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Abstract A novel method, designated as the Rotation of
Principal Axes Method (RPAM), capable of examining the
double-shearing type kinematic models for granular materi-
als is presented herein. A planar velocity field, which is pro-
posed to represent a continuous rotation of principal strain
rate axes, is applied to each model to analyse the rotation of
principal stress axes. The proposed approach was proven to
show main features of the double-shearing model, the double-
sliding free-rotating model, and the revised double-shearing
model, in a simple way interesting to geo-researchers. Fur-
thermore, the RPAM was efficient in investigating the choice
of a Cosserat rotation rate in kinematic theories and deter-
mining a key model parameter in the revised double-shearing
model.

Keywords Examination approach · Double-shearing type
models · Granular materials · Rotation of principal axes
method · Kinematics

1 Introduction

The double-shearing type kinematic models for granular mate-
rials are a kind of physically-established plasticity models
that describe ‘fully-developed’ plane plastic flow of
granular materials by means of kinematic theories, in which
the deformation is usually postulated to occur by shear along
stress/velocity characteristics [1–8].As emphasized by Spen-
cer [9]: the constitutive equation is actually a relation between
three tensors: stress, strain rate and stress rate. Hence, these
theories are in essence able to capture one of most compli-
cated behaviours of granular materials that cannot be properly
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described using classical plasticity, i.e. non-coaxiality (the
non-coincidence of the principal stress tensor and the prin-
cipal plastic deformation-rate tensor), which is one of very
important and interesting topics in geo-research [10]. Com-
pared to several advanced non-coaxial constitutive models in
modern geomechnics, e.g. hypo-plastic models [11,12] and
multi-laminate models [13,14], one of salient advantages of
these kinematic theories is that the models are physically
established in a simple formulation, in the case of planar
deformation, with a pair of kinematic equations governing
the velocity field.

However, only a few of examination works have been car-
ried out upon these theories, and as will be shown in the next
section the exhibited aspects are either distant from the main
concerns in geotechnical community or clarified by some
unconventional experimental, theoretical or numerical tech-
nique. Hence, the kinematic models, although they have sev-
eral salient advantages, are not as popular as other advanced
and complicated non-coaxial constitutive models in geotech-
nical community. Moreover, there seems not to be obvious
criterion for examining the kinematic models. As stated by
Collins [15], ‘one unsatisfactory aspect of these theories is
that at the present time there is not obvious criterion for pre-
ferring one of these various models to any of the others of
this type.’ This constitutes one of the strong motivations for
this study.

In this paper, after briefly introducing current examina-
tion methods, a novel approach, referred to as the Rotation
of Principal Axes Method (RPAM), is proposed to exam-
ine the double-shearing type kinematic models for granular
materials. By using the proposed method, the main features of
several kinematic models are highlighted. In addition are dis-
cussed the possibility of choosing a Cosserat rotation rate in
kinematic theories and the way of determining a key param-
eter in a kinematic model, by using the RPAM.

2 Current examination methods

The kinematic models for granular material flow were firstly
developed by de Josselin de Jong [1], then by Spencer [2]. A
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similar model had been previously proposed by Mandel [3].
de Josselin de Jong [4] called his model the double-sliding
free-rotating model and Spencer called his model the double-
shearing model. These theories were originally developed for
incompressible, rigid-plastic flow of granular materials, and
were then extended to a class of ideal dilatant materials [5,6],
possibly including anisotropy [16]. The main difference lies
in that the rotation-rate is interpreted as ‘the rate of rotation
of the sliding elements’ in the former model and as ‘the rate
of rotation of principal stresses’ in the latter model. How-
ever, these kinematic models can be unified by introducing
an angular velocity ϑ [7]. Furthermore, based upon a discrete
micro-analysis of the kinematics of particles in contact, this ϑ
can be alternatively interpreted as a quantity called the aver-
aged micro pure rotation-rate (APR) and hence a ‘double-
slip and rotation-rate model’ (DSR2 model) was proposed
[8]. The main common basis of the theories is that the defor-
mation is postulated to occur by shear along stress/velocity
characteristics, hence we may refer to them as double-shear-
ing type kinematic models. Up to now, investigations have
been carried out into some kinematic models experimentally,
theoretically and numerically, which are introduced briefly as
follows:

2.1 Experiments

Several experiments have been carried out with main aim to
examine the rotation rate in the double-shearing model.

Drescher [17] carried out an experimental investigation
of flow rules for granular materials by using a double-shear
apparatus. In his study, optically-sensitive crushable glass
particles were adopted as model granular material. By observ-
ing large shearing deformations (up to 40%) of this model
granular material under circularly polarized light, the pat-
terns of the principal stress trajectories were observed contin-
uously and directly. These trajectories were then compared
with the principal strain-increment directions, which were
computed from incremental displacement fields. The exper-
imental results showed a significant deviation between the
principal axes of stress and strain-increment, i.e. non-coax-
iality. In addition, Drescher [17] found that the rotation of
the slip-lines differs significantly, both in magnitude and in
sign, from the rotation of the principal axes of stress. He also
stated that ‘..... the lines in the sliding directions can rotate
dependently from the principal stress directions; this is as-
sumed in the de Josselin de Jong rule: the constraint imposed
on rotation rate in Spencer’s law is too strong’. However, fur-
ther analysis on Drescher’s experimental data, by Mehrabadi
and Cowin [18], showed that the de Josselin de Jong hypoth-
esis concerning energy dissipation is not generally satisfied
by these data. Furthermore, in order that all examined points
should satisfy the dissipation requirement, the internal fric-
tional angle φ would have to be greater than or equal to 79◦.
This value for φ is evidently far in excess of any φ-value
reported for granular materials.

