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Abstract

We give a characterization of completely regular topological spaces. Applying some recent
results for supinf problems in completely regular topological spaces we establish a variational
principle for saddle points. Well-posedness of saddle point problems is studied as well.
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1 Introduction

Variational principles concern sufficient conditions under which after a perturbation of the
optimized function, the perturbed minimization problem has a solution. In 1972, Ekeland [3]
proved a variational principle in complete metric spaces. This principle is equivalent to the
completeness of the metric space, see [10], as well as to Caristi’s fixed point theorem and
Takahashi’s minimization principle, see [9]. McLinden [8] used Ekeland variational principle
to derive some results of minimax type in Banach spaces.

In 2010, Kenderov and Revalski [6] proved a variational principle in completely regular
topological spaces. Later, in [7], they gave a sufficient condition for existence of a perturbation
such that the perturbed problem is (Tykhonov) well-posed. Let us recall that the problem to
minimize f : X — RU {400}, where X is a topological space, is called well-posed if it has
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unique solution xg € X and for every minimizing sequence {x,}, C X, f(x,) — infx f
it holds that x, — xo, i.e., xo is the strong minimum of f on X. In the same paper they
obtained a variational principle for supinf problems.

We prove in Theorem 2 that if the variational principle of Kenderov and Revalski holds in
atopological space then the space is completely regular. Furthermore, in Theorem 4, we show
that if the strong variational principle of Kenderov and Revalski holds in a topological space,
then the space is completely regular and satisfies the first axiom of countability. We establish
a minimax variational principle in completely regular topological spaces in Theorem 7. In
the final section we give a sufficient condition for existence of a perturbation such that the
perturbed saddle point problem is well-posed. At the end, we give a characterization of
well-posed perturbed saddle point problems.

2 Characterization of Completely Regular Topological Spaces

A topological space X is said to be completely regular if it is Hausdorff and for every set
A C X andapointx € X\ A (i.e., not belonging to the closure of A) there exists a continuous
function f : X — R such that f(x) ¢ f(A), see [2]. The following assertion is often used
as a definition for completely regular topological spaces: a Hausdorff topological space X
is completely regular if for every point x and a closed set A, such that x ¢ A there exists
a continuous function f : X — [0, 1] such that f(x) = 0 and f(A) = 1. Let X be a
completely regular topological space and f : X — [—o00, +00] be an extended real-valued
function. The domain of f is denoted by dom f and consists of all points in X at which f
has a finite value. The function f is proper if its domain is not empty. Denote by C(X) the
space of all continuous and bounded real-valued functions defined on X. The space C(X)
equipped with the supremum norm || f||oo := sup{|f(x)| : x € X} is a real Banach space.
We denote by R the set of all nonnegative real numbers.
Let us recall the variational principle of Kenderov and Revalski.

Theorem 1 [6] Let X be a completely regular topological space and f : X — RU {400} be
a proper lower semicontinuous function bounded from below. Let xo € dom f and ¢ > 0 be
suchthat f (xo) < infx f-e¢. Then, there exists a continuous bounded functionh : X — Ry,
h(xo) = 0, |hllco < € and the function f + h attains its minimum in X at xo. Moreover, h
can be chosen such that ||h|lcc = f(x0) —infyx f.

Assuming that the variational principle of Kenderov and Revalski holds in a Hausdorff
topological space X, we prove that X is completely regular.

Theorem 2 Let X be a Hausdorff topological space. If for every function f : X — RU{+4o00}
which is proper lower semicontinuous and bounded from below and for every xy € dom f,
there exists a continuous bounded functionh : X — Ry, h(xg) =0, ||h]lococ = f(x0)—infx f
such that the function f + h attains its minimum on X at xq, then X is a completely regular
topological space.

Proof Let xp € X, A be a closed subset of X, xo ¢ A and let us consider the function

ifxeA,
otherwise.

S = {?

