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Abstract Localization of deformation in systems of shear
bands or normal faults, respectively, as a consequence of
extensional loading can be observed on a wide range of spa-
tial scales in soil and rock formations. A series of plane
strain model experiments was achieved in natural (1 g) and
increased (ng) gravity field (geotechnical centrifuge) with
dry and moist sand as well as with dry and moist sand-
clay mixtures. In these experiments, the geometry of the
shear bands (inclination, width, spacing, sharpness) was de-
tected by means of the digital image correlation (DIC) tech-
nique. Comparison with existing analytical approaches for
the determination of the spacing of shear bands is presented
briefly. The stress-strain behaviour of the materials was deter-
mined in a new biaxial test device, which allows for the per-
formance of biaxial compression and extension tests. The
evaluation focuses on the strain softening gradient, which
is seen as a key parameter in the explanation of shear band
spacing.
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1 Introduction

1.1 Shear band systems in situ, in physical and numerical
modelling

Localization of deformation in a system of shear bands
or normal faults, respectively, as a consequence of exten-
sional loading was reported on different spatial scales. On
macro scale (102–104 m), systems of parallel normal faults
were documented in many extensional regions of the upper
earth crust [5,26,32,37,53,63,64,71]. Only McIntosh et al.
[32] and Morellato et al. [37] presented quantitative data
concerning the spacing of normal faults in situ. Numerous
researchers addressed patterns of localization of deforma-
tion in physical experiments on meso scale (10−2–10−1 m).
Different extensional mechanisms were applied in the field
of experimental and numerical studies, such as stretching
of a horizontal basement [5,16,18,20,30,31,42,57], stretch-
ing of an inclined basement [6,58], imposing a disconti-
nuity in the strain field [9,12,16,38] or upward bending
of the basement [6,7]. But also in this field, only limited
attention was paid to the quantitative determination of shear
band spacing. In fact, only Leśniewska and Mróz [23,24]
and Wolf et al. [66–69] investigated this interesting topic.
Wolf et al. investigated systematically the influence of speci-
men’s height, granulometric properties, stress level and den-
sity, using dry sand as model material. In this study, the
process of localization of deformation was investigated in
a broad range of material compositions, using dry and moist
sand as well as dry and moist sand-clay mixtures as model
material. The hitherto achieved large data base of about 60
model experiments allows for the analysis of shear band
spacing depending on certain characteristics of the model
material.
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1.2 Analytical explanation of shear band spacing
in physical modelling

The following three analytical approaches have been devel-
oped to explain the spacing in a system of parallel shear
bands. Leśniewska [23,24] developed an analytical app-
roach for the calculation of the spacing of shear bands behind
a rotating retaining wall. A fundamental assumption is that
localization in multiple shear bands is a progressive process.
According to her results, strain softening inside the shear
bands is crucial for the development of a shear band system.
Leśniewska further concluded that the greater the softening
modulus is, the larger the spacing will be. Strain softening is
defined as the reduction of the mobilized friction angle from
the peak value to the critical value with increasing displace-
ment of a soil wedge along the shear band. In order to verify
this approach, Leśniewska referred to experiments of Milli-
gan [34]. The shear band spacing was successfully calculated
for dense sand [24]. A smaller spacing in the experiments
with loose sand, as predicted by the analytical model, could
not be observed.

Mandl [26] presented an idea for the explanation of the
spacing in sandbox extension experiments, in which an
underlying layer is stretched. According to Mandl, the local-
ization of deformation is accompanied by a decrease of shear
stress from the limit stress state to a smaller stress state with
ongoing shearing. The blocks between the initial localization
zones are elastically unloaded by an increase of the horizon-
tal stress σh = σ3. Strain softening as a brittleness parame-
ter was defined as | − dϕ/dκ| with κ = ∫

dγpl . Mandl also
assumed a progressive failure process with faults appear-
ing consecutively between the initial faults, finally result-
ing in a minimum distance. He concluded that in materials
with greater softening, i.e. more brittle behaviour, the elastic
energy release is larger and therefore a wider region is elasti-
cally unloaded, which results in a larger spacing between the
localization zones. On the other hand, the spacing is expected
to be smaller in materials in which the elastic reloading as a
consequence of further stretching of the underlying layer, is
faster. This finally ends up in a competition between strain
softening and elastic modulus.

Wolf [66] developed an analytical approach for the calcu-
lation of the spacing, based on the observation of a simul-
taneous onset of parallel shear bands. After the onset of
localization, the deformation is concentrated inside the shear
bands, whereas the blocks between the shear bands rotate
in the direction of stretching. This approach starts from the
mode of failure prescribed in a set of parallel shear bands.
The width of the blocks, which maximizes the dissipated
energy of the whole system, is calculated considering shear-
ing, dilation and softening inside the shear band and elastic
unloading outside the shear band. Without strain softening,
defined as k = −dϕ/d|γ |, no localization of multiple shear

Fig. 1 Geometry and deformation inside shear band (exaggerated),
modified after Drescher et al. [11]. Positions of contact free displace-
ment sensors (CFDS) in a new biaxial device (Sect. 4.1)

bands is possible. Wolf concluded that the spacing is smaller
when the softening is more pronounced, which he confirmed
in experiments with dense and loose sand.

