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Abstract The discrete element method has been used
to model railway ballast. Particles have been modelled
using both spheres and clumps of spheres. A simple pro-
cedure has been developed to generate clumps which
resemble real ballast particles much more so than spheres.
The influence of clump shape on the heterogeneous
stresses within an aggregate has been investigated, and
it has been found that more angular clumps lead to a
greater degree of homogeneity. A box test consisting
of one cycle of sleeper load after compaction has been
performed on an aggregate of spheres and also on an
alternative aggregate of clumps. The interlocking pro-
vided by the clumps provides a much more realistic load-
deformation response than the spheres and the clumps
will be the basis for future work on ballast degradation
under cyclic loading.

Keywords Discrete element modelling · Railway
ballast · Particle geometry

1 Introduction

Since railway ballast in the track generally comprises
large particles of typical size approximately 40 mm, it
is difficult to treat such a material as a continuum, and
the discrete element method (DEM) [1] offers a means
of obtaining micro-mechanical insight into its behav-
iour. For this purpose the program PFC3D [2] has been
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used. PFC3D is a discrete element program that has the
ability to model entire boundary value problems directly
with a large number of particles. The program contains
two entities: a ball and a wall. Crushable particles can
be simulated by forming agglomerates of bonded balls.
Contact forces are used to calculate the accelerations of
each ball using Newton’s Second Law, and the accelera-
tions are integrated to give velocities and displacements
(and hence new contact forces via a contact constitutive
law), via an explicit time-stepping scheme. Details can be
found in the Itasca Manual [2], but for clarity key details
will be provided later in the paper. The method has been
used successfully to model single particle crushing tests
for sand [3, 4] and one-dimensional compression tests
on aggregates of sand [4, 5], and also triaxial tests [4, 6,
7]. Lim and McDowell [8] investigated the use of DEM
for modelling railway ballast subjected to single particle
crushing tests, oedometer tests and box tests involving
cyclic loading on a simulated railway sleeper. They found
that DEM was capable of simulating particle fracture
and particle interlock. Particle fracture was achieved
by bonding small balls together to form agglomerates of
ballast size, whilst in the box tests clumps of overlapping
balls were used to reduce computational time. A clump
is a single entity of overlapping balls; internal overlap-
ping contacts are ignored in calculations. In the box tests
by Lim and McDowell [8], the clumps were simple cubic
clumps of eight spheres, so the shape did not resem-
ble that of a real ballast particle. This paper presents a
simple procedure used to model ballast particle shape
using many overlapping balls of different sizes to form
complex clumps resembling real ballast particles. The
parameters affecting the clump shape are described and
examples of clumps using different parameters are pre-
sented. In addition, the distribution of contact forces is
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examined in an aggregate of spheres and two alternative
aggregates of clumps created using different parame-
ters, in order to show the effect of the particle shape on
the inhomogeneous stresses induced within the particle
assembly. The result of the application of a cycle of load
in a box test on clumps is compared with that for a box
test on spheres.

2 Modelling ballast particle shape

2.1 General description

Figure 1 shows a typical real ballast particle. The aim is
to begin to model such a complex shape using DEM. For
this purpose, overlapping balls are used to form clumps
using a simple procedure which gives control over the
sphericity, angularity and surface texture of the clump.

A ball is created at the centre of a cubic cell to form
the main body of the clump (although each clump re-
mains fixed in position during the generation process, it
can freely rotate in all directions during the box tests,
decribed later in section 3). Fourteen directions are cre-
ated: six orthogonal to the cube faces (i.e. in positive
and negative directions along each orthogonal axis),
and eight along the cube space diagonals, as shown in
Fig. 2. All balls in the clump are created within a vir-
tual sphere with a radius Rv. Along each direction, it is

