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Abstract The effect of transverse isotropy on shear localiza-
tion in cohesionless granular materials is numerically investi-
gated upon monotonous plane strain deformation paths using
a hypoplastic constitutive model enhanced by micro-polar
terms. In this model, a so-called density function is refor-
mulated and made anisotropic. Dense sand specimens under
constant lateral pressure are numerically tested for uniform
and stochastic distributions of the initial void ratio and for
two different mean grain diameters.

Keywords Anisotropy · Bedding plane · Granular material ·
Hypoplasticity · Micro-polar theory · Shear zone

1 Introduction

This paper presents several numerical calculations of plane
strain compression tests on sand using a hypoplastic constit-
utive model within a micro-polar (Cosserat) continuum and
a novel anisotropic formulation of the dilatancy. It is demon-
strated that the anisotropic dilatancy is an important extension
which should be considered in numerical simulations of the
behaviour of granular materials.

1.1 Anisotropy of the dilatant behaviour

Hypoplastic models for soils [1–8] are inherently isotropic
in the sense that material constants do not depend on the
choice of the coordinate system. No directions are initially

distinguished. The rate of stress
o
σi j = Ei jkldkl is an incre-

mentally nonlinear function of the rate of deformation di j
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because Ei jkdepends on di j. too. Due to the dependence of
the tangential stiffness Ei jkl = Ei jkl (σi j , dkl ) on the current
stress tensor σi j (and not just on the pressure p = −σi i /3),
the incremental relation is orthotropic with the characteristic
directions given by the principal axes of σi j . However, some
granular materials show also an initial anisotropy because
the stress–strain response depends on the orientation of the
major principal stress direction with respect to the bedding
plane [9–15]. The initial anisotropy can be observed mainly
in the small-strain stiffness and in the dilatancy (defined as
d = dii /

√
dkldkl during an isobaric shearing, i.e. at a con-

stant pressure p for a given deviatoric stress rate
o
σ

∗
i j , see

notation at the end of the paper). The anisotropy of elastic
properties at small strains (e.g. <10−4) are important for set-
tlement predictions [16]. The anisotropy of dilatant behav-
iour influences the shear resistance under drained [15] or
undrained conditions [17]. The drained strength is under-
stood as the peak value of the stress ratio (q/p)max whereas
the undrained strength, qmax1 = 2cu (Fig. 1), is understood
as an ability to sustain shear stress applied at a constant vol-
ume. The undrained behaviour of a granular material under
shear deformation is quite important in geotechnical engi-
neering but its constitutive description and physical explana-
tion thereof are not straightforward. The essential phenom-
enon for the assessment of the soil strength qmax1 during
an undrained shearing is the generation of the excess pore
water pressure. The dilatancy/contractancy known from iso-
baric shearing and the pore pressure generation during is-
ochoric shearing are in fact different manifestations of the
shear-volumetric coupling. The hypoplastic model used in
this paper considers the dilatancy also for stress states below
the Coulomb yield surface (contrarily to the classical elasto-
plastic models). Its predictions of dilatancy are similar to the
ones by Rowe [18]. The dilatancy in sand depends strongly
on the history of deformation (so-called historiotropy, [19])
which is present in the arrangement of grains and grain con-
tacts [20]. Two experimental observations seem to speak for
implementation of the anisotropy to the dilatant behaviour of
the hypoplastic constitutive model:
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Fig. 1 Isochoric triaxial compression of saturated medium dense and
loose sand

(a) During isochoric triaxial compression tests, the character-
istic values qmax1, qmin and qmax2 (Fig. 1) of the
strain-stress curve are much larger than the respective
characteristic stresses during the isochoric triaxial exten-
sion tests, despite identical initial stresses and void ratios.
This effect may be partly attributed to the influence of the
third stress invariant and partly to the anisotropic arrange-
ment of grains during the preparation of samples. Our
micro-polar (Cosserat) hypoplasticity has been imple-
mented for plane strain only so we defer the discussion of
the third stress invariant until the implementation of the
Cosserat hypoplastic model is fully three-dimensional.,

(b) Undrained shearing of samples with a larger inclination
(ψ = 90◦ − δ, Fig. 2) of the major principal stress to
the normal of the bedding plane leads to significantly
larger excess pore pressures [15]. The values of the char-
acteristic stresses qmax1, qmin and qmax2 become lower.
Similarly in drained tests, the peak strength of (q/p)max
decreases with increasing inclination ψ .

An attempt to explain the anisotropic dependence qmax2(ψ)
in the framework of constitutive modelling (assuming that
they appear in perfectly homogeneous samples) necessitates
an odd assumption that the critical state is anisotropic. A crit-
ical state (a residual combination of stress invariants p,q and
θ and void ratio e, [21]) that enables an unconfined plastic
flow di j �= 0 keeping all state variables p,q,θ and e constant
is unlikely to be anisotropic. A unique (or isotropic) critical
state line q (p, θ , e) is more sensible. A micro-mechanical
argument for this uniqueness (or isotropy) is that large shear
deformations (e.g. within the shear zone) should completely
erase any inherent anisotropy because the initial orientations
of grains and their contact normals are completely destroyed.
Note that the critical void ratio should be understood locally
(for example within a shear zone) and not globally (averaged

Fig. 2 Method used to prepare a granular specimen [48]

over the volume of a conventional sample), [22]. We argue
that the differences in strain localization are responsible for
apparent differences in material behaviour observed in aver-
age. Actually the anisotropy is erased and the critical state is
established only within shear zones.