Since f is a proper lower semicontinuous function bounded from below then, by assumption
there exists 7 : X — Ry, h(xg) = 0, ||h]lcc = 1 such that the function f + h attains its
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minimum in X at xo. Let x € A be arbitrary. Then

F&x)+h(x) =hx) = f(xo) + h(xo) = f(x0) =1,
so h(x) > 1. As ||h|lcc < 1, therefore h(A) = 1 and X is a completely regular topological

space. O

Let us note that the conclusion of Theorem 2 still holds if we make the assumptions only
for the characteristic functions of closed sets instead of for all lower semicontinuous bounded
below functions.

Now we recall the strong variational principle of Kenderov and Revalski.

Theorem 3 [7] Let X be a completely regular space and f : X — R U {400} be a proper
lower semicontinuous function bounded from below. Let xo € dom f has a countable local
base in X. Let ¢ > 0 be arbitrary. Then, there exists a continuous bounded function

h:X — Ry, h(xg) =0, [[h]ec < f(x0) — iI}l(ff + &,
such that the function f + h attains its strong minimum on X at xy.

Assuming that the strong variational principle of Kenderov and Revalski holds in a Haus-
dorff topological space X, we will prove that X is a completely regular topological space
that satisfies the first axiom of countability.

Theorem 4 Let X be a Hausdorfftopological space. If for every function f : X — RU{+o0}
which is proper lower semicontinuous and bounded from below, for every xo € dom f and
for every e > 0, there exists a continuous bounded function

hiX = Reo h(xo) =0, [lhllso < f(x0) —inf f +e,

such that the function f + h attains its strong minimum on X at xo, then X is a completely
regular topological space that satisfies the first axiom of countability.

Proof Let xo € X, A be a subset of X, xo ¢ A and let
ifx eA,
otherwise.

f) = {?

Since f is a proper lower semicontinuous function bounded from below then, by assumption,
there exists 1 : X — R4, h(xg) = 0, such that the function f 4 & attains its strong minimum
on X at xo. Let x € A be arbitrary. Then

h(x) = f(x) +h(x) > f(x0) +h(xo) = f(x0) = 1,

so h(x) > 1 for all x € A. Therefore, h(A) > 1. Since h(xg) = 0, h(xg) ¢ h(A) D h(A)
and X is a completely regular topological space.

Now we will consider the constant function f(x) = 0 for all x € X and arbitrary fixed
X0 € X. By the assumption there exists a continuous bounded function 4 which attains its
strong minimum at xo and miny 2 = h(xp) = 0. Consider the sets

L, ={xeX:h(kx)<1/n}, n>1.

We will prove that the sets {L,, n > 1} form a countable local base at x¢. First, observe that
{xo} = N2, L,. This follows from the assumption that xg is the strong minimum of /4 and
every minimizing sequence converges to xo. Then, take an arbitrary neighbourhood U of x.
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To the contrary, suppose that for each n there exists a point x, € Ly, x, ¢ U. But {x,}, is
a minimizing sequence and its limit point is xo, so there exists ng such that x,, € U for all
n > ng, which yields a contradiction. Therefore, X is a completely regular topological space
with a countable local base at each point. O

3 Variational Principle for Saddle Points

Let X and Y be topological spaces and f : X x Y — [—o00, 400] be an extended real-valued
function. A solution to the supinf problem

sup inf f(x,y)

xeX YeY

is called any point (xg, yo) such that

f (o0, yo) = inf f(xo, y) = sup inf f(x, ),
yey xeX Ye
see, €.g., [7]. Analogously, a solution to the infsup problem
inf sup f(x,y),

yeY xex

is called any point (xg, yo) such that
f(x0, y0) = sup f(x, yo) = inf sup f(x, y).
xeX YeY xex

For a given function f : X x ¥ — [—o00, +00], denote
= inf ,Y),
vy (x) ;relyf(x y)

and by Vy denote the optimal value of the supinf problem, i.e., V¢ := sup,cx vy (x). Also,
denote

wr(y) == sugf(x, y), (1
xXe

and by W denote the optimal value of the infsup problem, i.e., W := inf ey w 7 (x).
Let
Ap=Wr—=Vy= 1nf sup f(x,y) — sup 1nf fx,y).

