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Abstract
LetA be a left φ-amenable Banach algebra, where φ denotes a nonzero character onA. In this
paper, we show that the existence of a nonzero compact or weakly compact right multiplier on
A is equivalent to the concept of left φ-contractibility ofA. As an important class of Banach
algebras, we employ Lau algebras. Commutative Lau algebras are left ε-amenable, where ε

is the identity of A∗; the dual space of A. As an application, we characterize the existence
of a nonzero (weakly) compact multiplier on the Fourier algebra A(H) of an ultraspherical
hypergroup H , and the Fourier algebra A(G), where G is a locally compact group.

Keywords Banach algebra · Lau algebra · Fourier algebra · Left amenable · Locally
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1 Introduction

Let A be a Banach algebra. A bounded operator Θ on A is called a right multiplier (resp.
left multiplier), if Θ(ab) = a Θ(b) (resp. Θ(ab) = Θ(a) b) for all a, b ∈ A. The study
of the existence of nonzero compact and weakly compact multipliers on various kinds of
Banach algebras is one of the most frequent subjects in harmonic analysis. Several authors
investigated the existence of nonzero compact and weakly compact multipliers on the class
of Banach algebras related to a locally compact group G such as the group algebra L1(G)

[1, 9, 24], the Fourier algebra A(G) [17], and the Lebesgue–Fourier algebra LA(G) [10,
11]. We refer to [2] for some results about compact and weakly compact multipliers on
Banach algebras related to locally compact quantum groups and [6] for compact and weakly
compact multipliers on Banach algebras related to locally compact hypergroups. See [15]
for the general theory of multipliers.
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Let A be a Banach algebra, φ ∈ Δ(A) be a character on A, that is a nonzero lin-
ear multiplicative functional on A, and Δ(A) be the set of all characters from A into the
complex numbers. Let A∗∗ be the second dual of A. The concepts of φ-amenability and φ-
contractibility ofA are twomain concepts in harmonic analysis that imply the existence kinds
of topological invariant means in A∗∗ and A, respectively. The Banach algebra A is called
left φ-amenable if there is a bounded linear functional n0 ∈ A∗∗ satisfying 〈n0, φ〉 �= 0
and a n0 = 〈φ, a〉 n0 for all a ∈ A (cf. [13, 14]). The concept of left φ-contractibility is
significantly stronger than the left φ-amenability of Banach algebras. A is said to be left
φ-contractible if there is a0 ∈ A such that 〈φ, a0〉 �= 0 and a a0 = 〈φ, a〉 a0 for all a ∈ A (cf.
[12] and [20, Theorem 2.1]). For detailed information see [12, 20, 21]. The concepts of φ-
amenability and φ-contractibility of Banach algebras are connected to other main concepts,
such as the fixed point theory [5] and the homology theory of Banach modules [20].

In this paper, we characterize the existence of a nonzero compact or weakly compact right
multiplier on a left φ-amenable Banach algebra A. We show that this is equivalent to left
φ-contractibility ofA. As an important application, we prove that the existence of a nonzero
compact or weakly compact positive right multiplier on a left ε-amenable Lau algebra A is
equivalent to left ε-contractibility of A. It was known from [16] that any commutative Lau
algebra is left ε-amenable. Thus all results about left ε-amenable Lau algebras also satisfy
for commutative Lau algebras. As an application of commutative Lau algebras, we study
the existence of a nonzero (weakly) compact multiplier on the Fourier algebra A(H) of
an ultraspherical hypergroup H . This result generalizes Corollary 4.6 of [6]. Moreover, we
present equivalent conditions with the existence of a nonzero (weakly) compact multiplier
on the Fourier algebra A(G), where G is a locally compact group.