The present modification of the hypoplastic model will
describe these effects phenomenologically using an aniso-
tropic density function fd . Here, we deal with the anisotropy
of dilatancy in granular materials under drained conditions
only. On one hand, this anisotropy can be treated as an inher-
ent property (in section 4, we quantify it) because it is pre-
scribed in the process of sedimentation or pluviation which
we do not examine here. On the other hand, however, this
anisotropy dwindles if large shear deformations are applied.
In a well developed shear zone the information about the
direction of sedimentation is erased. Since a decay of the
initial anisotropy due to the shear deformation (in section 4,
we propose an evolution equation for this decay) is the only
possible evolution described by our model we may speak of
a “strain-reduced” rather than strain-induced anisotropy.

1.2 Constitutive modelling

In continuum approach to granulate mechanics, numerous
elasto-plastic [23–25] and hypoplastic models [1–6,26–28]
have been developed. In order to describe properly the shear
zone formation (thickness, inclination and spacing), these
approaches have to be enriched by a characteristic length
of microstructure by means of a micro-polar [7,8,29–33],
non-local [7,8,34,35], second-gradient theory [7,8,36–38]
and viscosity [39,40]. Due to the presence of a character-
istic length of micro-structure (connected to a mean grain
diameter), these approaches regularize the solution, i.e. they
preserve the well-posedness of the boundary value prob-
lem (BVP) especially during softening and localization [41].
Objective and properly convergent numerical solutions for
localized deformation (mesh-insensitive load-displacement
diagram and mesh-insensitive deformation pattern) are
achieved. The solutions are independent of discretization pro-
vided the elements are sufficiently small (of size of several
grain diameters). Other numerical technique which also en-
ables to remedy the drawbacks of a standard FE-method and
to obtain mesh-independent results during the description of
the formation of shear zones is a strong discontinuity ap-
proach allowing a finite element with a displacement discon-
tinuity [42,43].

As already mentioned, the averaged change of volume
and the averaged residual state may be strongly influenced by
strain localization [18,44] in a granular specimen. Therefore,
a Cosserat continuum is of importance in this study. Using the
micro-polar (Cosserat) continuum, an apparent anisotropy of
the residual state (of averaged quantities) can be explained
preserving the concept of the isotropic (or unique) critical
state in the framework of the material model. Apart from
the isochoric values qmax1 and qmax2, the anisotropic dilat-
ancy influences the drained (isobaric) stress-strain behaviour
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[45–50]. The stiffness and the peak friction angle are higher
for less inclined loading and the angle of the shear zone with
respect to the bottom becomes larger [48]. For large mono-
tonic shearing, the residual stress is not affected by the initial
anisotropy [48,50].

In hypoplasticity, two descriptions of the inherent anisot-
ropy have been proposed. The first one was suggested by
Bauer et al. [51] and it is based on an earlier work by Wu
[52]. Bauer et al. [51] have introduced an additional struc-
ture tensor which takes into account the space orientation of
the bedding plane. Their concept follows actually the idea of
Boehler and Sawczuk [9] proposed for elasto-plasticity. The
structural term affects only the nonlinear part of the hypoplas-
tic equation and vanishes at the critical state. Such tensorial
expression modifies the yield surface, increasing (q/p)max
for the major principal stress perpendicular to the bedding
plane. It also renders the flow rule more dilatant (d becomes
larger), although it is not clear in what extend this effect is
due to the modified flow rule and what is the contribution
of the increased value of (q/p)max (for higher stress ratios
the all hypoplastic models predict larger d). Examples in [51]
refer only to compression tests of dense sand. For dense sands
qmax1 and qmin do not exist because the curve q(ε) monot-
onously increases. Actually, the anisotropy of dilatancy in
medium dense and loose sand is much more important. The
anisotropic model in [51] introduces 3 additional material
parameters (without a clear physical meaning) but only two
of them are tested. This model is unable to describe an anisot-
ropy if the initial void ratio of granulates is equal to the critical
void ratio ec(p).

In the present paper, an alternative implementation of
anisotropy is used. It is based on a simpler idea by Niemunis
[53]. Only a scalar density function fd is made dependent
on the orientation of the major principal stress to the bedding
plane. The tensorial constitutive functions are left unchanged.
Also the critical state defined by functions e(p) and q(p, θ)
remain isotropic. The anisotropy of fd may be erased by
shear deformation, although a substantial strain path length
is required. The description of the anisotropy and its evolution
are presented in detail in section 4. Similarly as in the model
by Bauer et al. [51], the strength (q/p)max and the dilatancy
become larger if the inclination (ψ = 90◦ − δ, Fig. 2) of
the major principal stress to the normal of the bedding plane
becomes smaller. No additional modifications of the flow rule
are postulated. Similarly as in [51], the anisotropy affects
the peak strength but not the critical state line (CSL) which
remains unique and isotropic. Apart from being simpler, the
formulation in [53] works for all densities. Both approaches
[51] and [53] perform rather poorly upon unloading [15] so
one may consider to include the direction of stretching in the
density factor in future.

As already mentioned in section 1.1, the measurements of
dilatancy may be blurred by the omnipresent shear localiza-
tion. Therefore, a spontaneous shear zone formation in sand
during plane strain compression under constant lateral pres-
sure will be numerically investigated with the finite element
method and a micro-polar hypoplastic constitutive model [9,

33] which is able to describe the essential properties of gran-
ular bodies during shear localization in a wide range of pres-
sures and densities during monotonous deformation paths. In
the FE-analyses, a uniform and stochastic distribution of the
initial void ratio was assumed. The height of a finite element
was not larger than five times mean grain diameter to properly
capture shear localization [7,8,31]. The effect of transverse
isotropy on shear localization in cohesionless granular mate-
rials during plane strain compression has not been numeri-
cally investigated within enhanced hypoplasticity yet.

