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Abstract
The paper considers a discrete continuous model where consumers choose quality of 
the product they buy as well as its usage. The product has two quality dimensions, 
intrinsic quality and environmental quality, that are in conflict with each other. It 
analyzes a two-stage game in a vertically differentiated duopoly market, where firms 
choose intrinsic quality in the first stage, and compete in prices in the second stage. 
It examines the effects of green network, and environmental regulation in the form 
of an emission tax on equilibrium qualities, market share, and total emissions. It 
shows that while both green network effect and environmental regulation, individu-
ally, improve the overall environmental quality, the effect is stronger when the tax 
is imposed in the presence of green network effect. Though an increase in green 
network effect reduces environmental quality of both firms, the market share of the 
cleaner firm rises at the expense of the other firm, resulting in an overall improve-
ment of the environment. In the presence of green network effect, an emission tax 
improves environmental quality of both firms with market shares unaltered, thereby 
resulting in a reduction in total emissions. The green network effect enhances the 
effect of an emission tax. We also find that the environmental friendly firm benefits 
from the green network effect. The optimal tax is increasing in the network effect.
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1  Introduction

Consumers’ concern for the environment has grown in recent years resulting in a 
higher willingness to pay for environment-friendly products. A large strand of lit-
erature modelling such consumer preferences has analyzed choice of environmen-
tal quality in a vertically differentiated product framework, and examined how 
regulation affects these qualities (Bansal and Gangopadhyay 2003; Amacher et al. 
2004; Brecard 2013). Consumers not only choose among the products which vary 
in quality but also decide on the usage of the product. Moreover, the above lit-
erature assumes intrinsic quality to be homogeneous across firms and the product 
differentiation takes place only in terms of environmental attribute. Often prod-
ucts compete in more than one quality dimension, and the environment-friendly 
products face competition from the existing standard products. A few papers in 
the literature have taken cognizance that the intrinsic quality and the environ-
mental quality may be interrelated. While Birg and Voßwinkel (2018) consider 
these quality dimensions to be substitutes, Mantovani et al. (2016) model them as 
conflicting.

ln this paper, we incorporate both choice and usage of the product, and assume 
intrinsic quality to be in conflict with the environmental quality. While purchas-
ing cars consumers not only consider characteristics of the car they are purchas-
ing but also how much fuel they are going to use. They also face trade-offs in 
terms of different dimensions of quality. For example, electric cars are more envi-
ronment friendly but may not be as convenient as gasoline cars due to the lim-
ited storage capacity of batteries of electric cars. Similarly, luxury cars, SUVs, 
etc. have high intrinsic quality in terms of size, engine, comfort, safety features, 
etc., but usage of these cars requires much more fuel as compared to standard 
small cars. Solar thermal panels are considered environment friendly but may not 
ensure uninterrupted supply of energy and their installation requires space in the 
house. Eco-friendly cleaning products are mostly natural in origin and chemi-
cal free, therefore, less harmful to the eco-system but their performance may not 
match that of chemical based cleaning products.

We use a discrete continuous framework similar to Matsukawa (2012) to 
model choice and usage of the product. The discrete choice faced by the con-
sumers is a decision on the choice of the product, for example, which brand of 
a car to buy, whether to buy an electric or a gasoline car. The continuous choice 
faced by the consumers is how much fuel or electricity should be consumed while 
using the product. The literature on discrete continuous models includes (Burt-
less and Hausman 1978; Dubin and McFadden 1984; Hanemann 1984; De Jong 
1990; Matsukawa 2012) etc. Hanemann (1984) developed econometric model 
of discrete choice for different brands of a commodity and continuous choice of 
the quantity of a commodity to be purchased. De Jong (1990) and Matsukawa 
(2012) analyze vehicle ownership choices based on the hypothesis that a house-
hold maximizes utility from discrete choice of vehicle ownership and a continu-
ous choice of vehicle usage. Using data from Netherlands, De Jong (1990) shows 
that the cost of the car and the fuel price are effective in reducing car ownership 
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levels and also have an effect on car usage. Matsukawa (2012) examine welfare 
impact of emission taxes and subsidies, and show that as compared to a subsidy, 
an emission tax results in greater reduction in environmental pollution and higher 
welfare. Glerum et al. (2014) extends the literature by analyzing dynamic discrete 
continuous model of car ownership, usage and fuel type. The paper models for-
ward looking behaviour of the households for acquisition of the car.

The literature has also recognized that consumption decisions are made in a social 
context and consumers are concerned about the choices made by other consumers. 
Leibenstein (1950) attributes this to a bandwagon or snob effect. Various motiva-
tions for these effects include desire to confirm to social norms, status concerns, pos-
sible benefits that may accrue as more consumers consume the product (Farrell and 
Klemperer 2007). Social norms arise from the networks formed by the individuals 
in a society and may give rise to network effects. The network effects have particu-
larly been analyzed in the context of eco-friendly products -called “green network 
effect”. Conrad (2006) analyzes network effects that are strengthened by the market 
share of a firm in a horizontal product differentiation model. The paper shows that 
the higher the network effect the lower will be equilibrium prices and profits. Griva 
and Vettas (2011) introduce network effect in a standard Hotelling model and show 
that high quality firm captures a larger market share when network effects are rela-
tively weak. For stronger network effects, however, either high quality or low quality 
firm captures the entire market. The network effects may have a dynamic role and 
continue to exert in future consumption decisions as well. This may warrant a brown 
good tax to be in excess of Pigovian tax (Greaker and Midttomme 2014). Lamber-
tini and Orsini (2005), Brecard (2013) and Hauck et  al. (2014) model green net-
work effect under vertical product differentiation. Lambertini and Orsini (2005) find 
that when network externalities are large, there is a possibility of Bertrand equilib-
rium. Brecard (2013) shows that when green network effect is stronger than brown 
network effect, there is a reduction in environmental quality of both firms and an 
increase in the market share of the green firm. However, when brown firm network 
effect is stronger, there is an increase in environmental quality of both firms and an 
increase in the market share of brown firm. In the former case, a combination of an 
ad-valorem tax, a pollution tax and a subsidy on green products can achieve opti-
mum. However, in the latter case, the subsidy on green products is replaced with 
tax on green products. Hauck et al. (2014) has a similar result in terms of the effect 
of a green network on environmental quality and argues total welfare may decrease 
with an increase in the network effect. The regulator, thus, would choose a stricter 
environmental standard. The empirical studies have indicated that network effects 
increase willingness to pay for environmental friendly products (Rasouli and Tim-
mermans 2016; Grover et al. 2019). Using a discrete choice experiment, Carlsson 
et al. (2010) find that women’s willingness to pay for ecological friendly coffee is 
driven by conformity to the social norm and increases when large number of con-
sumers purchase ecological friendly coffee. Network effects have also been found to 
affect firm behaviour. Bansal et al. (2021) find evidence of peer effects influencing 
the corporate social responsibility expenditure of firms in India.

