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Abstract

In vehicles with active suspensions, if handling stability is improved strongly by using a LQ controller for a road surface
such as large bumps, ride comfort may deteriorate even for a road surface such as not so large bumps. Recently, to avoid the
problem, a nonlinear active suspension control scheme has been proposed. However, in the proposed nonlinear controller,
it is required that vehicle mass does not vary. In practice, vehicle mass varies greatly. If vehicle mass varies, the controller
has to be redesigned. In this paper, to address the problem, based on the proposed nonlinear control scheme, we develop a

new robust active suspension control scheme.

Keywords Active suspension system - Handling stability - Ride comfort

1 Introduction

Recently, aiming to improve safety, efficiency, mobility and
so on, many researchers have proposed lane following con-
trol schemes (for example [1-3]). In the case when the ver-
tical force between wheels and a road surface becomes too
small, handling stability becomes worse and good lane fol-
lowing performance cannot be expected. On the other hand,
we have to also consider a method to improve ride comfort
of autonomous vehicles. To improve both of handling stabil-
ity and ride comfort of vehicles, based on a quarter vehicle
model, various active suspension control schemes [4—14]
have been provided. Control schemes [15—17] have been also
developed based on a half vehicle model. Based on a full
vehicle model, the authors of the reference papers [18-20]
have provided controllers.

It is assumed that vehicles run on a highway. If design
parameters are set in the controlled vehicles proposed in
[4-20] so as to further improve handling stability for a road
surface such as large bumps, ride comfort may deteriorate
even for a road surface such as that with not so large bumps.
Very recently, to address the problem, a nonlinear active sus-
pension control scheme [21] has been proposed. As shown
in numerical simulation results of the reference paper [21],
even if the relative tire load exceeds a dangerous value in a
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passive vehicle, both ride comfort and steering stability can
be significantly improved in the controlled vehicle. However,
in the nonlinear control scheme, the authors do not consider
varying vehicle mass. In the practical case, vehicle mass var-
ies greatly. Using the proposed control scheme [21], we have
to redesign a controller every time vehicle mass varies. Until
now, many robust active suspension controllers have been
proposed (For example [22-24]). As far as authors know,
there is no robust control scheme in which both ride comfort
and steering stability can be significantly improved.

In the paper, we propose a new robust active suspen-
sion control scheme based on a control scheme [21]. In the
robust control scheme, even if vehicle mass varies, rede-
sign of a controller is not required. To achieve this, at first,
we propose a design method for an ideal vehicle model. In
the ideal vehicle model, even if vehicle mass varies, good
ride comfort and good handling stability can be achieved by
setting only one design parameter. After that, to make the
real vehicle track the designed ideal vehicle model, we will
develop a robust tracking controller.

2 Dynamic equation

Figure 1 shows a quarter vehicle model. Table 1 shows
the explanation of the parameters used in the figure
and equations below. The new states are defined by
X, (1) = z,(t) — 7,(0), x,() = 2,(t) — 2,(2), £(t) = Z,(¢). Then,
we have [21]
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Fig. 1 Quarter vehicle model

Table 1 Meaning of symbols

mg, m, Sprung mass and unsprung mass

ks, cg Spring stiffness and damping coefficient

k, Tire spring stiffness

u Control force produced by active suspension
25 2y Displacement of m and m,,

zZ, Road displacement

x(1) = Ax(t) + miby(t) —dz, (1)

s

() = i(t) + au(t), x(0) =[x, x,0"1 [ @)
x,(0) = [, (0) 5 (8) EOTT, %, = [x,(0) x,(0)]"

A, A
A=|" ”’],A:Q +byaj,,
[Atb A[ b b b*1pb

Q,=c,d, +d,b,, c,=[100]",d,=[010]"
b,=[0011",b=[b, 001", d=1[d, b/1"

a,, = —lak, k,+ac, c,(1+my,)+al’ SN ¢))
a,, = lak, — c ik, ko + acss]T, b,=[0 11"

_p T
A, = bba“

=3 k _ﬁ m. = — k =-L
css_m7 ss T ’ - > Mu T

s mS u u

Ay =-mybb], A, =cbh —k,bcl, c,=[10]"

where a is a positive design parameter. The signal pu(?) is
the control input to be designed below, and the real control
input u(?) is generated by the solution of the second equa-
tion of (1).