2 Experiments by Tatsuoka et al. [48]

Comprehensive laboratory experiments on the effect of textu-
rial anisotropy (fabric) were performed for plane strain com-
pression by Tatsuoka et al. [48]. The tests were carried out
mainly with Silver Leighton Buzzard sand composed of sub-
round grains (mean grain diameter d50 = 0.62 mm, non-
conformity coefficient Uc = 1.11). The specimen was 20 cm
long and 8 cm wide. The confining platens were very smooth.
Dense specimens were prepared. Several different angles δ
were employed between the pouring direction and the direc-
tion of the major principal stress (Fig. 2). The specimen was
wetted, frozen, thawed and re-dried. Figure 3 presents the
relationships among the stress ratio σ1/σ3, the average shear
strain γ = ε1 − ε3 and the average volumetric strain εv =
ε1+ε3 for different angles of δ between 90◦ and 0◦ at σ3 =
80 kPa (for dense SLB sand with e0 = 0.555–0.563).

The peak internal friction angle calculated by the Mohr’s
formula with the aid of principle stresses increases with

Fig. 3 Relationships among the stress ratio σ1/σ3, the average shear
strain γ = ε1 − ε3 and the average volumetric strain εv = ε1 + ε3
for different angles of δ between 90 and 0 degrees at σ3 = 80 kPa [48]
(ψ = 90◦ − δ)
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Fig. 4 Relationship between void ratios ei , ec and ed and mean pressure ps in a semi-logarithmic (a) and linear (b) scale (gray zones denote
inadmissible states)

decreasing angle ψ = 90◦ − δ, and is: φp = 39.6◦ (ψ =
90◦), φp = 40.0◦ (ψ = 65◦), φp = 42.0◦ (ψ = 45◦),
φp = 43.9◦ (ψ = 25◦) andφp = 45.1◦ (ψ = 0◦), respec-
tively. Thus, the peak friction angle can decrease by about
10% with decreasingψ . The peak internal friction angle was
reached for the shear strain γ = 6–10% (which decreased as
ψ increased, in particular forψ > 45◦). The residual internal
friction angle was about 24◦–25.5◦. The average volumetric
strain was the largest for ψ = 0◦, and later for ψ = 45◦,
ψ = 60◦, ψ = 90◦, and ψ = 65◦, respectively (Fig. 3).

3 Isotropic micro-polar hypoplastic model for plane
strain

The hypoplastic constitutive models [1–8] can predict the
onset of shear localization. However, they cannot describe
realistically shear localization in a post-peak regime since
they do not incorporate a characteristic length of microstruc-
ture. In this paper, a micro-polar theory was taken advan-
tage of to introduce a characteristic length [8]. A micro-polar
model has good physical grounds since it takes into account
Cosserat rotations (resultant grain rotations from a certain
region of the granular specimen) and couple stresses which
are significant during shearing [54,55]. Its other advanta-
ges are: the characteristic length is directly related to the
mean grain diameter [7,8] and realistic wall boundary con-
ditions at the interface of granulate with a structure (with
consideration of the wall roughness) can be derived [56]. Pas-
ternak and Mühlhaus [57] have demonstrated that the addi-
tional rotational degree of freedom of a Cosserat continuum
arises naturally by mathematical homogenization of an orig-
inally discrete system of spherical grains with contact forces
and contact moments. The Cosserat model is only suitable
for shear dominated problems but not for tension dominated
applications [40,41].

The present micro-polar hypoplastic constitutive law has
been formulated by extending a hypoplastic model by Gude-
hus [3] and Bauer [4] by means of a micro-polar continuum
[29] which takes into account two linked kinds of deforma-
tion: micro-rotation at the particle scale and macro-deforma-

tion at the structural scale. Each material point has for the case
of plane strain three degrees of freedom: two translations ui
and one independent rotation ωc (Fig. 5a). Deformation is
described by the following six quantities:

ε11 = u1,1, ε22 = u2,2, (1)

ε12 = u1,2 + ωc, ε12 = u1,2 + ωc, (2)

κ1 = ωc
,1, κ1 = ωc

,1 (3)

Fig. 5 Plane strain Cosserat continuum: a degrees of freedom ( u1 hor-
izontal displacement, u2 vertical displacement, ωc Cosserat rotation),
b stresses σi j and couple stresses mi at an element
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Force and moment equilibrium (Fig. 5b) require (static
case) that

σ11,1 + σ12,2 − f B
1 = 0, (4)

σ21,1 + σ22,2 − f B
2 = 0, (5)

m1,1 + m2,2 + σ21 − σ12 − m B = 0, (6)

where f B
i and m B are the volume body forces and volume

body moment, respectively. Eqs. 4–6 are equivalent to the
virtual work principle
∫

B

(σi jδεi j + miδκi )dV =
∫

B

( f B
i δui + m Bδωc)dV

+
∫

∂1 B

tiδui dA +
∫

∂1 B

mδωcdA,

(7)

wherein ti = σi j n j and m = mi ni , and ti and m are pre-
scribed boundary tractions and moment on the boundary ∂1 B
with the normal vector ni . δεi j and δκi denote virtual strains
and curvatures, respectively, δui are virtual displacements,
δωc is the virtual Cosserat rotation, A is the surface and V
denotes the volume. Virtual displacements and Cosserat rota-
tion vanish on those parts of the boundary where kinematic
boundary conditions are prescribed. The virtual work prin-
ciple (equation 7) is used to formulate the FE-equations of
motion in a micro-polar continuum [29].

