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Abstract

In this work we introduce a new approach for solving equilibrium problems in a real Hilbert
space. First, we propose a solution mapping and show its strong quasi-nonexpansiveness.
Next, we apply the mapping to present an algorithm for solving equilibrium problems. Strong
convergence of the algorithm is showed under quasimonotone and Lipschitz-type continuous
assumptions of the cost bifunctions. Finally, we give some numerical results for the proposed
algorithm and comparison with some other known methods using the solution mapping.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and its deduced norm || - ||. Denote
x¥—x to indicate that the sequence {x*} converges weakly to x, and x¥* — x to indicate that
the sequence {x} converges strongly to x. Let C be a nonempty convex closed subset of H
and a bifunction f : H x H — R such that the equilibrium condition f(x,x) = 0 holds
for all x € H and f(x, -) is lower semicontinuous, convex for each x € H. In this paper, we
consider an equilibrium problem, shortly EPs(C, f), first suggested by Nikaido and Isoda
in [29] for non-cooperative convex games and the term “equilibrium problem” first used by

Blum and Oettli in [9] as follows:
Find x* € C such that f(x*,y) >0, VyeC.

The solution set is denoted by Sol(C, f). In recently years, the problem EPs(C, f) is an
attractive field that has been investigated in many research papers due to its applications
in a large variety of fields arising in structural analysis, economics, optimization, opera-
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tions research and engineering sciences (see some interesting books [12, 13, 21] and many
references therein).

It is worth to mention that during the recent years several solution algorithms came in
the existence to solve the problem EPs(C, f) and its generalizations. The solution mapping
E : C — C was first introduced by Moreau in [28] as the form:

1
Ex = argmin {Af(x,y)+ Elly —x||2 1y e C}, Vx e C, (1.1

where A > 0. Note that Ex is the unique solution of a strongly convex problem under
proper lower semicontinuous and convex assumptions of f. It is originated by the fact that
a point x* € C is a solution of the problem EPs(C, f) if and only if it is a fixed point of the
solution mapping E [25, Proposition 2.1]. The solution mapping has become a useful tool
in solving the problem EPs(C, f). Under some conditions onto A, the mapping E has some
the following properties:

— If the cost bifunction f is strongly monotone and Lipschitz-type continuous, then E is
contractive [14], [25, Proposition 2.1].

Then, by using Banach’s contraction mapping principle, the unique solution of the problem
EPs(C, f) is evaluated by the fixed point iteration sequence:

Lec, F=Exk  wvk>o.

The authors showed that the sequence {x*} converges strongly to a unique solution of the prob-
lem EPs(C, f). To avoid strongly monotone assumption of f, as an extension of Kraikaew
and Saejung in [22], Hieu used a solution mapping [15] as follows:

1
Fx = argmin {)Lf(Ex,y)—l-Elly—tz 1y € C}, Vx € Hy,

where Hy = {w € H : (x —Awy — Ex, w — Ex) <0}, wy € 0 f(x,-)(x) and Ex is defined
in (1.1). Then, for each x* € Sol(C, f), we have

[Fx —x*|* < lx —x*|* = (1 = 2xeDlIEx — x|* = (1 = 2xc2) | Fx — Ex|?, V¥x € H,

where f is pseudomonotone and Lipschitz-type continuous. However, F can not be quasi-
nonexpansive on H such as Sol(C, f) # Fix(T).

For solving the monotone problem EPs(C, f), there are various instances of the computa-
tional algorithms with combining the solution mapping E with other iteration techniques. It
is worth mentioning to very interesting results such as the extragradient algorithms proposed
by Quoc etal. [31, 32], inexact proximal point methods of Tusem et al. [17, 18], extragradient-
viscosity methods of Maingé and Moudafi [24], auxiliary principles of Mastroeni and Noor
[25, 26, 30], extragradient methods of Anh et al. [2, 5, 6] and many other computational
methods in [4, 7, 8, 10, 11, 16, 19, 20, 27, 33, 34] and the references cited therein.

Inspired and motivated by the ongoing research, we are aiming to suggest a new approach
to the equilibrium problem EPs(C, f). First, we introduce a new solution mapping and prove
its strongly quasi-nonexpansiveness. Second, we use the solution mapping for solving the
problem EPs(C, f) via a Lipschitz continuous and strongly monotone mapping, and another
Lipschitz continuous mapping. By the way, we can prove that the strong cluster point of
the sequence constructed by our algorithm is the unique solution of a variational inequality
problem where the constraint is the solution set of the problem EPs(C, f) under quasimono-
tone and Lipschitz continuous assumptions of the cost bifunction f. This constitutes a new
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approach which is called solution mapping approach and the fundamental difference of our
algorithm with respect to current computational methods.

Our paper is organized as follows. In Section 2, we present some useful definitions,
technique lemmas and a new solution mapping. A new algorithm and its convergent analysis
for solving the problem EPs(C, f) are presented in Section 3. In Section 4, several numerical
experiments are provided to illustrate the efficiency and accuracy of our proposed algorithm.

2 Solution Mappings

For each x € H, the metric projection of x onto C is denoted by ¢ (x) which is the unique
solution to the strongly convex problem:

min{[lx — y||* 1 y € C}.
Given a bifunction f : H x H — R and ¥ # K C H. The bifunction f is called to be:
— B-strongly monotone if
fa+ fx) < —Blx—yI* VayeH.

— monotone if
fx,y)+ f(y,x) <0, Vx,yeH.

— pseudomonotone if

f, =0 = f(y,x) =<0, Vx,yeH.
— n-strongly quasimonotone on K where n > 0 if

f@)+ f.x0) s —Bla—yIP, YxeK.yeH.