In this paper, the control objective is to develop a robust
active suspension controller against varying sprung mass
that satisfies the following conditions [21].

C1 Passenger resonance frequency exists in the neighbor-
hood of 1-2 [Hz]. To improve the ride comfort of pas-
sengers, the magnitude of the vertical acceleration of
the vehicle body m; must be reduced to as small as
possible with respect to the road surface displacement
frequency neighborhood of 1-2 [Hz].

C2 To achieve good handing stability, the vehicle
must be controlled so that the relative tire load
R,(t) = kx,(t)/(m, + m,)g can satisfy |R,(t)| < r,, < 1,
where r,, is a design parameter.

To develop a robust active suspension controller that can
achieve the above conditions, the following assumptions are
made for the vehicle (1).

A1l The elements of the state x(#) can be measured.

A2 The derivatives of the road displacement
z,()®, i=0---2 are unknown but bounded.

A3 Parameters m,, k; and ¢, do not vary and are known.

A4 The nominal value Z[ is known, but k, is unknown,
and there exist known constants m;, and m; such that

my; > mg > mg > 0. Sprung mass m, can be meas-
ured, but there exist measurement errors.

3 Development of ideal vehicle model

To meet the design objective, we introduce an ideal vehicle
model. Since the design scheme of the ideal vehicle model is
very complex, we will explain the design scheme briefly. At
first, we design two vehicle models x;(¢), i = U, L given by

x,(1) = x0,(0) + diy (1), x,(0) = x(0) — di, (0)

. 1 .
Xoi(t) = Ax,(t) + bm—yi(t) —-d&), i=U,L ¢, 3)
Si
(1) = p (D) + p(0)
Q, +ba’ ba’ mg;
A = b b%1pi Yo% 11i ,m. =—2 i=U,L,
' _msiublbz At s m, l (4)

where A, is a matrix in which k,, in A, is replaced by
k,, = k,/m,, a,,; and a,, are vectors in which the param-
eters k,, and m, of c¢,/mg, k,/m, and m /m, in a,, and a,,

are replaced by k,, and m;. The parameters a,, and a,, are
defend in the fourth and fifth equations of (2). The param-
eters mg;, i = U, L are defined in the assumption A4. Using
X,(1) = &) — Z,(H)in (3), we have

(1) = Ax (1) + b% 1 (1) — dz,(1), x,(0) = x(0). )

St
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In the vehicle model x(¢), the situation is considered
where the sprung mass m, becomes maximum m;; and in
the vehicle model x; (¢), the situation is considered where the
sprung mass m, becomes minimum ;. The model inputs

u;(t), i =U,L are designed by using the same scheme pro-
posed in [21]. After the two vehicle models are designed,
to design an ideal vehicle model for varying sprung mass
values, the two vehicle models are linearly combined.

The signal p;(f), i = U, L are input signals mainly to keep
good ride comfort in each vehicle model, and are given by

m..
Hei(1) = =—=b" P x,(1)
ci
1 T
A,-TPci + PoA; — chibb P,;=-0,

rCl

: (6)

where r; > 0and Q,; > 0, i = U, L are design parameters
and set by using a trial and error method so that the sprung
mass acceleration |&;(¢)] = [[0 0 1 0 O]x,(r)| can becomes
small in each vehicle model and the condition C1 can be
achieved.

Only in case of |R,(t)| > r, where R,(t) = Etcthli(t)
/(mg+m,)/g and r, is a design parameter such that
1> r, >r,>0(r,is design parameter defined in condition
C2.), the input signals u,(f), i = U, L work so as to keep the

relative tire loads in the range |R,;(#)| < r,,, and are given by

S\

My (D)
= —m,Bf.(R)b" Pe,(1)
+ msifw(Rti) (C/O\eoi(t) + wgi(t)) -
AZiPti +PiA; = _Qti’ Qn’ >0

ti“ *ci

Lpp,
Tei /

@)