The polar extension of the hypoplastic constitutive law
[3,4] has been formulated analogously to Mühlhaus’ formu-
lation [29] of plasticity (for details, the reader is referred to
[31]). A micro-polar hypoplastic constitutive law describes
the stress rate and couple stress rate depending on the cur-
rent void ratio e, stress σi j and couple stress mi and rate of
deformation di j and curvatures ki . Due to the incremental
non-linearity with respect to the rate of deformation and cur-
vature, it is able to describe both a non-linear stress-strain
and volumetric behaviour of granular bodies during shearing
up to and after the peak with two single tensorial equations.
It includes also: barotropy (dependence on pressure level),
pycnotropy (dependence on density), dilatancy and contrac-
tancy and a characteristic length of micro-structure. In con-
trast to elasto-plastic models, a decomposition of deformation
and curvatures components into elastic and plastic parts, an
explicit formulation of a yield surface, plastic potential, flow
rule and hardening rule is not needed. The constitutive law
can be summarized for plane strain as follows [8,31]:
o
σ i j = fs[Li j (σ̂kl , m̂k, dc

kl , kkd50)

+ fd Ni j (σ̂i j )

√
dc

kld
c
kl + kkkkd2

50], (8)
o
mi/d50 = fs[Lc

i (σ̂kl , m̂k, dc
kl , kkd50)

+ fd N c
i (m̂i )

√
dc

kld
c
kl + kkkkd2

50], (9)

Li j = a2
1dc

i j + σ̂i j (σ̂kld
c
kl + m̂kkkd50), (10)

Lc
i = a2

1ki d50 + a2
1m̂i (σ̂kld

c
kl + m̂kkkd50), (11)

Ni j = a1(σ̂i j + σ̂
∗
i j ), (12)

N c
i = a2

1acm̂i , (13)

σ̂i j = σi j

σkk
, (14)

m̂i = mi

σkkd50
, (15)

o
σi j = σ̇i j − wikσk j + σikwk j . (16)
o
mi = ṁi − 0.5wikmk + 0.5mkwki , (17)

di j = (vi, j + v j,i )

2
, wi j = (vi, j − v j,i )

2
, (18)

dc
i j = di j + wi j − wc

i j , ki = wc
,i , (19)

wc
kk = 0, wc

21 = −wc
12 = wc, (20)

ė = (1 + e)dkk, (21)

ei = ei0 exp[−(−σkk/hs)
n], (22)

ed = ed0 exp[−(−σkk/hs)
n], (23)

ec = ec0 exp[−(−σkk/hs)
n], (24)

fs = hs

nhi

(
1 + ei

ei

)(ei

e

)β (
−σkk

hs

)1−n

, (25)

hi = 1

c2
1

+ 1

3
−

(
ei0 − ed0

ec0 − ed0

)α 1

c1
√

3
, (26)

fd =
(

e − ed

ec − ed

)α
, (27)

1/a1 = c1 + c2

√
σ̂

∗
kl σ̂

∗
kl [1 + cos(3θ)], (28)

cos(3θ) = −
√

6

[σ̂ ∗
kl σ̂

∗
kl ]1.5

(σ̂
∗
kl σ̂

∗
lm σ̂

∗
mk), (29)

c1 =
√

3

8

(3 − sin φc)

sin φc
, c2 = 3

8

(3 + sin φc)

sin φc
. (30)

The characteristic void ratios ei , ed and ec decrease with
the pressure p = −σkk /3 according to the exponential func-
tions (equations 22,23,24) shown in Fig. 4. The parameter a1
is equal to 0.25–0.33 for the usual critical friction angles of
granulates [31]. The remaining parameters are adopted from
the non-polar version of hypoplasticity. The constitutive rela-
tionship requires the following ten material constants: ei0,
ed0, ec0, φc, hs, β, n, α, ac and d50. An exact calibration pro-
cedure of first 8 constant was given by Herle and Gudehus
[58]. The parameters hs and n are estimated from a single
oedometric compression test with an initially loose speci-
men (hs reflects the slope of the curve in a semi-logarithmic
representation, and n its curvature). The constants α and β
are found from a triaxial or plane strain test with a dense
specimen and trigger the magnitude and position of the peak
friction angle. The angle φc is determined from the angle of
repose or measured in a triaxial test with a loose specimen.
The values of ei0, ed0, ec0 and d50 are obtained with conven-
tional index tests (ec0 ≈ emax, ed0 ≈ emin, ei0 ≈ (1.1–1.5)
emax). A micro-polar parameter ac can be correlated with
the grain roughness with the aid of a numerical analysis for
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Fig. 6 Normal vector s of the bedding plane (a) and its inclination ψ (b) with respect to a fixed co-ordinate system (ψ bedding plane inclination,
υ shear zone inclination against the bottom) (ψ = 90◦ − δ)

shearing of a narrow granular strip between two very rough
boundaries [38]. It can be connected to the parameter a1 (e.g.
ac = 1.0/a1). In this case, the function N c

i = a1m̂i (Eq. 13).

4 Anisotropic formulation of fd

In the basic hypoplastic model, the density factor fd (a func-
tion of void ratio e and pressure p, equations 22,23,24,27) is
supposed to influence the shear resistance at peak. At large
stress ratios q/p, the flow rule may be dilatant (d > 0 for
q̇ > 0) or contractant (d < 0 for q̇ < 0). At smaller stress
ratios q/p, the flow rule is always contractant. Smaller fac-
tors fd allow for the larger stress ratios q/p and this increases
the dilatancy. In the hitherto existing versions of hypoplastic-
ity [3–6], fd was a function of void ratio and pressure alone
(hence it was an isotropic function). Due to the experimental
observations (section 2) showing that the shear resistance at
peak and dilatancy depend also upon the direction of grain
sedimentation, fd is proposed to be an anisotropic function
[53]

fd =
(

e − ed

ec − ed

)α
(31)

with

ec = −
ec0 exp[−(−σkk/hs)

n] (32)

and
−
ec0 = ec0 +�ec0

→
Mi j σ̂

∗
i j (33)

The normalized deviator σ̂
∗
i j = σ

∗
i j/σ kk is multiplied by

the unit dyadic tensor
→
Mi j = Mi j√

Mkl Mkl
, wherein Mi j = si s j , (34)

in which s denotes a unit vector normal to the bedding plane;
s = [− sinψ, cosψ, 0] (Fig. 6). The components Mi j written
in the matrix form are


sin2 ψ − sinψ cosψ 0

− sinψ cosψ cos2 ψ 0
0 0 0



. (35)