— quasimonotone on K if

fx,y)>0= f(y,x) <0, VxeK,yeH.
— Lipschitz-type continuous on 7 with constants ¢; > 0 and ¢ > 0 if

fE+f0.2) = f2) —etllx = yIP —ealy —zl?, ¥x,y.zeH.

Let a mapping S : H — H and the fixed point set of S be Fix(S) := {x € H : Sx = x}.
The operator S is called to be:

— n-strongly quasi-nonexpansive, where n > 0, if
ISx — zlI* < Ilx — zlI> — nllSx — x|, Vx € H, z € Fix().
— quasi-nonexpansive if
ISx —zll < llx —zll, VYx € H, z € Fix(S).
— quasicontractive with constant n € [0, 1) if
ISx —z|l < nllx —zll, Vx e H, z € Fix(S).

When Fix(S§) = H, the mapping S is called contractive with constant 7.
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For each x € H and £ > 0, we consider the solution mapping S : H — C of the problem
EPs(C, f) defined in the form:

Sx:argmin{Ef(x,y)—i—%llx—yllz:xeC}. 2.1)

It is well-known that x € C is a solution of the problem EPs(C, f) if and only if it is a fixed
point of the mapping S [25, Proposition 2.1]. Let y > 0. We introduce a new half space as
follows:

He={weH: (x—&wy—Sx,w— Sx) <ylx - Sx|?}. (2.2)

where w, € 9 f(x,-)(Sx). Using the well-known necessary and sufficient condition for
optimality of the convex programing (2.1), we see that Sx solves the strongly convex program

1
min {Sf(x, M+ 5l - yIFixe C}
if and only if
0€édf(x, )(Sx)+ Sx —x + Nc(Sx),

where N¢ (Sx) is the (outward) normal cone of C at Sx € C. Since f(x, -) is subdifferentiable
for each x € H, so there exists wy € d f(x, -)(Sx) such that

x—Sx —&w, € Nc(Sx), VxeH.

Consequently
(x —Sx —&wy,y—Sx) <0, VyeC.

From y > 0, it follows that
(x —Ewy — Sx,y — Sx) < ylx — Sx||>, VyeC.

By (2.2), it yields C C Hy forall x € H.
Now we propose a new solution mapping T : H — H for the problem EPs(C, f) as
follows:

1
Tx:argmin{v%‘f(Sx,y)—i—Elly—xllz:yeHx}, 2.3)

where regular parameter v > 0 is very important for strongly quasi-nonexpansiveness of 7.
In the case f(x,y) = (F(x),y — x), set z = x — v§ F(x). It is easy to evaluate that 7'x is
the projection of z onto H, and presented in an explicit formula:

_ {dr.z=Sx)—ylx—Sx|? ~
Tx =g, (2) = [Z FAE e ifz ¢ Hr,

z otherwise,

where d, = x —&w, —Sx. Note that, if d, = Othenobviouslyz € Hy and Tx = x —vE F(x).
The following result will present some important properties of the operators 7 and S that
will be needed in the sequel.

Lemma 2.1 Suppose that f is Lipschitz-type continuous with constants ¢y > 0 and ¢, > 0.
Under conditions ¢ > 0, v > 0 and y > 0, the following inequality holds

ITx —t)* < it — x|* = (1 = v)|lx = Tx||* = v(l — 2y — 2&cy)lx — Sx||?
—v(l —=2&c) || Tx — Sx||2 + 20 f(Sx,t), VteC,x € H.
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Proof By using the definition of wy € 3 f (x, -)(Sx), we get
S 2) = f(x,8x) > (wy,z— Sx), VzeH. (2.4)
Combining (2.4) and Tx € H,, it implies

(x —S8Sx,Tx —Sx) —y|x — Sx||2 < &(wy, Tx — Sx)
<E[f(x, Tx) — f(x, Sx)].

From the necessary and sufficient condition for the strongly convex problem (2.3), there
exists vy € 3 f(Sx, -)(Tx) such that

0evévy +Tx —x + Ny, (Tx).

Thus,
(vévy + Tx —x,t —Tx) >0, Vte€ Hy,

and hence
vE(uy,t — Tx) > {(x —Tx,t —Tx), Vte€ H,. 2.5

By the definition of vy € 9 f(Sx, -)(Tx) and v€ > 0, it implies
f(Sx,y) — f(Sx,Tx) > (vy,y —Tx), VyeH.
This together with (2.5) implies

(x =Tx,t —Tx) < v&{vy,t — Tx)

<
< VvE[f(Sx,t) — f(Sx,Tx)], Vte H,. (2.6)
Since f is Lipschitz-type continuous with ¢ and c,, we deduce

@, Sx) + f(Sx, Tx) > f(x,Tx) —cilx — Sx||> = c2|| Tx — Sx|°.
Combining this and (2.6), we get that, for each t € H,,

(x =Tx,t —Tx) —v& f(Sx,1)
< —vEf(Sx,Tx)
< VE[f(x, Sx) — f(x,Tx) +cillx — Sx||* + c2l|Tx — Sx||*], Vi € H,
< v(Sx —x, Tx — Sx) + vy|lx — Sx||> + vEcyIx — Sx||*> + vEco | Tx — Sx|?(2.7)
By using the relation
2(a, b) = lla|* + Ib|* — lla — b||>, Va,beH,
we obtain

2x — Tx,t — Tx) = |lx — Tx|* + It = Tx|* — It — x|,
2(Sx —x, Tx — Sx) = |lx — Tx|> = |ISx — x> = || Tx — Sx|°.

This together with (2.7) implies that

ITx — ] < |t — x[I* = (1 = w)[lx = Tx||* — v(l — 2y — 2&cp)|lx — Sx||?
—v(1 = 2&¢2)||ITx — Sx||> +2vE f(Sx, 1), VieC.