Mandl et al. [19] carried out simple shear test on a layer
of a granular material using a ring-shear apparatus, in which

the material underwent simple shear subject to a constant
stress perpendicular to the plane of shear. In their test, very
large shear strains (>1000%) were imposed. They observed
that as the shear stress was increased, the principal compres-
sion axis rotated into coincidence with the principal strain-
rate axis, so that both were inclined at a 45◦ angle to the
shear plane. For ‘left-lateral’ shear in which the top boundary
moves horizontally toward the left-hand, the principal stress
axes rotated clockwise to this limiting orientation as the shear
stress increased, where for ‘right-lateral’ shear, the rotation
was counter-clockwise. Similar observation was reported by
Savage and Lockner [20] in triaxial compression tests on a
granite cylinder, in which a diagonal saw cut was inclined at
an angle to major compression stress axis and confined a layer
of dry sand. Savage and Lockner thought that the rotation of
the principal compression axis associated with the imposed
simple shear strain predicted by the Spencer [2] flow law is
not in agreement with that observed by them and by others
[17,19].

2.2 Theoretical analyses

Theoretical analyses have been carried out on the double-
shearing model, the double-sliding free rotating model, and
the DSR2 model.

The double-shearing model assumes the rate of rotation
as ‘the rate of rotation of principal stresses’. Define a steady
stress solution, in which the stress and hence the angle θT the
major principal stress axis makes with the X-axis is constant
or independent of time t , i.e. θ̇T = dθT

dt
= 0. Also define a

time-dependent stress solution, in which the stress and hence
θT depends on time t , i.e. θ̇T �= 0. Spencer [21,22] con-
cluded that the double-shearing theory admits steady stress
solutions for the plane strain deformations of simple shear
and pure shear, and for compression of a circular cylinder,
but these solutions are all linearly unstable. In addition, the
theory yields time-dependent exact solutions for these prob-
lems in which the deformation takes place under decreasing
load, which also indicates instability. The unstability and the
instability of the model can be used to explain the differ-
ence between the experimental data and the predicted results.
Harris [23] also noted that the double-shearing equations (as
well as several other models of granular material mechanics)
are linearly ill-posed in the sense that small perturbations of
solutions of the equations may grow exponentially. He re-
garded that the ill-posedness of the double-shearing model is
due to the choice of the rate of rotation of principal stresses as
a measure of the rate of rotation that has a property associated
with a Cosserat continuum, namely, the intrinsic spin [24].

The double-sliding free-rotating model emphases that the
sliding elements rotate freely [4]. Since the model, is indeter-
minate, an alternative formulation places a restriction on the
model, namely the requirement of the non-negativity of the
energy dissipation in each of the two slip directions, which
imposes that the shear strain rate along each slip-line be non-
negative. This free rotation of the sliding elements has been
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regarded as equivalent to free rotation of the slip-lines by
several researchers [17,18]. In this case, Mehrabadi and Co-
win [18] proved that the dissipation requirement is neither
necessary nor sufficient to imply that the local energy dissi-
pation is positive. In addition, the restriction leads to another
equivalent inequalities that the rotation of slip-lines must al-
ways satisfy. Hence, it was thought that the restriction in the
double-sliding free rotating model may give rise to a model
inconsistent with the initial idea of ‘free’ rotation for dilatant
and as well as incompressible materials [18].

The above theoretical analyses are based on classical con-
tinuum mechanics. Based upon a discrete micro-analysis of
the kinematics of particles (disks) in contact, the authors [8]
have recently suggested that this ϑ can be interpreted as the
averaged micro pure rotation-rate (APR), which is an aver-
aged quantity generally related to particle rotation and parti-
cle size and appears to be an appropriate link between discrete
micromechanics and continuum mechanics. The choice of the
APR as the rotation rate leads to the ‘double-slip and rota-
tion-rate model’ (DSR2 model). The macro-micro mechani-
cal analysis has shown that the APR is a non-linear function
of, among other quantities, the macro rotation-rate of the
major principal axis of stress taken in the opposite sense. It
may, in general, contribute to the energy dissipation in granu-
lar materials, which leads to an actual dissipation-rate differ-
ent from that described in classical continuum mechanics. A
first approximation to theAPR will also lead to practical kine-
matic theories within classical continuum mechanics, which
will be briefly introduced in the next section. In addition,
it has been shown that the particular requirement of energy
dissipation used in the double sliding free rotating model
appears to be unduly restrictive as a constitutive assumption
[8]. Hence, the study appears to have solved the long-term
argument on the rotation rate in kinematic theories, and found
the mechanism to explain why the assumptions of the rota-
tion rate in the double-shearing model and the double-sliding
free-rotating model are both too restrictive for constitutive
modeling.

2.3 Numerical analyses

Recently, the Distinct Element Method (DEM) has been used
by the authors to examine the double-shearing model; the
double-sliding free-rotating model and the ‘double-slip and
rotation-rate model’ (DSR2 model) [25,26]. This numeri-
cal technique identifies each particle separately, with its own
mass, moment of inertia and contact properties. It assumes
basic constitutive laws, which reduce to the Mohr-Coulomb
friction law for granular materials, at interparticle contacts
and provides a macroscopic/microscopic response of the par-
ticle assemblage due to incremental loading. In these analy-
ses, a two dimensional DEM code developed by one of the
authors [27,28] was used, which is in essence similar to that
proposed by Cundall and Strack [29,30]. Strain rate-con-
trolled monotonic/cyclic simple shear tests were designed
to impose the incompressibility requirement and to obtain

the theoretical solution to the rotation rate in the kinematic
models. The rotation rate of principal stresses and the aver-
aged micro pure rotation-rate (APR), which are chosen as
the rotation rate in the double-shearing model and the DSR2

model respectively, were measured directly from the DEM
simulations and then compared with this theoretical solu-
tion of the rotation rate. In addition, the requirement of the
energy dissipation in the double-sliding free rotating model
was examined through an equivalent inequality proposed by
Mehrabadi and Cowin [18]. The DEM analyses have shown
that the assumption used in the double-shearing model ap-
pears not to be in agreement with the DEM data, on one
hand. On the other hand, the requirement of energy dissipa-
tion used in the double sliding free rotating model is gen-
erally not satisfied in the DEM simulations and appears to
be unduly restrictive. However, the DSR2 model can give
predictions in agreement with the observations in the DEM
numerical experiments [26]. The numerical analyses con-
firms the theoretical analyses in [8], indicating that the APR
is a very important variable in kinematic models, and the
DSR2 model represents a successful hybrid of discrete and
continuum models for non-coaxial granular materials.