1.3 Localization of deformation in a single shear band

The localization of deformation in a system of shear bands
requires understanding concerning the failure process in a
single shear band. The principal mechanism is explained
referring to the sketch by Drescher et al. [11], modified in
Fig. 1. Before the shear band develops, the specimen deforms
homogeneously. After the onset of shear banding, the defor-
mation localizes inside the shear band, whereas the mate-
rial outside the shear band unloads elastically (Hayano [17]),
often assumed as rigid (e.g. Drescher et al. [11]). The shear
band deforms in simple shear mode, which corresponds to a
weak discontinuity mode of the specimen, i.e. the displace-
ment field shows a kink at the border between inside and
outside the shear band. The inclination of the shear band θ
with respect to the minor principal stress axis can be calcu-
lated according to Roscoe [50] with Eq. 1, to Coulomb [8]
with Eq. 2 or to Arthur et al. [3] with Eq. 3. The solution
according to Roscoe θR represents a lower bound, the solu-
tion according to Coulomb θC represents an upper bound,
and the solution according to Arthur θA, which was also pro-
posed by Vardoulakis [56] applying bifurcation analysis, is
an intermediate solution between θR and θC .

θR = 45◦ + ψp/2 (1)

θC = 45◦ + ϕ′
p/2 (2)
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θA = 45◦ + (ϕ′
p + ψp)/4 (3)

Herein, ϕ′
p represents the maximum friction angle and ψp

the dilatancy angle at the maximum friction angle.

ϕ′
p = arcsin

(
σ ′

1 − σ ′
3

σ ′
1 + σ ′

3

)

(4)

ψp = arcsin

(
ε̇v

γ̇

)

(5)

Within this study, the major principal stress σ ′
1 is the vertical

stress in the model experiments, whereas it is the horizontal
stress in the plane strain extension tests. The minor principal
stress σ ′

3 represents the horizontal stress in the direction of
prescribed displacement in the model experiments, whereas
it is the vertical stress in the plane strain extension tests.
The shear band thickness dB usually is given as a multiple
of the mean grain size d50, in the range of 7–22 d50 (e.g.
[10,33,43,74]).

According to Wanatowski and Chu [59,60], shear band-
ing and accompanied strain softening is a response of the soil
under plane-strain boundary conditions, whereas in drained
triaxial compression tests, shear banding is strongly affected
by friction between specimen and end platens. This is a
fundamental difference between axial symmetric and plane
strain boundary conditions. Compared to triaxial and biaxial
compression tests, triaxial extension tests are more difficult
to perform (Wu and Kolymbas [70], Yamamuro and Lade
[73], Yamamuro and Liu [72]). Biaxial or plane strain exten-
sion tests, including one pair of flexible walls, are rare. In
fact, only very few plane strain extension tests were car-
ried out by Masuda et al. [29]. Since systematic differences
were found between triaxial and biaxial compression tests
(Green [14], Lade and Duncan [22], Reades and Green [48],
Marachi et al. [27], Peters et al. [45], Schanz and Vermeer
[51], Alshibli et al. [2], Wanatowski and Chu [60]), similar
differences have been suspected by the authors between tri-
axial and biaxial extension tests. Since the strain softening
behaviour is supposed to influence the developing shear band
systems strongly [23,26,69], element tests under the same
boundary conditions as they are present in the model exper-
iments, i.e. plane strain extension, were required. Therefore,
we constructed a new device for the performance of plane
strain compression and extension tests. The strain softening
behaviour, which is accompanied by localization of deforma-
tion inside a shear band, does not represent a characteristic
of a material element, since the homogeneity of strains is lost
with the onset of shear banding. We are more interested in the
strain softening inside the shear band. The influence of the
specimen’s height on the softening behaviour associated with
strain localization inside a shear band was shown by Tatsuoka
et al. [54]. Modelling the stress-strain relation of Toyoura
Sand in plane strain compression tests, they concluded that
a larger specimen’s height is accompanied by a more pro-
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Fig. 2 Grain size distribution curve of Silversand and sand-clay- mix-
tures

nounced softening, i.e. by a steeper stress-(averaged) strain
curve in the post-peak regime. A unique relationship between
shear stress level and shear displacement inside the shear
band, normalized by d50, was documented by Yoshida et al.
[74], who performed biaxial compression tests with seven
sands of identical specimen height. According to Tatsuoka
et al. [54], the shear strain averaged for the specimen height
is a function of the ratio d50/h. Thus, the post-peak softening
of the specimen is more pronounced the smaller the ratio of
the shear band area, in terms of d50, to the specimen area, in
terms of h, is.

2 Model material

2.1 Basic materials

A broad range of material compositions was investigated
in the present study (Table 3), the basic components were
Silversand, Kaolin clay and water.

2.1.1 Silversand

As basic material, so called Silversand was used (excava-
tion location is the lake Silver in Germany). Silversand is a
quartz sand (99 % SiO2) with rounded grains within a range
of 0.06–0.71 mm (Fig. 2). The basic properties are summa-
rized in Table 1.

2.1.2 Kaolin clay

The laboratory analysis reveals that the Kaolin clay is
dominated by the silt fraction according to the classification
by Casagrande (Table 2).
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Table 1 Basic properties of
Silversand d d50 CU ρd,min ρd,max emax emin ρs

mm mm – g/cm3 g/cm3 – – g/cm3

0.06 – 0.71 0.23 1.8 1.399 1.709 0.901 0.556 2.65

Table 2 Basic properties of
Kaolin clay wP wL IP ρs wPr ρPr

% % % g/cm3 % g/cm3

28.2 46.6 18.4 2.70 25.5 1.55

Table 3 Material compositions tested within this study

Material composition Material symbol Sand (%) Clay (%) Water (%) c (kPa) ρd (g/cm3 ) Dr or Rc, resp. (−)