2 Weakly Compact Multipliers on Left �-Amenable Banach Algebras

Let A be a Banach algebra and φ ∈ Δ(A). In the following theorem, we prove that the
existence of a nonzero compact or weakly compact right multiplier on a left φ-amenable
Banach algebraA is equivalent to left φ-contractibility of A. Note that for an operator Θ on
A, the adjoint of Θ is an operator on A∗ and is denoted by Θ∗. Also, for any a ∈ A, the
operator Ra : A −→ A is defined by Ra(b) = b a for all b ∈ A.

Theorem 2.1 Let A be a Banach algebra and φ ∈ Δ(A). If A is left φ-amenable, then the
following statements are equivalent.

(i) There exists a (weakly) compact right multiplier Θ on A such that Θ∗(φ) �= 0.
(ii) There exists a0 ∈ A such that 〈φ, a0〉 �= 0 and Ra0 is (weakly) compact.
(iii) A is left φ-contractible.

Proof (i)⇒ (ii): LetΘ : A −→ A be aweakly compact rightmultiplier such thatΘ∗(φ) �= 0.
So there exists b0 ∈ A such that

〈φ,Θ(b0)〉 = 〈Θ∗(φ), b0〉 �= 0.

Put a0 := Θ(b0). So 〈φ, a0〉 �= 0. Consider Ra0 = RΘ(b0) : A −→ A. Since Θ is weakly
compact, it follows that Ra0 = RΘ(b0) is also weakly compact.

(ii) ⇒ (iii): Let there be a0 ∈ A such that 〈φ, a0〉 �= 0 and Ra0 is weakly compact.
Since Ra0 is weakly compact, it follows that R∗∗

a0 (A∗∗) ⊆ A. On the other hand, A is left
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φ-amenable. So there exists m0 ∈ A∗∗ such that 〈m0, φ〉 �= 0 and am0 = 〈φ, a〉m0 for all
a ∈ A. Let u0 := R∗∗

a0 (m0) ∈ A. Then

〈φ, u0〉 = 〈φ,m0a0〉 = 〈m0, φ〉
︸ ︷︷ ︸

�=0

〈φ, a0〉
︸ ︷︷ ︸

�=0

�= 0. (2.1)

Also, for every a ∈ A we have

au0 = a(m0a0) = (am0)a0 = (〈φ, a〉m0)a0 = 〈φ, a〉(m0a0) = 〈φ, a〉u0. (2.2)

By (2.1) and (2.2), A is left φ-contractible.
(iii) ⇒ (i): LetA be left φ-contractible. So there exists u0 ∈ A such that 〈φ, u0〉 �= 0 and

au0 = 〈φ, a〉u0 for all a ∈ A. Consider Θ = Ru0 : A −→ A. It is clear that Θ is a right
multiplier. Also, dim(Im(Ru0)) = 1, so it is weakly compact. In addition,

〈Θ∗(φ), u0〉 = 〈φ,Θ(u0)〉 = 〈φ, Ru0(u0)〉 = 〈φ, u0u0〉 = 〈φ, u0〉
︸ ︷︷ ︸

�=0

〈φ, u0〉
︸ ︷︷ ︸

�=0

�= 0,

as required. 
�
In continue, we focus on Lau algebras. It was known that a large class of Banach algebras

is the class of Lau algebras. A Banach algebra A is called a Lau algebra or an F-algebra if
A is a unique predual of a von Neumann algebra M such that the identity of M—that will
be denoted by ε—is a character on A [16]. Let A be a Lau algebra. The concepts of left
ε-amenability and left ε-contractibility of A can be found in [16] and [12, 20, 21].

For a Lau algebra A, the set P(A) denotes the set of all elements a ∈ A which induces
positive linear functionals on the von Neumann algebraA∗; the dual space ofA. It is known
from [23, Propositions 1.5.1 and 1.5.2] that

P(A) = {a ∈ A : 〈ε, a〉 = ‖a‖}
and A is generated by the set P(A). It is known that P(A) is a convex cone (cf. [23,
Theorem 1.4.2]). Moreover,

P1(A) = {a ∈ A : 〈ε, a〉 = ‖a‖ = 1}
denotes the set of all elements a ∈ A that induces states on A∗. It is derived from [23,
Proposition 1.17.1] that P1(A) also generates A.

