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Abstract
We consider the magnetic Ginzburg—Landau equations in a compact manifold N

—e2 A% = J(1 — [uP)u,
e2d*dA = (VAu, iu).

Hereu: N — Cand A is a 1-form on N. We discuss some recent results on the construction
of solutions exhibiting concentration phenomena near prescribed minimal, codimension 2
submanifolds corresponding to the vortex set of the solution. Given a codimension-2 minimal
submanifold M C N which is also oriented and non-degenerate, we construct a solution
(ug, Ag) such that u, has a zero set consisting of a smooth surface close to M. Away from
M we have

U (x) > —

1
o AE(xH?(—zzdzlmdzz), x = exp, (P vp(») (1)

|z

ase — 0, forall sufficiently small z # O and y € M. Here, {v, v2}is anormal frame for M in
N. These results improve, by giving precise quantitative information, a recent construction
by De Philippis and Pigati (arXiv:2205.12389, 2022) who built solutions for which the
concentration phenomenon holds in an energy, measure-theoretical sense. In addition, we
consider the non-compact case N = R* and the special case of a two-dimensional minimal
surface in R, regarded as a codimension 2 minimal submanifold in R*, with finite total
curvature and non-degenerate. We constructa solution (¢, A.) which has a zero set consisting
of a smooth 2-dimensional surface close to M x {0} C R*. Away from the latter surface we
have |u.| — 1 and asymptotic behavior as in (1).
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968 M. Badran and M. del Pino

1 Introduction

Let (N, g) be a closed Riemannian manifold of dimension n > 3. For ¢ > 0, the magnetic
Ginzburg-Landau energy on N is given by

1 1
Ec(u, A) = 5/ VAUl +e2dAP + 5 (= [u)?, (1.1)
N &

where A is the magnetic potential, represented as a 1-form A € £2 L(N).In (1.1) we denoted
with d the exterior derivative and V4 := d — i A. Explicitly, the quantities involved are

n
IVAul> = Y g 0ju —iAju) @it + i Agi),
k=1
n .
Y g BA; — 0;A0 @A — Ay,
Joks,t=1

Js
1

ldA|?
2

where g is the metric of the manifold N. The corresponding equations are given by

2 AA, Ll 2
{EA”_ZU mlDu o N, (1.2)

2d*dA = (VAu, iu)

where d* is the Lz—adjoint of d and (z, w) = Re(zw). Explicitly, the operators in (1.2) read

I .
Ay = v i iAj)[ det gg/* (3 — iAk)u],

1 A A
d*dA = T ( detggl g™ (A, — a,A,)) dx,

where we used Einstein’s summation convention on repeated indices. Energy (1.1) models
phenomena of superconductivity in presence of a magnetic field, where the regions in which
|u] =~ 1 represent portions of the material in superconducting state, while where |u| &~ 0 the
material is in its normal state. This phase transition shares many similarities to that famously
described by the Allen—Cahn equation

— &% Au=(1—ud)u. (1.3)

In particular, both models exhibit concentration for solutions as the scaling parameter
¢ — 0. This means that the energy densities of solutions concentrate their mass (as mea-
sures) around a minimal submanifold (more generally, a rectifiable stationary varifold). Such
limiting object has codimension 1 in the Allen—Cahn case and codimension 2 in the Ginzburg—
Landau case.

A natural question to ask is wether or not the converse holds true.

Question 1 Given a minimal submanifold M of some ambient space N can we construct a
family of solutions concentrating around M ?

If N is a compact manifold and M C N a separating hypersurface, Pacard and Ritoré [26]
proved that the answer is positive for the Allen—Cahn equation (1.3) under the assumption
of non-degeneracy of M. In the case M = R3, a similar result was found in [11] associated
to a non-degenerate minimal surface without boundary, complete with final total curvature.
In this paper, we review very recent results parallel to those in [11, 26] in the codimension 2
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Concentrating Solutions to the Magnetic Ginzburg-Landau Equations... 969

case for the Ginzburg—Landau equation (1.2). We present a detailed summary of the proofs
whose full versions can be found in our preprints [1, 2].
Energy (1.1) is invariant under the action of the unitary group U (1), namely

E(u, A) = E(Gy(u, A)), foranyy € C®(N), where G, (u, A) := (ue'”, A +dy).
(1.4)
In the case N = R? with ¢ = 1 it is well known that there is a unique (up to gauge
transformations) degree 1 radial solution Uy = (uo, Aop)T, with

up(¢) = f(re’, Ao(¢) =a(rds, ¢=re’ eC=R? (1.5)

for which f(0) = a(0) = 0. As established in [15, 35], the solution Uy is linearly stable.
The asymptotic profile as » — oo is given by

fy=1+0(™"), ar)=140("),

see for instance [4, 29].