The proof is complete. o
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Lemma 2.2 Assume that f is Lipschitz-type continuous with constants ¢y > 0 and ¢ > 0.
Let parameters v, & and y satisfy the following conditions:

SE(O, ! ), y€(0,1 =&+ ), VE(O,L). (2.8)
c1+ %)

Then, x* € C is a solution of the problem EPs(C, f) if and only if it is a fixed point of the
solution mapping T.

Proof Assume that x € C is a fixed point of 7, i.e., Tx = x. Substituting x = X into
Lemma 2.1, we obtain

I — 212 < It — &1? — (1 = )| — Tx|> — v(l — 2y — 2&c))||1¥ — SF|?
—v(l —2Ec))||Tx — SX||> + 2vE f(Sx,1), VteC.
Consequently
Ef(SE, 1) > (1 —y —Ecy —Ec)|X — SE|, Vi eC.

From (2.8), it follows
f(Sx,t) >0, VreC.

Thus, Sx € C is a solution of the problem EPs(C, f). Since x € C is a solution of the
problem EPs(C, f) if and only it is a fixed point of S, so x = Sx € Sol(C, f).

Now we assume X € Sol(C, f). Then, Sx = X. Substituting r = % and x = X into
Lemma 2.1 and using f(x, x) = 0 forall x € C, we get

(1 —vEc)|ITE — |1 < 0.

By (2.8), it yields Tx = x. Thus, the solution X € Sol(C, f) is a fixed point of T. This
implies the proof. O

Lemma 2.3 Suppose that f is quasimonotone on Sol(C, f) and Lipschitz-type continuous
with constants c1 > 0, co > 0. The parameters satisfy the following restrictions:

& e (O,min{i, ﬁ]),
y €0, 1—=&(c1 +c2)), (2.9)

v E (O,min{l, S%z])

Then, the solution mapping T is strongly quasi-nonexpansive with constant (1 — v).

Proof Let x* € Sol(C, f), i.e., f(x*,x) > 0 for all x € C. By replacing t = x* into
Lemma 2.1, we get

ITx — x*1 < [lx — x*|1* — (1 = v)[lx — Tx||* — v(1 = 2y — 2&c)|lx — Sx|?
—v(1 = 28co)||ITx — Sx||* + 2vE £ (Sx, x*). (2.10)
Since Sx € C, f is quasimonotone and (2.10), we deduce f(Sx,x*) < 0 and
ITx —x*? < [lx —x*|* = (1 = v)|lx — Tx||* —v(1 — 2y — 2&c) [lx — Sx||?
—v(1 = 2E¢2)|ITx — Sx||* + 2vE f(Sx, x¥)
< fx = x*|* = (1 = v)|lx = Tx||* = v(1 =2y — 2&cp)||x — Sx||?
—v(l = 2&¢2)||Tx — Sx||%. (2.11)
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Combining this and conditions (2.9), we have
ITx — x* < flx —x*|* = (1 = v)[lx = Tx||?, V¥x* € Sol(C, f),x € H.

By the definition and Lemma 2.2, we get that Fix(7") = Sol(C, f) and the solution mapping
T is (1 — v)-strongly quasi-nonexpansive. O

Remark 2.4 In [14, Theorem 3.7], the author showed that if f : C x C — R is {-strongly
monotone and there exist functionso; : C x C — H, B; : C — H (i =1, ..., p) such that

14
FEN+F3,0) = f D)+ ) (eilx, y), Bily —2)), ¥x,y,2€C,

i=l1

where B; is K;-Lipschitz continuous, «; (x, y) + «;(y, x) = 0 and |o; (x, y)| < Li|lx — ||
forallx,y € C,i = 1,..., p. Under condition £ € (0, %) where M = lezl K;L;, the

mapping S defined by (2.1) is contractive with constant § = /1 — £(2¢ — EM?2) € (0, 1).

Lemma 2.5 [23, Remark 2.1] Let T : H — H is quasi-nonexpansive and T,, = (1 — w)Id +
oT with o € (0, 1] such that Fix(T) # 0, where 1d is an identify operator. Then, the
following statements hold:

(1) Fix(T) = Fix(Ty).

(ii) T, is quasi-nonexpansive.
(iii) [|Twx — v]? < |lx —v|? — 0l — )| Tx — x||? for all x € H and v € Fix(T).
(V) (x — Tpx,x —u) > 2|lx — Tx||* for all x € H and u € Fix(T).

3 Subgradient Auxiliary Principle Algorithm

Let G : H — H be Lg-Lipschitz continuous and Sg-strongly monotone, and g : H — H
is L,-Lipschitz continuous. In this section, we propose a new algorithm which is called Sub-
gradient Auxiliary Principle Algorithm for solving the problem EPs(C, f) via the mappings
G and g. Under certain conditions we obtain the desired convergence for the algorithm. First,
we give the restrictions governing the cost bifunction f : H x H — R and the sequence of
parameters below.

(R1) The solution set Sol(C, f) of the problem EPs(C, f) is nonempty.

(Ry) The cost bifunction f is quasimonotone and Lipschitz-type continuous with constants
c1 > 0and c; > 0. f is jointly weakly continuous on H x C in the sense that, if {x¥},
{y*} converge weakly to %, 9, respectively, then f(x*, y¥) — (X, ) as k — oo.

(R3) For every integer k > 0, all the positive parameters satisfy the following restrictions:

g e (0.min {55 55 ]), time b =€ >0,
Vi € (0, 1 — & (c1 + c2)),

ve (0.min{1, gL 1),
2
we(0,%), ne (O%S) y € (0,%(56_#5(;)), t € (yLg. uBc) .