Y yex xexy

Itis clear that Ay > 0.
A point (xp, yo) is said to be a saddle point of f on X x Y if

S, y0) = f(x0,y0) = f(x0,y), VxeX,VyeV,

which is equivalent to
Vi=vr(x0) = f(x0,y0) =wyr(yo) =W

The saddle point problem for a given function f : X x ¥ — [—o00, +00] is to find a
saddle pointof f on X x Y.

Obviously, if (xp, yo) is a saddle point of f on X x Y, then (xo, yo) is a solution to both
infsup and supinf problems for f, they have the same optimal values equal to f(x¢, yo), and
Ar=0.

fNote that it is possible that Ay = 0 but the function f has no saddle point on X x Y.
For example, consider the function f(x, y) := x — y defined on X x Y, where X := (0, 1),
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Y := (0, 1]. It is easy to check that Ay = 0 but f has no saddle point on X x Y since
1,)¢ X xY.
We will make the following assumptions for the function f : X x ¥ — [—o00, 400]:

(A1) forany y € Y the function f(-, y) is upper semicontinuous;

(A2) the function vy (x) is bounded above in X and proper as a function with values in
R U {—o0};

(A3) forany x € X the function f(x, -) is lower semicontinuous;

(A4) the function w(y) is bounded below in Y and proper as a function with values in
R U {400}.

It is easy to see that if the function f satisfies the assumptions (A1)—(A4), then Ay is
finite.
Let us recall the supinf variational principle of Kenderov and Revalski.

Theorem 5 [7] Let X and Y be completely regular topological spaces and f : X x Y —
[—00, 400] be an extended real-valued function which satisfies the assumptions (A1)—(A2).
Let e > 0and xo € X be suchthat vy(xg) > sup,cy vy(x) —¢, andletd > 0and yp € Y be
such that f(xg, yo) < infyey f(xo, y) + 8. Then, there exist continuous bounded functions
qg: X —>Ryandp:Y — Ry, suchthat g(xg) = p(y0) =0, ||gllec < & IPlloc < 8 and
the supinf problem

sup ing{f(x,y) —q)+pO} 2)

xeX Y€

has a solution at (xq, o).

Note that assuming (A3) the function w ¢ (y) defined by (1) is lower semicontinuous, so
one can follow the lines of the proof of the above result in [7] to obtain the following

Theorem 6 Let X and Y be completely regular topological spaces and f : X x Y —
[—o0, +00] be an extended real-valued function which satisfies the assumptions (A3)—(A4).
Lete > 0and yy € Y be suchthat wy(yo) < infycy wy(y)+e¢, andlets > 0and xo € X be
such that f(xo, yo) > sup,cx f(x, yo) — 8. Then, there exist continuous bounded functions
h:X —> Ryandg:Y — Ry, such that h(xg) = g(30) =0, |h]leo < 4, lIgllec < € and
the infsup problem

inf sup{f(x,y) —h(x)+ g(y)} (3)

YeY xex

has a solution at (xo, o).

We will prove the following minimax variational principle in completely regular topolog-
ical spaces.