The above examination works have offered good under-
standing of kinematic theories. However, as can be seen, these
analyses require some unconventional theoretical, experi-
mental or numerical technique to carry out, which may not be
easily obtained by geo-researchers. Moreover, the exhibited
aspects appear to be distant from current main topics inter-
esting to geo-researchers. Hence, we shall in the next section
propose a novel approach to examine the double-shearing
type kinematic models.

3 Rotation of Principal Axes Method (RPAM)

In this section, after introducing some basic formulation, we
shall present the Rotation of Principal Axes Method (RPAM)
to examine kinematic models. The key point of the RPAM is
to analyze the predicted rotation of the principal stress axes
by each kinematic model, under a specially designed velocity
field.

3.1 Basic formulation

In a plane strain Eulerian velocity field in terms of veloc-
ity components Vi (the subscript i=1, 2 representing X and
Y respectively), based on continuum mechanics, the compo-
nents of the stress tensor Tij , the deformation rate tensor Dij ,
spin tensor Wij and strain tensor Eij are denoted respectively
as

Tij =
[

T11 T12
T21 T22

]
; Dij =

[
D11 D12
D12 D22

]
; Wij =

[
0 W12
−W12 0

]

(1a, b, c)

Eij =
[

E11 E12
E12 E22

]
=

∫ [
D11 D12
D12 D22

]
dt (2)
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where t is time, and Dij , Wij are defined respectively by

Dij = 1

2

(
∂Vi

∂Xj

+ ∂Vj

∂Xi

)
; Wij = 1

2

(
∂Vi

∂Xj

− ∂Vj

∂Xi

)
(3a, b)

Note that, in the kinematic models concerned [1–9], Tij is
a symmetric tensor, i.e. T12 = T21. Since we will discuss the
possibility of choosing a Cosserat rotation rate in the kine-
matic models later, which may lead to an asymmetric Tij , we
now present general expressions so that both T12 = T21 and
T12 �= T21 are included. In addition, Dij will be refereed to
as strain rate tensor somewhere for simplicity.

Consider a deviator stress plane in terms of Tα and Tβ ,
which are defined respectively by

Tα = T11 − T22; Tβ = T12 + T21 (4a, b)

To describe stress paths clearly on the deviatoric stress
plane, let θT be the angle the major principal stress axis makes
with the X-axis,

tan 2θT = T12 + T21

T11 − T22
= Tβ

Tα

(5)

Note that θT in Eq. (5) reduces to the same definition
as used in the kinematic models concerned [1–9], in which
T12 = T21.

Turn to a deviator strain (rate) plane in terms of Eα and
Eβ(Dα and Dβ), which are defined respectively by

Eα = E11 − E22; Eβ = 2E12;
Dα = D11 − D22; Dβ = 2D12

(6a, b, c, d)

In order to show stress paths clearly on the deviator strain
(rate) plane, let θE(θD) denote the angle the major principal
strain (rate) axis makes with the X-axis

tan 2θE = 2E12
E11−E22

= Eβ

Eα
;

tan 2θD = 2D12
D11−D22

= Dβ

Dα

(7a, b)

where θE(θD) is defined identically as that in the kinematic
models in [1–9].

3.2 Designed velocity field

We now design a periodic planar Eulerian velocity field in
terms of velocity components Vi (the subscript i = 1, 2 rep-
resenting X and Y respectively) by

V1 =2AX2 cos 2ωt + AX1 sin 2ωt; V2 =−AX2 sin 2ωt
(8a, b)

where A is a constant in (sec−1), ω is constant in (rad/sec)
and t is time. We shall discuss main features of this planar
Eulerian velocity field below.

The deformation rate tensor Dij and the spin tensor Wij

can be obtained from Eqs. (3) and (8) as follows

D11 = A sin 2ωt; D12 = A cos 2ωt;
D22 = −A sin 2ωt; W12 = A cos 2ωt

(9a, b, c, d)

Equations (2) and (9) lead to the strain tensor Eij , which
reads

E11 = A
2ω

(1 − cos 2ωt); E22 = A
2ω

(cos 2ωt − 1);
E12 = A

2ω
sin 2ωt

(10a, b, c)

Equations (9)–(10) give rise to the volumetric strain (rate),
denoted by Ev(Dv), as follows

Ev = E11 + E22 = 0; Dv = D11 + D22 = 0 (11a, b)

Equations (11) indicate that the velocity field designed
does not lead to volume change, a condition required as
incompressibility in Eqs. (18a), (20a) or (26a) in Subsect.
3.3.

The deviatoric strain (rate) Eα and Eβ(Dα and Dβ) can
be derived from Eqs. (6), (9)–(10), respectively

Eα = A

ω
(1 − cos 2ωt); Eβ = A

ω
sin 2ωt (12a, b)

Dα = 2A sin 2ωt; Dβ = 2A cos 2ωt (12c, d)

Equations (12) give rise to(
Eα − A

ω

)2

+ E2
β =

(
A

ω

)2

; D2
α + D2

β = 4A2 (13a, b)

which represents a cycle on a Eα– Eβ(Dα– Dβ) plane.
In addition, the angle of principal strain (rate) (θD) de-

duced from the velocity field can be obtained from Eqs. (7),
(9)–(10) as follows

θE = π

4
− ωt

2
; θD = π

4
− ωt (14a, b)

Equations (12)–(14) indicate that, on the Eα– Eβ(Dα–
Dβ) plane, the designed velocity field represents a strain (rate)
path as a circle of radius A

ω
(2A) characterized by a continu-

ous rotation of the principal strain (rate) axes. If ω = 0 then
θE = 45◦. If ω < 0 then, according to Eq. (14a), θE > 45◦
and as a result the rotation of θE is counter-clockwise. If
ω > 0 then θE rotates clockwise as indicated in Fig. 1. Note
that, in order to illustrate Eq. (7a) clearly, θE is plotted by
choosing θE �= 45◦ in Fig. 1. Moreover, θD changes with ωt
while θE with ωt

2 , which shows that the principal strain rate
axes rotate at an angular rate twice that of principal strain
axes, linearly with time t .