: 2(uBG—1) 1 00 _ : _
oy € <0,mm {1, L L, }) » koo =00, limg_oar = 0.
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Let the mappings S and T be defined by (2.1)-(2.3). Now we present the Subgradient
Auxiliary Principle Algorithm for solving the problem EPs(C, f).

Algorithm 1 Subgradient Auxiliary Principle Algorithm (SAPA).

Choose starting points x0 e H,k=0,v>0,0>0,y >0, u > 0, three positive sequences {&}, {a}} and

{v}-
Step 1. Solve the strongly convex auxiliary problem:

. 1
yk :argmm{Skf(xk,y)-i-E\Iy—)ckll2 iX EC}.

If yk = x* then Stop. Otherwise, go to Step 2.
Step 2. Calculate wk e 3f(xk, ~)(yk) and the next iterate

. 1
¥ = argmin {vskf(yk, W+ 51y —xk2ye Hk} :

where Hy, = {w € H : (xk —gwk — yk w — yky <y lxk — %12}, 1f 2% = x* then Stop. Otherwise,
go to Step 3.
Step 3. Calculate

A = oy g () + (1d — G (),
where hF = (1 — w)xk + wzX. Letk := k + 1 and go to Step 1.

Foreach k > 0 and x € H, set

1
Skx=argmin{ékf(x,y)—{—iﬂy—x”z:xeC}, 3.1)

. 1
Tix = argmin =vskf(skx, y) + 5||y —x|®:xe Hk} , (3.2)

where Hy = {w € H : (x =& wy — Spx, w—Skx) < yk||x—Skx||2}and wy € df(x,)(Skx).

Remark 3.1 (i) Since x* is a solution of the problem EPs(C, f) if and only if it is a fixed
point of the mapping Sy defined by (3.1). Therefore, if y* = x* in Algorithm 1, i.e.,
x* = S;x¥ under the assumption & > 0, then x¥isasolution of the problem EPs(C, f).
The stopping criterion in Step 1 is valid.

(i) By Lemma 2.2, x* is a solution of the problem EPs(C, f) if and only if it is a fixed
point of the solution mapping T} defined by (3.2) under the assumptions (R;)—(R3).
Thus, if z¥ = x* in Algorithm 1, i.e., x¥ = Ty x¥, then x¥ is a solution of the problem
EPs(C, f). The stopping criterion in Step 2 is valid.

(iii) As usual, for each & > 0, an iteration point x* defined in Algorithm 1 is g-solution of
the problem EPs(C, f), if ||y* — x*|| < € or ||Iz¥ — x¥|| < e. Equivalently, max{||y* —
Mt =Ky < e

The next lemma is crucial for the proof of our convergent theorem.

Lemma 3.2 Let {x*} and {y*} be the two sequences generated by Algorithm 1 and let x* €
Sol(C, f). Under assumptions (Ry) and (R3), the following claim holds

o1 < I = )12 = (= )k = 287 — w1 = 295 — 2&ken)lIxF — yF)12
—v(l = 2&c2)lI2F — y¥|I%.

llz
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Proof From (2.1) and Step 1, it follows yk = Spxk, where the mapping Sk is defined in
(3.1). Combining (3.2) and Step 2, it yields that x**! = T;x*. By using the (1 — v)-strongly
quasi-nonexpansive property of the mapping 7} in Lemma 2.3, (2.11), assumptions (R;) and
(R3), we obtain
12 = 17 = |1 Tex® — )12
< I =P = (= o) lf = T = v = 29 = 2Ekep) Ix* — S|
—v (1 = 25re2) | Tex® — S,

which completes the proof. O

Theorem 3.3 Let the cost bifunction f and the parameters satisfy assumptions (R1)—(R3).
Then, two iteration sequences {x*} and {y*} generated by Algorithm 1 converge strongly to
the unique solution x* € Sol(C, f) of the following variational inequality:

(UG —yg)(x*),x —x*) >0, Vx e Sol(C, f). (3.3)

Proof Let x* satisfy the inequality (3.3). Then, x* € Sol(C, f). From Lemma 2.2, it follows
that x* is a fixed point of 7} defined by (3.2). By Lemma 2.3, the mapping T is strongly
quasi-nonexpansive on H. Since (3.2) and Step 2, we have z¥ = T;x*. For every x € H,
since G is Bg-strongly monotone and L g-Lipschitz continuous, we have

I(1d — axpuG)(x) — (Id — axuGY() |12

= llx — ylI* = 20 pt{x — y, G(x) — G(») + agu* |G (x) — GY)|*

< (1 =201t + af > LE)lIx — ||

<A —ao)?lx —yl*, Vx,yeH, (3.4)
2(uBc—1)
;L2L2071:2
7 € (0, uBg) of (R3). Since g is Lg-Lipschitz continuous, (3.4) and Lemma 2.5(iii), we
obtain

where the last inequality is deduced from the condition o4 € | 0, min {1, and

I — x| = Jlowy g(xF) + (Id — oG (hF) — x*|
= [layle(x*) — g + axlyg(x*) — uG(x™)]
+(Id — g G)(h*) — (1d — e G) (x™) |
< oy llg() — g + allyg(x*) — uG G|
+1(d — e G) (h*) — (Id — o G) ()|
< oy Lllx® — x*|| + axlly g(x*) — nG (M)l + (1 — e [ — x|
= ary Lllx® — x*|| + axlly g () — uG (x|
+(1 — axD)|I(1 — w)x* + wTix* — x¥|| (3.5)
< ary Ll — x| + aully g(*) = nG )| + (1 — ax) " — x¥]|
lyg(x*) — uG x|
T — ng

= [1 —o(t — yL)IlIx* — x*| + ax(r — yLy)

lyg(x™) — nGx*|l }
' T—yL,

IA

max {lek — x|

S...