S 100.0 0.0 0.0 0.0 1.64–1.67 0.81–0.91
SC5% 95.0 5.0 0.0 0.2 1.66–1.72 1.01–1.05
SC7% 93.0 7.0 0.0 0.6 1.65–1.68 0.98–1.00
SC20% 80.0 20.0 0.0 2.3 1.62–1.68 0.85–0.88
SW1% 99.0 0.0 1.0 0.8 1.46–1.48 0.93–0.95
SW5% 95.0 0.0 5.0 1.8 1.51– 1.57 0.95–0.97
SC4%W1.7%,md 94.3 4.0 1.7 2.0 1.51–1.52 0.91–0.95
SC4%W1.7%, d 94.3 4.0 1.7 2.6 1.59–1.70 0.98–1.06

Square frames represent dense Silversand, colored symbols represent dry sand-clay mixtures, framed symbols represent sand-water mixtures, and
framed symbols consisting of two colors represent sand-clay-water mixtures. In addition to the dry density ρd (range, which was achieved in
cohesion and biaxial tests as well as in the model experiments), the relative density Dr = (emax − e)/(emax − emin) is given for dense sand,
whereas the relative compaction Rc = ρd/ρProctor is given for the material compositions. The indices md and d indicate medium dense and
dense specimens. The indicated Kaolin clay fraction actually represents the finegrained fraction, which is composed by 30% clay and 70% silt size
fraction. E.g. SC20% indicates a finegrained fraction of 20%, resulting in a clay size fraction of 6% by weight

2.2 Cohesive-frictional material compositions

A small cohesive strength, in the sense that these specimens
were able to stand vertically unsupported, was produced
by adding small amounts of clay or water or both to the
Silversand (similar mixtures were used by Mélix [36]). This
additional strength is created by matric suction, particle inter-
locking, bonding of clay particles as well as bonding of
clay with silt and sand particles (Mitchell and Soga [35]).
These effects are summarized as (apparent) cohesion in this
paper, using the term cohesion in a broad, macroscopic sense
as any resistance to shearing in addition to friction. Due to
the partially saturated state, the measured stresses do not
exactly represent the effective stresses, but because of degree
of saturation close to residual state they are assumed to be
close to the effective stresses. However, the stresses and
stress parameters, such as the friction angle, are written as
effective parameters within this study. The additional shear
strength in the moist specimens caused by suction induced
effective stresses was approximated within the framework of
unsaturated soil mechanics according to Vanapalli et al. [55]
[Eq. 6], which is based on the fundamental definition of shear
strength according to Fredlund et al. [13].

τ = c′ + (σn − ua) tan ϕ′ + (ua − uw) tan ϕ′ S − Sr

100 − Sr

(6)

The cohesion is formulated similar to Rahardjo et al. [47] and
Ling et al. [25] as the sum of effective cohesion c′ and suction
induced cohesion (ua − uw) tan ϕ′(S − Sr )/(100 − Sr ). The
matric suction (ua − uw) for a given degree of saturation S
and the degree of saturation at the beginning of the residual
zone Sr were determined from the soil water characteristic
curve (SWCC), which was calculated applying the model by
Aubertin et al. [4]. As expected, the effect of suction on the
shear strength is of minor importance within the range of the
materials tested here with very low water contents. Cohe-
sion in soil mechanics is usually determined as intercept of
the Mohr–Coulomb failure envelope on the shear stress axis.
Whereas it is possible to determine a convex failure enve-
lope for dry sand in the τ − σ ′ space, because it is known
that dry sand cannot carry any tension at zero stress, the situ-
ation is different with moist sand or even dry sand-clay mix-
tures. These materials have the capacity to stand vertically
unsupported. Instead of a linearization of the Mohr-Coulomb
envelope this capacity is used here to determine the cohesion
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in centrifuge tests. Determination of cohesion is described
by Mélix [36], who increased the vertical load on a laterally
unsupported specimen mixed from sand, clay and water until
failure was reached (c = 0.5–0.7 kPa). Mulugeta [39] pre-
sented the idea of increasing the vertical load by an increase
in the acceleration in centrifuge tests in order to determine the
cohesion of moist sand. Very recently, Shahnazari et al. [52]
performed two centrifuge experiments on moist, slightly
clayey, silty sand (w = 5 %; c = 0.8–0.9 kPa). We
determined the cohesion for all mixtures used by this method
within the geotechnical centrifuge. The working principle of
centrifuge technology is described in Sect. 3.1.2. The speci-
mens were placed between four surrounding walls by tamp-
ing to a predetermined density in several layers, then one wall
was removed and the specimens stand vertically without any
support on this side. The acceleration, and thus the stress
level, was continuously increased until failure occurred, the
point of failure was detected by image analysis. The accel-
eration is represented by a multiple of earth’s gravity in the
barycentre of the specimen, n, multiplied by earth’s grav-
ity. The acceleration at failure was used to determine the
dominant effective stress level to enable the cohesion to be
calculated. The shear stress in the failure plane, which was
necessary in addition to friction to resist up to the gravity level
at failure n f , is called cohesion. The cohesion in this sense is
calculated by applying the simple soil mechanical model of
a sliding wedge. The forces acting at the slip wedge, weight
of the specimen W in the increased gravity field, resulting
friction Q and cohesion C , active earth pressure Ea and wall
friction R, are marked in Fig. 3.