At t = 0, Eqs. (9)–(10) and (14) lead to

E11 = E22 = E12 = 0; D11 = D22 = 0;
D12 = A = W12; θD = θE = π

4
(15a, b, c, d)

In summary, the incompressibility and a continuous rota-
tion of the principal strain (rate) axes are main features of
the velocity field designed. In the next subsection, we shall
introduce some kinematic models that are to be analysed for
this type of velocity field.

3.3 Double-shearing type kinematic models

The kinematic models for granular material flow were
developed by several researchers [1–6] with two different
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Fig. 1 The velocity field for analyses, expressed on deviator strain plane
in terms of Eα and Eβ . (Eα = E11 − E22, Eβ = 2E12)

interpretations of the rotation rate, and can be unified by intro-
ducing an angular velocity ϑ [7]. Recent study by the authors
shows that this ϑ can be given an alternative interpretation
as a quantity called the averaged micro pure rotation-rate
(APR) [8]. A simplified model, originally called the simpli-
fied double-slip and rotation-rate model, was suggested for
practice by choosing a first approximation to the APR. Since
this simplified model keeps all variables/quantities as well as
the deformation mechanism of the double-shearing model, it
may be referred to as the revised double-shearing model. An
advantage of the rename is that several theoretical analysis
methods used for the double-shearing model, e.g. Spencer [9,
21,22] and Harris [23], will be naturally and directly appli-
cable to any further theoretical investigation into the revised
model. Since all these models postulate that the deformation
occurs by shear along a pair of stress/velocity characteristics,
we shall refer to them as the double-shearing type kinematic
models herein. For completeness, we shall briefly introduce
these kinematic theories by way of a unified formulation for
plasticity models due to Harris [7]. This model originally
results in a single derivation and presentation of the equa-
tions for the double-sliding free rotating model, the double
shearing model and the plastic potential model for granu-
lar materials. The unified kinematic equations governing the
velocity field are

(D11 + D22) cos

(
ν + λ

2

)

= [(D11 − D22) cos 2θT + 2D12 sin 2θT ] sin

(
ν − λ

2

)

(16a)

2 (ϑ + W12) sin

(
ν + λ

2

)

= [(D11 − D22) sin 2θT − 2D12 cos 2θT ] cos

(
ν − λ

2

)

(16b)

where the deformation rate tensor Dij and the spin tensor
Wij are defined in Eqs. (3). θT is the angle the major prin-
cipal stress axis makes with the X-axis as defined in Eq (5).
The quantities ν and λ are material parameters, and ϑ is an
angular velocity which may be given a number of physical
interpretations.

Firstly, by choosing ϑ = θ̇T , ν = φ, the angle of internal
friction and λ = φ − 2χ where χ is a dilatancy parameter,
Eqs. (16) become the Mehrabadi& Cowin equations [5], the
double-shearing model for dilatant materials,

(D11 + D22) cos (φ − χ)

= [(D11 − D22) cos 2θT + 2D12 sin 2θT ] sin χ (17a)

2
(
θ̇T + W12

)
sin (φ − χ)

= [(D11 − D22) sin 2θT − 2D12 cos 2θT ] cos χ (17b)

Note that recent studies on granular material indicate that
χ is probably not a constant and its explicit form is among
our future investigation.

Equations (17) reduce to the Spencer equations [2], the
double-shearing model for incompressible materials, when
χ = 0,

D11 + D22 = 0;
2

(
θ̇T + W12

)
sin φ = (D11 − D22) sin 2θT − 2D12 cos 2θT

(18a, b)

Secondly, by choosing ϑ as an indeterminate material
rotation-rate; ν = φ; and λ = φ − 2χ ; Eqs. (16) become
one formulation of the double-sliding free-rotating model for
dilatant materials

(D11 + D22) cos (φ − χ)

= [(D11 − D22) cos 2θT + 2D12 sin 2θT ] sin χ (19a)

2 (ϑ + W12) sin (φ − χ)

= [(D11 − D22) sin 2θT − 2D12 cos 2θT ] cos χ (19b)

The model was originally proposed for incompressible
materials, for which χ = 0, thus giving

D11 + D22 = 0;
2 (ϑ + W12) sin φ = (D11 − D22) sin 2θT − 2D12 cos 2θT

(20a, b)

Sinceϑ , and hence the double-sliding free-rotating model,
is indeterminate, an alternative formulation places a restric-
tion on the model, namely the requirement of the non-negativ-
ity of the energy dissipation in each of the two slip directions
[4]. By denoting a and b the shear strain-rates along the S1
and S2 slip-lines that are inclined at angles θT ∓ π

/
4 ∓ φ

/
2

to the X-axis respectively, de Josseling de Jong [4] stipulates
two inequalities that a and b must satisfy,

a ≥ 0, b ≥ 0 (21a, b)

By introducing the deviation angle i between the princi-
pal directions of the stress and deformation rate tensors by

i = θD − θT (22)
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de Josseling de Jong [4] proves that inequalities (21) lead to
a requirement that this deviation angle obeys

−φ

2
≤ i ≤ +φ

2
(23)

Finally, we turn to our most recent extension of Eqs. (16).
To meet the need for a simple non-coaxial model for gran-
ular materials for current and practical use in geotechnical
engineering, a revised double-shearing model was suggested
with a first approximation to the APR [8]. The approxima-
tion to the APR was given by the authors in the original paper
(see Eq. (37) in [8]), and the reader can refer to [8] for the
detail. We shall give this approximation here directly but in
a different way. In fact, the approximation (Eq. (37) in [8])
can be in essence rewritten here as

ϑ = −h + 1

h
W12 − θ̇T

h
(24)

where h is a dimensionless quantity which generally is non-
negative and depends upon the mean stress and the parti-
cle size distribution [8]. It is easy to prove that Eq. (24) is
equivalent to the original approximation in [8]. Similarly, by
choosing ν = φ, λ = φ − 2χ and Eq. (24), the revised
double-shearing model for dilatant materials is expressed by