We find solutions U, = (ug, A¢) of (1.2) concentrating as ¢ — 0 around a 2-
codimensional minimal submanifold M C N. These solutions look like e-scalings of Uy
in a region close to M in the following sense: let {v;, 12} be an orthonormal basis for 7M.
We describe a neighbourhood of M in N by Fermi coordinates

x=X(y.2)=exp, i) +n(). yeM, [zl <t (1.6)

for some 7 > 0. We construct solutions U, (x) = (u.(x), Ac(x)) with asymptotic behaviour
given by

AN () 1 I 2
ug(x) ~ f (g) ER Ac(x)~a (5) |Z|2(—zzdz + z1dz).

We do this in two different settings.

1.1 The Compact Case

We consider first a closed, n-dimensional manifold N and a closed (n — 2)-dimensional
minimal submanifold M C N. We say that a minimal manifold M C N is admissible if

(H) M is the boundary of a (n — 1)-dimensional, oriented, embedded submanifold B"~! ¢
N™.

Recall that the Jacobi operator of M is the second variation of the area functional, which
explicitly is given by J[h] = (J lnl, g 2[h]), where

n—2 n
T = Auh? + 3 3 (R +AGAT) Wy =1.2,
i,j=1p=n—1

In the above expression R is the curvature tensor and A is the second fundamental form.
We require that M is non-degenerate in the sense that the Jacobi operator has trivial bounded
kernel, namely

heL®M), Jhl=0 = h=0. 1.7

Assumption (1.7) of non-degeneracy and Fredholm alternative for elliptic operators imply
the following result.
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970 M. Badran and M. del Pino

Lemma 1.1 Let f € CO%¥ (M, R2). Then the system
Jh)y=f onM
admits a solution h = H(f) satisfying
17 llc2y ary < CNS oy vy
Our first result is the following.

Theorem 1 ([2]) Let (N, g) be a closed n-dimensional Riemannian manifold and let M C N
be an admissible, non-degenrate, codimension-2 minimal submanifold. Then there is § > 0
such that for o € (0, 1) and all sufficiently small ¢ > O there exists a solution (ug, Ag) to
(1.2) which as ¢ — 0 satisfies

—_ 2 oz
ug(x) = ug (M> +0 (828_ L‘> ;
&
—_ 2 oz
Ac(x) = Ag (M) +0(e e—%‘) ,
&

for all points x = X(y, z) of the form (1.6) and where hg is a smooth function on M.
Moreover, lug| — 1 uniformly on compact subsets of N \ M.

lz| <6, (1.8)

1.2 The Non-compact Case

Consider the class of complete, minimal surfaces embedded in R3 and with finite total

curvature, that is
| ki<,
M

where K is the Gaussian curvature of M. It is known, see [18, 25, 33], that outside a large
cylinder a general manifold M in this class decomposes into the disjoint union of m unbounded
connected components M1, ..., My, called its ends, which are asymptotic to either catenoids
or planes with parallel axes. After a rotation, we can choose coordinates x = (x1, X2, X3) =
(x’, x3) in R3and a large number Ry such that

M\ {Ix'| < Ro} = [ Mx.
k=1

Each end Mj, can be represented by
My = {x e R? : |x'| > Ro,x3 = Fi(x))},

where
Xi

wpet O(x'|™). x| = Ro. (1.9)

Fi(x") = axlog |x'| + b + bix

for some constants ay, by, b;x, such that the coefficients a; are ordered and balanced, in the
sense that
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Concentrating Solutions to the Magnetic Ginzburg-Landau Equations... 971