Examples of Lau algebras include the group algebra L1(G), the measure algebra M(G),
the Fourier algebra A(G), and the Fourier–Stieltjes algebra B(G) of a locally compact group
G. Moreover, the measure algebra M(S) of a locally compact semi-topological semigroup S
is a Lau algebra. The class of Lau algebras also includes the predual of a Hopf von Neumann
algebra, and the algebras L1(H) in the case where H has a left Haar measure, M(H), and
Fourier hypergroup A(H) of a locally compact hypergroup H .

In the following, we prove that the existence of a nonzero compact or weakly compact pos-
itive right multiplier on a left ε-amenable Lau algebraA is equivalent to left ε-contractibility
of A.

Theorem 2.2 Let A be a Lau algebra. If A is left ε-amenable, then the following statements
are equivalent.

(i) There exists a (weakly) compact positive right multiplier Θ on A such that Θ∗(ε) �= 0.
(ii) There exists a nonzero (weakly) compact positive right multiplier on A.
(iii) There exists a0 ∈ P1(A) such that Ra0 is (weakly) compact.
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(iv) A is left ε-contractible.

Proof (i) ⇒ (ii): Suppose that Θ is a weakly compact positive right multiplier on A such
that Θ∗(ε) �= 0. So there exists a0 ∈ A such that

〈ε,Θ(a0)〉 = 〈Θ∗(ε), a0〉 �= 0.

Thus Θ(a0) �= 0, and therefore Θ is nonzero.
(ii) ⇒ (iii): Let Θ : A −→ A be a nonzero weakly compact positive right multiplier. So

there exists b0 ∈ A such that Θ(b0) �= 0. SinceA is a Lau algebra, it follows that there exist
b+
1 , b−

1 , b+
2 , b−

2 ∈ P(A) such that b0 = (b+
1 − b−

1 )+ i(b+
2 − b−

2 ), where b1 := b+
1 − b−

1 and
b2 := b+

2 − b−
2 are self-adjoint elements of A. Thus

Θ(b0) = Θ
(

(b+
1 − b−

1 ) + i(b+
2 − b−

2 )
) = (

Θ(b+
1 ) − Θ(b−

1 )
) + i

(

Θ(b+
2 ) − Θ(b−

2 )
)

.

It is clear that at least one of the elements Θ(b+
1 ), Θ(b−

1 ), Θ(b+
2 ), or Θ(b−

2 ) is nonzero. Let

Θ(b+
1 ) �= 0. Take a0 := Θ(b+

1 )

‖Θ(b+
1 )‖ �= 0. Since Θ is positive, it follows that 〈ε,Θ(b+

1 )〉 =
‖Θ(b+

1 )‖. So

‖a0‖ = ‖Θ(b+
1 )‖

‖Θ(b+
1 )‖ = 1 = 〈ε,Θ(b+

1 )〉
‖Θ(b+

1 )‖ =
〈

ε,
Θ(b+

1 )

‖Θ(b+
1 )‖

〉

= 〈ε, a0〉.

Thus a0 ∈ P1(A). Consider Ra0 : A −→ A. Since Θ is weakly compact, it follows that Ra0
is also weakly compact.

(iii) ⇒ (iv): This implication holds by a similar argument to the implication (ii) ⇒ (iii)
of Theorem 2.1.

(iv) ⇒ (i): Suppose that A is a left ε-contractible Lau algebra. So there exists b0 ∈ A
such that

〈ε, b0〉 �= 0, ab0 = 〈ε, a〉b0 (a ∈ A).

By a similar argument as the proof of [16, Theorem 4.1], b0 ∈ A induces a nonzero element
a0 ∈ P(A) such that

aa0 = 〈ε, a〉a0 (a ∈ A).