Setting up the horizontal and vertical equilibrium of forces
and using the boundary condition of earth pressure Ea to be
0 on the unsupported side, the cohesion was determined by
Eq. 7 according to Mulugeta [40], which is based on deriva-
tions by Jaeger and Cook [19].

c = σv

2 tan (θ)
. (7)

Herein θ represents the slip angle with respect to the horizon-
tal, calculated as 45◦ +ϕ′

p/2. The peak friction angle ϕ′
p was

determined in advance in a series of drained direct shear tests
(60 × 60 × 20 mm, free upper frame) for all model materials
used at vertical stresses between 10 kPa and 55 kPa. This cor-
responds to the range of vertical stress applied in the model
experiments (1–60 kPa). Since the maximum principal stress
σ1 in the derivations by Jaeger and Cook [19] is a constant
stress, whereas the vertical stress σv here is linearly increas-
ing with depth, σv = (γ hn)/2 is inserted. γ is the specific
weight under natural gravity, h the height of the slip wedge
(= height of specimen). Wall friction between the specimen
and the glass walls does not change the geometry of the slip
wedge. Setting the wall friction angle equal to the internal

friction angle, the calculated cohesion is slightly lower than
without consideration of wall friction. In the present study
the influence of wall friction on the value of cohesion deter-
mined is not more than 5 %. The reliability of these type of
tests is checked by three variations for example of the loose
(1.40 g/cm3 ≤ ρ ≤ 1.44 g/cm3) SC4%W1.7% mixtures. On
the one hand, the boundary conditions were modified apply-
ing an additional surface load (3 tests), which was increased
simultaneously to the weight of the specimen by accelera-
tion in the geotechnical centrifuge. On the other hand, the
geometry was modified by performing tests with a speci-
men’s height of 10 cm (3 tests) and 7.5 cm (2 tests). The tests
with the height of 7.5 cm were performed in a small model on
the large geotechnical centrifuge (in a scale of 1:10), which
is capable of testing specimens with a cohesion of c ≤ 2 kPa.
The average value of the eight tests carried out in total results
in a cohesion of 1.0 kPa, with a standard deviation of 0.3 kPa.
Taking only the five tests without surface load into account,
the cohesion is determined to be 1.2 kPa, with a standard
deviation of 0.2 kPa. This method was applied to determine
the cohesion for the material compositions listed in Table 3.

3 Model experiments

3.1 Methods

3.1.1 Experimental setup

The experimental series was performed in the modified
“Bochum extensional device”. This device was originally
designed by Wolf et al. [68]. The specimen is placed on a
rubber membrane, which is pulled to the right (Fig. 4). The
homogeneous stretching of the membrane is supported by
the scissors mechanism, which is constructed only to prevent
transverse stretching of the membrane. The homogeneity of
the strain field was controlled by Wolf et al. in natural (1 g)
[69] and in increased (30 g) [66] gravity fields. The setup was
recently modified for operating in acceleration fields up to
50 g. Besides, the pulling mechanism to apply the homoge-
neous strain field was reconstructed. Now, the membrane is
directly pulled (0.049 mm/s

∧= ε̇ = 9 · 10−5 /s) by massive
clamps, the moveable wall is glued onto a thin part of the
membrane to prevent pulling the wall away from the speci-
men.

The homogeneity was controlled after reconstructions in
1 g experiments by observation of the bottom side of the rub-
ber membrane through a glass window by means of the DIC
technique. The displacement ux was determined at discrete
positions x along a central and along a marginal line on the
visible part of the membrane as shown in Fig. 5. The fitted
linear function has an inclination of 0.106, which represents
the value of the applied strain εxx at which the homogene-
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Fig. 3 Initial unsupported
specimens with sketched slip
wedge and forces acting at the
slip wedge

Fig. 4 The specimen is
stretched homogeneously under
plane strain boundary conditions
in the “Bochum extensional
device”

Fig. 5 Calculated displacement ux in the pulling direction in the cen-
tral and marginal part of the membrane (observed by the DIC method)
confirms the homogeneous strain field

ity of the strain field is hereby confirmed. It is noteworthy
that the strain, calculated by means of the DIC, corre-
sponds to the strain measured by the displacement transducer
(Fig. 6) during the complete experiment. The observation
through the bottom window is not possible in centrifuge
experiments. Therefore, the homogeneity was investigated
in a 50 g experiment by the observation of the top side of
aluminium bars with a total weight equivalent to the maxi-
mum specimen’s weight used in the experimental program.
If the distances between the aluminium bars are equidistant
after having stretched the membrane by 10 %, then the homo-
geneous distribution of strain is ensured. The DIC method is

Fig. 6 Calculated strain εxx in pulling direction in the central and mar-
ginal part determined by the DIC corresponds to strain calculated from
the measurement of displacement transducer

not suitable in this case due to the gap appearing between the
aluminium bars. However, no significant irregularities were
noticed in the evaluation of the distances, measured in the
shown digital image (Fig. 7).

3.1.2 Bochum geotechnical centrifuge

Since the investigation of failure in shear bands was in-
tended to be studied in the model experiments, a suffi-
ciently large vertical stress was required. Otherwise the
specimen preferred failure in vertical tension cracks as a
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Fig. 7 View onto the aluminium bars before and after stretching the
membrane by 10%. The homogeneity is confirmed by equidistance be-
tween the bars

consequence of their ability to stand vertically unsupported.
Preliminary experiments revealed an upper bound in the
ratio of cohesion related to the vertical stress in the mag-
nitude of c/σv = c/(ρhgn) ≤ 0.1 to force shear fail-
ure. Since this condition cannot be fulfilled in the natu-
ral gravity field with the majority of the model materials
(Table 3), most of the experiments were performed in the
large Bochum Geotechnical Centrifuge. This beam centri-
fuge has a diameter of 8.25 m, for technical details see
Jessberger and Güttler [21]. The experimental setup is posi-
tioned in one swinging basket. During the acceleration, the
swinging basket rotates around its axes, such that the result-
ing force, composed by the vertical gravity force and the
radial inertia force, acts normal to the base of the experimen-
tal setup, increasing the initial vertical stress in the specimen
by the factor n.