A=A —

£,(t) = x,(1) — x,,(t), @, (t) = =b"A_x (1)

civri

mg; + m, mg; + m, . m, T
xri(t) = _[ U(t) 7’]([) _W(t) 0 0] (8)
Si mg; mg; ’
A~ _ -l s T,
D,0() = L [T,s+ 1ﬁ[b x: (0]
w(t) = (1),
_ 1 1
=L
2 [sz +2o s+’ T,s+1 ¢, )

X (L[] - sﬁ[xb(t)])]
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fo if [R,(0] <1,
fg(Rﬁ) B { |Rzi(t) - Sgn(Rti)rul if |Rli(t)| = Tu

0 if|R,(M|<r,

- (10)
foRy) = { 1 if R0 =7,

where T,, ¢, w,, T,> 0, ;>0 and Q, >0, i = U, L are
design parameters. In (9), w(¢) denotes the estimate of
w(t) = Z,(¢) [21]. The design parameters are determined
by using a trial and error method so that the state norms
lle;®|l,i = U, L defined in (8) can be reduced. If the state
norms ||¢;(#)|| including the estimate w(z) of the load dis-
turbance w(f) = Z,(¢) can be reduced, the tire deflections
|x,;(£)] = [[0 00 1 0Jx;(#)|,i = U, L can be reduced and the
relative tire loads |R;(¢)| can be also reduced as shown in the
reference paper [21].

To develop an ideal vehicle model x,(f) adaptable for
any m,, we will integrate the two vehicle models as

x,(0) = [x,,(0) x,,(OT" = Ty, () + Ty, (1)

o= s

AAU AJU AAU 11
m Cs (1

s mS

mgyg myg m
TL=<1—ﬂm>diag[:L el 1]
mS mS m‘v

where 71 is the measured value of m and f,, is a parameter
determined by

Mgy + (1 - ﬁm)me = ﬁl.v’ 1> ﬂm = 0. (12)
Lemma 1 The ideal vehicle model is given by

= I . ]
x, (1) = Ax, () + ﬁl—bﬂd(l‘) —dz,.(1), x;(0) = x(0)
(1) = Bal xy(0) + (1= f,)al, x, (1) L 13

+ By @) + (1 = B,)p ()
_ ~— T

a, = [msi(albi - alb)T (mga,,; — msalt)T]

K: _Ab . bb_alt , Iib —Qﬁ{:"'bbalb ’ (14)
-mybb, A, mg, = %

where a,, and a,, are vectors in which the parameters k,, and
mg of c,/mg, k,/m; and m/m,, in a,, and a,, are replaced
by Em and . The parameters a,, and a,, are defend in the
Sfourth and fifth equations of (2).

Proof From (5), (11) and (12), we can derive (13) and (14)
very easily. O
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It is expected that good ride comfort can be maintained in =~ £,(¢)
the ideal vehicle model for any sprung mass 77, This fact will — 1
be ascertained by using numerical simulation results. As for = AyEp(1) + ;b b (D) = 1y
R,(t) = k,/(m, + xcTx,, (1), the relation |R,,(1)| < ~ = " _r.
td( ) I/(ms mu)/g :"t xtd( ) € refation | td( )l =Ty + msa{bxc(t) + aETx(t)) (20)
holds for any sprung mass i7,. Since model controllers (7)-(10) =
are designed so that the relations |R,;(t)| < r,,, i = U, L can +b, <?£ o) +E:$(t) + —SElTbxc(t)>,
mS’
hold, for the relative tire load R,,(), we have )
R, (o) =|Pnsu F ) %) = AZ (1) = mybb e, (1) = b Z,0), @1
m
) u ]5
N (- B,)my + mu)R ol < as) ) \
A +m, | = T a, =m000a 1" + g lmb! mik,e"1"
~ ~ ﬂ(j ~ ﬁCmS
. (1) =2, + m—tetd(t), A=A, - tr% bb!
4 Development of controller o su s 9
€. =¢
To force the real vehicle to track the ideal vehicle model, m.(m, + M) 1 [~ m El T
. K - _ B +ﬁ s SA s bT__ p + s™tu CT
consider the tracking errors x,(f) = x,(¢) —x,,() and 1c i b u m t
X, (1) = x,(t) — x,,(t). Then, we have S m * J
(22)

X, (1)