Network effects may be modelled in different ways. Often it is modelled as a 
function of the size of the market (Conrad 2006; Brecard 2013; Hauck et al. 2014). 
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They could influence present consumption decision or also future consumption deci-
sions (Greaker and Midttomme 2014). The network effect could also depend on 
environmental quality directly, for instance, in Carlsson et al. (2010) average level of 
environmental quality in the society serves as a social norm. While Lambertini and 
Orsini (2005) and Brecard (2013) associate network effects with the consumption of 
both green and brown goods, Hauck et al. (2014) and Falcone (2014) associate net-
work effects with the consumption of green goods.

The objective of our study is to examine the impact of green network effect and 
government policies such as emission taxes in a discrete-continuous framework 
where the intrinsic quality and the environmental quality are in conflict. Specifying 
a fuel demand function we derive a conditional indirect utility function that satisfies 
all the properties of an indirect utility function. We use this utility function to ana-
lyze a two-stage game in a vertically differentiated duopoly framework, where firms 
choose intrinsic quality in the first stage, and compete in prices in the second stage. 
Our theoretical model adds value on several counts. Most papers in the previous lit-
erature consider one dimension of quality, the environmental quality (Marette et al. 
1999; Zago and Pick 2004; Matsukawa 2012). In contrast, we consider products that 
have two dimensions of quality (intrinsic quality and environmental quality) that are 
in conflict with each other (Mantovani et  al. 2016). Our paper contributes to the 
theoretical literature analyzing green network effect by introducing green network 
effect in a discrete-continuous framework, and analyzing environmental regulation 
in the presence of green network effect in the above framework.

We show that an increase in green network effect reduces environmental qual-
ity and increases prices of both firms, decreases the market share and profits of the 
firm that has high intrinsic quality and low environmental quality, and has an oppo-
site effect on the firm that has low intrinsic quality and high environmental quality. 
The effects continue to remain the same even when an emission tax is imposed. Our 
results are different from Lambertini and Orsini (2005) which show that while quali-
ties are independent of the network effect, prices and profits of both firms decreases 
due to network effect. The results are in line with Brecard (2013) in terms of envi-
ronmental quality but differ in terms of prices. An emission tax in the absence of 
network effect leads to an increase in the environmental quality of high intrinsic 
quality firm and no change in the environmental quality of low intrinsic quality firm. 
This result is different from Matsukawa (2012), which shows that an increase in 
emission tax rate in discrete-continuous framework increases environmental qual-
ity of both firms. Matsukawa (2012) considers a single quality dimension and does 
not incorporate green network effects. When we introduce green network effect in 
our model, the result in terms of increasing environmental quality is similar to Mat-
sukawa (2012). In the presence of green network effect, an emission tax reduces 
prices of both firms; and does not change market share and profits of both firms. In a 
standard vertically differentiated product model, Bansal (2008) shows that the effect 
of an emission tax depends on cost parameter. However, in our study the effect of 
an emission tax depends on cost as well as usage parameters. We also show that an 
emission tax reduces total emissions and the reduction in emissions is much higher 
in the presence of green network effect. For sufficiently small values of the emission 
tax, welfare is higher under green network with environmental regulation than green 
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network without environmental regulation. The optimal tax rate increases with an 
increase in green network effect and decreases with the weight assigned to relative 
environmental quality. Policy implications of our results is that the effect of an emis-
sion tax is enhanced if it is complemented by information disclosure or labelling 
policies for the green network effect to manifest itself.

The rest of the paper is structured as follows. Section 2 develops duopoly model 
under discrete continuous framework and analyses equilibrium. The section also 
analyses various possible regulatory scenarios: (i) Benchmark case where green net-
work effect is absent and there is no environmental regulation (ii) Environmental 
regulation in the absence of green network effect (iii) Green network effect with-
out environmental regulation (iv) Green network effect with environmental regula-
tion. Sections 3 and 4 analyses the impact of green network and policy instrument 
of emission tax on equilibrium. Section 5 brings together all the scenarios, compares 
overall environmental quality under different policy instruments, and discuss impact 
of green network on optimal tax. Finally Sect.n 6 contains the concluding remarks.

2 � Model structure

Consider a vertically differentiated product market where two firms produce a qual-
ity differentiated product. The product has two quality dimensions - intrinsic quality 
(pure performance) and environmental quality- that are in conflict with each other. 
The higher is the intrinsic quality of a product, the lower is the corresponding envi-
ronmental quality. Let si i = H, L denote the intrinsic quality of firm i product, where 
si ∈ [s, s̄] . We assume firm H has higher intrinsic quality as compared to firm L, i.e., 
sH > sL . Henceforth, we refer to the firm with a higher intrinsic quality as H and the 
one with a lower intrinsic quality as L.

A1: Let C(si) denote cost function of firm i, given by

where b > 0 is marginal cost parameter, q is quantity produced. Total cost is increas-
ing in the quantity of good produced as well as the intrinsic quality. The cost func-
tion is assumed to be increasing and convex in the intrinsic quality. Since in our 
model, the product with a higher intrinsic quality has a lower environmental qual-
ity, this implies that the more environmentally damaging products are also more 
costly to produce. Various examples of such products include travel by airplanes as 
compared to trains; luxury cars and SUVs (Sports Utility Vehicles) as compared to 
standard small cars; paper produced by trees versus recycled paper.

The usage of the product requires fuel or electricity, which generates emissions. 
Let xi denote fuel consumption and � denote emissions per unit of fuel consumption. 
The emissions generated by usage of firm i product via fuel consumption, ei = �xi . 
Further, assume that firm H requires more fuel on usage as compared to firm L, 
i.e., xH > xL, which implies eH > eL . In other words, firm H generates higher emis-
sions per unit of usage and thus has a lower environmental quality (brown good) as 

C(qi, si) =
bsi

2qi

2
, i = H,L
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compared to firm L (green good) (Mantovani et al. 2016). Due to two dimensions of 
quality, both firms could have a positive demand even at equal prices, i.e., vertical 
differentiation ceases to hold under this situation.

There exists a continuum of consumers with each consumer buying one unit of 
the product. The consumer not only decides from which firm to buy the product but 
also how much fuel to use. For the latter, she faces a choice between fuel consump-
tion and composite good ( zi ), where zi includes all other goods except fuel.

The consumer maximizes her utility subject to a budget constraint

where U(xi, zi) is the utility from usage of the product (which in turn determines fuel 
consumption, xi ) and composite good, zi ; � is the marginal willingness to pay for 
intrinsic quality of the product, which is assumed to be uniformly distributed over 
[0, 1]; ei is the emissions on usage of firm i product with i ≠ j ; qi is the number of 
consumers buying firm i product; �i is the network effect; �H = 0 ; �L = � , y is the 
income of the consumer; pi is the purchase price of firm i product; � is the price of 
fuel; te is the emissions tax per unit of emissions ( te ≥ 0 ); pz is the price of the com-
posite good.

Apart from deriving utility from the intrinsic quality of the product, consumers 
derive utility from buying from a relatively cleaner firm, which gets reflected in the 
term �(ej − ei) . Parameter � ≥ 0 measures the marginal effect of relative emissions 
on utility. Higher is � , stronger is the weight given to relative environmental quality. 
When � = 0 , we have the standard utility function for intrinsic quality along with 
green network effect. In our formulation, while consumers are heterogeneous in 
their preference for intrinsic quality, they all assign equal value to relative emissions. 
Relative emissions, however, are determined by fuel consumption, which as shown 
below (Eq. 2) is a function of intrinsic quality.