3.1.3 Digital image correlation (DIC)

The DIC system was applied within the Bochum Geotech-
nical Centrifuge by implementing a real-time data acqui-
sition system (Zornberg et al. [75]), which allows for the
continuous observation of the specimen in the increased
acceleration field up to 50 g. Glass side walls provide the
in-plane observation of the specimen by two CCD compact
cameras with a resolution of 1,280 × 1,024 pixels. By means
of the DIC technique, it is possible to calculate the displace-
ment and strain fields from a series of digital images. This
technique was used by several authors for granular materials
[1,42,44,49,62,65], a detailed description of the DIC system,
as used, in 1 g experiments was given by Wolf et al. [68]. The
digital images, taken with a frequency of 1 Hz, are transferred
to a desktop computer, which is installed close to the rotating
axis inside the centrifuge. Since the data acquisition needs
large storage capacity, the recording is started just in time
with the beginning of the experiment. A network has been
installed via power line to control the computer inside the

centrifuge via remote control software from a computer out-
side the centrifuge. The determination of all characteristics
of a shear band system was realized, the onset of localization
and the width of shear bands were determined as well as the
spacing and the inclination at the onset of localization. Based
on a series of digital images, the evaluation is performed by
subdividing the area of interest into interrogation windows of
a certain amount of pixels. The displacement vector between
time t and t +�t is calculated by the gray value intensity of
the pixel structure via a cross correlation algorithm. The cal-
culation typically was performed with a multipass process
with an initial window size of 32 × 32 pixels and a final
size of 8 × 8 pixels. Locking effects, as described by
Nübel and Weitbrecht [42], were prevented, since one grain
of d50 size is represented by at least 1 pixel. By applying an
overlap of the interrogation windows of 50 % in both direc-
tions, the spatial resolution was increased, one vector rep-
resented the displacement of a group of 4 × 4 pixels. Since
the calibration typically produces a factor of 4 pixels/mm,
one vector represented a group of 1 × 1 mm or 4 × 4 grains,
i.e. the displacement of a group of 16 grains in total. Thus,
the minimum number of particles, as defined by Raffel [46]
as being necessary for precise results, was maintained. The
shear strain field is calculated as γ = ε1 − ε3 as a derivative
from the displacement vector field. As an example we refer to
Figs. 13 and 14 where the scalar value of shear strain along an
horizontal line is plotted in a profile. Each local maximum,
exceeding a certain threshold value of shear strain γ , was
defined as a zone of localization of shear deformation, i.e. a
shear band.

3.2 Results: shear band geometry

The observation of the localization process revealed notice-
able differences, depending on the materials used. In dry,
dense Silversand, the shear bands could hardly be noticed by
visual observation through the glass walls within the applied
strain range, although they were visible on the top surface.
However, the shear bands could be identified by means of
the DIC method. The shear bands could not be detected by
means of the DIC method in the experiments with moist sand.
Inserting several layers of black colored Silversand obvi-
ously improved the identification of failure planes (Fig. 8).
Like in dry sand, the simple shear deformation mode within
the shear band can be observed, whereby a kink in the dis-
placement field (weak discontinuity) is characteristic. On the
contrary, adding small amounts of Kaolin clay to the Silver-
sand, the failure zones can easily be observed by eye. The
shear bands appear to be very clear discontinuity faults, i.e.
with a jump in the displacement field (Fig. 9). Similarly,
in the mixtures composed of Silversand, Kaolin clay and
water, the failure zones appear rather as strong discontinuity
zones. Desiccation cracks were observed on the top surface in
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Fig. 8 Thick failure zone of 11 d50 in material composition SW1%

these compositions, where the shear failure started to develop
downwards. In all other materials, the shear bands appeared
simultaneously over the specimen’s height. Some conjugated
shear bands developed, but still one preferred direction of
shear band orientation dominated. A further difference, com-
pared to dry sand, was observed in terms of the progres-
sion of the failure zones. The shear bands did not appear
simultaneously in the material mixtures as in dry sand, and a
systematic development, e.g. consecutive shear bands start-
ing from the pulling side, was not observed.

3.2.1 Shear band inclination θ

The inclination θ was determined for each shear band with
respect to the horizontal at the onset of its localization, based
on the DIC evaluation (Fig. 10). These measured values are
compared with the solutions according to Roscoe θR , Cou-
lomb θC and Arthur θA, defined by Eqs. 1–3. The peak fric-
tion angle ϕ′

p, and the dilation angle ψp at the peak friction
angle, were determined in biaxial extension tests (Sect. 4).
The inclinations were found to lie in the range between the
lower and the intermediate bound. Only the inclination in
mixture SC4%W1.7%,md was found to lie between the inter-
mediate and the upper bound.

3.2.2 Shear band thickness dB

The shear band thickness dB was determined by means of the
DIC method according to the procedure introduced by Nübel
[41], and adopted by Wolf et al. [68]. The strain distribution
inside the shear band is assumed to follow a normal or a
Gaußian distribution. The shear band thickness is calculated

Fig. 9 Thin failure zone of 5 d50 in material composition SC20%

as twice the standard deviation of the distribution function,
dB = 2σ . The shear band thickness in the materials used was
found to be in the range of 5–11 d50 (Fig. 11) by applying
this procedure.