Given M in this class we find solutions to (1.2) when N = R* concentrating around M x
{0}. As for the compact case a form of non-degeneracy is needed. However, the symmetries
of the immersion of M x {0} in R* automatically generate bounded Jacobi fields, given by

, . 0
z,:(ZO’), j=0,1,2,3, z4=<1), (1.10)

200) =v() - (=y2,51,0,0), z () =v()-e =123,

where

being v a choice of unit normal vector field on M and y € M. Thus, the non-degeneracy
condition in the non-compact case becomes

heL®(M) and J(h) =0 = h € span{zo, 21, 22, 23, 24}

We need a further geometrical condition before stating the theorem. Let (A1, ..., A;;) be
a balanced, ordered vector of real numbers
m
MEA < Shy, Y Ai=0 (1.11)

i=1
and assume that, for some o € (0, 1) to be determined
Arl — rx >4/ if ap41 = ag. (1.12)

We are now ready to state the main result in the non-compact case.

Theorem 2 ([1]) Let M be a complete, minimal surface embedded in R> and with finite total
curvature and whose ends are represented by (1.9). Then there is a number 6 > 0 such that
for all sufficiently small e > 0,0 € (0, 1) and A = (A1, ..., Ay,) satisfying conditions (1.11)
and (1.12) there exists a solution (ugy, Ag) to (1.2) with N = R* whichas ¢ — 0 satisfies

l/lg(x) = Uy (ﬁiﬂ) + o (826712') ’

A.(x) = Ag <w> +0 (eze*”f ) ,

lz| <8,

for all points
x=y+z1v(y) +z204, yeM, |z <.

Here, the smooth function hy : M — R? satisfies
ho) = (=D log|y'l, 0) + 0(e), y=0/\y"0) e M x (0} (113)
Besides, |ug| — 1 uniformly in compact subsets of R* \ M.

Remark 1 Consider the family u, (x) predicted by Theorem 1. Using (1.8) we see that locally
around M the equation u, = 0 has the form

uo <Z_ih()(y)) + 6 (g,y> =0,

where 6 is a regular function. By the implicit function theorem and the fact that d,u.(0) # 0
we find that locally around M the zero level set of u, can be parametrized by

z=¢*ho(y) + O, ye M. (1.14)
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972 M. Badran and M. del Pino

Also, using that u, doesn’t vanish away from M we find that the parametrization (1.14) defines
the entire O level set. The same argument can also be applied in the setting of Theorem 2.

There is a rich literature devoted to the connection between critical points of Allen—Cahn
(resp. Ginzburg-Landau) energy and minimal submanifolds of codimension 1 (resp. 2).
Concentration phenomena on minimal hypersurfaces for local minimizers of the Allen—
Cahn energy have been studied in [19, 23, 24, 34], then generalized to the case of general
critical points in [16] with the limiting object being a stationary varifold (a measure theoretic,
non-regular generalization of minimal manfiold). The connection between solutions to the
inhomogeneus Allen—Cahn equation and constant-mean-curvature hypersurfaces has been
studied in [31]. The reverse problem, namely the construction of concentrating families
of solution has been explored, among other works, in [1, 2, 10-12, 26]. This concentration
phenomenon has also been used as a PDE alternative to the Almgren—Pitts min-max approach
[22, 28, 32] for the construction of minimal (resp. CMC) submanifolds of codimension 1,
see [3, 6, 13, 14].

Similar results in the context of complex-valued Ginzburg—Landau equations have been
obtained, among others, by [5, 7, 8, 17, 20, 21, 27, 30].

Recently, De Philippis and Pigati [9] established a result that complements the findings
in [27] for the scenario of a non-degenerate codimension 2 minimal submanifold. Their
method, based on variational techniques, does not provide detailed asymptotic information.
However, they have successfully resolved the more challenging case of Ginzburg—Landau
equations where no induced magnetic field is present. Our techniques do not extend to cover
that particular case.