Y _ 1 G(x*
§max{||x0—x*||, lyg(x™) — uGx )II}!

T—yL,
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where ax(t —y Lg) € (0, 1) is deduced from the conditions (R3). Therefore, {x¥} is bounded.
Applying Lemma 2.5(iv) for T, := (1 — w)Id 4 w7}, using the Cauchy—Schwarz inequality
and (3.4), we have
= G () — y g ()]t — %)

= ((1d — axuG) (") — (Id — e G) (x*), x* — x*)

= ((d — axpeG)(T,x") — (Id — g uG) ("), x* — x*)

= (1 — o) (Tpx* — x*, xF — x*) + o ((1d — uG) Tpx* — Ad — nG)x*, x* — x*)
(1 — o) (Tpx® — xF, x* — x*) + a((Id — uG) Tpx¥ — Ad — uG)x*, x* — x*)

IA

IA

w
—(1- ak>§||Tkxk — M2+ o (1 = ) | Toxh — 2K l1xE — X%

(1 —ap)w
= —fnmk — K2 + wo (1 — o) | Tiex® — X1k — 7).

Then, using the relation
206, y) = llx + y1* = IxI2 = IylI>, Vx,y eH,

we get
E e e [ el e e e
< 204 (G (x*) — g (b, x* — x*) — (1 — ap) || Tix® — 2412
+2wa (1 — ap) || Tex® — xF | ||x% — x*. (3.6)

From Step 3, it follows that
I — K2 = oy g(6F) + (A — g GY(HF) — x*)?
= llaky g(x*) + (Id — o puG)(T,,x*) — x*|1?
= llaklyg(x*) — nG(]+ (d — e F) Tpx* — (1d — oy nG) (x5 |12
<207y g(x*) = uG )P + 201 (d — g F) Tpx* — (1d — o4 nG) (x5
< 20¢llyg(x*) — nG (M) P +2(1 — au )| Tox* — x5
= 20} lyg(x) — uG(M)I? +2(1 — o) ?? || Tix* — K| 3.7)
Set ay := ||x* — x*||. Combining (3.6) and (3.7), it yields
ars1 < ap + X = XK+ 2 [nG () — y g ()] x* — xF)
—(1 — a)o|| Texk — 3|12 + 2005 (1 — a0 | Tex® — x| [1x% — x|
< ap + 2o (nG(x") — yg(xh), x* — xF) — (1 — )| Texk — x* |12
+207[lyg(x") — nG M) 12 +2(1 — 1) 0? | Tix® — X2
oo (1 — o) || Tiex® — Kl lx* — x¥|
= a + 204 (WG (xF) — yg(xh), x* = x5) — [l — i — 20(1 — 7)) Texk — ¥ |12
207 [ly g (") — nG M) 1 + 200k (1 — e ) | Tex® — x| 1% — x*]1. (3.8)
Let us consider two following cases:
Case 1. There exists a positive integer ko such that ag4; < ai for all & > k. Then, the
limit limy o ar = A < 00 exists. Passing to the limit into (3.8) as k — 00, using the

boundedness of {x¥} and limy_, o, ox = 0, we obtain limy_, o || Tkx* — x¥|| = 0. From (3.8),

it follows
e < ar — ajv1, Yk = ko,
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where [} := —2(uG(x) — yg(h), x* — x%) = 204 lly g (&%) — pG M) — 200 (1 —
x| Tiex® — Xk % = x*. By the condition Z/?O:()Olk = oo in (R3), we deduce
liminf;_ o Ix < 0 and hence
liminf(uG(x*) — yg (%), x¥ — x*) < 0.
k—00
Combining this with the relation
(UG — y)(x) — (G — y)(¥). x — y) = (uPc — vLplx — yI>. Vx,y €™M,
yields
0 > liminf (G (%) — y g(x*), xF — x*)
k— 00
> liminf [(1G (") = yg(x™). x* —x%) + (uho — y Lol —x*2]. (3.9)
— 00
From (3.5), it follows

5T — x*|| < ey Lgllx® — x| + axlyg(x*) — nG (x*)|

+(1 — D[ (1 — 0)x* + wTjx* — x|
< agy Lgllx® — x*|| + axllyg(x*) — uG(x™)|
+(1 — o)1 — ) Ix* = x|+ (1 — gl — x*.

Passing to the limit as k — oo, we have
. k *
A< lim ||z —x™.
k— o0

By Lemma 3.2, we also have
lim ||ZF —x*| < A.
k—o00

Thus,
lim ||z — x*|| = A.
k— 00

Using Lemma 3.2 yields
lim [|y* — x¥|| = 0.
k—o00

Since {x*} is bounded, there exists a subsequence {xki} such that xKi —~% as j — oo and

liminf (LG (x*) — yg(x*), x* — x*) = lim (uG(x*) — yg(x™), x" — x*).
k—o00 j—o00

Then, y*i —. Since C is closed and convex, C is weakly closed. Thus, from {y*} C C, we
obtain x € C. By the proof of [1, Lemma 3.1],
ELFOH ) — FO5 Y91 = F =y y —yh), vyec.

Passing to the limit in the last inequality as k — oo and using the assumption (R,) and
limgooér =& > 0, we get f(x,y) > 0forall y € C. Thus, x € Sol(C, f) = Fix(Ty).
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Since x* is the solution of (3.3) and (3.9), we have

(PG — yLyg) lim ax = (uBg — yLg) lim |x* — x*|?
k— o0 k— o0

< —liminf(uG(x*) — yg(x*), xk — x*)
k—o00

= — lim (uG(x*) — yg(x™*), x5 — x*)
j—00

= —(uG(x*) — yg(x*), x —x¥)

< 0.