These values are in accordance with the values of shear
band thickness measured in scaled digital images, in cases
when they were clearly visible. The minimum thickness
(5 d50) was observed in mixture SC20% (Fig. 9), the max-
imum thickness (11 d50) in mixture SW1% (Fig. 8). The fig-
ures show a thin failure zone in the strong discontinuity mode
(Fig. 9) and a thick failure zone in the weak discontinuity
mode (Fig. 8). It is noteworthy that the minimum thickness
was observed in the material with the largest coefficient of
uniformity (SC20%,CU = 48.9), whereas a larger thickness
was observed in the materials with a smaller coefficient of
uniformity (e.g. Silversand, CU = 1.8). On the other hand,
the difference in the thickness, e.g. between SC20% and Sil-
versand, is not very large (5 d50 in comparison with 7 d50),
whereas the coefficient of uniformity is very different.

3.2.3 Shear band spacing a

The spacing a was determined as the horizontal distance
between the neighbouring peaks in the shear strain profile
calculated by the DIC method. Since the spacing in granu-
lar materials linearly depends on the height of the specimen
(e.g. Wolf et al. [68]), the horizontal spacing a is normalized
by the height h′ of the specimen at the onset of localization,
which assumes homogeneous deformation before the onset
of localization.
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Fig. 10 The measured inclination of shear bands (average value) at
the onset of localization in comparison with the theoretical solutions by
Roscoe, Coulomb and Arthur

Fig. 11 The normalized shear band thickness in the material composi-
tions used is found to be in the range of 5–11 d50. Numbers in brackets
indicate number of experiments evaluated, when identical experiments
have been performed with the same results

The normalized spacing a/h′ was determined to lie in
a range of 0.23 for dry, dense sand to 0.56 for the moist,
medium dense sand-clay composition SC4%W1.7%,md
(Fig. 12). The resulting shear band system of this moist sand-
clay mixture is shown in Fig. 13, below a shear band system
in the dry sand-clay mixture SC7% (Fig. 14).

4 Plane strain compression and extension tests

4.1 Plane strain device

The newly designed biaxial device (Fig. 15) consists of an
opposing pair of rigid walls to ensure plane strain conditions
and an opposing pair of flexible walls to permit free shear

Fig. 12 Normalized shear band spacing a/h′ for the materials tested

Fig. 13 Shear band system in SC4%W1.7%,md mixture, h = 0.10 m,
25 g

Fig. 14 Shear band system in SC7% mixture, h = 0.10 m, 18 g

band formation in simple shear mode. The flexible walls are
constructed as water cushions, in which the water pressure
is controlled via software and a pressure control valve up to
300 kPa.
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Fig. 15 1 Displacement
transducer measuring vertical
deformation. 2 Load cell
measuring vertical force.
3 Water cushion as flexible wall.
4 Three contact free
displacement sensors installed
within each water cushion for
horizontal deformation
measurement. 5 Preformed latex
membrane wrapping the
60 × 80 × 130 mm specimen.
6 Vertical pressure transducer in
top and bottom end plate.
7 Pressure transducer integrated
in one rigid wall, measuring the
intermediate stress σ ′

2

The horizontal stress is measured by pressure transducers
in two positions in one rigid wall. The horizontal deformation
is measured locally by six contact free displacement sensors,
which are integrated into the water cushions. The vertical
pressure is determined redundantly by a load cell measur-
ing the vertical force outside the biaxial cell and by pressure
transducers in the top and bottom end plates.

4.2 Plane strain extension tests

A series of plane strain extension tests was performed at three
different horizontal initial stresses σ ′

1 = 78, 175, 300 kPa.
The dry sand specimens were prepared by air pluviation,
whereas the material mixtures were prepared by tamping in
several layers of maximum 30 mm depth to a predetermined
density. Friction at the end plates was reduced by a layer of
silicon grease and a latex membrane. The preformed latex
membrane exactly surrounding the specimen of rectangular
cross section area was lubricated with silicon grease. Vacuum
of 20 kPa was applied to keep the specimen in position before
installing the rigid and flexible side walls. The biaxial exten-
sion tests were performed along the stress path presented in
Fig. 16. In phase A, the horizontal stress σ ′

1 inside the water
cushions was increased while the strains ε2 (normal to the
rigid wall) and ε3 (vertical) were kept zero (K0 stress path).
In phase B, σ ′

1 and ε2 were kept constant while the vertical

stress was reduced displacement controlled (0.002 mm/s
∧=

1.5 · 10−5 /s).
A comparison of plane strain and triaxial extension with

medium sand of different initial densities reveals that the peak
friction angle is larger in plane strain extension (Fig. 17).
The difference is greater in dense sand than in loose sand,
as was observed by Schanz and Vermeer [51] in a compari-
son of plane strain and triaxial compression. In plane strain
extension, the critical, isochoric state is reached at smaller

Fig. 16 Stress path of biaxial extension tests for a
dry sand-clay mixture (SC7%). p′ = (σ ′

1+σ ′
2+σ ′

3)/3, q =√
(σ ′

1 − σ ′
2)

2 + (σ ′
2 − σ ′

3)
2 + (σ ′

1 − σ ′
3)

2/
√

2

shear strain, which can be deduced from the measurement of
the volumetric strain (Fig. 18). In triaxial extension a larger
value of absolute volumetric strain was observed, which is
in agreement with results by Green [14].