Now, we easily can define the operator Θ as follows
{

Θ : A −→ A
a 
−→ Θ(a) := aa0 (a ∈ A).

An easy calculation shows that Θ is a bounded linear right multiplier. Furthermore,

〈Θ∗(ε), a0〉 = 〈ε,Θ(a0)〉 = 〈ε, a20〉 = ‖a0‖2 �= 0.

Moreover, since a0 ∈ P(A), it follows that Θ(P(A)) ⊆ P(A), and therefore Θ is positive.
It is also straightforward that dim(Im(Θ)) = 1, so it is weakly compact. 
�

It is derived from [16] that any commutative Lau algebra is left ε-amenable. So
Theorem 2.2 is also valid for commutative Lau algebras. Also, by combining Theorems 2.1
and 2.2, we get the following result for left ε-amenable, and especially, for commutative Lau
algebras.

Corollary 2.3 LetA be a commutative Lau algebra. Then the following statements are equiv-
alent.
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(i) There exists a (weakly) compact multiplier Θ on A such that Θ∗(ε) �= 0.
(ii) There exists a nonzero (weakly) compact positive multiplier on A.
(iii) There exists a0 ∈ A with 〈ε, a0〉 �= 0 such that Ra0 is (weakly) compact.
(iv) A is left ε-contractible.

3 Application to Fourier Algebras of Ultraspherical Hypergroups

As an application of the previous section, we focus on the Fourier algebra of an ultraspherical
hypergroup. For more information, the reader can refer to [3, 18, 19]. It is appropriate to note
that there are new researches in the area of hypergroups. See for example [6] and [22].

Let H be a hypergroup. Note that the hypergroups in this paper are all assumed to possess
left Haar measure. Let ˜H denote the equivalence classes of all representations of H and λ

denote the left regular representation of H on L2(H) as follows

⎧

⎪
⎪
⎨

⎪
⎪
⎩

λ : H −→ B(L2(H))

x 
−→
⎧

⎨

⎩

λ(x) : L2(H) −→ L2(H)

g 
−→
{

λ(x)(g) : H −→ C

y 
−→ λ(x)(g)(y) = g(x̌ ∗ y),

where x, y ∈ H and g ∈ L2(H). Let C�(H) denote the full C�-algebra of H and C�
λ(H)

denote the reduced C�-algebra of H . The von Neumann algebra associated to λ of H , that
is [λ(L1(H))]′′ (the bicommutant of λ(L1(H))) in B(L2(H)) is called the von Neumann
algebra of H and is denoted by V N (H). The Banach space dual of C�(H) is called the
Fourier–Stieltjes space and is denoted by B(H) and the Banach space dual of the reduced
C�-algebra C�

λ(H) is denoted by Bλ(H). It is known that Bλ(H) is a closed subspace of
B(H). The closed subspace spanned by { f ∗ f̃ : f ∈ Cc(H)} in Bλ(H) is called the Fourier
space of H and is denoted by A(H) (cf. [18, 19]). The Banach space dual of A(H) is the von
Neumann algebra V N (H) by [18, Theorem 2.19]. The duality between A(H) and V N (H)

is denoted by 〈T , ψ〉 for all T ∈ V N (H) and ψ ∈ A(H). In particular,

〈λ(x), ψ〉 = ψ(x) (x ∈ H , ψ ∈ A(H)). (3.1)

It is appropriate to note that in general, A(H) might be not an algebra under the pointwise
multiplication. A hypergroup H is called a Fourier hypergroup if the Fourier space A(H)

forms an algebra with the pointwise multiplication, and there exists a norm on A(H) which
is equivalent to the original norm with respect to which A(H) forms a Banach algebra. H is
called a regular Fourier hypergroup if A(H) is a Banach algebra with its original norm and
pointwise multiplication. In other words, H is a regular Fourier hypergroup if it is a Fourier
hypergroup with its regular Fourier norm.