2
Using y € (0, L% (/3 — #)), it implies limg_, oo @ = 0. Thus, both {xk} and {yk}

converge strongly to x*.
Case 2. There does not exist any integer ko such that a1 < ay for all k > k¢o. Then,
consider the sequence of integers as follows:

¢k) =max{j <k:aj <aj1}, Yk =ko.
By [23], {¢(k)} is a nondecreasing sequence verifying
klgl;o p(k) =00, apw < apmy+1, ak < dpry+1, Yk > ko. (3.10)

Replacing k by ¢ (k) into (3.8), it follows that
o[l —agx) =201 — a¢(k)T)2]||T¢(k)x¢(k) — P2

¢(/<)) _ ¢(k))’x* _ x¢(k)>

< agky — Apo+1 + 20 k) (LG (x ygx

+2ag 4y (x?P) — G ®)|12
2004 (1 = g0 D Tpx?© = 2O 1x?© — x|
< 205 (RG (x? D) — yg (2, x* — x9®) 4 207 Iy g (x?®) — nG (D)2
20040 (1 = gty )| Tp oy x?® — 2P P x?® — x| 3.11)
Taking the limit as kK — oo in (3.11) and using the boundedness of {x*}, we obtain
1T x?® —x?®) -0 as k — oo. (3.12)
From (3.11), it implies

(UG(x?P) — yg(x?®)), x?B) _ ) (3.13)
< apmllyg(x?®) — nG P D)1 + 20 (1 — gy D)1 Ty x®® — xPO[|x® — x*|.

Consider (3.9) again, we have
(G (x?®) =y g(x? W), x0® —x*) = (UG () —yg(x*), x?© —x*)+ (B —y L)ag k-
Combining this and (3.13), it leads

(G(x*) —yg(x®), x*® — x*) + (uBs — v L)agw)
< 2 lyg(x?®) — uG PP + 20 (1 — o @) T) I Tpayx?® — x® @22 ® — x*|.

Then, by using limg_, o x = 0 and (3.12), we have

(PG — y L) limsupagpy < —liminf(uG (x*) — yg(x*), x?® — x*). (3.14)
k—00 k— 00
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We recall the fact that {x?®)} is bounded, we can choose a subsequence {x?*/} such that
kD3 as j— o0
and

lim inf (G (x") = yg(x™), xP® —x*) = (WG (%) — yg(x™). & — x*).
—00

By a similar way as in Case 1, we also have x € Sol(C, f). It means (uG(x*) —yg(x*), X —
x*) = 0. Then, using (3.14) and ufc — yLg > 0in (R3), we deduce

(uBG — yLg) limsupagp) < —(uG(x™) — yg(x™), X —x*) <0,
k— 00
and hence lim sup,_, o, a¢) = 0. However, from (3.8) and (3.12), it follows
lim sup agky+1 < lim sup ag ).
k— 00 k—o00

Consequently
lim sup agxy+1 = 0.
k— 00

Recalling a; < agp) for all k > ko in (3.10), we immediately obtain limg_,» ax = 0.
Thus, both {x¥} and {y*} converge strongly to a unique solution x* of the variational inequality
problem (3.3). Which completes the proof. O

Remark 3.4 Theorem 3.3 showed that the strongly cluster point of the sequences {x¥} and
{y*} constructed by the algorithm (SA P A) is a unique solution of the variational inequality
problem (3.3). This result is a fundamental difference of our algorithm with respect to existing
algorithms. However, the set Sol(C, f) is not given explicit. So, the problem (3.3) is not easy
to solve.

4 Numerical Experiments
An important application of the problem EPs(C, f) is the noncooperative n-person games.
The problem is to find x* € C such that
[ ') — max, VY’ e G,
where

— The ith player’s strategy set is a closed convex set C; of the Euclidean space R* for all
iel:={1,2,...,n}.

— The f; : C :=C; x Cy x --- x C, — R s the loss function of player i.

— The x[y] stands for the vector obtained from x = (x', ..., x") € C by replacing x’
with y'.

By [21], a point x* € C is said to be a Nash equilibrium point on C if and only if
[ < fi* YD, VY eCiiel.
Then, we set

fe,y) =) IHGELD = fi0].

i=1
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We can see that the problem of finding a Nash equilibrium point of f on C can be
formulated equivalently to the problem EPs(C, f).

Now we provide some computational results for solving the problem EPs(C, f) to illus-
trate the effectiveness of Subgradient Auxiliary Principle Algorithm (SAPA), and also to
compare this algorithm with two well-known algorithms using the solution mapping S defined
in the form (2.1): Extragradient Algorithm (EA) introduced by Quoc et al. [32, Algorithm 1]
with the auxiliary bifunction L (x, y) = % |y — x| forall x, y € H and Halpern Subgradient
Extragradient Algorithm (HSEA) proposed by Hieu [15, Algorithm 3.2]. As we know, the
iteration point x* defined by S is a solution of the problem EPs(C, f) if and only if y* = x*.
Therefore, we have used the sequence { Sy = [|x* — yk || :k£=0,1,...}to consider the con-
vergent rate of all above algorithms. And, we can say that x* is an g-solution to the problem
EPs(C, f) where ¢ > 0, if Sy < ¢.

To test all above algorithms, the parameters are chosen as follows.