Fig. 1 Typical full-sized ballast particle

Fig. 2 Directions of ball generation for clumps

possible to generate balls to form the clump; however,
the directions of ball generation are chosen at random,
and not all directions might be deployed. First, either
only the 6 directions orthogonal to the cube faces are
chosen for possible ball generation, or all 14 directions
are chosen as possibilities. The likely number of direc-
tions used for ball generation is chosen as n and the
probability p that a particular direction might be used
is then n/6 if only the directions orthogonal to the cube
spaces are used as possible directions, and n/14 if the
space diagonals are also used. For each direction then, a
random number r is drawn from uniform distribution in
the range [0.0, 1.0]. If r is less than or equal to p, then this
direction is chosen to generate balls. The number of balls
generated in each direction is set directly. Figure 3 shows
the ball generation process in one direction. The radius
of the second ball formed is less than the radius of the
first one. The difference in the radii of successively gen-
erated balls is a uniformly distributed random variable
in the range [0.0, c], where c is the maximum possible
difference and is chosen directly. In this way, the an-
gle subtended by the common tangents to successively
generated spheres, is created at random, and the maxi-
mum angle is controlled partly by c (see below). Figure 4
shows the clump geometry and generation along a typi-
cal direction x. The centre of the second ball is derived
from the centre of the first one and reduction in radius.
The first ball with radius R1 is centred at A(x1, y1, z1)
and the second ball with radius R2 is centred at B(x2,
y2, z2). The angle 2α is the angle subtended by the two
common tangents to the spheres. It can be seen that

x2 = x1 + D1 (1)

y2 = y1 (2)

z2 = z1 (3)

R1 = D1 + D2 (4)

R2 = D2 + D3 (5)

R1 − R2 = D4 (6)

Fig. 3 Ball generation along one direction
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Fig. 4 Definition of clump geometry

where D4 is the reduction of radius in the range [0.0, c].
Substituting Eqs. (4) and (5) into (6) yields

D1 = D3 + D4. (7)

Substituting (7) in (1):

x2 = x1 + D3 + D4 (8)

where D3 is the clump extension parameter and is con-
stant and is chosen by the user.

The relationship between D4, D3 and α is given by

sin α = D4

D3 + D4
=

(
1 + D3

D4

)−1

(9)

The parameters D3, c (and hence D4), and the num-
ber of balls generated along each direction each have
an influence on the sphericity of the particle. The ratio
D3/D4 controls the angle α which will influence the sphe-
ricity depending on the number of balls used. Figure 5
shows the effect of using different values of α to gener-
ate clumps, shown for a constant value of D3. In Fig. 5
the value of α and hence D4 is constant for each gen-
erated ball and the maximum permissible number of
balls have been shown; in the simulations described in
section 2.2 below, the value of D4 is a uniformly distrib-
uted random variable in the range [0.0, c] and is chosen
at random for each ball generated. A high sphericity
would be achieved with a low value of D3, a high value
of D4, and a small number of balls. The value of D4 and
the number of balls used also influence the angularity
since this will determine the size of the smallest ball.
Using a large number of balls with small extension D3
can be used to produce flatter particle surfaces. After
all the selected directions for ball generation have been
used, balls are used to link up outermost balls of adjacent

directions in order to form edges of the clump. A line
is used to join the outermost balls, and a series of balls
inserted in between, as shown in Fig. 6. The radii of these
balls vary linearly from one outermost ball to the other,
and the number of such balls for each edge, set directly,
affects the fineness or surface texture of the modelled
ballast particle. The greater the number of balls used in
each edge, the more ‘realistic’ the clump.

2.2 Results

Table 1 shows the parameters used for five different sam-
ples of clumps. Figure 7 shows some examples of the
clumps formed using these parameters. It can be seen
that realistic clumps can be formed by choosing a small
extension between the clumps D3 and large maximum
value c in the reduction in ball size D4, which is cho-
sen at random for each generated ball; this tends to give
large values of α and serves to produce simulated ballast
which is reasonably equi-dimensional as is required by
the Railtrack Line Specification for track ballast in the
UK [9].

3 Box test simulations

3.1 General description

McDowell et. al. [10] describe box tests on ballast involv-
ing applied cyclic load to a simulated sleeper on ballast
in a box of dimensions 700 mm × 300 mm × 450 mm. The
test set-up is shown in Fig. 8. Lim and McDowell [8]
describe discrete element modelling of this ballast using
a sphere to represent each ballast particle, and also using
a simple eight-ball cubic clump. This work is extended
here to using the new clumps developed in section 2,
to examine the effect of clump shape on the distribu-
tion of contact forces and also the cyclic response of the
aggregate in the box test.