In continue, we focus on an important regular Fourier hypergroup. Let G be a locally
compact group, π : Cc(G) −→ Cc(G) be a spherical projector defined in [19], and π∗ :
M(G) −→ M(G) be the transpose of π . Also, let Ox = supp(π(δx )) = supp(π∗(δx )),
where δx is the Dirac measure at x . A function f ∈ Cc(G) is called π-radial if π( f ) = f .
Similarly, a measure μ ∈ M(G) is called π radial if π∗(μ) = μ. Let H = {Ox : x ∈ G}
with the natural quotient topology under the quotient map p : G −→ H . A general element
of H is denoted by ẋ instead of Ox . It is shown in [19, Theorem 2.12] that the space
H = {Ox : x ∈ G} = {ẋ : x ∈ G} forms a hypergroup, which is called a spherical
hypergroup.A spherical hypergroup H is an ultraspherical hypergroup if themodular function
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of the group G is π-radial. The Fourier space A(H) of an ultraspherical hypergroup H is a
Banach algebra under the pointwise multiplication by [19, Corollary 3.11].

Let H be an ultraspherical hypergroup and ẋ ∈ H . The functional
{

ωẋ : A(H) −→ C

ψ 
−→ ωẋ (ψ) = ψ(ẋ)

is a nonzero homomorphism, and the map
{

H −→ Δ(A(H))

ẋ 
−→ ωẋ

is a homeomorphism from H onto Δ(A(H)); the set of all characters from A(H) into the
complex numbers, when Δ(A(H)) is equipped with the Gelfand topology. Moreover, the
Banach algebra A(H) is regular, semisimple, and Tauberian by [19, Theorem 3.13]. It is
obvious that the regular Fourier hypergroup A(H) is a commutative Banach algebra under
the pointwise multiplication. Note that by (3.1) we can write

〈λ(ẋ), ψ〉 = ψ(ẋ) = 〈ωẋ , ψ〉 (ẋ ∈ H , ψ ∈ A(H)).

So we get
〈ωė, ψ〉 = ψ(ė) = 〈λ(ė), ψ〉 = 〈I , ψ〉 (ψ ∈ A(H)).

In other words, ωė = I , where I ∈ V N (H) is the identity operator. Now, let ψ,Ψ ∈ A(H)

be two arbitrary elements. So

〈I , ψΨ 〉 = 〈ωė, ψΨ 〉 = (ψΨ )(ė) = ψ(ė) Ψ (ė) = 〈ωė, ψ〉 〈ωė, Ψ 〉 = 〈I , ψ〉 〈I , Ψ 〉.
Therefore A(H) is a Lau algebra. In other words, A(H) is a commutative Lau algebra. So
by [16] A(H) is left ωė-amenable.

In the following, we characterize the existence of a nonzero (weakly) compact multiplier
on the Fourier algebra A(H) of an ultraspherical hypergroup H .

Theorem 3.1 Let H be an ultraspherical hypergroup. Then the following statements are
equivalent.

(i) There exists a (weakly) compact multiplier Θ on A(H) such that Θ∗(ωė) �= 0.
(ii) There exists a nonzero (weakly) compact positive multiplier on A(H).
(iii) There exists ψ0 ∈ A(H) with 〈ψ0, ė〉 �= 0 such that Rψ0 is (weakly) compact.
(iv) A(H) is left ωė-contractible.
(v) H is discrete.

Proof A(H) is a commutative and left ωė-amenable Lau algebra. Therefore by Corollary 2.3
we obtain that the statements (i), (ii), (iii), and (iv) are equivalent.