Our formulation also includes a green network effect that is increasing in the mar-
ket share of the consumers buying the green good. This effect arises due to a social 
norm created for the consumption of green good, which imparts a social value to its 
consumption. The larger is the number of such consumers, the stronger is the norm. 
Such a social norm is more likely to be formed for a good that has social value, viz., 
green goods. Thus, in our model only green goods have a network effect and there 
is no network effect associated with the brown good (Hauck et  al. 2014; Falcone 
2014). Empirical evidence also supports the presence of network effects for green 
products. Rasouli and Timmermans (2016) showed that consumers’ willingness to 
pay increases with green network effect. Grover et al. (2019) find that Indian con-
sumers report an increase in willingness to pay of around 300 US Dollars for a fuel 
efficient car that is driven by 10% of their network. Carlsson et al. (2010) find that 
women’s willingness to pay for ecological friendly coffee is driven by conformity to 
the social norm and increases when large number of consumers purchase ecological 
friendly coffee. Roychowdhury (2019) showed that a one Indian rupee increase in 
consumption expenditure of a households’ peers leads to an increase of 0.8 Indian 
rupee in the household’s own expenditure.

(1)
max
xi,zi

U(xi, zi) + �si + �(ej − ei) + �iqi

s.t. y − pi ≥ (� + te�)xi + pzzi
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The size of the green network is given by the market share of high environmental 
quality firm ( qL ). Following the literature, (Katz and Shapiro 1985; Conrad 2006), 
we have assumed a full information model, where consumers have full information 
about the size of the market, and thus the size of the network.

The budget constraint given by equation (1) states that income (y) net of the pur-
chase price of the product ( pi ) is allocated between fuel consumption, xi, and com-
posite good, zi . In the presence of emission taxes, the amount spent by the consumer 
on fuel is (� + te�)xi. For simplification, we assume � = 1 for the rest of the analysis.

2.1 � Specification of the utility function

To derive demand functions for the two firms, one can proceed by specifying a func-
tional form for the indirect utility function and then derive demand functions using 
Roy’s identity. Another possible way is to specify the fuel demand function and use 
Roy’s identity as a partial differentiation equation (De Jong 1990; Matsukawa 2012). 
We follow the latter approach, and provide below the derivation of conditional indi-
rect utility function.

Let the fuel demand function conditional on firm i product be given by

where 𝜆, 𝛽 > 0 and � are parameters. The demand for fuel for a consumer condi-
tional on the choice of product is assumed to be a sum of three terms. The first term, 
�si , is the product of usage of the product ( � ) and the intrinsic quality of the product 
that the consumer has chosen. The usage parameter is assumed to be independent of 
the consumer’s choice of the product. Clearly, fuel consumption is higher for firm 
H as compared to firm L. The second term captures sensitivity of fuel demand to 
fuel price, � , and emission tax te, deflated by the price of the composite good pz. 
Parameter � captures marginal reduction in demand for fuel with a unit rise in either 
fuel price or emission tax. The third term � captures the effect of socio-economic 
characteristics such as age, gender, average commuting distance, number of house-
hold members, etc., on demand for fuel. The empirical literature reports statistically 
insignificant coefficients with income variables, with income elasticity ranging from 
0.01 to 0.14 (Hensher et al. 1990)1. The fuel demand function described in Eq. (2) 
does not include any income effect.

The conflict in the two dimensions of qualities is evident from the demand func-
tion (2) and the utility function (1). Emissions are increasing in fuel consumption 
( xi ) which in turn is increasing in intrinsic quality ( si ). In equation (1) intrinsic qual-
ity positively affects utility but emissions negatively affect utility.

The main difference from Matsukawa (2012) is that we have two dimensions of 
quality as opposed to one dimension of quality in that paper. While in Matsukawa 
(2012), the fuel demand is inversely related to the (environmental) quality of the 

(2)xi = �si −
�(� + te)

pz
+ �

1  Refer to Matsukawa (2012) for further details.
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product, in our formulation, fuel demand is increasing in the intrinsic quality of the 
product. But since the two dimensions are in conflict, effectively, fuel demand in our 
formulation is also decreasing in environmental quality. The difference arises in the 
utility function because consumers derive positive utility from the intrinsic quality 
but negative utility from emissions.

From equation (1), each consumer’s conditional indirect utility function (condi-
tional on the consumer’s choice of the firm) is given by

where Yi ≡ y − pi, �L = � , �H = 0 . Applying Roy’s identity to equation (3) and using 
equation (2), we get the following partial differentiation equation

We next derive a closed form expression for conditional indirect utility function 
using implicit function theorem in equation (3), keeping utility constant at a certain 
level2

Using equation (4) and (5), we obtain the following differential equation

Integrating both sides of the above equation and using separability of the differentia-
tion equation, we have

where c is the constant of integration. We choose c as our cardinal measure of util-
ity, i.e., c = �(

�+te
pz

,
Yi

pz
, si) =

Yi

pz
− (�si + �)

(�+te)

pz
+

�

2
(
�+te
pz

)
2 . Substituting 

�((� + te)∕pz, Yi∕pz, si) in equation (3) we obtain conditional indirect utility func-
tion as

(3)Ui = �((� + te)∕pz, Yi∕pz, si) + �si + �(ej − ei) + �iqi

(4)
−
�Ui∕��

�Ui∕�y
=xi

⇒ −
��i∕�((� + te)∕pz)

��i∕�(Yi∕pz)
=�si −

�(� + te)

pz
+ �

(5)
��i

�((� + te)∕pz)
d((� + te)∕pz) +

��i

�(Yi∕pz)
d(Yi∕pz) = 0

(6)
d(Yi∕pz)

d((� + te)∕pz)
= xi = �si −

�(� + te)

pz
+ �

(7)
Yi

pz
= c + (�si + �)

(� + te)

pz
−

�

2

(
� + te

pz

)2

(8)Ui = �si + �(ej − ei) + �qL − (�si + �)
(� + te)

pz
+

�

2

(
� + te

pz

)2

+
Yi

pz

2  Burtless and Hausman (1978) and Matsukawa (2012)
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The conditional indirect utility function given in equation (8) satisfies all the proper-
ties of an indirect utility function. It is continuous; homogeneous of degree zero in 
fuel price, emission tax rate, price of the product, price of the composite good and 
income; non-increasing in price of the fuel ( � ), price of the composite good ( pz ) 
and non-decreasing in income (y). The conditional indirect utility function is quasi-
convex in prices, i.e., the diagonal elements of Slutsky matrix are non-positive (refer 
appendix). For simplicity, we assume pz = 1 for the rest of our analysis.