Evidently, the novel
−
ec0 takes into account the inclination

of the deviatoric stress to the bedding plane. The parameter
�ec0 describes the anisotropic discrepancy of the critical void
ratio ec0 from the isotropic reference value at p = 0. This
discrepancy is subject to a decay depending on the deforma-
tion as shown in equation (36). Assuming that anisotropic

effects vanish for large deformations [62],
−
ec0 → ec0 (hence

�ec0 → 0), the decay of �ec0 is proposed in a simple form

�ėc0 = −�ec0 B
√

dc
i j d

c
i j + ki ki d2

50 (36)

The initial value of �ec0 at t = 0 and the rate of de-
cay B (the only additional material constant) must be found
by curve fitting until some empirical correlations are estab-
lished (as it was done by Herle and Gudehus [58] for the
remaining hypoplastic material constants). The initial value

of�ec0
→
Mi j σ̂

∗
i j cannot be obviously larger than (ec0 −ed0) or

(ei0 −ec0) for any possible stress. The evolution equation for
�ec0 (equation 36) is objective since dc

i j and ki are objective
[29].

5 FE-calculations

The FE-analyses were carried out with the material constants
for so-called Karlsruhe sand: ei0 = 1.30, ed0 = 0.51, ec0 =
0.82, φc = 30◦, hs = 190 MPa, β = 1, n = 0.40, α = 0.20,
ac = 1.0 × a−1

1 and d50 = 0.5 mm [4]. In turn, the anizo-
tropic constants were assumed to be �ec0(t = 0) = 0.25
and B = 5. The difference between the peak internal fric-
tion angles at ψ = 0◦ and ψ = 90◦ is about 10% (Fig. 7).
The confining pressure was chosen as σcon f = 200 kPa. The
initial void ratio of the dense sand specimen was assumed to
be e0 = 0.60.

Figure 7 shows the results of element tests with a non-
polar hypoplastic model demonstrating the effect of the direc-
tion of the bedding plane on the evolution of the vertical nor-
mal stressσ22 = P/(σcbl) and void ratio e during plane strain
compression in an initially dense specimen. In the element
tests, the vertical normal strain ε22 = u2/h was prescribed.



FE-studies on shear localization in an anistropic micro-polar hypoplastic granular material 211

0

2

4

6

0 0.25 0.50 0.75
0

2

4

6

54

3
2

1

u2/h

P
/(

σ c
bl

)

0.6

0.7

0.8

0 0.25 0.50 0.75

0.6

0.7

0.8

5

4

3

2
1

e

u2/h

Fig. 7 Plane strain compression test (element test): effect of the bedding
plane inclinationψ of Fig. 6 on the normalized load-displacement curve
and void ratio evolution (eo = 0.60, �ec0(t = 0) = 0.25, B = 5): 1
ψ = 0◦, 2 ψ = 30◦, 3 ψ = 45◦, 4 ψ = 60◦, 5 ψ = 90◦

The influence of�ec0(t = 0) on the curve σ–ε in the element
test is presented in Fig. 8.

The larger the bedding angle ψ (Fig. 6) the smaller the
maximum vertical stress in the specimen and void ratio
changes. The residual vertical force is the same indepen-
dently ofψ . However, in contrast with experiments, the strain
corresponding to the maximum vertical force is similar. The
effect of anisotropy increases with increasing �ec0(t = 0).
The larger the parameter�ec0(t = 0), the higher the internal
friction angles at peak and at residual state. The shear stresses
are very small (however, they occur due to anisotropy). In
contrast to laboratory tests, the shear strain corresponding to
the peak internal friction angle does not change with bedding
angle. The peak overall internal friction angle calculated with
the aid of averaged principle stresses σ1 = P/(bl) (vertical
dead load) and σ2 = σconf (following lateral load)

φm = arcsin
σ1 − σ2

σ1 + σ2
(37)

changes between 37.7 (for ψ = 90◦) and 42.4◦ (for ψ =
0◦). The residual friction angle is about 34.7◦. The critical
void ratio lies between 0.65 (for ψ = 90◦) and 0.73 (for
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Fig. 8 Plane strain compression test (element test): effect of the bed-
ding plane inclinationψ of Fig. 6 on the normalized load-displacement
curve (eo = 0.60,�ec0(t = 0) = 0.40, B = 5): 1 ψ = 0◦, 2 ψ = 45◦,
3 ψ = 90◦

ψ = 0◦). A large vertical normal strain is needed to approach
a residual state (u2/h = 0.75%).

FE-calculations of plane strain compression tests were
performed with a sand specimen which was h = 14 cm high
and b = 4 cm wide [8] (similarly as in the experiments by
Vardoulakis [59] with Karlsruhe sand). In total, 896 quadri-
lateral elements (0.25 × 0.25 cm2) divided into 3,584 trian-
gular elements were used to avoid volumetric locking. The
integration was performed with one sampling point placed in
the middle of each element.

A static deformation in sand was imposed through a con-
stant vertical displacement increment�u prescribed at nodes
along the upper edge of the specimen. The boundary condi-
tions of the sand specimen implied no shear stress at the
smooth top and smooth bottom. To preserve the stability of
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Fig. 9 Effect of the bedding plane inclination ψ of Fig. 6 on the nor-
malized load-displacement curve (stochastic distribution of eo = 0.60,
d50 = 0.5 mm, �ec0(t = 0) = 0.25, B = 5): 1 ψ = 0◦, 2 ψ = 45◦, 3
ψ = 90◦
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Fig. 10 Deformed specimen with the distribution of void ratio e (A) and strain measure
−
ε = √

εi jεi j (B) at residual state (stochastic distribution
of e0 = 0.60, d50 = 0.5 mm, �ec0(t = 0) = 0.25, B = 5): a ψ = 0◦, b ψ = 45◦, c ψ = 90◦
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Fig. 10 (Contd.)

the specimen against horizontal sliding along the top
boundary, the node in the middle of the top edge was kept
fixed. The vertical displacement increments were chosen as
�u/h = 0.00005 (8,000 steps were performed).