(iv) ⇒ (v): Let A(H) be left ωė-contractible. So there exists ψ0 ∈ A(H) such that

〈I , ψ0〉 = 〈ωė, ψ0〉 �= 0, ψψ0 = 〈I , ψ〉ψ0 = 〈ωė, ψ〉ψ0

for all ψ ∈ A(H). Similar to the proof of Theorem 2.2, ψ0 ∈ A(H) induces a nonzero
element Ψ0 ∈ P(A(H)) satisfying ψΨ0 = 〈I , ψ〉 Ψ0 = 〈ωė, ψ〉Ψ0 = ψ(ė) Ψ0 for all
ψ ∈ A(H). Therefore it is clear that

ψ
Ψ0

‖Ψ0‖ = ψ(ė)
Ψ0

‖Ψ0‖ (ψ ∈ A(H))
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and
〈

I ,
Ψ0

‖Ψ0‖
〉

=
〈

ωė,
Ψ0

‖Ψ0‖
〉

=
∥

∥

∥

∥

Ψ0

‖Ψ0‖
∥

∥

∥

∥
= 1.

In other words, Ψ0‖Ψ0‖ is a topological invariant mean on A(H)∗ belonging to A(H). Conse-
quently, H is discrete by [25, Theorem 4.4].

(v) ⇒ (iv): Suppose that H is discrete. By [25, Theorem 4.4] the set of all topological
invariant means on A(H)∗ intersects with A(H). Take Υ ∈ A(H) that is also a topological
invariant mean on A(H)∗. Thus

〈ωė, Υ 〉 = 〈I , Υ 〉 = ‖Υ ‖ = 1, ψΥ = ψ(ė) Υ = 〈ωė, ψ〉Υ

for all ψ ∈ A(H). Hence, A(H) is left ωė-contractible. 
�
Note that Theorem 3.1 generalizes [6, Corollary 4.6].
At the end of this section, we examine nonzero (weakly) compact multipliers on the

Fourier algebra A(G) with G a locally compact group.
Let G be a locally compact group. Consider the Fourier algebra A(G) introduced in [7].

The Fourier algebra A(G)with the pointwisemultiplication is a commutativeBanach algebra.
Furthermore, the dual of A(G) is the group von Neumann algebra V N (G). In fact, A(G) is
a Lau algebra. As a well-known fact, we have

Δ(A(G)) = {ωx : x ∈ G},
where 〈ωx , ψ〉 = ψ(x) for all ψ ∈ A(G). Let e ∈ G be the identity element. It is straight-
forward that ωe = ε ∈ Δ(A(G)) is exactly the identity I ∈ V N (G).

As a corollary of Theorem 3.1, we have:

Corollary 3.2 Let G be a locally compact group. Then the following statements are equivalent.

(i) There exists a (weakly) compact multiplier Θ on A(G) such that Θ∗(ωe) �= 0.
(ii) There exists a nonzero (weakly) compact positive multiplier on A(G).
(iii) There exists ψ0 ∈ A(G) with 〈ψ0, e〉 �= 0 such that Rψ0 is (weakly) compact.
(iv) A(G) is left ωe-contractible.
(v) G is discrete.

It is derived from [17] that there exists a nonzero (weakly) compact multiplier on the
Fourier algebra A(G) if and only if G is discrete. The reader could compare Corollary 3.2
with this fact from [17].

4 Some Remarks and Open Problems

In this section, we focus on the condition of left φ-amenability of A in Theorem 2.1.
Let X be a Banach space and φ ∈ X∗\{0}. Define the following product on X :

ab = a〈φ, b〉 (a, b ∈ X). (4.1)

X equipped with this product is a Banach algebra denoted byAφ(X). We have the following
proposition.

Proposition 4.1 Let X be a Banach space and φ ∈ X∗\{0}. Then the following statements
are equivalent.
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(i) Aφ(X) is left φ-contractible.
(ii) Aφ(X) is left φ-amenable.
(iii) dim(Aφ(X)) = 1.