(D11 + D22) cos (φ − χ)

= [(D11 − D22) cos 2θT + 2D12 sin 2θT ] sin χ (25a)

−2

h

(
θ̇T + W12

)
sin(φ − χ)

= [(D11 − D22) sin 2θT − 2D12 cos 2θT ] cos χ (25b)

For incompressible materials in which χ = 0, the model
becomes

D11 + D22 = 0;
−2

h

(
θ̇T + W12

)
sin φ = (D11−D22) sin 2θT − 2D12 cos 2θT

(26a, b)

The revised double-shearing model includes several fea-
tures: (a) the non-coaxial behaviour of granular materials [10]
can be captured by this model provided that h is of a finite
value; (b) Eqs. (25.b) and (26.b) are still frame-indifferent,
which satisfies a basic requirement for constitutive model-
ling; (c) Eq. (24) satisfies a relationship between the APR
and θ̇T required by the theoretical analysis [8], i.e. the APR
is a non-linear function of, among other quantities, the macro
rotation-rate of the major principal axis of stress θ̇T taken in
the opposite sense; (d) when h = −1, even though this is
against the micro-analysis in [8], the model reduces to the
double-shearing model; when h is indeterminate, the model
is in essence similar to the double-sliding free rotating model.

Note that in the aforementioned kinematic models, the
equations governing volumetric strain rate, e.g. Eqs. (17.a),
(19.a) and (25.a) for a dilatant material, are identical. How-
ever, the other equation in each model is different.

Since the velocity field designed leads to the requirement
of incompressibility, see Eqs. (11), we shall next investigate
the models for incompressible materials under the velocity
field.

3.4 Kinematic models under the velocity field

The equation governing volumetric strain is naturally satis-
fied by Eq. (11.b), and hence omitted in this subsection. Focus
will be put on the other equation in each model.

Firstly, we substitute Eqs. (9) into Eq. (18.b), the double-
shearing model for incompressible granular material, giving(
θ̇T + A cos 2ωt

)
sin φ = A sin 2ωt sin 2θT

− A cos 2ωt cos 2θT (27)

Equation (27) can be rewritten into

θ̇T = − A

sin φ
cos 2(ωt + θT ) − A cos 2ωt = f1(θT , t) (28)

which is a non-linear firstorder differential equation of θT .
Secondly, substitute Eqs. (9) into Eq. (26.b), the revised

double-shearing model for incompressible granular material,
leading to

(
θ̇T + A cos 2ωt

) sin φ

h
= −A sin 2ωt sin 2θT + A cos 2ωt cos 2θT (29)

Arranging Eq. (29) leads to

θ̇T = Ah

sin φ
cos 2(ωt + θT ) − A cos 2ωt = f2(θT , t) (30)

which again is a non-linear first–order differential equation
of θT .

Equations (27)–(30) show that the kinematic model be-
comes a non-linear firstorder differential equation of θT under
the designed velocity field. Since it is difficult or impossible
to find an explicit analytical solution to this differential equa-
tion, the Euler’s numerical method will be adopted to find
an approximate solution. The detail on this method can be
found in any textbooks on Engineering Mathematics. For the
clearness, we shall introduce this method through a nonlinear
function f (θT , t). Given a first-order differential equation,
similar to Eq. (28) or (30), as follows

dθT

dt
= f (θT , t) with θT (t0) = θ0

T (31)

the solution to θT (t) can be obtained by using the formula

θT (tj+1) = θT (tj ) + f [θT (tj ), tj ]�t (32)

where t j+1 = t j + �t and j = 0, 1, 2, . . . n. The smaller is
the value of incremental time �t , the better is the accuracy
of the Euler’s method. So, the θT predicted by the double-
shearing model or the revised double-shearing model can be
obtained under the velocity field.

Finally, the i required in Eq. (23), can be regarded as
a way controlling the θT of the double-sliding free-rotating
model under the designed velocity field.

Hence θT of each double-shearing type model can be
analysed. Since the velocity field represents a continuous
rotation of principal strain or strain rate axes, we shall re-
fer to this examination method as the Rotation of Princi-
pal Axes Method (RPAM). In addition, the rotation of the



A novel approach to examining double-shearing type models for granular materials 163

principal axes in monotonic/cyclic loading has been evidently
observed and greatly emphasized in the geotechnical com-
munity [31,32]. Therefore, the RPAM can examine the kine-
matic models in a way interesting to geo-researchers. In the
next section, the RPAM will be used to analyse the main
features of the double-shearing type models, mainly for a
granular material of internal frictional angle 35◦.

4 Features of double-shearing type models by RPAM

The Rotation of Principal Axes Method (RPAM) will be used
to investigate θT (t) the angle the major principal stress axis
makes with the X-axis for the double-shearing type kinematic
model under the designed velocity field. In the analyses, the
parameters controlling the velocity field are chosen as fol-
lows: A = 0.04π (sec−1), ω = 0.1π . This choice leads
to a clockwise rotation of strain path on the deviator strain
Eα − Eβ plane with the maximum value of Eα or Eβ as
40%, as illustrated in Fig. 1. Note that, in order to illus-
trate Eq. (7a) clearly, θE is plotted by choosing θE �= 45◦ in
Fig. 1. In addition, an incremental time �t = 2.0 × 10−5

is used to obtain θT (t) in a duration of t = 0 ∼ 20 seconds
(s), which corresponds to a rotation of principal strain rate
axes θD around 360◦. We shall first analyse the accuracy of
approximate solutions, and then main features of the double-
shearing type kinematic models. Finally, we shall discuss the
possibility of choosing a Cosserat rotation rate in kinematic
theories and the way to determine parameter h in the revised
double-shearing model.