1.3 The Linearized Operator

We start by defining an inner product on the pairs W = (u, A)

. ur) (u2
wom=f (3) (2)

= /(ul,u2)+82A] - Ao,
N

where (11, up) = Re(ujup) and Ay - Ay = gij (A1)i(A3)}, being g the metric on N. Let

2 AA 1 2
_ (A% — 5 (1 — |ul)u
S(W)_< 2d*dA — (VAu, iu) )

If W is a solution to (1.2), i.e. S(W) = 0, gauge-invariance (1.4) implies the existence of

an infinite dimensional subspace of the kernel of the linearised operator S'(W) around a pair
W.It’s easy to check that the gauge-kernel is given by the range of ®w, where

Owlyl = (iuy.dy).

It is also direct to check that L2-orthogonality with the space generated by Ow[y] is
characterised by it’s adjoint: if @ = (¢, w)

O L Oylyl Yy < O}[®]:=ed* 0+ ($,iu) = 0.
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Concentrating Solutions to the Magnetic Ginzburg-Landau Equations... 973

We recall the decomposition of the linearised operator, given by
S'(W) =Ly — Ow0Oy,,

where

2an ! 2 2y A
Ly[®] = <_£ A% — 5(1 = 3Jul*)¢p + 2ie”V u~a)>

—2Aw + |ulPw — 2(VAu,i¢)
is an elliptic operator which is well defined in the space of pairs (¢, w) for which
191511 0y 1= V2Dl 2wy + 10l 20y + IVl 20w + 0l 2y < 00,

where Vo is the Levi-Civita connection applied to the 1-form w. We call Ly the “gauge-
corrected linearised”. Define the operator Vyy and —Ay = V"‘,‘V Vw as

Y \w) ™ \do+dw)’ "\w) ™\ —2a0 |-
By doing so, we can write

Ly[®@] = —*Ay® + @ + Ty @,

where
31— u»p +2ie?VAu - w

P\ _
f <“’> B < —2(1 — uP)w — 2(VAu, i) ) (1.15)

Recall the solution Uy = (1, Ag) defined in (1.5). We denote the gauge-corrected lin-
earised operator around Uy with ¢ = 1 with

L:= §'(Up) — Oy, 65, (1.16)

It is known that Zy, := span{Vy, V,} C ker L, where

Vi = (i’];ﬂ)’ V, = (—ZdH)' (1.17)

Lastly, recall that the coercivity estimate (proved in [35])
(L[®], ®),2 > C”Cb”izgov Vo e Zy, (1.18)

for some ¢ > 0, and Lax—Milgram theorem imply the validity of the following existence
result.

Lemma 1.2 Forany ¥ € L*(R?> N Zﬁo there exists a unique solution ® € Hlljo (RHN Zﬁo
to
L[@]=V

satisfying
191y, @2y < CI¥ 22

for some C > 0.
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974 M. Badran and M. del Pino

2 Sketch of the Proof of Theorem 1

2.1 The First Approximation

In what follows we use indices i, j, k... and «, B, y, ... respectively for coordinates tan-
gential and normal to M, while we use a, b, c, ... to indicate all coordinates at once. More
precisely

1<i,j,k,...<n-2, n—1<a,B,y,...<n, 1<a,b,c,...<n.

The admissibility hypothesis (H) allows us to choose canonically a basis {vy, v2} for T+ M
by setting v, as the normal to B in N and v as the vector field in 7' B restricted to M which
is normal to 7'M (we can assume that v is directed towards B).

We describe a neighbourhood of M in N through Fermi coordinates, that is we consider
the points x € N such that

x=X(y,2) =exp,Prp(y), (y,2) € M x B(O, 1),

where B(0, ) C RZand 7 is sufficiently small. Given a smooth function 2z = LR M >
R? satisfying
IAllc2r oy < Ke (2.1)

consider the change of coordinates
=e? +hP(y). p=1.2.