Theorem7 Let X and Y be completely regular topological spaces and f : X x Y —
[—o0, +00] be an extended real-valued function which satisfies the assumptions (A1)—(A4).
Lete' > 0,¢" >0, x0 € X and yp € Y be such that

vf(xg) > sup vy(x) — ¢,
xex

wy(yo) < inf wr(y) + e’
yeY
Then, there exist continuous bounded functions k : X — Ry andr : Y — Ry, such that

k(xo) = r(yo) = 0, lklloo < 26" +€" + Ay, |Irllec < & + 26" + Ay, and the function
f(x,y) — k(x) +r(y) has a saddle point at (xo, yo).
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Proof We begin with two chains of inequalities:

f(x0. y0) —€&” < sup f(x,y0) —&" =wys(yo) —¢” <1nfwf—1nf5upf(x A C))
xeX YEY xex

and

f(xo, yo) + €& > inf f(xo,y) +& =vp(xo) +¢ >supvy =supinf f(x,y). (5
yeY X xeX YEY

Combining the equality

inf sup f(x,y) — Ay = sup 1nf fx,y),

yeY xex xeXy

with (4) and (5), we get

£ (x0, yo) — &” — Ay < inf sup f(x,y) — Af—supmf flx,y) < mff(xo y) + ¢,
YEY yex xeX Y€

hence
F(x0, y0) < )121; FGoy) +€ +e" + Ay

Analogously, we get

f(xo, y0) > sup f(x,y0) —& —&”" — Ay.

xeX

Now we apply Theorem 5 to the point xo for e = ¢, and to the point yo for§ = &¢'+¢&”+A .
Therefore, there exist continuous bounded functions ¢ : X — R, and p : ¥ — R such
that g (xo) = p(yo) =0, lIgllec < &, [IPlloc < &' +€” + A and the supinf problem (2) has
a solution at (xo, yp), i.e.,

Sug ;nf{f(x V) —qx)+p(y)}= yirelg{f(xw y) —q(x0) + p(Y)} = f(x0,y0). (6)

Furthermore, we apply Theorem 6 to the point yg for ¢ = ¢”, and to the point xq for § =
¢ +¢” + Ay. Hence, there exist continuous bounded functions 7 : X — Ry, g:Y — Ry
such that 2(xp) = g(yo) = 0, [|hllec < & +&" + Ay, gllo < €& and the infsup problem
(3) has a solution at (xg, yp), i.e.,

mf sup{f(x,y) —h(x) + g(y)} = sup{f(x, yo) — h(x) + g(yo)} = f(x0, y0). (7)

YeY yex xeX

Letx € X, y € Y be arbitrary. As g(x) > 0, g(y) > 0, from (7) and (6) it follows that

fx, y0) —h(x) —qx) + p(yo) + g(yo) = f(x, yo) — h(x) + g(yo)
=< f(xo0, y0) = f(x0,y) + p(y) — g (x0)
= f(xo0, y) + p(y) + &) — q(x0) — h(xo).
Setting k(x) :=h(x) 4+ g(x) and r(y) := p(y) + g(y) we get the conclusion of the theorem. O

Note that whenever a function f satisfies the assumptions (A1)-(A4), for any ¢’ > 0 and
¢” > 0 one can always find x( and yy satisfying the assumptions of Theorem 7.

Definition 1 For a function f : X x ¥ — [—00, +0¢], such that Ay =0and e > 0, we say
that (xo, yo) € X x Y is an e-saddle point for f if

vy (xg) > supvy(x) — /3,
xeX

wy(yo) < inf wr(y) +¢/3.
yeyY

@ Springer



Saddle Points in Completely Regular Topological Spaces

If f satisfies (A1)-(A4) and A ; = 0, from Theorem 7 easily follows a variational princi-
ple, which states that we can perturb the function f by functions with arbitrary small norms
in a way that the perturbed function has a saddle point.

Theorem 8 Let X and Y be completely regular topological spaces, f : X XY — [—o0, +00]
satisfy (A1) -(A4) and Ay = 0. Let ¢ > 0, and (xq, yo) € X x Y be an e-saddle point for f.
Then, there exist continuous bounded functions k : X — Ry, andr : Y — Ry, such that
k(xo) =r(v) =0, |lklloo < &, |I7lloo < &, and the function f(x,y) — k(x) + r(y) has a
saddle point at (xg, yo).

