(5)

where Nc is the number of particle contacts, Fs
i is the average

shear stress, (�U s
i )sli p is the sliding displacement incremen-

tal of the particle contacts at a certain time step. The sliding
displacement incremental can be determined by the follow-
ing formula

(�U s
i )sli p = �U s

i − (�U s
i )elas = �U s

i +
(� f s

i )elas

ks

= �U s
i +

( f s
i )(t+�t) − ( f s

i )(t)

ks
(6)

In which, �U s
i is the shear displacement incremental, com-

posed by the elastic displacement (�U s
i )elas and sliding

displacement, specified in the manual of PFC software. Fig-
ure 7 shows the dissipated energy due to friction sliding in
the loading process. We can see that there is a roughly line-
arship between E f and ε axial strain. It will be discussed in
Sect. 4.1.

The distribution of number of sliding particles could
roughly represent the distribution of energy dissipation in
granular sample. From the inset in Fig. 7, we can see that en-
ergy dissipation mainly occur within shear bands, in which
particles frequently slide. It is very necessary to conduct de-
tailed study on force structure change and particle re-arrange-
ment.
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4 Discussions

4.1 Proportions of various kinds of energy

It is necessary to calculate the boundary work done by all
walls on the granular sample. The total accumulated work
Ew is written as

Ew ← Ew −
∑

Nw

(Fi�Ui + M3�θ3) (7)

where Nw is the number of walls; Fi and M3 are the resultant
force and moment acting on the wall at the start of the current
timestep, and �Ui and �θ3 are the applied displacement and
rotation occurring during the current timestep. Note that this
is an approximation in that it assumes that Fi and M3 remain
constant throughout the timestep. Also note that Ew may be
positive or negative, with the convention that work done by
the walls on the particles is positive.
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Fig. 9 Force chains destruct
and reconstruct within the shear
band. Thicker chains represent
stronger forces

(a) Before fracture         (b) After fracture 

In Fig. 8, the boundary work Ew, elastic energy Ee and
dissipated energy E f are compared.

It can be observed from Figs. 5 and 8, with the increas-
ing of axial strain, when the sample is in the elastic stage
(ε < 1.9%), Ew is almost fully converted into Ee. At this
time, the kinetic energy and friction energy account for a
very small proportion. When entering into the elastic stage
(ε < 2.8%), more than 85% of Ew is converted into Ee, and
almost 14% is converted into E f , only around 1% is con-
verted into kinetic energy. After entering into the softening
stage and residual stage (ε > 2.8%), Ew is almost fully con-
verted into E f . The two curve slopes of Ee and Ew are very
close, which also shows that, the transformation of energy
is concentrated in the shear bands at the residual stage, and
the particles have intense reorganization, rotation and so on
within the shear bands. At the same time, in the whole load-
ing process, the proportion of kinetic energy is very small,
which indicates that the translation of particles is only in a
very small scale. When σ3 = 1.5 and 1.0 MPa, the results are
similar. The analysis to reorganization of the particles within
the shear bands will be followed.

4.2 Rearrangements of particles and force chains

The elastic energy release is related to the structural changes
of particle in the shear bands, as shown in Fig. 9.

Figure 9 is an optional force chain map before and after
fluctuation of the stress. Compared the two force-chain net-
works, it can be seen that with the stress reduction, some force
chains occur fractures, and then disappear. The related parti-
cles begin sliding and rotating, so the corresponding kinetic
energy also increases. At the same time, new force chains
will be formed very fast. The speed is presumed close to
the sound velocity. The transition of old force chains to new
force chains corresponds to the jumps in stress. It is necessary
to develop the high spatial and temporal resolution related

testing technology in order to conduct site, real-time obser-
vation and capture in this process.

From Fig. 9, we also can see that in the hardening process
up to failure, particles are arranged in chains to form column-
like structures whose elongation directions are more or less
parallel to the major principal stress axis, and the applied
stress is mainly transmitted through them. During the pro-
cess, the pre-existing contacts are lost in the minor principal
stress direction, but rather some contacts are newly formed in
the major principal stress direction. As a result, an elongated
void is generated between two neighboring columns. This is
the micro-mechanism leading to dilatancy before failure.

5 Outlook

Various kinds of energy have different proportions at differ-
ent stress–strain stages. At both elastic and plastic stages, the
boundary work is mainly converted into elastic energy. In the
following stage of residential stage, frequent particle sliding
and topological changes of force chains become stronger,
and almost all the boundary work is dissipated. More impor-
tantly, the energy dissipation is mainly localized in a narrow
shear band.

It should be noted that, the macro-shear bands are formed
through the cascade, combination and development of micro-
shear bands, which implies a very complex process. The pa-
per only has a discussion from the energy point of view.
Further studies are going to be conducted on the particle and
force chain re-arrangement by means of high speed camera
and photoelastic technique.
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