Results of biaxial extension tests with σ ′
1 = 78 kPa are

presented in Figs. 19 and 20. The friction angle in dense
sand increases to a maximum value, followed by strain soft-
ening, whereas the friction angle in loose sand continu-
ously increases. The same tendency was observed with a
moist sand-clay mixture SC4%W1.7% of different densities.
This expected behaviour was accompanied by dilation of the
dense materials and contraction in loose to medium dense
materials.

4.3 Strain softening gradient k

All existing analytical approaches mentioned in Sect. 1.2
contain the strain softening gradient as a crucial parame-
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Fig. 17 Comparison of biaxial and triaxial extension tests with differ-
ent initial densities. Medium sand: 0.1 mm ≤ d ≤ 0.71 mm, d50 =
0.35 mm,CU = 1.5, emax = 0.79, emin = 0.50, σ ′

1 = 175 kPa, triax-
ial tests by Wolf et al. [69]

Fig. 18 Comparison of biaxial and triaxial extension tests with dif-
ferent initial densities in medium sand. Volumetric strain versus shear
strain

ter explaining the shear band spacing in a system of paral-
lel shear bands. The strain softening gradient was assumed
to be constant between the peak and the critical value by
Leśniewska and Wolf and also others (e.g. Marcher [28]),
although Wolf [66] assumed this to be a rough approxi-
mation. The strain softening gradient k may also be deter-
mined in a small range immediately after the peak, but each
chosen range would be arbitrary. Therefore, k was defined
in this paper as the maximum change of the friction an-
gle ϕ′ with ongoing shearing γ in the softening regime,
k = |�ϕ′/�γ |max . It is noteworthy that the softening was
calculated as a derivative of ϕ′ with respect to γ , although the
shear strength of the materials used is composed of frictional
and (apparent) cohesive strength. However, ϕ′ is used as a
stress parameter to express the current shear stress state, as

Fig. 19 Biaxial extension tests, σ ′
1 = σ ′

h = 78 kPa = const . The
most pronounced softening is observed in dense sand, no softening is
observed in loose sand and medium dense SC4%W1.7%,md mixture

Fig. 20 Biaxial extension tests, σ ′
1 = σ ′

h = 78 kPa = const . The
largest dilation is observed in dense sand, no dilation is observed in
loose sand and medium dense SC4%W1.7%,md mixture

proposed by Hayano et al. [17] Softening was accompanied
by shear banding in the majority of the biaxial compression
tests. The shear bands were observed after the experiments.
The occurrence of banding softening, instead of material soft-
ening, was confirmed according to Wanatowski and Chu [61]
by simultaneous maxima of q and q/p′. The softening inside
the shear band can be determined by local measurement of
deformation, as carried out e.g. by Hayano et al. [17]. In our
experiments, the contact free displacement sensors (CFDS’s)
were arranged in a way that the developing shear band in
biaxial compression tests is located between at least one pair
of displacement sensors (CFDS 3 and CFDS 4 in Fig. 1).
Therefore, the horizontal deformation inside the shear band
could be calculated, neglecting elastic deformation outside
the shear band after the onset of localization. The shear bands
do not perfectly pass between two CFDS’s in biaxial exten-
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sion tests, since they are inclined at a small angle with respect
to the horizontal. Furthermore, a conjugated pair of crossing
shear bands appeared in most tests. Thus, in biaxial extension
tests, strain softening was determined in the whole specimen.
Therefore, the relationship between the strain softening in-
side the shear band, kB , and that of the whole specimen, k,
was studied in biaxial compression tests. The relationship
was assumed to be the same in biaxial extension. Analyz-
ing the relation between k and kB , the rate of shear strain
in the whole specimen γ and inside the shear band γB are
calculated according to Eqs. 8 and 9, respectively.

γ = ε1−ε3 = − ln

(
h0−�h(t)

h0

)

+ ln

(
w0−�w(t)

w0

)

(8)

γB = ux ′

dB
= uv(t) sin (θB)+uh(t) cos (θB)

dB
(9)

�h(t) is the change of the specimen’s height, �h(t) ≥ 0
in compression, compared to the initial height h0. �w(t) is
the change of the specimen’s width,�w(t) ≤ 0 in compres-
sion, as difference to the initial width w0. Neglecting elastic
deformations and bedding errors, �h(t) = uv(t). �w(t) is
calculated as average of all three pairs of CFDS’s, whereas
uh according to Fig. 1 is the difference between CFDS 3
and CFDS 4. The equality of �w(t) = −uh(t) is exactly
fulfilled only if the shear band passes between all three pairs
of CFDS’s, but the experiments indicate that this equality can
be used as a good approximation. The inclination θB and the
thickness dB of the shear band are assumed to be constant
in the softening regime. The time derivatives of the shear
strains, or incremental shear strains, respectively, are then as
follows:

γ̇ = ∂�h(t)/∂t

h0 −�h(t)
− ∂�w(t)/∂t

w0 −�w(t)

∧= (�uv/�t)

h0 − (�uv/�t)t
+ (�uh/�t)

w0 + (�uh/�t)t
(10)

γ̇B = ∂uv/∂t sin (θB)+ ∂uh/∂t cos (θB)

dB

∧= (�uv/�t) sin (θB)

dB
+ (�uh/�t) cos (θB)

dB
(11)

The change in the specimen’s width (�uh/�t) is approxi-
mated to be constant after the peak, as confirmed from exper-
imental results. �γB/�γ was then calculated to be almost
constant during the softening regime. As a consequence,
the relation between the softening gradients k/kB remains
constant after the peak. However, this constant value obvi-
ously depends on the initial specimen geometry in terms
of h0 and w0, as well as on the grain size distribution
curve in terms of d50, which determines the thickness of the
shear band dB . So far, the results are in accordance with
Tatsuoka et al. [54], who calculated a more pronounced
softening with increasing initial height and with Yos-
hida et al. [74], who found a unique softening inside