Then, the neighbourhood of M can be described as the set N' = X, (Op,), where O), =
{(y,t) : ye M, |t +h(y)| <t/e}and

Xn(y. 1) = expy (eGP + 1P (N)vp(). 2.2)
On N we define the first local approximation Wy by setting
Wo(x) = Uo(r), x = Xu(y,1),

where Uy = (ug, Ag)7 is the degree 1 solution in R?, given by (1.5).
This is a good first approximation if the error of Wy

—e2A%ug — (1 - |uo|2)uo>

2d*d Ay — (VA%uyg, iug) (2:3)

S(Wo) = <

is small. The computation of (2.3) relies on expressing the differential operators —A“# and
d*dA in coordinates (y, t). Using the fact that Uy is a solution of the corresponding system
in R? (see [2]), we find

SWo) = 1 (Ripiy (v, 0) + AL (AL (D) V() + §62 Rays (v, O 1°V,5.00 Ui
e ((AnhP)() + Rigiy (3, ORY () + AL AT, (I (1)) V()
+e  AY, (y)Afk WAL WMV (1) + O(e%), (2.4)

where (2.4) has been broken down into sizes in &, accounting also (2.1). The terms Vg are as
in (1.17).
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Concentrating Solutions to the Magnetic Ginzburg-Landau Equations... 975

We look for a better approximation to a solution of (1.2) as a perturbation of Wy, namely
of the form W = Wy + A;. The error of approximation can be split in the following parts

S(W1) = S(Wo) + LA+ (S (Wo) — L[A1] + No(Ay),

where
No(A1) = S(Wo + A1) — S(Wp) — S’ (Wo)[A1]

where we recall that the 2-dimensional linearized operator L, given by (1.16), is an operator
in the r-variable only. The largest term of S(Wp), namely that of order &2, is locally given by

Q1) = &7 (Ripiy (3. 0) + AL, (AT, (0)) Vs (1) + §6 Rays (v, 0017 195,01, Uo.
2.5)
Therefore, if we solve
LAl = Qa3 )

the biggest part of the error in terms of ¢ is cancelled. Such A; exists thanks to Lemma 1.2,
using that

/ Q(y,1) -Vo()dt =0, Vye M.

R2

Also, since the right-hand side (2.5) is O (e~ for 1| large a standard barrier argument along
with the fact that L ~ —A 4 Id at infinity ensures that

sup e 1Qa(y, 1) < 00, Vye M
teR2

for any 0 < o < 1. Moreover, the error created
E(y, 1) = (S'(Wo) — L)[A1] + No(A1)

satisfies
1€, )| < Cete

To further improve the approximation the non-degeneracy assumption (1.7), and the con-
sequent invertibility Lemma 1.1, are crucial. Indeed if we set W, = Wj + A, we can try to
cancel the &3-terms in (2.4)

Qs(y, 1) = 2T Vg (1) + 2 A% () AL (N AL (1Y 1PV (1) + O(E)

in the same manner as before. This can be done by virtue of Lemma 1.2 if the right-hand side
satisfies the orthogonality condition with Zy, ;, that is if

/Rz Q3 (y, 1) -V (1) dt = ce> TV (W)(y) + 9" (») =0, y =1,2, ¥ye M. (2.6)
Here, ¢ = fRZ [V, ®)2dt (independent of y = 1, 2) and
o () = AL (AL (AL () fR PV e+ 0 (1),
Now, Lemma 1.1 guarantees the existence of a bounded /¢ (y) with

J(ho) =—(@"',q>)T on M. Q2.7)

Choosing i = ¢hy, the right-hand side of (2.6) vanishes for y = 1, 2, allowing us to find the
sought A».
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976 M. Badran and M. del Pino

The problem with this procedure is that the term in the error created given by S’ (W;) — L
carries second derivatives in y which are not included in the invertibility theory of L, which
will create problems in further iterations of the process. Thus, an invertibility theory for the
full linearised needs to be made, which is the content of Proposition 2.1 below. We also point
out that the approximation Wj(y, t) will be sufficient for our purposes, and the function
Aa(y, t) will be part of the expansion of perturbation in the full solution.

The approximated solution found so far is defined only locally around M. To get a global
approximation we extend W to the whole ambient space N. The idea is that of “gluing” W}
to a pure gauge, namely with a pair of the form

'I’=(Xa>, Il =1
i

where v is a smooth S'-valued function defined away from M and that links well with Wy in
aregion close to M. We recall that, being a pure gauge, ¥ satisfies automatically S(¥) = 0.
The existence of such ¢ is guaranteed by the admissibility hypothesis (H), by means of the
following lemma, proved in [2].