If f is an additively separable function, i.e., f(x,y) = fi(x) + f2(y),then Ag 4, =0
for every k € C(X) and r € C(Y). The following result constitutes a dense variational
principle for the saddle point problem.

Theorem 9 Let X and Y be completely regular topological spaces, let f : X x Y —
[—o0, +00] satisfy the assumptions (Al)—(A4), and f(x,y) = fi(x) + f2(y). Then,
the set {(k,r) € C(X) x C(Y) : thefunction f(x,y) + k(x) +r(y),(x,y) € X x
Y has a saddle point} is a dense subset of C(X) x C(Y).

4 Well-posedness of Saddle Point Problems

Let f : X xY — [—o00, +00], where X and Y are completely regular topological spaces. In
[5] (in the constrained case) a sequence of points {(x,, y,)}, € X x Y is called optimizing
for the supinf problem for f if v (x,) — Vyand f(x,, y,) — Vy. Analogously, {(x,, yu)}n
is optimizing for the infsup problem for f if wy(y,) — Wy and f(x,, yo) — Wy.

Here we consider the following

Definition 2 A sequence {(x,, y»)}» € X x Y is called optimizing for the saddle point
problem for f : X x ¥ — [—o00, +00] if

Love(xy) = Vg,
2. UJf(yn) — Wf;
3. Ay =0.

Let us note that in [1] maximinimizing sequences are considered. A sequence {(x,, yn)}»
€ X xY is called maximinimizing for the saddle point problem for f if w s (y,)—v s (x,) — 0,
as n — oo. Since vr(xy) = infer S, y) < fn, yn) < supyey f(x, yn) = wr(yn),
it is clear that every optimizing sequence for the saddle point problem is maximinimizing.
Moreover, any optimizing sequence for the saddle point problem for f is optimizing for the
supinf and infsup problems for f.

The supinf (resp. infsup) problem for the function f is called well-posed if any optimizing
for it sequence converges to its unique solution.

Moreover, the supinf problem for the function f is sup-well-posed if the problem
sup,ex Vs (x) is well-posed, see [7]. In such a case, the unique point realizing the maxi-
mum is called a sup-solution.

Analogously, the infsup problem for the function f is inf-well-posed if the problem
infyey wy(y)is well-posed and the unique point realizing the minimum is called inf-solution.

Definition 3 The saddle point problem for f : X x ¥ — [—00, +00] is well-posed if every
optimizing for it sequence converges to the unique solution of the problem.
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The saddle point problem for a function f is well-posed if and only if the supinf and
infsup problems for f are sup-well-posed and inf-well-posed, respectively, and Ay = 0.
Well-posedness of the saddle point problem for f does not entail well-posedness of the
corresponding supinf and infsup problems, see Remark 3-1 in [1].

If f is such that Ay = 0, then for f:

{(xn, yn)}n is an optimizing sequence for the saddle point problem

¢

{(x1, yn)}n 1s an optimizing sequence for both supinf and infsup problems,
and, moreover,

the supinf and infsup problems for f are well-posed

U
the saddle point problem for f is well-posed
¢

the supinf problem is sup-well-posed and the infsup problem is inf-well-posed.

The next result is about perturbations for which the perturbed saddle point problem is
well-posed in the sense of Definition 3.

Theorem 10 Let for X, Y and f : X x Y — [—00, +00] the assumptions in Theorem 7
hold and let k and r be the functions from its conclusion. Suppose that xo has a countable
local base in X and yo has a countable local base in Y. Then, for arbitrary § > 0 there exist
continuous bounded functionsk’ : X — Ry andr’ : Y — Ry, suchthatk(xg) = r(yp) = 0,
1K lloo < 8, I llo < 8, and for the function g (x, y) := f(x, y)—k(x)+r(»)—K (x)+r' (),

(a) the supinf problem is sup-well-posed with unique sup-solution at x¢;
(b) the infsup problem is inf-well-posed with unique inf-solution at yo;
(c) the saddle point problem is well-posed with unique solution at (xo, yo).