Fig. 21 Functions of mobilized friction angle with ongoing shearing.
Comparison of shear strain γ in the whole specimen and γB inside
shear band. Shear strain γ calculated from γB is in good agreement
with measured γ

the shear band independent of d50, which results to a
more pronounced softening of the specimen with decreas-
ing d50 [54]. For the example of a dense sand speci-
men, the calculation is performed by inserting the follow-
ing parameters: h0 = 135 mm, w0 = 60 mm,�uv/�t =
2 · 10−3 mm/s,�uh/�t = 1.1 · 10−3 mm/s, θB = 68 ◦,
dB = 7.8 mm. The value �γB/�γ = k/kB was calculated
to be 8.8. Now, the shear strain inside the band γB is divided
by 8.8, shown as γ calculated from γB in Fig. 21. This cal-
culated function fits very well to the measured curve. It is
noteworthy that the shear strain inside the shear band is cal-
culated as γB = γpeak + ux ′/dB according to Yoshida et al.
[74], assuming homogeneous deformation in the pre-peak
regime. The procedure was tested successfully with materi-
als of different softening gradients. Thus, the strain softening
gradient of the whole specimen, with γ determined by local
displacement measurement, can be seen as a characteristic
property of the material tested in plane strain compression
with identical initial geometry and mean grain size. The same
was assumed to be valid in biaxial extension.

In biaxial extension tests, it was observed that a larger
strain softening gradient k is accompanied by a larger dila-
tion angle ψp (Fig. 22). The dilation angle ψ for the whole
specimen is calculated according to Eq. 12, whereas the local
dilation angle inside the shear band ψB (Fig. 1) is defined in
Eq. 13. As shown recently by Gutierrez and Vardoulakis [15],
both formulations result in a similar value.

ψ = arcsin

(
ε̇v

γ̇

)

(12)

ψB = θ − arctan

(
�uv
�uh

)

(13)

Contrary to this general tendency, the mixture SC20% showed
strong softening behaviour accompanied by a smaller dila-
tion than dense sand. This is even more pronounced in the
case of pure Kaolin clay, which gives reason to the assump-
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Fig. 22 Relationship between global strain softening gradient k and
global dilation angle ψ in biaxial extension tests with σ ′

1 = σ ′
h =

78 kPa = const.

Fig. 23 The normalized shear band spacing a/h′ increases with
decreasing strain softening gradient k in the majority of the model mate-
rials

tion that strong softening associated with small dilation is a
response of the failure characteristics inside the shear band
dominated by the clay particles.

4.4 Results: strain softening and shear band spacing

The combination of the results from model experiments and
from biaxial tests now reveal that the normalized shear band
spacing a/h′ increases in general with decreasing soften-
ing gradient k (Fig. 23). This experimental observation con-
firms the model of Wolf and contradicts those of Leśniewska
and Mandl. It is remarkable that the observations concerning
the mixture SC20% do not agree with this general tendency,
since the normalized shear band spacing in the model exper-
iment was 0.34, which is larger than expected considering
the large softening gradient of 8.5. Regarding the dry, dense

sand as a reference material, mixture SC20% is the only one
for which the idea of increasing spacing with increasing soft-
ening gradient was observed. The failure mode in this case
resembles rather the strong discontinuity mode, which cor-
responds to the assumed mode by Leśniewska and Mandl,
whereas Wolf was exclusively concerned with the weak dis-
continuity mode.

However, the dry sand represents a lower bound of shear
band spacing within the broad range of materials tested.

5 Conclusions

The geometry and spatial distribution of shear failure zones
in a broad range of model materials was investigated in plane
strain model experiments under extensional loading. Differ-
ent material mixtures were investigated, composed by vary-
ing portions of Silversand, Kaolin clay and water. Most of the
experiments were performed in the “Bochum Geotechnical
Centrifuge”, because the vertical stress in the specimen needs
to be at least an order of magnitude larger than the cohesion of
the material mixtures in order to force shear failure to occur.
The cohesion, defined as the sum of all components of shear
resistance in addition to friction, was determined in centri-
fuge experiments by accelerating a vertically unsupported
specimen until failure occured. Shear bands in the model
experiments were detected by means of the digital image
correlation (DIC) technique within the “Bochum Geotech-
nical Centrifuge” and the homogeneity of the induced strain
field was ensured up to 50 g. The inclinations of the shear
bands at the onset of localization were found to occur between
the solution according to Roscoe and the solution according
to Arthur, and the thickness was determined to be in the range
of 5–11 d50. The shear bands appear more easily defined if
clay was added and less clear if water was added. The spacing
between two adjacent shear bands within the system of par-
allel shear bands increased with the addition of clay and/or
water, dry sand representing a lower bound. The stress-strain
behaviour of the materials was investigated in a new plane
strain device, which is capable of performing biaxial com-
pression and extension tests. The strain softening gradient
was determined for the whole specimen as well as inside the
shear band (in biaxial compression), showing an almost con-
stant relation between them. Furthermore, the combination
of the results from model experiments and biaxial tests under
extensional loading revealed an increasing shear band spac-
ing with decreasing strain softening gradient. The aspects
of strain softening, dilatancy, shear band spacing, mode of
discontinuity and width of the failure zone were studied for
the mixture SC20%. The results differ from the general ten-
dencies, supporting the assumption that mixtures with a large
content of clay resemble, more than the other materials used
in this study, normal fault characteristics in rock formations.
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