In spite of the presence of anisotropy, the same initial
stress state was assumed for the different bedding angles ψ .
σ22 = γd x2 and σ11 = σ33 = Koγd x2, σ12 = σ21 = 0,
m1 = m2 = 0 (Ko = 0.45 [4]). Next, the confining pressure
of σconf =200 kPa was prescribed to the specimen. The ini-
tial calculations indicated an insignificant effect of the initial
stress state on FE-results.

The calculations were carried out with an uniform ini-
tial void ratio or with a spatially uncorrelated stochastic dis-
tribution following [60,61]. In the latter case, the spatially
fluctuating initial void ratio eo was calculated for individual
finite elements (or Gauss integration points) from the formula
given by

eo = −1

λ
ln[(1 − r) exp(−λem)+ r exp(−λeM )], (38)

wherein the parameters are: λ = 1.0 (for a mean void ratio
e0 = 0.60), em = 0.001 and eM = 1.641 [61]. The random
number r is chosen between 0 and 1. Equation (36) has been
derived analogously to the partition function of statistical
mechanics, however imposing bounds em and eM upon the
size of the individual Voronoi cells. The deviation of the
distribution of void ratio increases with decreasing number
of voids (grains) in a volume element and decreasing mean
global void ratio of the specimen. Since the area of each finite
element was 5 d50×5d50, the initial void ratio in each element

was assumed as the mean value of 25 random values calcu-
lated by Equation (36) (i.e. as if the thickness of the model
was d50).

For the solution of a non-linear system, a modified New-
ton–Raphson scheme with line search was used with a global
stiffness matrix calculated with only first terms of the con-
stitutive equations (equations 5 and 6). The stiffness matrix
was updated every 100 steps. To accelerate the calculations
in the softening regime, the initial increments of displace-
ments and Cosserat rotations in each calculation step were
assumed to be equal to the final increments in the previous
step. The procedure was found to yield a sufficiently accu-
rate and fast convergence. The magnitude of the maximum
out-of-balance force at the end of each calculation step (in
the softening regime) smaller than 2% of the calculated total
vertical force along the top of the granular specimen was con-
sidered negligible and stopped the equilibrium iteration. Due
to the presence of non-linear terms taking into the direction
of the deformation rate and material softening, this proce-
dure turned out to be more efficient than the full Newton–
Raphson method. The iteration steps were performed using
translational and rotational convergence criteria. For the time
integration of stresses in finite elements, a one-step Euler for-
ward scheme was applied.

The calculations were carried out only with large defor-
mations and curvatures using the so-called “Updated Lagrang-
ian” formulation due to their effect on the results [8]. In the
calculations, the actual configuration and volume of finite
elements was taken into account.
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5.1 Stochastic distribution of the initial void ratio

The FE-results for different bedding plane orientationsψ (0◦,
45◦ and 90◦) with a stochastic distribution of the initial void
ratio with the mean value equal to 0.60 are depicted in Figs. 9,
10, 11. The normalized load-displacement curves are shown
in Fig. 9. In turn, Fig. 10 shows the deformed FE-meshes
with the distribution of the void ratio e and strain measure
assumed as

−
ε = √

εi jεi j (equations 1 and 2) at residual state
(u2/h = 0.10). The deformed FE-meshes with the distri-
bution of the strain measure before and after the peak are
depicted in Fig. 12. The darker the region, the higher e and
−
ε . The entire range of the void ratio e and strain measure

−
ε

was divided into 20 different shades of grey.
The maximum and residual vertical force on the top is the

largest (similarly as in experiments, Fig. 3) for the bedding
angle of ψ = 0◦ and the smallest for ψ = 90◦ (Fig. 10).
The peak friction angles vary between 42.9◦ (ψ = 0◦) and
39.0◦ (ψ = 90◦), respectively. The residual internal friction
angles, 31.5–31.7◦, are similar. The results are qualitatively
in agreement with DEM simulations [21]. The shear strain

Fig. 11 FE-mesh with distribution of strain measure
−
ε = √

εi jεi j at
different vertical deformations: a u2/h=0.027, b u2/h=0.036 (stochastic
distribution of e0 = 0.60, d50 = 0.5 mm, �ec0(t = 0) = 0.25, B = 5,
θ = 45◦)

0

2

4

6

0 0.05 0.10 0.15
0

2

4

6

3

2
1

u2/h

P
/(

σ c
bl

)

Fig. 12 Effect of the bedding plane inclination θ of Fig. 6 on the nor-
malized load-displacement curve (uniform distribution of e0 = 0.60,
d50 = 0.5 mm, �ec0(t = 0) = 0.25, B = 5): 1 ψ = 0◦, 2 ψ = 45◦, 3
ψ = 90◦

corresponding to the peak is the largest for ψ = 0◦ and the
smallest for ψ = 45◦.