Lemma 2.1 The admissibility hypothesis (H) guarantees the existence of a3 > 0 and smooth
function
v :N\M, - S,

where M), = {expy (hﬁ(y)v,g (y)) : y € M}, such that for every x = Xp(y, t) € supp {3

Yx)=—, [t+h(y)| <é/e

t
Iz

Let now § > 0 and ¢ be a smooth cut-off function such that ¢(s) = 1 if s < 1 and
¢(s) =0ifs > 2. Form =1, 2, ... consider the cut-off functions defined by

¢GGlt+h(—m) ifx = Xp(y, 1) €N,
0

otherwise. (2.8)

Cn(x) = {

We define the global approximation W to a solution of (1.2) as
W =W +0-3)v.
For o € (0, 1), it holds
S(W) =838(Wh) + (1 —53)S(¥) +E,

where ros
[EX)| < Ce™ "¢ xj0<g3<13(x)

and again S(¥) = 0.
2.2 Proof of Main Result

We look for a solution to (1.2) as a small perturbation of the global approximation W, namely
we are looking for a @ such that (Figs. 1, 2 and 3)

S(W+@)=0 on N. (2.9)
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N

Vi

M

/
Fig. T A representation of M as the boundary of an oriented manifold B in N. Assumption (H) determines
the normal fields {vy, v}

Roughly, the strategy to find such @ is the following. First we write (2.9) as
0=—-0wO, [P+ Lw[®]+ S(W) + N(®),

where N(®) = S(W + @) — S(W) — S'(W)[@]. Secondly, we use a suitable invertibility
theory for the gauge-corrected linearised L in order to solve

Lw[®]+ S(W)+ N(®) =0 (2.10)

as a fixed point problem. Finally, we use the contraction mapping principle and the small
Lipschitz character of N to find a @ satisfying (2.9). By doing so, we find a solution to

S(W + @) = Ow[y] on N, wherey = —@é‘v[Qﬁ].

We claim that in this case y = 0. Denoting W = (u, A) and & = (¢, w), we have by
gauge invariance (1.4),

0=
dt
= /NS(W + @) Owyoly]

| _ B (W + @)

=/ Owlyl- Owialy]
N

= /N v [(=2 A+ ul + (. )]

@

Fig.2 The normal frame around M
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978 M. Badran and M. del Pino

and since —&2 A + u|* + (u, @) is a positive operator given that ¢ is small with respect to u, it
must be y = 0 and the claim is proved. It is thus sufficient to find @ solving (2.10). However,
(2.10) is not solvable, with the appropriate estimates, in absolute terms. Rather than that, we
consider the corrected problem

Ly[®@]=—S(W) = N(®) + 520" (y)Vu(t) onN. (2.11)

The adjustment on the right-hand side provides unique solvability in terms of @ for a
precise choice of b = (bl, bz), in the sense of the following result.

Proposition 2.1 Let 0 < y < 1 and let A € C%Y (N). Then, there exists b € C*Y (M) and
a unique solution ® = G(A) to

Lw[®@]= A+ 0b* (0)Va ()

satisfying
||¢||c2,y(1v) + ||b||c0.y(M) = C”A”COvV(N)

for some C > 0.

Proposition 2.1 allows us to write (2.11) as a fixed point problem
P =—-G(S(W)+ N(@))
on the space
Xa={® e CH(N) : [Py < A’}
which admits a solution by the Lipschitz estimate

IN(@1) = N( @Dl 2 vy < CENPL = Ballcarye Pro P2 € Xa,

if A is chosen sufficiently large. The final step is to choose / suitably to make the projection
$2b%Vy in (2.11) vanish. We find an expression for b” by multiplying (2.11) by &4V, (¢),
y = 1,2 and integrating on R?,

1
fRZ §2|Vy|2

As previously observed (cfr. (2.6)) the expansion of b yields at first order a O (€2) multiple
of the y-th component of the Jacobi operator. Precisely, letting

b (y) = /R L IS(W) + N(@) + Lw[®]] -V,

gm(y) = /Rz G OVe(O?, m=1,2,...,
the system bY = 0, y = 1, 2, can be written as
J(h) = G(h), (2.12)
where G(h) = ;' (G1(h), G2(h)) and

Go(h) = qaJ%(h) — 7 /11122 L4 [SW) + N(®) + Lw[®@]] - Vo, a=1,2.