Proof The implications (i) ⇒ (ii) and (iii) ⇒ (i) are obvious. It is sufficient to show that
(ii) implies (iii). Let Aφ(X) be left φ-amenable. So there exists n0 ∈ Aφ(X)∗∗ such that
〈n0, φ〉 := 1 and an0 = 〈φ, a〉n0 for all a ∈ Aφ(X). Therefore

〈φ, a〉〈n0, f 〉 = 〈an0, f 〉 = 〈n0, f · a〉 ( f ∈ Aφ(X)∗). (4.2)

In addition, by an easy calculation, we have f ·a = 〈 f , a〉φ. So by (4.2) for every a ∈ Aφ(X)

and f ∈ Aφ(X)∗ we obtain

〈φ, a〉〈n0, f 〉 = 〈n0, 〈 f , a〉φ〉 = 〈 f , a〉 〈n0, φ〉
︸ ︷︷ ︸

1

= 〈 f , a〉.

Consequently, 〈φ, a〉 = 0 (a ∈ Aφ(X)) if and only if 〈 f , a〉 = 0 (a ∈ Aφ(X), f ∈ Aφ(X)∗).
In other words,

ker(φ) =
⋂

f ∈Aφ(X)∗
ker( f ). (4.3)

Also, it is clear that {0}⊥ = { f ∈ Aφ(X)∗ : f (0) = 0} = Aφ(X)∗. Thus by employing [4,
Theorem 6.13] we have

{0} = {0} =
⋂

f ∈{0}⊥
ker( f ) =

⋂

f ∈Aφ(X)∗
ker( f ). (4.4)

By (4.3) and (4.4) we get ker(φ) = {0}. Thus φ is one-to-one and therefore Aφ(X) ∼= C.
Hence, dim(Aφ(X)) = 1. 
�
Remark 4.2 The condition of left φ-amenability of A in Theorem 2.1 can not be omitted.
Indeed, ifA is not left φ-amenable, then the implication (ii) ⇒ (iii) in Theorem 2.1 does not
necessarily hold.

For example, consider the Banach algebraAφ(X) equipped with the product (4.1), where
X is a Banach space and φ ∈ X∗\{0}. Also, let Aφ(X) be a reflexive Banach space with
dim(Aφ(X)) ≥ 2. Then by Proposition 4.1,Aφ(X) is not leftφ-amenable. Now, sinceAφ(X)

is a reflexive Banach space, it follows that the closed unit ball of Aφ(X) is weakly compact
(cf. [8, Theorem 3.31]). Therefore the identity operator onAφ(X), that we denote by idAφ(X),
is also weakly compact. Choose an element a0 ∈ Aφ(X) such that 〈φ, a0〉 = 1 and consider
the operator Ra0(a) = aa0 (a ∈ Aφ(X)) on Aφ(X). So for every a ∈ Aφ(X) we have

Ra0(a) = aa0 = a 〈φ, a0〉
︸ ︷︷ ︸

1

= a = idAφ(X)(a).

Thus Ra0 is a weakly compact right multiplier. Therefore (ii) in Theorem 2.1 holds. But since
dim(Aφ(X)) ≥ 2, it follows by Proposition 4.1 that Aφ(X) is not left φ-contractible. Thus
(iii) in Theorem 2.1 does not hold.

Question 1 Can the left φ-amenability ofA in Theorem 2.1 be replaced with another condi-
tion?

Acknowledgements The authors would like to sincerely thank Prof. Ali Ülger for his constructive comments
on the manuscript. They are also grateful to the referee for careful reading, comments, and suggestions on the
paper.

123



Characterization of Weakly Compact Multipliers

References

1. Akemann, C.A.: Some mapping properties of the group algebras of a compact group. Pac. J. Math. 22,
1–8 (1967)

2. Amini,M., Kalantar,M.,Medghalchi, A.,Mollakhalili, A., Neufang,M.: Compact elements and operators
of quantum groups. Glasg. Math. J. 59, 445–462 (2017)

3. Bloom,W.R., Heyer, H.: Harmonic Analysis of ProbabilityMeasures on Hypergroups. de Gruyter Studies
in Mathematics, vol. 20. de Gruyter, Berlin (1995)