Proof We follow the idea of the proof of Proposition 2.10 in [7]. Consider countable local
bases of open nested neighbourhoods {U,, n > 1} of xg and {V,,, n > 1} of yg, respectively.
For each fixedn > 1,leth, : X — [0, 1] and g, : Y — [0, 1] be continuous functions such
that

ha(xo) =0 and  hn(X \ Uy, = 1,
gn(yo) =0 and g,(Y\Vy,) =1

Define the functions

o0
1
Kx)=8)" Sihn(0), x € X,

n=1

oo

1

F(y) =8 &), yer.
n=1

The functions k&’ and " are continuous bounded functions with values in [0, §]. For all
x € Xandy € Y, x # xpand y # yo, K(x) > 0 and r’(y) > 0. Furthermore, from
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k(xg) = k'(xg) = 0, r(yo) = r'(yo) = 0 and the fact that (xo, yo) is a saddle point for
f(x,y) —k(x) 4+ r(y),itholds that forallx € X andy € Y, x # xp and y # yo,

fx, y0) —k(x) —k'(x) + (o) +r'(yo) < f(x0, yo) — k(x0) — k(x0) + r(y0) + ' (y0)
< f(x0,y) — k(x0) — k(x0) +r(y) + 7' ().

and, therefore, (xg, yo) is a solution for the saddle point problem, supinf problem and infsup
problem for the function g(x, y) in X x Y. Observe that (xg, yo) is also a solution for the
saddle point problem, supinf problem and infsup problem for the functions f(x, y) —k(x) +
r(y)+r'(y)and f(x,y) —k(x) —k'(x) +r(y)in X x Y.

To prove (a) let us consider the functions

Vf—kerr (X) = A0ELf (o, y) — k() +r(y) + r'M},
vg(x) 1= if)}f{f(x, ¥) = k(x) =K' (x) +r () + 7' ()

Having in mind that k(xg) = k’(x9) = 0 and r(y9) = r'(y9) = 0 and that (xg, yo) is a
solution for the supinf problems for the functions f(x, y) —k(x) +r(y) +r'(y) and g(x, y)
in X x Y, we have that

Vs —ktr+r (X0) = vg(x0) = f(x0, Yo)-

Suppose that {x, },, is an optimizing sequence for vy and {x, }, does not converge to x. Then,
there would be some integer n9 > 1 and a subsequence of {x,}, (without renumbering),
such that x, ¢ Uy, for every n. Furthermore, supy vy = supy vy g4,y and vg(x) <
V¢ _jyr4r (), and since k' has nonnegative values, k' (x,,) converges to 0. But this contradicts
xp ¢ Uy, for any n since the latter would imply that k(x,,) > 8> o ,(1/2™) > O for all n.

The proof of (b) is similar to the proof of (a).

To establish (c) let us observe that from the proofs of (a) and (b) it follows that the supinf
and infsup problems for the function g are sup-well-posed and inf-well-posed with unique
solutions at xo and yg, respectively. Moreover A, = 0 and, therefore, the saddle point
problem for g is well-posed with unique solution at (xg, yo)- O

For a given function f : X x ¥ — [—00, +00] denote by Sy : C(X) x C(Y) = X x Y
the correspondence which assigns to every couple of functions s € C(X) and u € C(Y)
the (possibly empty) set of solutions (xg, yo) to the saddle point problem for the function
fx,y)+ s(x) 4+ u(y). We follow the proof of Theorem 3 in [4] to get the following result.

Theorem 11 Let X and Y be completely regular topological spacesand f : X x Y — [—o00,
+00] be an extended real-valued function which satisfies (A1)~(A4). The mapping Sy is
single-valued and upper semicontinuous at (s, u) € C(X) x C(Y) if and only if the saddle-
point problem for the function f(x,y) + s(x) + u(y) is well-posed.