2.2 � Equilibrium analysis

We now consider a two stage game in which firms choose intrinsic quality in the first 
stage and compete in prices in the second stage. The literature has considered both par-
tially covered market (Amacher et al. 2005; Bansal and Gangopadhyay 2003; Grover 
and Bansal 2019) and fully covered market (Bansal 2008; Matsukawa 2012; Bottega 
and Freitas 2013). For simplification, we assume a fully covered market where all con-
sumers buy one unit of the product in equilibrium. This would hold for products such 
as automobiles, mode of travel, electrical appliances, routine consumer products such 
as paper, detergents, etc. For the market to be fully covered, the consumer with � = 0 
should also derive a positive net surplus at equilibrium prices and qualities. (Refer to 
Appendix for conditions under which a fully covered market exists). Using the condi-
tional indirect utility function given by equation (8) and ei = xi = �si − �(� + te) + � 
(equation (2)), the consumer who is indifferent between purchasing from firm H and 
firm L is given by �2 =

(pH−pL)

(sH−sL)
+ �(2� + � + te) + �qL . The consumers with 

� ∈ [0, �2] will buy from firm L and consumers with � ∈ [�2, 1] will buy from firm H. 
Thus the demand for firm L, qL = �2 and the demand for firm H, qH = 1 − �2 . Substi-
tuting the expression for qL = �2 and simplifying, we get 
�2 = [pH − pL + �(2� + � + te)(sH − sL)]∕(sH − sL − �) . The demand for two firms is 
given by

From (9) we can write conditions under which both firms will have a posi-
tive market share. qL is positive for pH ≥ pL. For pH < pL, qL is posi-
tive if pL − pH < 𝜆(2𝛾 + 𝜔 + te)(sH − sL) . Similarly, qH is posi-
tive under the condition (pH − pL) < (1 − 𝜆(2𝛾 + 𝜔 + te))(sH − sL) − 𝛼 . 
Both qH and qL are positive under the condition 
−𝜆(2𝛾 + 𝜔 + te)(sH − sL) < (pH − pL) < (1 − 𝜆(2𝛾 + 𝜔 + te))(sH − sL) − 𝛼 . We 
solve the above two stage game by backward induction.

(9)
qL =

(pH − pL) + �(2� + � + te)(sH − sL)

sH − sL − �

qH =
(1 − �(2� + � + te))(sH − sL) − � − (pH − pL)

sH − sL − �
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2.2.1 � Stage 2 ‑ price competition

The firms simultaneously choose prices to maximize profits. The profit of firm i 
is given by

Substituting demand functions in the profit functions and maximizing with respect 
to prices give the following best response functions

From the best responses function it can be seen that prices are strategic comple-
ments. Let Δs ≡ (sH − sL) denote degree of product differentiation. The equilibrium 
prices are obtained as

where superscript ∗∗ denotes equilibrium value of the variables under green network 
effect with regulation. The price of high quality firm is rising in the quality gap Δs . 
The price of firm L is rising in higher quality sH , but the effect of sL is ambiguous. 
For given qualities, an increase in fuel price or emission tax results in a decrease in 
the price of firm H and an increase in the price firm L.

The equilibrium quantities are

An increase in green network effect impacts demand via a direct effect and an indi-
rect effect through prices. From equation (10) it can be seen that for given quali-
ties, an increase in green network effect results in a decrease in price for both firms, 
which should cause an increase in demand. It is trivial from equation (11) that an 
increase in green network effect results in a net decrease in the demand for firm H 
suggesting that the direct effect dominates the price effect. However, for firm L both 
effects work in the same direction of increasing quantity demanded.

�i = (pi −
bs2

i

2
)qi

pH =
2pL + 2(sH − sL − �) − 2�(2� + � + te)(sH − sL) + bs2

H

4

pL =
2pH + 2�(2� + � + te)(sH − sL) + bs2

L

4

(10)
p∗∗
H

=
4(Δs − �) − 2�Δs(2� + � + te) + 2bs2

H
+ bs2

L

6

p∗∗
L

=
2(Δs − �) + 2�Δs(2� + � + te) + bs2

H
+ 2bs2

L

6

(11)
q∗∗
H

=
4(Δs − �) − 2�Δs(2� + � + te) − bΔs(sH + sL)

6(Δs − �)

q∗∗
L

=
2(Δs − �) + 2�Δs(2� + � + te) + bΔs(sH + sL)

6(Δs − �)
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2.2.2 � Stage 1 ‑ intrinsic quality competition

We now turn to stage 1, where firms choose intrinsic qualities. Substituting prices 
and quantity from equation (10) and (11) into profit equation we have

Maximizing profits with respect to intrinsic quality subject to the constraint si ≥ s 
gives the first order condition ��i

�si
≤ 0 . If ��i

�si
= 0, si ∈ [s, s] , and if 𝜕𝜋i

𝜕si
< 0 , then 

si = s (i = H, L) . We obtain an interior solution under the former and a corner solu-
tion under the latter condition.

The above analyses serves as a general set of equations using which we will now 
solve for specific cases. We analyze the following four cases (i) Benchmark case, 
where environmental regulation as well as green network effect are absent (ii) Envi-
ronmental regulation in the presence of green network effect (iii) Environmental 
regulation in the absence of green network effect (iv) Green network effect without 
environmental regulation.

2.3 � Benchmark case‑ absence of regulation and green network effect

Suppose consumers do not take into account green network effect, and the gov-
ernment does not intervene with an emission tax, i.e., � = te = 0 . The market is 
fully covered under the condition 𝜆(2𝛾 + 𝜔) < 2 for a sufficiently small � (Refer to 
Appendix). From now on we assume

A2: 𝜆(2𝛾 + 𝜔) < 2

Simultaneously solving the two first order conditions given in equation(13) and 
using � = 0 ; te = 0 , we get equilibrium qualities as3

(12)
�H =

(4(Δs − �) − 2�Δs(2� + � + te) − bΔs(sH + sL))
2

36(Δs − �)

�L =
(2(Δs − �) + 2�Δs(2� + � + te) + bΔs(sH + sL))

2

36(Δs − �)

(13)

��H
�sH

=(4(Δs − �) − 2�Δs(2� + � + te) − bΔs(sH + sL))

(4(Δs − �)(1 − bsH) − 2�(2� + � + te)(Δs − 2�) + bΔs(sH + sL))

36(Δs − �)2

��L
�sL

=(2(Δs − �) + 2�Δs(2� + � + te) + bΔs(sH + sL)

(−2(Δs − �)(1 + 2bsL) − 2�(2� + � + te)(Δs − 2�) + bΔs(sH + sL))

36(Δs − �)2

3  This is the unique solution satisfying the second order conditions.
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Under A2, the intrinsic quality of firm H is positive. The intrinsic quality of firm H 
is decreasing in the usage parameter ( � ), marginal effect of relative emissions ( � ), 
price of fuel ( � ) and marginal cost parameter b. Firm L chooses the lowest possible 
quality, i.e., the corner solution.

Substituting the equilibrium level of qualities from equation (14) in equations 
(10) - (12) and using � = te = 0 , we get equilibrium prices, quantity and profits of 
firm H and L as

where superscript ∗ denotes equilibrium values of the variables in the benchmark 
case. Both firms enjoy a positive market share under A2, and the market share of 
low intrinsic quality firm is larger than the high intrinsic quality firm ( qL > qH ). The 
second order conditions for profit maximization are satisfied (refer to Appendix). 
An increase in the fuel price results in a decrease in the intrinsic quality of firm H; 
no change in the quality of firm L (equation (14)); decreases prices of both firms; 
decreases market share and profits of firm H; increases market share of firm L; and 
increases profits of firm L for 𝜆(2𝛾 + 𝜔) < 1∕2 and decreases profits of firm L for 
2 > 𝜆(2𝛾 + 𝜔) > 1∕2 (equation (15)).