3.2 Results

Figure 9 shows the simulated box test arrangements for
the spheres, and for samples using two alternative clump
shapes, described in Table 2. The box has dimensions
700 mm × 300 mm × 450 mm. Figure 9a shows the box
with 1,936 spheres, each of diameter 36.25 mm prior to
loading. The sample was compacted by enhanced gravity
and reducing gravity to 9.81 ms−2 towards the end of the
compaction stage. Sliding was governed according to a
Mohr–Coulomb law and during the compaction process,
the coefficients of friction for the spheres, sleeper, walls
and base were set to be 0.3. During subsequent loading,
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Fig. 5 Effect of angle α on
clump geometry

Table 1 Parameters for clumps in Fig. 7

Samples

Shape parameters Sample 1 Sample 2 Sample 3 Sample 4 Sample 5
Number of directions of ball generation 6 14 14 14 6
Probability of the number of directions of ball generation used, p (%) 50 50 50 40 80
Maximum number of balls in each direction 2 2 2 2 2
Maximum reduction of radius in each direction, c 0.2R 0.5R 0.2R 0.4R 0.5R
D3 0.2R 0.2R 0.2R 0.2R 0.5R
Number of balls used in each edge 1 2 2 2 2

Table 2 Parmeters for aggregates of clumps in Figs. 9 and 10

Samples

Shape parameters Sample 1 Sample 2
Number of directions of ball generation 6 14
Probability of the number 50 50
of directions of ball generation used, p (%)
Maximum number of balls in each direction 2 2
Maximum reduction of 0.2R 0.5R
radius in each direction, c
D3 0.2R 0.2R
Number of balls used in each edge 1 2

the friction coefficients were set equal to 0.5. The nor-
mal and shear stiffnesses (linear-elastic) of the spheres
were set to be 5.08 × 109 N/m using the procedure docu-
mented in the PFC3D Manuals [2] and the stiffnesses of
the sleeper and walls were set to have the same values.
The stiffnesses of the simulated rubber base were set
to 2.54 × 106 N/m following Lim and McDowell [8], and
the density of the spheres was 2,600 kg/m3.

For the clumps, the stiffnesses and coefficients of fric-
tion used were the same as for the simulated box tests
on spheres; in future work the effect of the local clump
radius on the contact stiffness will be studied. During
compaction the coefficient of friction of the balls was set
to 0.3, and increased to 0.5 after compaction. Friction-
less balls were not used during compaction because it
was found that it took the clumps a long time to stabilise
after compaction, even with the default local non-vis-
cous damping active (PFC3D uses a damping constant
applied to the force acting on each particle in order to
dissipate energy [2]). The clumps were formed by cre-
ating small initial spheres, expanding to a diameter of
36.25 mm and cycling to equilibrium. Virtual spheres

Fig. 6 Formation of edge of clump

were then created by expanding the spheres by factor
of 1.26 for Sample 1 and 1.31 for Sample 2. Each vir-
tual sphere formed the outermost possible boundary for
each clump. Figure 9b shows Sample 1, containing 1,770
clumps (17,642 balls) and Fig. 9c shows Sample 2 with
1,995 clumps (65,591 balls). Figure 10 shows the contact
forces for each of the three samples under self-weight
after compaction by enhanced gravity and then reduc-
ing gravity to 9.81 ms−2 . It can be seen that the contact
forces are reduced and are more homogeneous for the
more angular clumps in Fig. 9c, which is in agreement
with data published by Nakata et al. [11] for real sands.

It should be noted that for the clumps, since balls
overlap, the total volume of balls in a clump is greater
than the volume of the clump and the mass of the clump
is therefore greater than the mass of an equivalent clump
with a uniform density; such an entity is currently not
available within PFC3D. Where there is overlapping of
balls within a clump, there is a contribution to the mass
in the overlapping region from each of the overlap-
ping balls. This also affects the moment of inertia of
the clump since the mass is not uniformly distributed
within the clump. Thus, a modified density was used in
each clump. In order to achieve the desired mass, the
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Fig. 7 Typical clumps generated for a Sample 1; b Sample 2; c Sample 3; d Sample 4; e Sample 5 (refer to Table 1 for parameters)
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Fig. 8 Box test set-up (front elevation) [10]

modified density ρm is derived from the initial density
ρ0 as

ρm = Vclump · ρ0∑
Vi

(10)

where Vi is the volume of the ith ball in the clump and
Vclump is the volume of the clump and
∑

Vi =
∑

Voverlap
i + Vclump (11)

where
∑

Voverlap
i is the volume of overlap in the clump.