4.1 Accuracy of solutions

Our several trial calculations show that the choice of �t =
2.0×10−5 is small enough to obtain a highly accurate approx-
imate solution. Take a numerical solution to the double-shear-
ing model for a material of internal frictional angle φ =35◦
as an example. Table 1 presents the calculated θT at t = 3 s by
the Euler’s method using different �t , from 2.0 × 10−2 to
2.0 ×10−7 s. In this example the initial principal stress angle
θ0
T is taken to be 45◦. Table 1 shows that θT is around 52◦ at

t = 3 s. When �t ≤ 2.0×10−3, the difference in �t leads
to little difference in θT . Assume that �t= 2.0×10−7 gives
rise to an accurate solution. Table 1 shows that the choice of
�t = 2.0 × 10−5 in this study leads to a very small relative
error of 2.1×10−4%. Hence, we may think that the approxi-
mate solution to θT of each model below is reliable.

4.2 The double-shearing model

The double-shearing model assumes the rate of rotation in
kinematic theories as the rate of rotation of principal stresses.
Figure 2(a) provides variations of principal stress angle θT

predicted by the model under the velocity field concerned,
for a granular material of internal friction angle φ = 35◦.

Considering that t = 0 ⇒ D12 �= 0, θD = π
4 , θT = undeter-

mined, see Eqs. (15), five different values of initial principal
stress angle θ0

T are selected around 45◦, from 0◦to 90◦. This
range of θ0

T should be able to cover any reasonable choice of
θ0
T . In addition, in Fig. 2(a), the θT predicted by the coaxial

model is provided, which corresponds to the coincidence of
the principal stress tensor and the principal deformation-rate
tensor, i.e. θT = θD . Hence, the vertical difference between
θT predicted by the coaxial model and the kinematic model
in Fig. 2(a) (as well as in the other figures below) is the devi-
ation angle i between the principal directions of the stress
and deformation rate tensors. Figure 2(a) shows that differ-
ent θ0

T leads to different variation of θT . In all cases, the
magnitude of the predicted θT varies less than 100◦ although
θD changes from 45◦ to −325◦. This indicates that the dou-
ble-shearing model appears to predict a very ‘delayed’ rota-
tion of the principal stress axes to the rotation of principal
strain rate axes. In addition, Fig. 2(a) shows that the pre-
dicted θT continuously increases but with oscillations (‘wav-
ing’) that exhibit an amplitude rage as large as ±40◦. To
further investigate the main features of the model, Fig. 2(b)
present variations of θT predicted by the model for mate-
rials of different φ, from 1◦ to 90◦ for clearness, by using
θ0
T = 45◦. Figure 2(b) shows two different kinds of variation

of θT . When φ ≥ 30◦, the double-shearing model still pre-
dicts oscillations and a ‘very delayed’ rotation of θT . When
φ ≤ 20◦, the predicted θT follows θD in a stable ‘delayed’
manner, i.e. with a constant deviation angle i or with a slightly
oscillating i. The smaller is φ, the smaller is i. This seems to
indicate that the double-shearing model appears to be able to
give a qualitatively acceptable prediction of θT for a material
of small φ. However, further examination in Fig. 2(b) shows
that the predicted magnitude of i is larger than 90◦ in the
latter case, with a tendency that φ → 0◦ ⇒ i → −90◦. This
tendency is consistent with one feature of Eq. (27). Indeed,
when φ =0◦, Eq. (27) gives rise to a set of solutions as fol-
lows

θT = (2n − 1)
π

4
− ωt, n = 0, ±1, ±2, ±3, . . . . (33)

Considering Eq. (15.d), one acceptable solution among
Eq. (33) is θT = −π

4 −ωt , which leads to i = −90◦, the limit
case shown in Fig. 2(b). Note that internal friction angle of
real granular materials is usually between 30◦ ∼ 40◦, which
is out of the range for a stable ‘delayed’ prediction of θT by
the model.

Hence, the results obtained by RPAM in Fig. 2 show
that the double-shearing model tends to predict a very ‘de-
layed’ rotation of the principal stress axe to the rotation of
principal strain rate axes for granular materials. The reason
for this large prediction may attribute to the fact that the
model stipulates the rotation-rates as ‘the rate of rotation
of principal stresses’. As shown by the theoretical analy-
ses by Spencer [21,22], the double-shearing theory admits
steady stress solutions, which are all linearly unstable. In
addition, the theory also yields time-dependent exact and
instable solutions.
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Table 1 Calculated angle of major principal stress θT using different incremental time �t : the double-shearing model, initial principal stress
angle θ0

T = 45◦, angle of internal friction φ = 35◦

�t(s) 2.0×10−2 2.0×10−3 2.0×10−4 2.0×10−5 2.0×10−6 2.0×10−7

θT at t = 3 s (degree) 52.020569 52.119651 52.129535 52.130523 52.130622 52.130632
Relative error (%) 0.211129 0.021064 0.002104 2.1×10−4 1.9×10−5 0

Fig. 2 Variations of principal stress angle, predicted by the double-
shearing model using different initial principal stress angle (a), and
different angle of internal friction (b)

4.3 The double-sliding free-rotating model

The double-sliding free-rotating model considers the rate of
rotation as an indeterminate material characteristic. In addi-
tion, the model adopts Eq. (21) as an alternative restriction.
This requirement does not result in a specific value of the
deviation angle i between the principal stress and strain-rate
tensors. Instead, it imposes a requirement for the varying
range of i by inequality (23) under any condition, which must
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Fig. 3 Variations of principal stress angle, predicted by the double-
sliding free-rotating model

naturally include the designed velocity field. Figure 3 illus-
trates variations of principal stress angle θT , predicted by the
double-sliding free-rotating model, for a granular material of
internal friction angle φ =35◦. Since inequality (23) gives a
variation range, it can be plotted as area in Fig. 3. Mathemat-
ically, there are infinite curves existing in this area. Hence,
Fig. 3 shows that the model may predict infinite variations of
θT , instead of a specific variation of θT , under the designed
velocity field. In this sense, the model is still indeterminate.