If an environmental regulation in the form of an emission tax, te, is introduced, 
the only change in the equilibrium outcome described for the benchmark case in 
equations (14) and (15) is that � is replaced by (� + te).

2.4 � Environmental regulation in the presence of green network effect

Suppose an emission tax is imposed when consumers take into account green net-
work effect. Green network effect manifests in the form of �qL term in the utility 
function. Solving the two first order conditions simultaneously (equation (13)) 
yields equilibrium qualities as

(14)
s∗
H
=

4 − 2�(2� + �)

3b

s∗
L
= s

(15)

p∗
H
=

10(2 − �(2� + �))2

27b

p∗
L
=

2(2 − �(2� + �))(5 + 2�(2� + �))

27b

q∗
H
=

2(2 − �(2� + �))

9

q∗
L
=

5 + 2�(2� + �)

9

�H∗ =
2(2 − �(2� + �))3

2187b

�L∗ =
(2 − �(2� + �))(5 + 2�(2� + �))2

4374b
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The second order conditions are satisfied for 𝛼 < (9∕16b) (refer to Appendix). Under 
( 𝛼 > 3∕8b ) and (8b𝛼 − 3)∕(4(3 − 4b𝛼)) > 𝜆(2𝛾 + 𝜔 + te) , both qualities are in the 
interior, i.e., s∗∗

H
> s, s∗∗

L
> s . Substituting the value of sH and sL from (16) in equa-

tions (10) - (12), we get equilibrium prices, quantity and profits of firm H and L as

where superscript ∗∗ denote equilibrium value to the variables under green network 
with regulation of emission tax. From equation (17), we get that for 𝛼 < (9∕16b) 
both firms exist in the market. However, for (9∕16b) < 𝛼 < (9∕8b) , only firm L oper-
ates in the market. From equation (16) and (17), an increase in fuel price reduces the 
intrinsic quality, increases environmental quality; reduces prices and has no impact 
on market shares and profits of both firms.

Substituting te = 0 in equations (16) and (17) provides results for the case of 
green network effect in the absence of environmental regulation.

3 � Impact of green network effect

Consumer preferences for environmental friendly products could be influenced 
by behavior of other consumers. Social norms arise in a society through net-
works formed by individuals. These norms guide socially acceptable behavior, 
and impart a feeling of pride or shame in conforming or violating the norms. In 
this phenomenon beliefs, ideas and fads arise, whose strength gets affected by the 
size of the network. Individuals forming a network could be physically connected 
or have a close market relationship. When a network effect is present the value of 
the product depends on the number of consumers purchasing that product, i.e., 

(16)
s∗∗
H

=
15 − 16b�

4b(3 − 4b�)
−

�(2� + � + te)

b

s∗∗
L

=
8b� − 3

4b(3 − 4b�)
−

�(2� + � + te)

b

(17)

p∗∗
H

=
6 − 4b� − 3�(2� + � + te) + 3(�(2� + � + te))

2

6b
+

153 + 192(b�)2 − 336b�

32b(3 − 4b�)2

−
�(2� + � + te)(9 − 8b�)

4b(3 − 4b�)

p∗∗
L

=
3 − 2b� + 3�(2� + � + te) + 3(�(2� + � + te))

2

6b
+

81 + 128(b�)2 − 192b�

32b(3 − 4b�)2
−

3�(2� + � + te)

4b(3 − 4b�)

q∗∗
H

=
9 − 16b�

6(3 − 4b�)

q∗∗
L

=
9 − 8b�

6(3 − 4b�)

�∗∗
H

=
(3 − 2b�)(9 − 16b�)2

72b(3 − 4b�)2

�∗∗
L

=
(3 − 2b�)(9 − 8b�)2

72b(3 − 4b�)2
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the size of the market. Proposition 1 presents the impact of green network effect 
on market outcomes.

Proposition 1   Assume interior solution. An increase in the green network effect 

	 (i)	 increases the intrinsic quality and decreases environmental quality of both 
firms

	 (ii)	 increases the prices of both firms
	 (iii)	 reduces the market share of firm H and increases the market share of firm L
	 (iv)	 reduces the profits of firm H and increases the profits of firm L
	 (v)	 has no impact on the degree of product differentiation
	 (vi)	 all the above effects remain the same whether an emission tax is imposed or 

not.

Proof: See Appendix
With an increase in the green network effect, the intrinsic quality of the product 

for both firms goes up, which in turn implies that environmental quality goes down. 
The gap between two qualities remains the same. However, the market share shifts 
in favor of the firm with better environmental quality. Thus there are two opposite 
forces on the overall environmental quality, and the net impact depends on the rela-
tive strength of these two effects. The increase in intrinsic quality increases costs, 
resulting in an increase in prices of both firms. The main economic intuition of our 
results is the following. The low quality firm will increase its intrinsic quality as 
consumers are willing to pay more for its product due to a network effect. Since 
qualities are strategic complements, the high quality firm also increases its intrin-
sic quality. Our results differ from Lambertini and Orsini (2005) where equilibrium 
qualities are independent of the network effect as equilibrium prices decrease lin-
early in the network effect. Our results are in line with Brecard (2013) in terms of 
environmental quality but differ in terms of prices. Similar to Hauck et al. (2014), 
there exists a demand effect of green network resulting in an increase in the mar-
ket share of low quality firm. Due to the green network effect profits of high qual-
ity firm reduce and low quality firm increases. In contrast to Lambertini and Orsini 
(2005), who find that profits of both firms decrease due to network externalities, in 
our paper, green firm’s profit increases due to network effects. The two main reasons 
for the difference in the results is that qualities are in conflict in our model and we 
incorporate network effect only for the green good where as Lambertini and Orsini 
(2005) have it for both green and brown goods. We also find that the impact of green 
network on qualities, quantity and profits does not depend on the usage of the prod-
uct. The effect of an increase in green network effect on intrinsic quality, prices, 
market share, and profits remain the same whether an emission tax is imposed or 
not. In the next section, we analyze the impact of an emission tax on market out-
comes in the presence and absence of green network effect.
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4 � Environmental regulation ‑ emission tax

Emission taxes are widely used as a policy instrument to address environmental 
problems. They have also been used to encourage green products (Lombardini-
Riipinen 2005; Bansal 2008). Other possible policy instruments to promote green 
consumption are minimum quality standards, labeling, ad-valorem taxes/subsidy, 
emission subsidies, etc. An emission tax is imposed on emissions generated either 
during the production process or consumption. In our study, emissions are generated 
during fuel consumption. Propositions 2 and 3 document the impact of an emission 
tax on market outcomes such as product qualities, prices, market share and profits in 
the absence and presence of green network effect, respectively.