This procedure produces clumps with the correct mass
but with a non-uniform density. Due to the difficulty
in calculating the volume of each clump, and since the
geometry of each clump is different, the volume of a
clump in (10) was approximated to be equivalent to the
volume of a sphere of diameter 36.25 mm (i.e. the vol-
ume of the sphere created before expanding to create a
virtual sphere to contain the clump). Work is now under-
way to produce clumps of uniform density. The use of
clumps having non-uniform density because of overlap-
ping mass means that the dynamics of the clumps are
only approximately correct. The total mass of the clump
m, location of the centre of mass of clump x[G]

i , and the
moments and products of inertia Iii and Iij, are defined
by the following equations [2]:

m =
Np∑

p = 1

m[p] (12)

x[G]
i = 1

m

Np∑
p = 1

m[p]x[p]
i (13)

Iii =
Np∑

p = 1

{
m[p] (x[p]

j − x[G]
j

) (
x[p]

j − x[G]
j

)
(14)

Fig. 9 Box test on a spheres, b Sample 1 and c Sample 2 (Table 2)

+2
5

m[p]R[p]R[p]
}

Iij =
Np∑

p=1

{
m[p] (x[p]

i − x[G]
i

) (
x[p]

j − x[G]
j

)}
(j �= i)

(15)

in which Np is the number of balls in the clump, m[p]
is the mass of a ball, x[p] is the location of the ball and
R[p] is the radius of the ball. Since the balls of the clump
produced following the simple procedure described in
section 2 locate around the first generated sphere, with
smaller degrees of overlap occurring further from that
sphere, the location of the centre of mass of the clump
is very close to the centre of mass of a clump with the
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Fig. 10 Contact forces for a spheres, b Sample 1 and c Sample 2
prior to loading

same mass and uniform density. The clump is treated as a
rigid body, so its motion is described by the translational
motion of the centre of mass in terms of position xi,
velocity ẋi and acceleration ẍi and the rotational motion
in terms of the angular velocity ωi and acceleration ω̇i.
The equation for translational motion is

Fi = m(ẍi − gi) (16)

where Fi is the resultant force (i.e. the vector sum of
the externally applied forces) acting on the clump and gi

is the gravitational body force acceleration vector. The
equation for rotational motion is

[M] − [W] = [I][α]

where

[M] =
⎡
⎣ M1

M2
M3

⎤
⎦

[W]

=
⎡
⎣ ω2ω3(I33 − I22) + ω3ω3I23 − ω2ω2I32 − ω1ω2I31 + ω1ω3I21

ω3ω1(I11 − I33) + ω1ω1I31 − ω3ω3I13 − ω2ω3I12 + ω2ω1I32
ω1ω2(I22 − I11) + ω2ω2I12 − ω1ω1I21 − ω3ω1I23 + ω3ω2I13

⎤
⎦

[I] =
⎡
⎣ I11 −I12 −I13

−I21 I22 −I23
−I31 −I32 I33

⎤
⎦

[α] =
⎡
⎣α1

α2
α3

⎤
⎦ =

⎡
⎣ ω̇1

ω̇2
ω̇3

⎤
⎦ (17)

and Mi is the resultant moment about the centre of mass
of the clump. Both equations (16) and (17) are solved
using a centered finite difference procedure with a time-
step of � t. The quantities ẋi and ωiare calculated at the
mid-intervals of t ± n�t

/
2, and the quantities xi, ẍi, ω̇i,

Fi and Mi are computed at the primary intervals of t ±
n�t. The solution of (17) requires an iterative proce-
dure, but computational speed is increased by ignor-
ing the non-linear terms and ignoring coupling between
angular accelerations. This is achieved by setting both
[W] and the off-diagonal terms in the inertia tensor [I]
to zero. This procedure is considered appropriate for
quasi-static problems and even for steady flow calcu-
lations. The approximation should only result in large
errors for large angular velocities. For the simulations
presented in this paper, the angular velocities of the
clumps are small; so this approximate solution method
is appropriate.