We can use Lemma 1.1 to restate (2.12) as a fixed point problem
h = H(G(h)). (2.13)

To conclude the proof we use the following lemma (we refer to our work [2] for a proof).
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Lemma 2.2 The map G satisfies
”G(O)”COvV(M) <Ceg

and
1G(h1) — G(h)llcoymy < Cellht — hallc2y (s

for some C > Q.

Thanks to Lemma 2.2 we see that by contraction mapping principle equation (2.13) admits
a solution in the space
{heC™ M) : |Ihlc2r o < Ae}

for any A sufficiently big. Also, the solution found satisfies 1 = eho + O(e?), where hy is
the unique solution to (2.7). This concludes the proof.

2.3 Proof of Proposition 2.1

To prove the invertibility theory for Ly we use the fact that, on a region close to M, the
gauge-corrected linearised operator can be approximated by L, namely the scaled gauge-
corrected linearised operator on M X R? around the canonical profile Uy(y, t) := Up(t),
which in the scaled coordinates (y, ) = (y, z/¢) reads

Ly (@] = — Ay, @ — Ay ® + & + Ty, (1) P,

where Ty, is as in (1.15). We start by considering the cut-off functions introduced in (2.8)
and looking for a solution to

Ly[®@] = —’Ay® + & + Ty® = A+ 5b*V, on N (2.14)

of the form
D(x) =)Dy, 1) + V¥ (x),

where @ is defined on M x R? and ¥ is defined on N. In terms of the pair (@, ¥) the
equation
Lyl@] = —eAw® + & + Tyw® = A+ 56V, on N (2.15)

can be broken down in the system

Lyo[®]+ (Lw — Ly)[®] + O Tw¥ = A+ bV, onsuppl, (2.16)
—EAWY + W + (1 — DTw¥ + Ryl @1 = (1 —)A on N, (2.17)

where we denoted
Rwlf, 1= —-Aw(fP) + fAw®. (2.18)

Equation (2.17) is solvable directly using the positivity of the operator on the left-hand
side on H‘}V (N). For @ fixed, we find a solution ¥ to (2.17) satisfying

_os
1 le2r vy = € (10 = 0 ANcor vy + ¢ F NPl cor gz ) -

Plugging such ¥ = ¥ (A, @) inside of (2.16) we reduce the problem to an equation for
@ only. Define

Bl®] = &4B[®] = &u(Lw — Lu)I®). A=A, (v.1) e M xR

@ Springer



980 M. Badran and M. del Pino

Here B satisfies ~
”B[¢]”C0~V(M><]R2) =< C(S”q)”CZ-y(MX]RZ),

where § is the one from the definition of ¢4 in (2.8). With this notation equation (2.16) is
equivalent to ~ ~
Ly, [@]+B[@] 4+ i Tw¥ = A+ bV, on M x R>. (2.19)

Define the weighted norm CS’V on functions v/ (y, ) defined on M x R? as
1Vl ctr aremey = 1€ ok )

where k > 0 and y, o € (0, 1). The following result holds.

Proposition 2.2 Ler y € (0, 1) and o > O sufficiently small. Then for every Ae Cg’V(M X
R2) there exists b € C%Y (M) such that the problem

Ly,[@]= A+ bV, on M x R?
admits a unique solution ® =T (A) satisfying
1Pl 2 gy + 181 cor ary < CHANCOY (g2
for some C > 0.

To prove this result we restrict to an open cover {U} of M and solve the problem locally
on U x R? for every k, finding then a global solution by gluing of all the local solutions.
See [2] for details. Using Proposition 2.2 we can rephrase (2.19) as

P +G[P]=H, (2.20)
where
9101 =T (Blo]+aTiwil@1),
H=T(4-aTylAl).
Now, using that
IBI®T cor (yynpey = CONPI 2 4y
16 Tw B DT o 3y, < C IEIPTNcor ) < Ce™ T 1D 24y
we find

1912 2 4y = € (IBIOU G0y ygegey + N TWEALLT 07 (1))