Proposition 2  In the absence of green network effect, an increase in an emission 
tax rate 

(i)	 reduces the intrinsic quality and increases environmental quality of firm H and 
has no effect on the intrinsic quality and the environmental quality of firm L

(ii)	 reduces prices of both firms
(iii)	 reduces market share of firm H and increases market share of firm L
(iv)	 reduces profits of firm H; increases profits of firm L for 𝜆(2𝛾 + 𝜔 + te) < 1∕2 and 

reduces profits of firm L for 𝜆(2𝛾 + 𝜔 + te) > 1∕2.
(v)	 reduces the degree of product differentiation

Proof: See Appendix
Proposition 3  In the presence of green network effect, an increase in an emission 
tax rate 

(i)	 reduces the intrinsic quality and increases environmental quality of both firms
(ii)	 reduces the prices of both firms
(iii)	 has no impact on market shares of both firms
(iv)	 has no impact on profits of both firms
(v)	 has no impact on degree of product differentiation

Proof: See Appendix
Our results show that in the absence of green network effect, an emission tax 

increases environmental quality of high quality firm and does not impact quality 
choice of low quality firm. This result is different from Matsukawa (2012), which 
shows that an increase in emission tax rate in discrete-continuous framework 
increases environmental quality of both firms. However, when we introduce green 
network effect then the result pertaining to environmental quality corresponds to 
Matsukawa (2012). As qualities are in conflict, increasing environmental quality 
implies reduction in intrinsic quality, which reduces fuel consumption. The increase 
in environmental quality of firms due to an emission tax is larger in the presence of 
a green network effect as compared to its absence. Further, the effect of an emission 
tax depends on usage parameter, � , and cost parameter, b . Larger is � and lower is 
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b , the larger is the effect of an emission tax on the intrinsic quality. The results dif-
fer from Bansal (2008), where the effect of an emission tax depends only on the 
cost parameter, b . In the presence of network effect, an increase in emission tax rate 
reduces price of both firms, and has no impact on the market share and profits of 
both firms. Also, when network effect is present, the degree of the product differen-
tiation given by Δs∗∗ = 3∕2b , does not depend on the emission tax.

The next section compares above scenarios in terms of total emissions and 
welfare.

5 � Total emissions and welfare analysis

To assess the impact of green network effect and emission tax on overall envi-
ronmental quality, we compare total emissions under different scenarios. We also 
attempt to compare welfare under different scenarios. Due to intractability of 
expressions, we are only able to compare welfare under green network effect with 
and without environmental regulation.

Proposition 4   

	 (i)	 Total emissions are largest in the benchmark case, where both regulation and 
green network effect are absent, and are the lowest when both regulation and 
green network effect are present.

	 (ii)	 Total emissions under the other two scenarios, i.e., regulation without green 
network effect, and the green network effect without regulation lie within these 
two extremes.

	 (iii)	  For a sufficiently small value of �, total emissions are lower under green 
network effect without regulation as compared to the case of regulation in the 
absence of green network effect.

Proof: See Appendix
In the presence of green network effect, the regulation increases environmental 

quality of both firms and there is no change in their market shares. Thus total emis-
sions reduce unambiguously.

The green network effect (without regulation) deteriorates environmental quality 
of both firms, however, the market share of green firm rises at the expense of brown 
firm. The two effects offset each other in such a manner that there is a reduction in 
total emissions. The regulation (in the absence of green network effect) increases 
the environmental quality of firm H , keeping the quality of firm L the same. It also 
increases the market share of green firm, L, clearly, resulting in a reduction in total 
emissions. For sufficiently small values of � , the impact of green network effect is 
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stronger than that of the regulation. This is because when � is small, the effect of an 
emission tax on reducing fuel demand and thus emissions is small.

Define welfare as the sum of consumer surplus, profits of both firms, and gov-
ernment budget surplus. We assume perfect competition in the market of fuel and 
composite good, thus, the profits of the firms supplying fuel and composite goods 
are zero.

Consumer surplus - It is the net benefit received by the consumers. Using 
y ≡ (� + te)xi + pzzi + pi

4, we define consumer surplus (CS) as

Using equation (8), pz = 1 , ei = �xi , � = 1 , qL = �2 and equation (2) we get con-
sumer surplus as

Profits of firm H and L

Government budget surplus - The government budget surplus is positive as it 
earns revenue from emission tax. As we assume emissions are generated only by the 
consumption of fuel and not from the production of the products by the firms, the 
emission tax is being paid by the consumers.

CS =∫
�2

0

(uH − y)d� + ∫
1

�2

(uL − y)d�

(18)

CS =∫
�2

0

(�sH + �(xL − xH) − (�sH + �)(� + te) +
�(� + te)

2

2
− pH)d�+

∫
1

�2

(�sL + �(xH − xL) + �qL − (�sL + �)(� + te) +
�(� + te)

2

2
− pL)d�

=∫
�2

0

(�sH − ��(sH − sL) − (�sH + �)(� + te) − pH)d�+

∫
1

�2

(�sL + ��(sH − sL) + ��2 − (�sL + �)(� + te) − pL)d� +
�(� + te)

2

2

(19)�H =∫
�2

0

(pH −
bs2

H

2
)d�

(20)�L =∫
1

�2

(pL −
bs2

L

2
)d�

Budgetsurplus =∫
�2

0

teeHd� + ∫
1

�2

teeLd�

4  Yi ≡ y − pi or y ≡ Yi + pi and Yi is the amount spent on fuel and composite good which is equal to 
(� + te)xi + pzzi.
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Using ei = �xi , � = 1 and equation (2), we get government budget surplus as

Welfare is the sum of equations (18–21). On simplification, we get welfare as

Substituting the equilibrium values of si , qi and �2 from equations (16), (17) for 
green network effect with and without regulation, we get the conditions for welfare 
to be higher under green network effect with environmental regulation than welfare 
under green network without environmental regulation (Proposition 5).

Proposition 5   For te ⋚
�

b�+�2
(
15−8b�

2(3−4b�)
− b2 − 4��), we have W̃ ⋚ W∗∗.

We show that for sufficiently small values of te , welfare is higher under green 
network with environmental regulation than green network without environmental 
regulation. The environmental regulation in the form of emission tax leads to an 
increase in environmental quality, reduction in emissions and an increase in budget 
surplus, thereby increasing welfare.

Optimal tax rate
The optimal emission tax in the presence of green network is derived by maxi-

mizing welfare given by equation (22) with respect to emission tax, te , given by

We analyze the impact of green network effect (� ), and weight given to relative 
emissions ( � ) on optimal tax rate (Proposition 6).

Proposition 6   (i) The optimal tax rate, t∗∗
e

 increases with an increase in green net-
work effect ( �)

(ii) and decreases in the weight given to relative emissions parameter ( �).

Proof: See Appendix

(21)

BudgetSurplus =∫
�2

0

texHd� + ∫
1

�2

texLd�

=∫
�2

0

te(�sH − �(� + te) + �)d� + ∫
1

�2

te(�sL − �(� + te) + �)d�

(22)

W =(sH − sL)�2

(
�2
2

− �(2� + �) −
b(sH + sL)

2

)
+

�(1 − �2
2
)

2
+ ��sH + sL(

1

2
− �(� + �))

−
bs2

L

2
− �� +

�(�2 − t2
e
)

2

(23)t∗∗
e

=
2�(b� − ��(3 − 4b�))

(3 − 4b�)(�b + �2)
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It can be shown that the optimal emission tax is positive for a sufficiently strong 
network effect.5 An increase in the weight assigned to relative emissions leads to a 
decrease in optimal tax rate under green network effect. This is because by assigning 
a greater weight to environmental quality, consumers are internalizing the external-
ity themselves and there is a smaller role for the government intervention. The opti-
mal tax is increasing in the network effect as environmental qualities of both firms 
deteriorates with an increase in the network effect and thus a higher emission tax is 
required to compensate for the effect.