— Subgradient Auxiliary Principle Algorithm (SAPA):
1 1

1 1 1
- - =1 1 Ann? == 1_ I == i 1, = (>
&k ac, + scra000 2( &(cr + ), v 2mm{ ékQ}
1 Bc Iz HLE L.
= -, =—, =— -—— 1 == Ly, ,
=7, K Lo 14 2L, Bc > T zmm(y ¢ MBG)
a . 2(uBG — ) 1
oy = where a = min {1, , .
k+1 M2L2G_T2 T—yL,

— Extragradient Algorithm (EA):

1 1 .| B B
Bi==, p:= e |0, mny —, — .
2 2lzliChlerl + glpiD) 2c1 2c

— Halpern Subgradient Extragradient Algorithm (HSEA):

1 . 1 1 1
Ai=—e€e|0,mny—, — R ARES R
4cy 2¢1 2¢2 S5n+ 10
Aucxiliary convex problems in the algorithms are computed effectively by the function
Jfmincon in Matlab 2018a Optimization Toolbox. All the programs are performed on a PC
Desktop Intel(R) Core(TM) i7-12700F CPU @ 2.10 GHz 2.50 GHz, RAM 32.00 GB.

Let H be a real Hilbert space. We introduce a new cost bifunction f : H x H — R and
the constraint C are given in the forms

v

C={xeH:|x|><R> (rx)<l}, 4.1)
fx,y) = (lgsin(pilx|l + p2) + hcos(er ||yl + e2) +mlz, y — x), 4.2)

wherex,y € H, R, p1, p2,e1,e2 € R,I > 0,8 >0,h > 0,m € (g+h, 00),(z,r) € HxH.
Then, the C is nonempty closed convex, and the f has the following properties.

Proposition 4.1 Let the bifunction f : H x H — R be defined by (4.2). Then,

(1) f is pseudomonotone;
(ii) f is Lipschitz-type continuous with constants ¢y = ¢y = w.

Proof Assume that f(x, y) > 0 for each x, y € H. Then, we have

0 =< f(x,y) = ([gsin(p1llx]l + p2) + hcos(er ||yl + e2) +m]z, y — x)
= [gGin(prllx|l + p2) + 1) + h(cos(er |yl +e2) + 1) + (m — g — W)z, y — x).
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From m € (g + h, +00), it yields that (z, y — x) > 0 and

f (v, x) = ([gsin(p1llyll + p2) + hcos(erllx|| + e2) + m]z, x — y)
= [g(1 +sin(p1llyll + p2)) + h(1 + cos(eil|x]| + €2)) + (m — g — W)z, x — y)
<0.

By definition, the bifunction f is pseudomonotone on H x H.
Since (4.2), it follows that, for every x, y, t € H,

fG, )+ f. 1) — fx, 1)
= ([gsin(p1 x|l + p2) + hcos(erllyll + e2) + mlz, y — x)
+([gsin(p1llyll + p2) + hcoser||t]| + e2) +mlz, t — y)
—(Llg sin(p1llx|l + p2) + hcos(ei|lt]| + e2) +mlz, t — x)
= ([gsin(p1lx|l + p2) + hcos(erllyll + e2) + mlz, y — x)
+([gsin(p1llyll + p2) + hcos(er|lt|| + e2) + mlz, t — y)
—(lgsin(pi x|l + p2) + hcos(erliz| + e2) +m]z, t —y)
—(lgsin(p1llx|l + p2) + hcos(er||7]l + €2) +mlz, y — x)
= hlcos(er|lyll + e2) — cos(e||7]l + e2)1(z, y — x)
+glsin(pillyll + p2) — sin(pillx|l + p2) Kz, r — y)

t — ||t
= —2hsin <61M + ez> sin (elw) (z,y — x)

+ llx . — X
+2¢ cos <p1 Iyl ! [lx1l +p2> sin <p1 Iyl . I II) Tt —y)

. + t
> _2h |sin (e Iyl llzll || )H ( Iyl — iz II>’|| My — x|

Iyl =+ llxll : ||y|| llx 1
—2g‘008<p12+p2 sin | pr=———— | llzlili = Il

. ||y|| ll2]] ||y|| [lxl
= —2h |sin (6 | lzlllly = xIl = 2g |sin { p1=——F—— )| llzllllz = ¥ll

—hler[lllyll — ||t||| Izlllly = xII = glprHHIyIE= lx ] ||z||||t =

where the last inequality is deduced from the relation
[sinf] < |6], VO € R.
By using the relation
lllarll = llazlll < llai —azll, Vai, a2 €H,
we obtain

f(x7y)+f(y»t)_f(xs[)
—hled|| Iyl = el lizlly — xIl = glpa [yl = lx N [lizllz = I
= —hletllly —tllllzlllly — xIl — glpillly = x[llzlllz = ylI

\%

\%
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hlelllzll 2 hlerlllzll 2 glpillizl] 2 glpillizll 2
>y =)= /|y —x ) = gy — - 2 —
> > ly —zll 2 ly —xIl 2 ly —xIl 2 iz =yl
_lzlithled] + glp1D 2 llzll(hler] + glpiD) 2
=- 2 ly —xII” = 2 ly =zl
Thus, the f is Lipschitz-type continuous with ¢; = ¢ = w The proof is
complete. O

Test 1 First, let us run the algorithm (SAPA) in R® with s = 5. The starting point is
x% = (1,0, 1,100, 25)T. The parameters R, g, p, g, h, e, f, m, [ and the vectors r, z are
randomly chosen as follows:

R=51=2 g=3 p1=-5 pr=7 h=3, e1 =8, e2 =2, m=g+h+5,
r=2,-3,584", z=(1053-7,12)".