One shear zone occurs inside of the specimen which
crosses the specimen and whose location is induced by a sto-
chastic distribution of the initial void ratio. The thickness on
the basis of shear deformation and strain measure

−
ε (Fig. 10b)

increases from about ts = 7.5 mm (15 × d50) for ψ = 0◦ up
to ts = 9.5 mm (19 × d50) forψ = 90◦, respectively. Due
to the lack of the experimental data, this outcome cannot be
compared with experiments. In turn, the inclination against
the bottom decreases from about ν = 54◦ (ψ = 0◦) down
to ν = 50◦ (ψ = 90◦). In the experiments [49], a more sig-
nificant decrease of the shear zone inclination was however
observed (from 55◦ for ψ = 0◦ down to 45◦ for ψ = 90◦).
The void ratio in the middle of the shear zone (Fig. 10a)
approaches the pressure-dependent critical void ratio 0.76–
0.80 (equation 24).The maximum strain measure in the shear
zone changes between 2.01 (ψ = 90◦) and 2.24(ψ = 0◦)
at u2/h = 0.10 (Fig. 10b). Both the shear zone thickness
and the inclination change due to the varying peak internal
friction angle and dilatancy angle (which both influence the
shear zone inclination), and the varying stiffness in the soft-
ening regime (which influences the shear zone thickness). A
comparison with the experimental results by Tatsuoka [48]
(performed with a different specimen size and granular mate-
rial) shows a satisfactory qualitative agreement with respect
to the magnitude of the mobilized internal friction angle at
peak and at residual state. However, the calculated vertical
strain corresponding to the peak on the load-displacement
curve does not change with the bedding plane orientation
(Fig. 2).

During initial deformation, a pattern of shear zones can
be first observed (Fig. 11). Next, strain localization contin-
ues to localize within a single zone which becomes visible at
u2/h = 0.036.
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Fig. 13 Deformed specimen with the distribution of strain measure
−
ε = √

εi jεi j at residual state (uniform distribution of e0 = 0.60, d50 = 0.5 mm,
�ec0(t = 0) = 0.25, B = 5): a ψ = 0◦, b ψ = 45◦, c ψ = 90◦
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5.2 Uniform distribution of the initial void ratio

The normalized load-displacement curves for different bed-
ding plane orientations θ with the initial uniform void ratio of
eo = 0.60 are shown in Fig. 12. No weak element was intro-
duced to trigger shear localization. The deformed FE-mesh

with the distribution of the strain measure
−
ε before and after

the peak, and at residual state is demonstrated in Figs. 13 and
14, respectively.

The vertical force on the top edge increases with decreas-
ing bedding angle. All forces reach the same residual state.
The shear strain corresponding to the maximum vertical force
on the top is also similar. The peak internal friction angles lie
between 38.1 and 42.2◦ (Fig. 13) and are slightly smaller than
those calculated with a stochastic distribution of the initial
void ratio (Fig. 9).

One shear zone occurs inside of the specimen although an
uniform initial void ratio was assumed (Fig. 14). Its position
is always the same in the specimen. The shear zone thick-
ness slightly increases with increasing angle θ ; from about
ts = 8.5 mm (17×d50) forψ = 0◦, ts = 9.2 mm (18.4×d50)
for ψ = 45◦ up to ts = 9.8 mm (19.6 × d50) for ψ = 90◦.
In turn, the inclination against the bottom is about ν = 53◦
(for ψ = 0◦), ν = 51◦ (for ψ = 45◦) and ν = 47◦ (for
ψ = 90◦). Thus, the changes of the shear zone inclination
are in agreement with tests [49].

Fig. 14 Deformed specimen with distribution of strain measure
−
ε =√

εi jεi j at different vertical deformations: a u2/h = 0.045, b
u2/h = 0.054 (uniform distribution of e0 = 0.60, d50 = 0.5 mm,
�ec0(t = 0) = 0.25, B = 5, θ = 45◦)

The formation of shear localization is completely differ-
ent in the initial phase (Fig. 14) as compared to the results
with a stochastic distribution of the initial void ratio (Fig. 11).
The shear localization initially develops simultaneously at the
left low corner and at the right top corner. Next, an inclined
shear zones occurs in the mid-region combining two regions
which develops further reaching its final position.
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Fig. 15 Effect of the bedding plane inclination ψ of Fig. 6 on the nor-
malized load-displacement curve (d50 = 2 mm, eo = 0.60, �ec0(t =
0) = 0.25, B = 5): 1 uniform distribution of eo, ψ = 0◦, 2 uniform
distribution of eo, ψ = 90◦, 3 stochastic distribution of eo, ψ = 0◦, 4
stochastic distribution of eo, ψ = 90◦

Fig. 16 Deformed specimen with the distribution of strain measure
−
ε = √

εi jεi j at residual state for uniform distribution of eo = 0.60
(d50 = 2.0 mm, �ec0(t = 0) = 0.25, B = 5): a ψ = 0◦ (ts =
8.5 × d50, ν = 48◦), b ψ = 90◦ (ts = 10 × d50, ν = 46◦)
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Fig. 17 Micromechanical 2-D interpretation of the dilatancy as a function of the average shape of deformable Voronoi cells in dense granulate
for plane strain [62] : Voronoi cells consisting of three grains are considered rigid so only cells of four (or more) are of interest. A vertical
compression (along x1) causes that at first the flat cells collapse (point A). On continuing deformation (point B), due to the lack of flat cells also
some square cells or high cells are being squeezed. This is happening at the expense of larger dilatancy and allows for higher stress ratios. The
dilatancy resulting from the hodograph (velocity diagram for particles 1–4) depends on the angle χ of the contact normals. The zero average
velocity of grains 1, 2, 3 and 4 is assumed. The inherent anisotropy expresses the dominant orientation of the flat cells

The effect of a larger characteristic length, d50 = 2.0 mm,
on the shear zone formation is demonstrated in Figs. 15 and 16
using a stochastic and uniform distribution of e0 = 0.60. The
shear zone thickness is about 17 mm (8.5 × d50) for ψ = 0◦
and 20 mm (10 × d50) for ψ = 90◦ with the uniform dis-
tribution of e0. The internal friction angles at peak are larger
(stochastic distribution of e0) and similar (uniform distribu-
tion of e0) with the larger d50 as in the case of d50 = 0.5 mm.
The material becomes more ductile after the peak [8].