= A%,(1) + meh(/‘(t) — Hy(1) + ﬁl.&'a{z;t(t)) (16)

s

+b,, (€, %(1) +2,4(1)), %,(0)=[000]",

X, = AZ,(1) — mybbT%,(1) — b2, X,0)=[00]", (17)

su

~ T

~  ~ m,_z

¢,=a, +|000—=a | ,a =[a’ a’]"

et b %
s

~ mg ~T ~ —
ep(t) = ————p,(O) + a,x,@), a; = a, —a,
mgm e (18)
@ =@, a1, i, =m,— i, Ty =k~
a4 = [alb alz] > Mg = Mg — My, Ky = Ky — Ky,

Ty =kecl Dsply, (i
€ = tucz xtd(t)+ m_ bxbd()

u

where ¢, is bounded unknown vector, ¢,,(7) and ¢,,(z) are
bonded signals. The vector €, and the signals €,,(), €,,(1)
becomes zero if k,, = 0 and 7z, = 0.

To develop a robust active suspension controller, consider
the state given by

£,(0) = %,() — x,(), £,(0)=[000]"

_ ﬁ[c ! T~
x.(t) = = [/0 /%, (r)dr (19)

~ T~ T
c[x%,0) bX,0)] .

where f,. > 1is a design parameter. Then, we have

Although the system matrix A, is not a stable matrix, the
system matrix A,. becomes an asymptotically stable matrix
due to introduction of the signal €,(¢) including the signal
x.(t). If the signal €, () becomes stable and small, then the

state X,(¢) becomes also stable because the signal ¢,,(7) is
bounded.

Based on the tracking error systems (20) and (21), a
robust controller is developed as

u(t) = —au(t) + u(r)
p(t) = py(t) — g, x (1) — a. X(z)
— (B, + IFON* + k(D)) b, Pey () |
—_T —_
AP+PA,=-0, B, 21, 0>0
(23)
where f. and Q are design parameters. For @ > 0, since the

matrix Zb becomes a Hurwitz matrix, Lyapunov equation
has a positive definite matrix P > 0.

For the controlled vehicle system (20), (21) and (23),
we have the following theorem.

Theorem 1 In case of i, = 0 and E =k, — E, = 0, we obtain
IX()|| = 0, where i, is defined in the third equation of (18).
In case of i, # 0 or k, # 0, the tracking error ¥(t) becomes

stable. In addition to the fact, there exists a constant value
p. > 0 independent of the design parameter f,. such that

lexON* < pe/B-

Proof At first, we will show |[¥()]| = 0 in case of m, = 0
and k, = 0. Since |[e, || = 0 and ¢_,(¢) = 0, the derivative of

the positive definite function V() = €,(t)T Pe,(¢) is given by

@ Springer
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V() = = (1) Qe () = 272, (B, + [FOI?

+ %0117 ) €,(t)" Pb,b] Pe, (1)

(24)

From (24) and ||g,(0)|| = 0, we can obtain ||g,(#)|| = 0.
In (21), the matrix A, includes uncertainties but asymp-
totically stable. In addition to the fact, since ¢,,(f) = 0 and
[IX,(0)|| = 0, we can conclude that ||X(?)|| = 0.

Next, in case of 71, # 0 or 7€, # 0, we will show that X(¢)
becomes stable. The derivative of V(¢) is given by

~

V() = = () e, = 252 . (B + IFOIP + %))
X £,(1) Pb,b} Pe,(t) + 2¢,(t) P,

~ T My
X <e€d(t) +e x(1) + ;awxc(’))'

(25)
Since ¢, ,(2), |[€, ||, m,/m;||a,,|| are bounded and B, > 1, there
exists a constant p_; independent of design parameter f,. such
that the second and third terms of the right side of (25) are
less than and equal to p,; /f,.. Using the fact in (25), we can
obtain

V() < —6,v( + 2oL, 5, = Lol

B’ AmaxlPl
From (26), €,(¢) is stable and we can have ||e,,(t)||2 <p./B.,
Pe = Pe1 /(6. Amin[P]). From (21), we can obtain that the
tracking error X,(7) is also stable, and then, we have from
(19) that b} X,(r) and d, X, (t) are stable.