We are unable to get closed form expression for an optimal emission tax in the 
absence of green network effect, however, in Appendix, we show that a small emis-
sion tax is welfare improving for a wide range of parameters.

6 � Conclusion

The paper analyzes the effects of green network and emission taxes on various market 
outcomes in a model where products are differentiated along two dimensions of qual-
ity, and consumers choose both the quality of the product and the extent of its usage. 
We find that both green network effect and emission tax improve overall environmental 
quality by reducing total emissions. The effects are complementary to each other in the 
sense that the impact of an emission tax is stronger in the presence of the green net-
work effect. We also find that the environmental friendly firm benefits from the green 
network effect, as its market share and profits increase with the strength of the network 
effect. Finally, we show that for sufficiently small values of an emission tax rate, wel-
fare is higher under green network with environmental regulation than green network 
without environmental regulation. The optimal tax is increasing in the network effect.

Since network effects enhance the effect of emission taxes, from a policy perspec-
tive, governments may consider interventions that can establish green networks. One 
possible way is to promote information disclosure policies such as labelling so that 
consumers are informed of environmental quality of products they are buying, which 
in turn, would facilitate manifestation of green network effects. The other intervention 
that can help establish networks is awareness campaigns that may form social norms 
for consumption of environmentally friendly products. The results are relevant for pol-
icy makers aiming to reduce green house gas emissions from the transportation sector.

Appendix

Properties of indirect utility function

The conditional indirect utility function is non-increasing in price of the fuel ( � ), price 
of the composite good ( pz ) and non-decreasing in income (y) -
5  For 𝛼 > 3𝛾𝜆∕b(1 + 4𝜆𝛾) , the optimal emission tax is positive. This is consistent with the previous 
assumptions 𝜆(2𝛾 + 𝜔) < 2 and 𝛼 < (9∕16b).
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The conditional indirect utility function is quasi-convex in prices. We use expendi-
ture function to calculate diagonal elements of Slutsky matrix. Rearranging terms in 
equation (8) and using Yi ≡ y − pi , we get expenditure function as

The diagonal elements of Slutsky equation, s11 and s22 are given by

Thus all the properties of an indirect utility function are satisfied.

Conditions for fully covered market

For the market to be fully covered, all consumers including the consumer with the low-
est preference parameter � = 0 should derive a positive utility from buying a unit of the 
product in equilibrium. Plugging � = 0 in equation (8), the utility is

Substituting the equilibrium values from equation (14),(15) in equation (24), we get 
the utility which consumer with � = 0 obtains from buying from firm L under the 
benchmark case (in the absence of regulation and green network effect) -

Assuming � is sufficiently small, the condition 𝜆(2𝛾 + 𝜔) < 2 ensures that market is 
fully covered.

Similarly, we can derive a condition for the market to be fully covered under envi-
ronmental regulation in the presence of green network effect. Substituting the equilib-
rium values from equation (16), (17) in equation (24), we get utility function as

𝜕Ui

𝜕𝜔
= −

𝜆si + 𝛿

pz
+

𝛽(𝜔 + te)

p2
z

= −
xi

pz
< 0

𝜕Ui

𝜕pz
= −

−pzYi + pz(𝜆si + 𝛿)(𝜔 + te) − 𝛽(𝜔 + te)
2

p3
z

= −
zi

pz
< 0

𝜕Ui

𝜕y
=

1

pz
> 0

e(pz,�,U) = y = Upz − �sipz − �(ej − ei)pz − �qLpz + (�si + �)(� + te) −
�

2

(� + te)
2

pz
+ pi

s11 =
𝜕2e(pz,𝜔,U)

𝜕𝜔2
= −

𝛽

pz
< 0s22 =

𝜕2e(pz,𝜔,U)

𝜕p2
z

= −
𝛽(𝜔 + te)

p3
z

< 0

(24)U = �(ej − ei) + �qL − (�si + �)(� + te) +
�(� + te)

2

2
+ y − pi

U =
2��(2 − �(2� + �))

3b
+

��2

2
− �� + y

U =
3��

2b
+

�(9 − 8b�)

6(3 − 4b�)
+

�2(2� + � + te)(� + te)

b
+

�(� + te)
2

2
−

�(� + te)(8b� − 3)

4b(3 − 4b�)
− �(� + te)
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The equation (25) ensures that market is fully covered, i.e., for sufficiently small 
values of � and �(� + te).

Second order conditions for profit maximization

Absence of green network effect and no regulation
The second order conditions at the market equilibrium are given by (using equa-

tion (13), (14) and � = te = 0)

The second order conditions holds under A2.
Green network effect with environmental regulation
Using equation (13), (16) we get second order conditions at the market equilib-

rium as

The above condition for high quality firm holds for 𝛼 < 9∕16b . The second order 
conditions is same for green network with no regulation.

Proof of proposition 1

Impact of green network effect with emission tax 

	 (i)	 From equation (16), we have ds
∗∗
i

d𝛼
=

3

(3−4b𝛼)2
> 0

	 (ii)	 From equation (17),we have 

(25)

𝜆(𝜔 + te)(8b𝛼 − 3)

4b(3 − 4b𝛼)
+ 𝛿(𝜔 + te) <

3𝛾𝜆

2b
+

𝛼(9 − 8b𝛼)

6(3 − 4b𝛼)
+

𝜆2(2𝛾 + 𝜔 + te)(𝜔 + te)

b
+

𝛽(𝜔 + te)
2

2

𝜕2𝜋H

𝜕s2
H

= −
b(4 − 2𝜆(2𝛾 + 𝜔))

27
< 0

𝜕2𝜋L

𝜕s2
L

= −
b(8 + 5𝜆(2𝛾 + 𝜔))

27
< 0

𝜕2𝜋H

𝜕s2
H

= −
b(9 − 16b𝛼)(32(b𝛼)2 − 56b𝛼 + 27)

36(3 − 4b𝛼)2(3 − 2b𝛼)
< 0

𝜕2𝜋L

𝜕s2
L

= −
b(9 − 8b𝛼)(32(b𝛼)2 − 32b𝛼 + 15)

36(3 − 4b𝛼)2(3 − 2b𝛼)
< 0
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	 (iii)	 From equation (17),we have 

	 (iv)	 From equation (17),we have 

	 (v)	 From equation (16), we have Δs∗∗ = s∗∗
H

− s∗∗
L

= 3∕2b

	 (vi)	 By substituting te = 0 in equation (16) and (17), it can be seen that above 
results hold for green network effect without environmental regulation.

Proof of proposition 2

Impact of emission tax in the absence of green network effect
The values ŝi , p̂i , q̂i and 𝜋̂i denote qualities, prices, quantity and profits under 

absence of green network without environmental regulation. It is calculated by 
replacing � with (� + te) in equations (14) and (15). 

(i)	 From equation (14), we have d ̂sH
dte

= −
2𝜆

3b
< 0 and dŝL

dte
= 0.