4.4 The revised double-shearing model

The revised double-shearing model retains all variables/quan-
tities and the deformation mechanism of the double-shearing
model. In addition, it chooses the rotation rate by Eq. (24),
in which a model parameter h is introduced. Figure 4(a) pro-
vides variations of principal stress angle θT predicted by
the model for a granular material of internal friction angle
φ =35◦. In the analysis, h = 2.0 is used as an example. Due
to the same reason as in the analysis of the double-shearing
model, different values of initial principal stress angle θ0

T are
still chosen around 45◦, with a range of ±45◦. Figure 4(a)
shows that different θ0

T leads to different variation of θT until
total rotation of the principal strain rate axes

∣∣θD − θ0
D

∣∣ is up
to 75◦. Note that this value of

∣∣θD − θ0
D

∣∣ corresponds to the
point at which θD = −30◦ in Fig. 4(a). This indicates that
θ0
T evidently affects the initial variation of θT in the revised

double-shearing model, while it affects whole variation of



A novel approach to examining double-shearing type models for granular materials 165

Fig. 4 Variations of principal stress angle, predicted by the revised dou-
ble-shearing model using different initial principal stress angle (a), and
different value of parameter h (b)

θT in the double-shearing model. Then, when
∣∣θD − θ0

D

∣∣ is
larger than 75◦(θD < −30◦ in the figure), the predicted θT in
all cases follows θD in an identical, stable ‘delayed’way. The
predicted deviation angle i between the principal directions
of the stress and deformation rate tensors is about −25◦.

In order to further understand the main features of the
model, Fig. 4(b) presents variations of θT predicted by the
model for materials of φ = 35◦ but different values of h.
Again, θ0

T = 45◦ is used in the analyses. Neglect the initial
part of variation of θT , Fig. 4(b) shows that when h ≤ 1.0,
the model predicts a very oscillating and very ‘delayed’ pre-
diction of θT in a way similar to the double-shearing model.
When h ≥ 1.5, the predicted θT follows the θD in a stable
‘delayed’ manner, i.e. with a slightly oscillating or a nearly
constant i. In addition, this i falls between 0◦ and −45◦. The
larger is h, the smaller is magnitude of i, with a tendency
that |i| → 0 at large h. The observations in Fig. 4 show
that the revised double-shearing model appears to be able to

give a prediction of θT in a stable ‘delayed’ way with differ-
ent magnitude of i, provided that the value of h is carefully
selected. We will discuss how to choose h, after presenting a
discussion in the next subsection on the choice of a Cosserat
rotation rate in kinematic theories.

4.5 Discussion on choice of a Cosserat rotation rate

Based on the theoretical and numerical observations that the
averaged micro pure rotation-rate (APR) represents the rota-
tion rate in the kinematic theories [8,25,26], a hyperbolic,
well-posed model for the flow of granular materials is being
established in association with a Cosserat continuum [24].
This is a good try to combine kinematic theories for the gran-
ular flow with two key Cosserat concepts, namely, an intrinsic
spin and an asymmetric stress tensor. In the model, a contin-
uum rate of rotation phenomenon is assumed to be existent
and distinct from that of the anti-symmetric part of the veloc-
ity gradient tensor, i.e. spin tensor Wij in Eq. (3.b). However,
the reason for elucidating the choice of Wij as the rotation
rate in kinematic theories is not investigated. Since Cosserate
rotation rate has been traditionally chosen as Wij by several
researchers in strain localization simulations [33,35] as well
as rapid flow [36], we shall now discuss the possibility of
choosing Wij as the rotation rate in kinematic theories, i.e.
ϑ = W12 in Eqs. (16), by the RPAM.A model of such a choice
is referred to as a Cosserat-type double-shearing model in this
study.

For simplicity, adopting the same simplification proce-
dure directly as used for Eq. (16)–(18), leads to the Cosserat-
type double-shearing model for incompressible materials,

D11 + D22 = 0;
4W12 sin φ = (D11 − D22) sin 2θT − 2D12 cos 2θT (34a, b)

Substituting Eqs. (9) into Eq. (34.b), gives rise to

2A cos 2ωt sin φ = A sin 2ωt sin 2θT − A cos 2ωt cos 2θT

(35)

An explicit solution to Eq. (35) may be obtained by

θT = 1

2
arccos(−2 sin φ cos 2ωt) − ωt (36)

In order to clearly describe the main features of Eq. (36),
Fig. 5 provides variations of principal stress angle θT numer-
ically obtained from Eq. (36) for granular materials of φ =
10◦, 20◦, 30◦ respectively. Figure 5 shows that the θT pre-
dicted by the model doe not follows θD in either stable ‘de-
layed’ or stable ‘advanced’ way to the coaxial model. For
φ ≤ 30◦ the predictions oscillate around the coaxial solution
and coincide with it (i=0) when total rotation of the principal
strain rate axes

∣∣θD − θ0
D

∣∣= 45◦, 135◦, 225◦ and 315◦, where
θ0
D represents θD at t = 0 and its value is given in Eq. (15b).

This shows that i = 0 occurs at θD = 90◦, 180◦, 270◦ and
360◦. It can be seen from Eq. (7b) that these points corre-
spond to D12 = 0 (not E12). At this time, from Eqs. (9b) and
(10), we obtain

E11 = −E22 = E12 = A
/

2ω, at i = 0 (37)
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Fig. 5 Variations of principal stress angle, predicted by a Cosserat-
type double-shearing model for granular materials of different angle of
internal friction φ

Interestingly the solution for φ = 30◦ is piecewise lin-
ear with ranges of θD over θT which is constant, i.e. θT = cst
(−90◦ and −270◦ in the figure) or θ̇T

/
θ̇D = 2. This tendency

is consistent with the main feature of Eq. (36). Substituting
φ = 30◦ into Eq. (36) leads to

θT = 1

2
arccos(− cos 2ωt) − ωt (38)

which gives rise to two sets of solutions

θT = (2n + 1)
π

2
, n = 0, ±1, ±2, ±3, · · · . (39a)

θT = (2n + 1)
π

2
− 2ωt, n = 0, ±1, ±2, ±3, · · · . (39b)

Note that the set of solutions in Eq. (39b) can be rewritten
as

θT = (2n + 1)
π

2
− 2ωt = nπ + 2

(π

4
− ωt

)
= nπ + 2θD

(40)

It is easy to see that the solutions in Eq. (39a) include θT =
−90◦ and θT = −270◦, while the solutions in Eq. (40) give
rise to θ̇T

/
θ̇D = 2, which are the cases shown in Fig. 5.