Consider the mappings G : R®* — R*, g : R® — R*:
gx)=10x, Gx)=0x+¢q, VxeR’,
whereg € R*, Q = AAT + B+ D, Aisas x s matrix, Bisas x s skew-symmetric matrix,

and D is a s x s diagonal matrix with its nonnegative diagonal entries (so Q is positive
semidefinite). It is obviously that G is Bg-strongly monotone and L g-Lipschitz continuous,

where f¢ = min{t : ¢t € eig(Q)} is the smallest eigenvalue of Q and Lg = || Q]|. The
matrics A, B, D of the mapping G are chosen randomly as follows:
1 234 0 0 2 345
2 105 -3 -2 0 =579
A=14 079 1 , B=|-35 0 6-8 ,
2 50-53 -4 -7-60 1
-1 942 3 (55) -5-9810 (5%5)
10000
03000
D={00700 . g=(1,7,-3,22,6)".
000100
100005 (5%5)

Then, the eigenvalue and the norm of Q are evaluated as follows:
eig(Q) = {221.2357, 144.1649, 3.3983,24.9611, 22.2399}, | Q| = 222.3145.

This implies that the strongly monotone constant of G is B = 3.3983 and the Lipschitz
continuous constant of G is given in Lg = 222.3145.
It is easy to evaluate that

1
cp=c= E(glml + hlerDllzll &~ 352.6213,
and

[l sin(prllx* 11+ p2) + hcos(er |y + e2) + mlz
o k .
810k )G —Wm(ﬁ}#w,zmk—x")] if yk £ 0,
x5, 00M = .
Lg sin(p1[|x¥]| + p2) + hcos(en) + m]z

+he sin(er) (uk, 2)x* : |Juk| < 1}, otherwise.

@ Springer



Strong Quasi-nonexpansiveness of Solution Mappings ...

4 —*—xK(1) 1
* Xk(2)

3 1 —*—xK@3)|!
——xN4)

o —*—x&5)

The value of xk(i)

_2 1 1 1 1
0 20 40 60 80 100

Iteration k (k=0,1,...)

Fig. 1 Performance of the sequence {x*} in the algorithm (SAPA) with the tolerance ¢ = 1073, The approx-
imate solution is x 190 = (—=1.5086, —0.5649, —0.1058, 1.0853, —1.8301) T

With the tolerance max{||yk — x5, IR = x¥ |1} < £ = 1073, the computational results
of the algorithm (SAPA) are showed in Fig. 1 and Table 1.

Test 2 Consider in an infinite-dimensional Hilbert space H = L>[0, 1] with inner product

1
(x,y) = / x(®)y@)dt, VYx,y eH,
0

Table 1 Iterations (Iter.) and CPU times (Times) with randomly different parameters, where a =

2
. 2(uBG—=1) 1 _ By 1 - _ mLg
mm{l, MzLéirz.,,ng},yk—l Sk(61+62),Vk—mln{1, gm}andy—Lg (ﬂ > )

Test & v o y " ® Iter. Times

Bg 0.5 434 0.5313

Bj—
i

1 1 |
T 3e; T 5kwa00 2V yam]

Bg 0.5 1605 3.8594

Bj—
<

1 1.- a
n 0.001 + 757000 2V k+1

B 0.5 333 0.6094

Boj—
<

1 1 i
T3 Ay + k400 0.2vk k+1

B 05 439 0.6250

Boj—
<

1 1 a
Ty Ier T k3400 2V Tk 1100

cI
e
~
<
=
Q

1 1 1
Ts o + 3 0.5 196 4.7500

B 0.5 297 2.8906

B —
<

1 1 1. a
Te e; t 5FFa00 2V 8]

‘ S

bg_ 05 504 6.4921

0o —
cl
-
+
0o —
<

S

=

[

1 1
L Ze; T 574400

o

B 09 351 1.9557

-
&
0o —
<1
™
)

1 1 1
Ty Ze; + 3E7400 2V
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16 —— The algorithm (SAPA)| |
14} ©—— The algorithm (EA) |
: —*— The algorithm (HSEA)

k
)

The value of S
o
oo

0 20 40 60 80 100
lteration k

Fig. 2 Comparison results of the algorithm (SAPA) with two algorithms (EA) and (HSEA), where K0 =

(1,0, 1,100,257
1
x|l = fﬂ(r)dr, Vx € H.
0

The constraint C and the cost bifunction f are defined in the forms (4.1) and (4.2). We
compare the algorithm (SAPA) with three above algorithm with different starting points xq.
The numerical results are showed in Table 2.

and its induced norm

From the comparative results in Fig. 2 and Table 2 of the Subgradient Auxiliary Principle
Algorithm (SAPA) with two other agorithms: the Extragradient Algorithm (EA) and the
Halpern Subgradient Extragradient Algorithm (HSEA), and the preliminary numerical results
reported in Table 1 and Fig. 1, we observe that

— The convergence speed of our algorithm (SAPA) is the most sensitive to all the parameters.
The CPU time and iteration number depend very much on the parameter sequence {&}.

— The CPU time (second) and the number of iterations of our algorithm are less than those
of the algorithms (EA) and (HSEA).

Conclusions In this paper, we introduce a new solution mapping to equilibrium problems
in a real Hilbert space. We show that this mapping is strongly quasi-nonexpansiveness under
quasimonotone and Lischitz continuous assumptions of the cost bifunction. Then, the Sub-

Table 2 Comparative results with different starting points in L2[0,1]

X( = cost Xo = sint xo =22+ 7t xo =2! +5¢
Algorithm Sk Times Sk Times Sk Times Sk Times
(SAPA) 3.7e-19 19.5 3.5e-17 194 2.7e-18 21.6 7.6e-15 23.1
(EA) 2.8e-15 23.6 4.5e-16 21.2 7.31e-18 37.1 9.5e-12 38.5
(HSEA) 6.6e-25 13.5 1.9e-25 13.7 5.0e-17 18.9 4.7e-14 20.8
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gradient Auxiliary Principle Algorithm is constructed by the solution mapping and classical
auxiliary principle. Finally, the stated theoretical results are verified by several preliminary
numerical experiments.
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