(ii)	 F rom equa t ion  (15 ) ,  we  have  dp̂H

dte
= −

20𝜆(2−𝜆(2𝛾+𝜔+te))

27b
< 0  and 

dp̂L

dte
= −

2𝜆(1+4𝜆(2𝛾+𝜔+te))

27b
< 0.

(iii)	 From equation (15), we have dq̂H
dte

= −
2𝜆

9
< 0 and dq̂L

dte
=

2𝜆

9
> 0.

(iv)	 F rom equa t ion  (15 ) ,  we  have  d𝜋H
dte

= −
6𝜆(2−𝜆(2𝛾+𝜔+te))

2

2187b
< 0  and 

d𝜋L
dte

=
𝜆(1−2𝜆(2𝛾+𝜔+te))(5+2𝜆(2𝛾+𝜔+te))

1458b
≷ 0 for 𝜆(2𝛾 + 𝜔 + te) ≶ 1∕2

(v)	 From equation (14), Δŝ ≡ ( ̂sH − ŝL) =
4−2𝜆(2𝛾+𝜔+te)

3b
 and Δŝ

dte
= −

2𝜆

3b
< 0

dp∗∗
H

d𝛼
= −

2

3
+

3(9 − 8b𝛼)

4(3 − 4b𝛼)3
−

3𝜆(2𝛾 + 𝜔 + te)

(3 − 4b𝛼)2
> 0

dp∗∗
L

d𝛼
= −

1

3
+

9

4(3 − 4b𝛼)3
−

3𝜆(2𝛾 + 𝜔 + te)

(3 − 4b𝛼)2
> 0

dq∗∗
H

d𝛼
= −

2b

(3 − 4b𝛼)2
< 0

dq∗∗
L

d𝛼
=

2b

(3 − 4b𝛼)2
> 0

d𝜋∗∗
H

d𝛼
= −

(9 − 16b𝛼)(63 − 108b𝛼 + 64(b𝛼)2)

36(3 − 4b𝛼)3
< 0

d𝜋∗∗
L

d𝛼
=
(9 − 8b𝛼)(9 + 36b𝛼 − 32(b𝛼)2)

36(3 − 4b𝛼)3
> 0
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Proof of proposition 3

Impact of emission tax under green network 

(i)	 From equation (16),we have ds
∗∗
H

dte
=

ds∗∗
L

dte
= −

𝜆

b
< 0.

(ii)	 Change in the prices can be written as 

 Using equation (10) and ds
∗∗
H

dte
=

ds∗∗
L

dte
= −

�

b
 , we have 

(iii)	 Change in the quantity can be written as 

 Using equation (11) and ds
∗∗
H

dte
=

ds∗∗
L

dte
= −

�

b
 , we have 

(iv)	 Change in the profits can be written as 

 Using equation (12) and ds
∗∗
H

dte
=

ds∗∗
L

dte
= −

�

b
 , we have 

(v)	 Using equation (16), Δs∗∗ ≡ (sH
∗∗ − sL

∗∗) =
3

2b

dp∗∗
i

dte
=
�p∗∗

i

�s∗∗
H

ds∗∗
H

dte
+

�p∗∗
i

�s∗∗
L

ds∗∗
L

dte
+

�p∗∗
i

�te
, i = H,L

dp∗∗
H

dte
=
b(2s∗∗

H
+ s∗∗

L
)
ds∗∗

H

dte

3
−

𝜆Δs∗∗

3
= −𝜆s∗∗

H
< 0

dp∗∗
L

dte
=
b(s∗∗

H
+ 2s∗∗

L
)
ds∗∗

H

dte

3
+

𝜆Δs∗∗

3
= −𝜆s∗∗

L
< 0

dq∗∗
i

dte
=
�q∗∗

i

�s∗∗
H

ds∗∗
H

dte
+

�q∗∗
i

�s∗∗
L

ds∗∗
L

dte
+

�q∗∗
i

�te
, i = H,L

dq∗∗
H

dte
= −

bΔs∗∗
ds∗∗

H

dte

3(Δs∗∗ − �)
−

�Δs∗∗

3(Δs∗∗ − �)
= 0

dq∗∗
L

dte
=

bΔs∗∗
ds∗∗

H

dte

3(Δs∗∗ − �)
+

�Δs∗∗

3(Δs∗∗ − �)
= 0

d�∗∗
i

dte
=
��∗∗

i

�s∗∗
H

ds∗∗
H

dte
+

��∗∗
i

�s∗∗
L

ds∗∗
L

dte
+

��∗∗
i

�te
, i = H,L

d�∗∗
H

dte
=
d�∗∗

L

dte
= 0
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Proof of proposition 4

The total emissions are given by E = eHqH + eLqL . Using pz = 1 and 
ei = xi = �si − �(� + te) + � , we get E = �(sHqH + sLqL) − �(� + te) + � . We cal-
culate total emissions by substituting the values of sH , sL , qH and qL for each case 
discussed below.

Benchmark case- absence of green network effect and no regulation
Using equation (14) and (15) we get total emissions as

Environmental regulation in absence of green network effect
Replacing � with ( � + te) in benchmark case, we get total emissions as

Green network effect without environmental regulation
Using equations (16), (17) and te = 0 we get total emissions as

Green network effect with environmental regulation
Using equations (16) and (17) we get total emissions as

It can be clearly seen that E∗ > Ê and �E > E∗∗ . For sufficiently small values of � and 
3∕8b < 𝛼 < 9∕16b we observe that Ê > �E . Thus, E∗ > Ê > �E > E∗∗.

Proof of proposition 6

Optimal tax rate under green network effect with environmental regulation
Using equation (22) and substituting the equilibrium values of sH , sL and �2 = qL 

from equation (16, 17) we get -

The optimal tax rate is obtained by setting dW
dte

= 0 , is given by

E∗ =
4�(2 − �(2� + �))2

27b
− �� + �

Ê =
4𝜆(2 − 𝜆(2𝛾 + 𝜔 + te))

2

27b
− 𝛽(𝜔 + te) + 𝛿

Ẽ =
�(9 − 24b� + 16(b�)2)

2b(3 − 4b�)2
−

�2(2� + �)

b
− �� + �

E∗∗ =
�(9 − 24b� + 16(b�)2)

2b(3 − 4b�)2
−

�2(2� + � + te)

b
− �(� + te) + �

dW

dte
=

3�

2b(3 − 4b�)
−

�(1 + 4��)

2b
−

(�2 + �b)te
b

t∗∗
e

=
2�(b� − ��(3 − 4b�))

(3 − 4b�)(�b + �2)
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For 𝛼 >
3𝜆𝛾

b(1+4𝜆𝛾)
 , optimal tax rate is positive, t∗∗

e
> 0.

The effect � and � on opitmal tax rate is given by

Optimal tax rate under absence of green network effect with environmental 
Regulation

Using equation (22) and substituting the equilibrium values of sH , sL and �2 = qL 
from equation (14, 15) we get -

The optimum is achieved with a small positive emission tax - te > 0 if 
328𝜆2(2𝛾 + 𝜔)2 + 524𝜆(2𝛾 + 𝜔) > 162𝜆𝛾 + 209 which holds for 𝜆(2𝛾 + 𝜔) > 0.33.
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