Figure 5 indicates that the averaged deviation angle i be-
tween principal stress and strain rate tends to be zero, at
t → ∞ or at each full period of 180◦. In addition, the smaller
value of φ, such as φ = 10◦, leads to a less varying range of
θT about the coaxial model prediction.

Note that Eq. (36) is meaningful only when φ ≤ 30◦. This
is because any value of φ among 90◦ > φ > 30◦ may lead to
the magnitude in the bracket larger than ±1.0, which is out
of the limit required by function ‘arccos’ in Eq. (36). Con-
sidering that: (i) granular materials are usually of φ between
30◦ ∼ 40◦, i.e. out of the range leading to a solution to Eq.
(36); (ii) no experimental data has been found to support the
solutions to Eq. (36), such as Eqs. (37) and (39) yet, the inves-
tigation by the RPAM here does not support the choice of Wij

as the rotation rate in kinematic theories.

4.6 Discussion on the parameter h in the revised
double-shearing model

As shown in Subsect. 4.4, the revised double-shearing model
appears to be able to give a prediction of the rotation of princi-
pal stress angle θT in a stable ‘delayed’manner to the rotation
of principal strain rate axes θD , provided that the value of h
is carefully selected. We now discuss how to determine h in
order to give such a kind of predictions, by using the RPAM.

We consider the same velocity field as used above, but
carry out calculations with total rotation of the principal strain
rate axes

∣∣θD − θ0
D

∣∣ > 720◦ in order to reduce possible cal-
culation error. Four steps are used for the target. Firstly, for a
given value of internal friction angle φ, choose different h by
which a stable ‘delayed’ variation of θT can be obtained by
the RPAM. Secondly, calculate the averaged deviation angle
i between the principal directions of the stress and defor-
mation rate tensors during 720◦ ≥ ∣∣θD − θ0

D

∣∣ ≥ 120◦. The
neglect of the data within θD < 120◦ comes from the fact
that initial principal stress angle θ0

T is selected as 45◦ in each
case for simplicity and hence its effect on the initial varia-
tion of θT must be avoided in the determination of the aver-
aged i. Then, repeat the first and second steps for different
φ. Finally, a relationship can be obtained between φ, h and
the averaged i. Figure 6 presents the relationship between
φ and h, required by the revised double-shearing model in
predicting different averaged i(±1◦). Fig. 6 shows that for
a given averaged i(±1◦), the value of h increases with the
increasing of φ. For a given φ, the averaged i decreases with
the increasing of h. A slightly non-linear relationship appears
to stand between φ and h for each i(±1◦). In addition, for a
given φ, the smaller is the i(±1◦) considered, the larger is
the range of �h that is resulted from the choice of (±1◦)
for i. It is known that both φ and i can be measured through

Fig. 6 The relationship between internal frictional angle and parameter
h, required by the revised double-shearing model in predicting several
possible deviations between principal stress and strain rate tensors
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experiments in geo-lab for a given material, such as the Fig. 9
in [37]. Hence, Fig. 6 provides an efficient way to determine
parameter h in the revised double-shearing model, which can
be regarded as another advantage of the proposed RPAM.

5 Conclusion

This paper presents a novel method, referred to as the Rota-
tion of Principal Axes Method (RPAM), to examine the dou-
ble-shearing type kinematic models for granular materials.
The study is of theoretical and practical importance since
the kinematic models are physically established in a simple
formulation and can capture one of most complicated behav-
iours of granular materials, i.e. non-coaxiality. The main fea-
tures of method are: (a) it is based on a planar velocity field
that satisfies incompressibility condition and shows a strain
(rate) path as a cycle on a deviator strain (rate) plane; (b) the
Euler’s numerical method is usually used in the RPAM to
obtain the rotation of principal stresses θT ; and (c) the exam-
ined aspect is one of most interesting and important topics in
geomechanics. It is concluded from the study that:

(1) The RPAM can be used as a criterion to examine the
double-shearing type theories for granular materials. In addi-
tion, it can be used to investigate other possible choice of the
rotation rate in kinematic theories, and provide an efficient
way to determine model parameter h in the revised double-
shearing model.

(2) The application of the RPAM shows that the dou-
ble-shearing model tends to predict a very ‘delayed’ θT in a
much evidently oscillating (‘waving’) way to the rotation of
principal strain rate axes θD . The double-sliding free-rotating
model provides an infinite and indeterminate ‘delayed’ vari-
ations of θT . The revised double-shearing model appears to
be able to give a prediction of stable ‘delayed’θT with differ-
ent magnitude of the deviation angle i between the principal
stress and strain-rate tensors (0◦ ∼ 45◦).

(3) The choice of the rigid spin tensor as the rotation rate
may lead to a kinematic model that can only be able to give
predictions of θT for granular materials of internal frictional
angle φ ≤ 30◦. In addition, the predicted θT undergoes in a
manner changing regularly and periodically between stable
‘delayed’ and stable ‘advanced’ way to θD .

The Distinct Element Method [27–30] as well as plane
strain experiments [34] can be used to simulate the designed
velocity field and measure i for real granular materials. To-
gether with the RPAM presented in this paper, a full evalua-
tion on the kinematic models, including the DSR2 model, can
be archieved in a way familiar and attactive to geo-research-
ers. These works are now under way.
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(1998)

35. Tejchman, J.: Comparative FE-studies of shear localizations in
granular bodies within a polar and non-local hypoplasticity.
Mechanics Research Communications 31, 341–354 (2004)

36. Tejchman, J., Klisinski, M.: FE-studies on rapid flow of bulk solids
in silos. Granular Matter 3, 215–229 (2001)

37. Gutierrez, M., Ishihara, K., Towhata, I.: Flow theory for sand dur-
ing rotation of principal stress direction. Soils and Foundations
31(4), 121–132 (1991)