For the sample of spheres, it was possible to calcu-
late the porosity directly using a measurement sphere in
PFC3D; in this way the variation in the porosity through-
out the box can be studied. However, no facility is avail-
able in PFC3D for calculating the porosity of a sample of
clumps comprising more than two particles within each
clump. Therefore the initial porosities of the samples
were estimated using a 3-D grid of small cubes, each of
side 0.005 m, in the column directly below the sleeper
and found to be 0.37 for the aggregate of spheres, 0.35
for Sample 1 and 0.37 for Sample 2. By examining the
percentage error in calculating the volume of a sphere,
and a two-ball clump and a three-ball clump using this
method, it is estimated that the percentage errors in the
porosities should be less than 1% for the samples of
clumps and should be about 5% for the spheres. This
is deemed acceptable, given the variability of porosity
within the box.

The spheres and Sample 1 were loaded using a sinu-
soidal load pulse with a minimum load of 3 kN and a
maximum load of 40 kN, at a frequency of 3 Hz (follow-
ing [10]). Figures 11 and 12 show the contact forces for
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Fig. 11 Contact forces for spheres a prior to loading (maxi-
mum contact force = 482 N, average contact force = 29.9 N, num-
ber of contacts = 10,337); b at maximum load (maximum contact
force = 4,050 N, average contact force = 336.2 N, number of con-
tacts = 10,323) and c after unloading to 3 kN (maximum contact
force = 1,012 N, average contact force = 42.7 N, number of con-
tacts = 10,328)

the spheres and Sample 1 prior to loading, at maximum
load and after unloading to 3 kN, respectively. It is noted
that the number of contacts does not change much dur-
ing the cycle of loading and unloading. The magnitude
of the average of the contact force for the clumps in
Sample 1 (which is closer to reality) is less than that for
the spheres because the higher number of contacts for
Sample 1 leads to a more homogeneous stress distribu-
tion.

Figures 13 and 14 show the rotations of the spheres
and clumps during one cycle of loading. The size of each
circle is proportional to the magnitude of the particle
rotation, calculated as the vector sum of the rotations

Fig. 12 Contact forces for Sample 1 a prior to loading (max-
imum contact force = 374 N, average contact force = 15.4 N,
number of contacts = 282,955); b at maximum load (maximum
contact force = 4,233 N, average contact force = 164.1 N, number
of contacts = 282,955) and c after unloading to 3 kN (maximum
contact force = 1,354 N, average contact force = 34.4 N, number of
contacts = 282,955)

about three mutually orthogonal axes. The grey circles
reflect a rotation of 10◦–20◦ for the spheres and 0.1◦–1◦
for the clumps in Sample 1. Solid black circles indicate
larger rotations of >20◦ for spheres and >1◦ for clumps.
For the sample of spheres, it is clear that the main par-
ticle rotations occur near the corner of the sleeper and
both sides of the sleeper. Less rotation occurs directly
below the sleeper. In Sample 1, the distribution of the
rotations is quite uniform except for a few particles
which have relatively large rotations, and the average
particle rotation is much less than for the spheres. The
magnitude of the average rotation of the spheres after
the complete cycle of loading and unloading is almost
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Fig. 13 Rotations of spheres a during loading (maximum rota-
tion = 48.3◦, average rotation = 5.18◦; b during unloading (max-
imum rotation = 26.5◦, average rotation = 2.92◦) and c after
the complete cycle of loading and unloading (maximum rota-
tion = 63.2◦, average rotation = 7.25◦)

equal to the summation of the magnitudes of the average
rotation during loading and during unloading separately.
Similarly, the magnitude of the maximum rotation after
the load–unload cycle is much greater than that at maxi-
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Fig. 14 Rotations of clumps in Sample 1 a during loading (maxi-
mum rotation = 8.89◦, average rotation = 0.061◦); b during unload-
ing (maximum rotation = 3.15◦, average rotation = 0.033◦) and
c after the complete cycle of loading and unloading (maximum
rotation = 3.31◦, average rotation = 0.062◦)