4. Conway, J.B.: A Course in Functional Analysis. Springer-Verlag, New York (1985)
5. Desaulniers, S., Nasr-Isfahani, R., Nemati, M.: Common fixed point properties and amenability of a class

of Banach algebras. J. Math. Anal. Appl. 402, 536–544 (2013)
6. Esmailvandi, R., Nemati, M.: Compact and weakly compact multipliers on Fourier algebras of ultras-

pherical hypergroups. Mediterr. J. Math. 18, 33 (2021)
7. Eymard, P.: L’algébre de Fourier d’un groupe localement compact. Bull. Soc. Math. Fr. 92, 181–236

(1964)
8. Fabian, M., Habala, P., Hájek, P., Santalucía, V.M., Pelant, J., Zizler, V.: Functional Analysis and Infinite-

Dimensional Geometry. Springer, New York (2001)
9. Gaudry, G.I.: Quasimeasures and multiplier problems. Ph.D. thesis, The Australian National University

(1965)
10. Ghahramani, F., Lau, A.T.-M.: Approximate weak amenability, derivations and Arens regularity of Segal

algebras. Stud. Math. 169, 189–205 (2005)
11. Ghahramani, F., Lau, A.T.-M.: Weak amenability of certain classes of Banach algebras without bounded

approximate identities. Math. Proc. Camb. Philos. Soc. 133, 357–371 (2002)
12. Hu, Z., Sangani Monfared, M., Traynor, T.: On character amenable Banach algebras. Stud. Math. 193,

53–78 (2009)
13. Kaniuth, E., Lau, A.T.-M., Pym, J.: On character amenability of Banach algebras. J. Math. Anal. Appl.

344, 942–955 (2008)
14. Kaniuth, E., Lau, A.T.-M., Pym, J.: On φ-amenability of Banach algebras. Math. Proc. Camb. Philos.

Soc. 144, 85–96 (2008)
15. Larsen, R.: An Introduction to the Theory of Multipliers. Springer-Verlag, New York, Heidelberg (1971)
16. Lau, A.T.-M.: Analysis on a class of Banach algebras with applications to harmonic analysis on locally

compact groups and semigroups. Fundam. Math. 118, 161–175 (1983)
17. Lau, A.T.-M.: Uniformly continuous functionals on the Fourier algebra of any locally compact group.

Trans. Amer. Math. Soc. 251, 39–59 (1979)
18. Muruganandam, V.: Fourier algebra of a hypergroup. I. J. Aust. Math. Soc. 82, 59–83 (2007)
19. Muruganandam, V.: Fourier algebra of a hypergroup-II. Spherical hypergroups. Math. Nachr. 281, 1590–

1603 (2008)
20. Nasr-Isfahani, R., Soltani Renani, S.: Character contractibility of Banach algebras and homological prop-

erties of Banach modules. Stud. Math. 202, 205–225 (2011)
21. Nasr-Isfahani, R., Soltan Renani, S.: Character injectivity and projectivity of Banachmodules. Q. J. Math.

65, 665–676 (2014)
22. Nemati, M., Sohaei, Z.: Amenability and harmonic L p-functions on hypergroups. Publ. Math. Debr. 97,

403–417 (2020)
23. Sakai, S.: C∗-Algebras and W∗-Algebras. Springer, Berlin Heidelberg (1971)
24. Sakai, S.: Weakly compact operators on operator algebras. Pac. J. Math. 14, 659–664 (1964)
25. Shravan Kumar, N.: Invariant means on a class of von Neumann algebras related to ultraspherical hyper-

groups. Stud. Math. 225, 235–247 (2014)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123


	Characterization of Weakly Compact Multipliers on Left φ-Amenable Banach Algebras
	Abstract
	1 Introduction
	2 Weakly Compact Multipliers on Left φ-Amenable Banach Algebras
	3 Application to Fourier Algebras of Ultraspherical Hypergroups
	4 Some Remarks and Open Problems
	Acknowledgements
	References