Proof =) Let {(x,,, yu)}n € X x Y be an optimizing sequence for the saddle point problem
for f(x, y) + s(x) + u(y). According to the definition of such a sequence, it holds that:

Lovpgstu(n) = Vigstus
2. Wrts+u(n) = Wrgstus
3. Apysqu =0.

If S¢(s,u) = {(x0, ¥0)}, 50 Agysry = 0. Suppose that {(x,, y,)},» does not converge to
(x0, ¥0). Then, there exist open sets U and V, such that xo € U, yp € V and a subsequence
(without renumbering) {(x,, y,)}, such that (x,, y,) ¢ U x V for all n.
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From the upper semicontinuity of S¢ (s, u) there exists ¢ > 0,suchthat Sy (s, u’) C UxV
for all s € C(X) such that ||s" — s||oo < &, and all u’ € C(Y) such that ||’ — u|s < &.

Let n be so large that Vi oy — vyqgru(xn) < &/3 and wpysru(Vn) — Wrsru < €/3.
Applying Theorem 8 for the e-saddle point (x,, y,) of the function f(x, y)+s(x)+u(y) one
obtains functions s, € C(X) and u,, € C(Y), such that ||s,|lcc < &, |ltnlleo < € and (x5, y;)
is a solution to the supinf problem for the function f(x, y) + s(x) — s, (x) + u(y) + u, (y).
But ||Is + 5, — slloo < &, lu —uy —ullooc < & and (x,, yu) € Sy(s — sp, u + uy) which
contradicts (x,, y,) ¢ U x V.

<) Suppose that the saddle point problem for the function f(x,y) + s(x) 4+ u(y) is
well-posed with unique solution (xq, yo). Hence, A s 451, = 0and S¢ (s, u) is single-valued.
Suppose that Sy is not upper semicontinuous at (s, «). Then there would exist open neigh-
bourhoods U of xg and V of yg, respectively, such that for every n > 1 there would be
sp € C(X) and u, € C(Y) with ||s, — sllec < 1/n and |lu,;, — u]loc < 1/n, such that
S¢(sp,up) € U x V,ie., (xy, yn) € Sp(sy, uy) \U x V foralln € N.

Observe that A ¢, 1y, = 0, and

U ftsp+un (xp) := ;relg{f(xna V) + 80 (xp) +un ()}

= sup{f(x, yn) + 5, (x) +u(yp)} =: W s, 4uy, n)-

xeX

As {s,}, and {u,}, converge uniformly on X and Y to s and u, respectively, then for every
& > 0 we can find ng, such that, for every n > no:

|Uf+s,,+un (xp) — Vfts4u (x| < &,
|wf+s,,+un (yn) — W f+s+u )l < e.

Therefore v 444 (x,) and w g 51, (yn) are close eventually and {(x,, y,)}, is an optimizing
sequence for f(x, y)+s(x)+u(y). Since the saddle point problem for f(x, y)+s(x)+u(y)
is well-posed with unique solution (xg, o), the sequence {(x,, y,)}, converges to (xg, yo)-
The latter contradicts the assumption (x,,, y;) € Sy(sp, up) \ U x V. ]

If we consider the correspondence §f : C(X xY) = X x Y which assigns to each
function z € C(X x Y) the (possibly empty) set of solutions (xg, yp) to the saddle point
problem for the function f(x, y) + z(x, y), and follow the lines of the proof of Theorem 11
we will obtain

Theorem 12 Let X and Y be completely regular topological spacesand f : X XY — [—00,
+00] be an extended real-valued function which satisfies the assumptions (A1)—(A4). The
mapping Sy is single-valued and upper semicontinuous at z € C(X x Y) if and only if the
saddle-point problem for the function f(x,y) + z(x, y) is well-posed.
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