_y
<c (a e ) TYEr—

and hence by picking ¢, § sufficiently small we find a unique solution to (2.20), from which
we get the existence of a unique solution (@, ¥) to system (2.16)—(2.17). In conclusion,
D =@ 4+ ¥ solves (2.15) and it follows directly that

1Pllc2y vy < CllAl Oy (vy-

The proof of Proposition 2.1 is complete. O
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¥ =aglog|¥|+bs+O(I¥|71)

[¥'|=Ro

¥ =ajlog|¥|+b+O(I¥[™)

Fig.3 An outline of the asymptotic behaviour of the ends of the surface M in the case where m = 4

3 Sketch of the Proof of Theorem 2

As already mentioned, the proof of Theorem 2 follows the same lines of the proof of
Theorem 1. The first main difference is that the solution’s 0 level set will actually depart
logarithmically from the manifold around the ends, according to (1.13).

This fact prevents the formation of small but non-decaying errors in the space between
two consecutive ends, see [11]. This fact is formulated in the following way: we choose
h = hy + hy, with

. 2
Vil = Ihilloc + 1 Daghill oy, + D31l o oy, < Ce.

where the norms || - are defined by

||C2,V(M)

1600y = 7" Bllcovany. 7D =\ 1+1y2 yeMCR’
and account for the decay along M. The function i, = (hl, h2)T satisfies 7 (h,) = 0 and
hl(y) = (=1)/%;logr +n onM;, h2=0,
where M is the j-th end of M. The local approximation of a solution is then given by
Wo(y,z) = Uo(t), t=z/e—hy(y)—hi(y).

The fact that 7 (hy) = 0 will allow us to formulate the final, reduced problem as a fixed
point involving only the Jacobi operator of /1, namely of the form

J(h1) = G(h1) onM,
similar to (2.12). In this geometrical setting, the Jacobi operator is given by
h AMhl+|.AM|2hl
J = 2
hy Aph
and we recall that we assumed non-degeneracy, which here means

heL®M) and J(h)=0 = h e span{zo,z1,22,23, 24},
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where zx, k =0, ..., 4 are given by (1.10). The presence of this kernel creates an obstruction
to a direct invertibility theory for 7. Instead, we consider the corrected problem

4
J(h) = Ghy) =y M AuPz 3.1)

k=0
for some constants c?, ..., ¢*. The correction on the right-hand side provides unique solv-

ability for (3.1) in the sense of the following lemma.

Lemma3.1 Let f = (f', AT be a function defined on M such that ||f||Co,y(M) < 4o00.
4

Then, there exist constants c°, ..., ¢* such that the system
Auh' + Ay PR = f1 = 33 ¢l | Aul%2;,
Ayh? = f2 =t Ayl

admits a solution h = (h', h*)T = H(f) satisfying

el < CUFllgor o

With the aid of Lemma 3.1 we formulate (3.1) as a fixed point problem
hy =H(G(h1))

which admits a solution by contraction mapping principle, using also the Lipschitz character
of G (coming from calculations similar to that of the compact case, see [1]). To conclude the
proof of Theorem 2 we only need to show that ¢k = 0 for every k. This is a consequence of
the fact that the Jacobi fields z are generated by the symmetries of the ambient manifold. In
what follows we consider coefficients d;; and linear combinations

4
Z; ZZdijZi, j=0,...,4
i=0

such that
/ |AMI*2i2; = 8ij. i.j=0,....4.
M

At this we have constructed a solution U = W + & of

3
S(W) = qlAul® Y /2 V1 + qlAuPc*Va — Ow O (@],
Jj=0

where we set ¢ = €244 and 0 < ¢ < § < C. Consider the quantities

Z; =V, uU, i=172734,
Zo :=x1VyvU — x2Vy, U,
y = —Oy[P].
It holds
/ SW)-Oylyl =0, / SWU)-Z;=0, i=0,...,4. (3.2)
R* R*

This follows from gauge-invariance, the invariances of M under rigid motions and from the

balancing condition (1.11). Using (3.2) it is possible to show that the vector (cO, el e?, 3, 4,
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y) is mapped to zero by a linear operator which, for ¢ small enough, is positive (see [1]).
This implies that all coefficients vanish, and thus that we found a true solution. The proof is
concluded.
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