Multiplying [0 0 O blT] in the first equation of (13) from
left and integrating, we have

(26)

12
b X y(1) = —k, / ¢/ % (D)dr —mydyx,,(1) = 2,0, (27)
0

From assumption A2 and (27), /Ot ¢!x,4(z)d is bounded, and
then, we can have that /Ol e,,(7)dr is also bounded. Using the
facts in the relation obtained by multiplying sz in (17) from
left and integrating, we have that /Ot !X (7)dr is bounded,

and then, we can conclude that X(¢) is stable. O

From theorem 1, in case of m, = 0 and E =0, good
performance can be assured without redesign of the con-
troller even if vehicle mass varies greatly. In case of 1, # 0
or %, # 0, if [e,,()| is small, it can be expected that as the

design parameter f. becomes large, ||X,(?)|| and |b£§b(t)|
become small. The control performance in case of n, # 0

or k, # 0 are shown in the next section. When measure-
ments errors exist in practical applications, there is a

@ Springer

possibility where large vibrations occur for a high feed-
back gain f,.

5 Numerical simulation results

The numerical simulations are carried out to confirm use-
fulness of the proposed robust active suspension control-
ler. The nominal vehicle parameter values are shown in
Table 2 [21].

The design parameters of (9) and a controller (23) are
setas7, =0.01,0, =2,{, =1landa = 1,0 =I. The road
surface displacement z,(¢) is given by

. 1 1
z.(t) =— T—Zrz,(t) + T—err(t), T, =0.005 (28)
o L(sin(@,-2)+1) ifo<r<Z
w,.(1) = . @ar 29
0 if 2% < ¢ 29

,,

where h, is the amplitude and w, is the frequency of the
uneven road surface.

The design parameters for an ideal vehicle model are set
so that the conditions C1 and C2 can be achieved in the
range of 4, € [9 13][cm] and w, € [0.5 3.5] [Hz].

Qy = 0,0, + 10°,q, + O,diag[10° 10]Q]
+10°Q,diag[1 0.31Q,
QZU = QbQZ; + qqu + QsQ? + QuQZ;

q,=[00100", 0,=0,-0, e (30)
0, 10000]" _ [ooot1o]"
»=lo1000] " %~ [00001

By =m,107, my, =m, + 65

0, = 0,0, +10°q,q, + O,diag[10° 10]Q]
+ 6 x 10°Q, diag[1 0.31Q, : 31)
Qur=0uw b= ms107’ my, = mg — 65

In the designed models, the parameters r,, and r, are set as
r, =0.6andr, = 0.45.

In the matrixes Q;,i = U, L, to meet C1 in each vehi-
cle model (5), coefficients of ‘Ia‘IZ are set to be a large
value. However, when the coefficients of qaqz are only
set to be large, vibrations appear in suspension stroke and
tire deflection. To avoid the vibrations, coefficients cor-
responding to Q, and Q,, are also set to be large values. To
meet C2, we mainly use high feedback gains f,,i = U,L
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in each vehicle model (5). The coefficients in Q,;,i = U, L
are set to be one.

We can set any values of m; and m . When a nominal
situation has two passengers in standard-size vehicles, it
is considered that increase/decrease of the sprung mass
may about 15 [%]. Under the notion, we set the values of
mgy; and my; .

Figure 2 a—f shows variations of maximum values of
|R,()| and |&()| of the passive vehicle (u(¢) =0). Fig-
ure 2g—1 shows variations of maximum values of |R,;(¢)| and
&, = |bTxd(t)| of the ideal vehicle model. In the passive
vehicle, the values of vehicle parameters are nominal val-
ues except the sprung mass m,. In Fig. 2, x-axis denotes
amplitude £, [cm] and y-axis denotes frequency w, [Hz] of
road surface displacement z,(¢). In Fig. 2a,c,e, for clarity, the
maximum relative tire loads are set as max |R,(¢)| = 0.8 in
the case when max |R,(¢)| > r,, = 0.6.

As shown in Fig. 2 a,c,e in the passive vehicle, handling
performance becomes very poor (|R,(f)| > r,, = 0.6) in some
regions of /. and w,. Compared with the passive vehicle, the
performance of the designed ideal vehicle model becomes

() &m/s?] (o) R

h;

much better. In addition to the fact, by setting the meas-
ured vehicle mass ﬁg, we can easily obtain the ideal vehicle
model with high performance compared with passive vehicle
without redesigning.