mum load. This shows that spheres continue to roll in the
same sense even on unloading. However, in Sample 1 the
magnitude of the average particle rotation of the clumps
after the complete cycle of loading and unloading is sim-
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Fig. 15 Total displacements of spheres a at maximum load (max-
imum displacement = 8.25 mm); and b after one cycle of loading
and unloading (maximum displacement = 11.79 mm)

ilar to that at maximum load, and it can be seen that the
maximum rotation after the load–unload cycle is much
less than that maximum load. This indicates that for the
clumps, some particles must have rolled in the oppo-
site sense by a significant amount on unloading. Thus
the influence of three-dimensional particle shape can
be seen in providing interlock and thus reduced parti-
cle rotation. The multiple contacts between clumps give
increased rolling resistance.

Figures 15 and 16 show the particle displacement vec-
tors for the spheres and Sample 1 drawn at the same
scale. Since the particle displacements for Sample 1 are
so small, this scale has been magnified by a factor of 80
and reproduced in Fig. 17a and b. It can be noted that the
displacements of the spheres on both sides of the sleeper
are larger than those below the sleeper and the displace-
ments are generally upwards. Comparing Fig. 15a and b,
it can be noted that the spheres on both sides of the
sleeper continue to move upwards on unloading. For
the clumps, the behaviour is very different: the average
particle displacement is greatest directly beneath the
sleeper and is downwards. Comparing Fig. 17a and b, it
can be seen that the clumps below the sleeper must have
moved upwards during unloading. The displacements of
Sample 1 seem closer to the response of ballast particles
in the box test [10].

Fig. 16 Total displacements for clumps in Sample 1 a at maximum
load (maximum displacement = 2.34 mm) and b after one cycle of
loading and unloading (maximum displacement = 2.32 mm)

Fig. 17 Displacement vectors of a Fig. 16a and b Fig. 16b
magnified by a factor of 80

Figure 18 shows the response of the spheres (Test A)
and Sample 1 in Fig. 9, Table 2 (Test B) to a single cycle of
load (sinusoidal, at frequency 3 Hz and maximum load
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Fig. 18 Cyclic response for
spheres (Test A) and Sample 1
(Test B)

of 40 kN). It can be seen that the clumps show a more
realistic load-deformation response than the spheres,
comparing with available data for the cyclic loading of
granular materials [12], in which it is usually observed
that axial strain does not continue to increase beyond
maximum load, but rather reduces in a resilient man-
ner on unloading. The difference in the response of the
spheres and Sample 1 can be attributed to the interlock-
ing provided by the three-dimensional clumps, which
affects the rolling resistance and particle displacements,
as shown in Figs. 13, 14, 15, 16 and 17. This is consistent
with 3D simulations using PFC by Suiker and Fleck [13]
in which they showed that restricting particle rotation
may substantially increase the overall frictional resis-
tance of the spheres. The use of clumps generated using
the simple procedure described above therefore looks
to be a promising tool for generating more realistic bal-
last particle shapes and consequently a more realistic
load-deformation response.

4 Conclusions

The discrete element method has been used to simu-
late particles of railway ballast. A simple procedure has
been developed which permits the generation of clumps
of spheres to simulate ballast in a realistic way. Simple
parameters have been shown to allow control over the
sphericity, angularity and surface roughness, and exam-
ples of various clumps generated at random using the
procedure have been described. Aggregates of clumps
have been generated in a box and the stresses induced
by self-weight are found to become more homogeneous
with increasing angularity of the clump, in agreement
with available data. The interlocking provided by the
three-dimensional clumps gives much reduced particle
rotations and displacements. For the spheres, deforma-

tion is concentrated at the corners and sides of the
sleeper where particles flow upwards, even on unloading.
For the clumps, however, deformation is concentrated
directly under the sleeper where particles move down-
wards on loading, and then upwards by a smaller amount
on unloading, giving a hysteretic load-deformation re-
sponse of the clumps which is found to resemble more
closely the response of real ballast. Because the mass
of a clump is the sum of the individual masses of the
constituent balls, the density has been scaled to achieve
clumps of the correct mass. However, such clumps will
have non-uniform density. Future work will adopt the
described procedure for the generation of clumps of
a desired shape, but with uniform density within the
clump, in addition to studying the response of an assem-
bly of clumps subjected to many cycles of load.
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