6 Conclusions and discussion

The following conclusions can be derived from of FE-
calculations of plane strain compression with a hypoplastic
constitutive model enhanced by micro-polar terms to capture
shear localization and by two additional parameters�ec0 and
B to describe textural anisotropy:

• The larger the bedding plane inclinationψ , the smaller the
peak internal friction angle, Figs. 9 and 12 (similarly as
in the experiments, Fig. 3). The physical interpretation of
this effect is that the distribution of the grain contact nor-
mals has a preference towards the direction of sedimen-
tation. Therefore the axial deformation in the direction of
sedimentation causes additional dilatancy (implemented
in the model via�ec0). This becomes clear from Fig. 17.

• The anisotropic effect vanishes at residual state Figs. 9
and 15 (similarly as in the experiments, Fig. 3). At large
deformation anisotropy is erased because the position of
grains and the shape of the Voronoi cells are significantly
changed compared to the state directly after sedimenta-
tion (or pluviation).

• The shear zone thickness slightly increases with increas-
ing bedding plane inclination ψ , Fig. 10. More detailed

laboratory tests would be necessary to confirm this numer-
ical finding.

• The shear zone inclination decreases (by about 5–10◦)
with increasing bedding plane inclination ψ (similarly
as in the experiments [49]). It is caused by a decrease
of the internal friction at peak and dilatancy angle with
increasing ψ .

• In the case of the uniform distribution of the initial void
ratio (without any imperfection), only a single shear zone
occurs inside of the specimen (due to the lack of material
re-hardening).

• The peak internal friction angles are larger when using
the stochastic distribution of the initial void ratio (Fig. 9)
as compared to the uniform distribution (Fig. 12). This
effect is also observed in the case of spatially correlated
fields of the void ratio [66]. It is caused by the fact that
shear localization meets (on its straight propagation way
through the specimen) intrusions in the form of elements
with a different void ratio. Thus, the material shear resis-
tance can be larger. Obviously, the weakest link principle
does not apply here. The fact that the spatial fluctuation of
the void ratio makes the material stronger indicates that
the shear zone does not appear immediately throughout
the whole specimen (in which case the weakest cross-
section would be chosen) but that at the early stage of
deformation, initially several shear zones propagate in the
longitudinal starting from the weakest elements (Fig. 11).

7 Outlook

The FE-calculations will be continued for the 3D case and
for water saturated fine-grained sand. A spatially correlated
stochastic distribution of the initial void ratio will be devel-
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oped according to [64,65]. The calculated void ratio changes
will be checked with experiments using the Particle Image
Velocimetry (PIV) technique [66].

8 Notation

Both matrix-vector and indexed tensorial notations are used.
For summation of vector and matrix components, the Ein-
stein’s rule is applied. A superposed circle indicates objec-
tive time derivation and a superposed dot indicates material
time derivation of a particular quantity. Compressive stress
and shortening strain are taken as negative.

A surface,
a1 parameter representing the deviatoric part of the

normalized stress in the critical state,
ac micro-polar constant,
b specimen width,
B material constant,
cu undrained cohesion,
C material constant,
d dilatancy,
dkl rate of deformation tensor (stretching tensor),
d∗

kl deviatoric part of dkl ,
dc

i j polar rate of deformation tensor,
d50 mean grain diameter,
D modulus of deformation rate,
eo initial void ratio,
ec critical void ratio,
ed void ratio at maximum densification,
ei maximum void ratio,
ec0 value of ec for σkk=0,
ed0 value of ed for σkk=0,
ei0 value of ei for σkk=0,
e current void ratio,
Ei jkl tangential stiffness,
fd density factor,
fs stiffness factor,
f B
i volume body forces,

h initial height of the sand body,
hs granular hardness,
ki rate of curvature vector,
Ko pressure coefficient at rest,
l specimen length in the direction perpendicular

to the deformation plane,
mi Cauchy couple stress vector,
o
mi Jaumann couple stress rate vector

(objective couple stress rate vector),
m1 horizontal couple stress,
m2 vertical couple stress,
m B volume body moment,
n compression coefficient,
p Roscoe stress invariant (p = 1/3(σ1 + 2σ2)),
ps mean pressure,
P resultant vertical force,
q Roscoe stress invariant (q = σ1σ2),

r random number,
si components of normal unit vector of

the bedding plane,
t time,
ts shear zone thickness,
u2 vertical displacement of the top boundary,
wi j spin tensor,
wc rate of Cosserat rotation,
v material velocity,
V volume
x2 vertical coordinate measured from the

top of the specimen,
α pycnotropy coefficient,
β stiffness coefficient,
δ angle of the direction of the major principal

stress relative to the bedding plane direction,
γd initial volume weight,
γ shear strain,
φc critical angle of internal friction

during stationary flow,
φm mobilized angle of internal friction,
−
ε strain measure (

−
ε = √

εi jεi j ),
εi principal strains,
ε11 vertical horizontal strain,
ε22 vertical normal strain,
ε12 horizontal shear strain,
ε21 vertical shear strain,
εv volumetric strain (εv = ε1 + 2ε2),
εi principal strains,
εq strain measure (εq = ε1 − ε2),
χ angle of the contact normals,
ν shear zone inclination against the bottom,
σi j Cauchy stress tensor,
σi principal stresses,
σ ∗

i j deviatoric part of σi j ,
o
σ i j Zaremba-Jaumann stress rate tensor

(objective stress rate tensor),
o
σ

∗
i j deviatoric part of Zaremba-Jaumann stress rate tensor,
σ11 horizontal normal stress,
σ22 vertical normal stress,
σ33 horizontal normal stress perpendicular to the

deformation plane,
σ12 horizontal shear stress,
σ21 vertical shear stress,
σconf confining pressure,
θ Lode angle,
ψ bedding angle,
ωc Cosserat rotation.
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