In the case of m, = m and k, = %,, as shown in Theorem 1,
the behavior of the controlled vehicle and an ideal vehi-
cle model becomes the same. Therefore, consider the case
where there exist uncertainties such as m, = (1 + A,,/100)
and k, = E(l + A, /100), where A,, and A, denote measured
error and parameter uncertainty. In case of i, = 320 [kg],

w,=2[Hz], h,=13[em] A, =5[%] and A, = —10 [%],

Fig. 3 shows responses of the controlled vehicle for various
p.. In Fig. 3 a,b, thick solid lines show responses of the ideal
vehicle model. When A, becomes larger than 10 [%], the
maximum value of |R,(¢)| becomes larger and the maximum
value of |£(7)| becomes smaller. If A, becomes too large, the
maximum value of |R,(7)| exceeds r,,. When A,, becomes
smaller than -10 [%], the maximum value of |R,(¢)| becomes
larger and the maximum value of |£(7)| becomes larger. If A,

W, 1 ° h

z z

(m = 265kg) (mgs = 265kg) (ms =320kg) (ms =320kg) (ms =375kg) (ms =375ke)
(@) R;

(d) &[m/s?] (&) R, (f) &[m/s?]

(i, = 265 kg) (Mg = 265kg) (Ms =320kg) (s = 320kg) (Mg =375kg) (M, = 375kg)

@) Ria (h) &q[m/s?] (1) Req

Fig. 2 Passive vehicle and ideal vehicle model

Fig.3 Responses of controlled

() éalm/s?] (k) Req (D) &alm/s?]

vehicle 0.4f . 3 —
F 2r
0 1}
-0.4F ﬁcT300 | | ] 0
0 1 Time [s] 0 1 Time [s]
(a) Relative tire load (b) Vertical acceleration ©) eyl
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(s = 265 kg) (Ms = 265kg) (Ms =320kg) (Ms =320kg) (Ms =375kg) (M = 375kg)

(@) Ry (b) §[m/s?] (©) R

Fig.4 Robust performance of controlled vehicle

becomes too small, the maximum value of |£(¢)| becomes
very large.

As shown in Fig. 3 c, the maximum error of ||&,(?)]|
becomes small as the design parameter f, becomes larger.

Table 2 Nominal values of vehicle parameters

. 7, 320 kg 40 kg
k.C, 18000 N/m 1000 Ns/m
X, 200000 N/m

When f, is 300, the maximum error of ||€,(7)|| becomes
almost zero. As shown in Fig. 3 a,b, as the . becomes larger,
the error between the controlled vehicle and the ideal vehicle
model becomes smaller.

To investigate the effects of uncertainties A,, and A, on
the controlled vehicle, in Fig. 4, we show variations of maxi-
mum values of |[R,(#)| and |£(#)| for various A,, and A,. In the

controlled vehicle, the design parameter is set as . = 300.

In Fig. 4, x-axis denotes A,, and y-axis denotes A,.

As shown in Fig. 4, even if there exist measured errors in
m, steering performance and ride comfort little vary, while,
as shown in Fig. 4 a, as A, becomes large, the maximum val-
ues of |R,(¢)| becomes large and close to r,, = 0.6. However,
as A, becomes small, the maximum values of |R,(¢)| become
small. The variations of |£(¢)| against the variations of A,
become small as shown in Fig. 4 b,d.f.

From the facts stated above, we can conclude that in the
case when|A, | < 5[%] and|A,| < 10 [%], in the controlled
vehicle, good handling performance and good ride comfort
can be maintained even if vehicle masses vary greatly.

6 Conclusion
We proposed a design method of an ideal vehicle model in

which good steering performance and good ride comfort
can be maintained even if vehicle mass varies greatly. To

@ Springer

(d) &[m/s?] (&) R (f) ¢[m/s?]

achieve a good control performance, a robust tracking con-
troller is developed to force the actual vehicle follow the
ideal vehicle model. Using numerical simulation results, it is
shown that in the case for small uncertainties, good handling
performance and good ride comfort can be maintained in the
controlled vehicle even if vehicle mass varies greatly.
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