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Abstract

We prove a natural generalization of Szep’s conjecture. Given an almost simple group G with
socle not isomorphic to an orthogonal group having Witt defect zero, we classify all possible
groupelementsx, y € G\{1} withG = Ng((x))Ng({y)), where we are denoting by Ng ({x))
and by N¢ ({y)) the normalizers of the cyclic subgroups (x) and (y). As a consequence of
this result, we classify all possible group elements x, y € G \ {1} with G = C5(x)Cg (y).
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1 Introduction

Given a finite group G and x € G, we denote by Cg(x) the centralizer of x in G and by
Ng ((x)) the normalizer of the cyclic subgroup (x) in G. It was conjectured by J. Szep [19],
thatif G = Cg(x)Cg(y) withx, y € G\ {1}, then G is not a non-abelian simple group. Over
a long period, many authors investigated this conjecture and in 1987, using the Classification
of the Finite Simple Groups, E. Fisman and Z. Arad [19, Theorem 1] gave a positive answer
to this problem.
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More recently, R. Guralnick, G. Malle and P. Tiep have obtained another proof of Szep’s
conjecture [11] as a direct application of some results on the product of conjugacy classes in
algebraic groups. This new proof, for Lie type groups, actually proves more than the original
statement of Szep’s conjecture. Namely, it is shown that, if L is a non-abelian simple group
of Lie type and L < G < Inndiag(L), then C5(x)Cg(y) # G, for every x,y € G \ {1}.
Here Inndiag(L) denotes the group of inner-diagonal automorphisms of L, as defined in [9,
Chapter 2].

Moreover, recently Szep’s conjecture has played a crucial role in the investigation of the
finite primitive groups having two coprime subdegrees [6]. Indeed, the positive solution of
Szep’s conjecture is used in Theorems 1.5 and 1.6 of [6]. In order to simplify some of the
arguments in the proofs of these theorems, it would have been necessary to have Szep’s
conjecture available for the whole class of the finite almost simple groups.

The following is the main theorem of this paper.

Theorem 1.1 Let G be an almost simple group and let x, y be in G \ {1}. Suppose that
the socle of G is not isomorphic to an orthogonal group PQ(q), withn > 8. If G =
NG ((x))Ng((y)), then (replacing x by y if necessary) (G, x,y) is one of the triples in
Table 1. See Sections 1.1 and 1.2, for the notation in Table 1.

Moreover, G = Cg(x)Cq(y) if and only if in the 6th column of Table 1 appears the
symbol /.

In the course of the proof of Theorem 1.1, we show that every triple (G, x, y) in Table 1
gives rise to a genuine example of a factorization G = Ng ((x))Ng ((y)).
An immediate application of Theorem 1.1 gives the following corollary.

Corollary 1.2 Let G be an almost simple transitive permutation group on Q2 and let w be in Q2.
Suppose that the socle of G is not isomorphic to an orthogonal group P4t (q), withn > 8.
If the point stabilizer G, normalizes a non-identity cyclic subgroup (x) and if G contains an
element y # 1 with Ng((y)) transitive on 2, then (replacing x by y if necessary) the triple
(G, x,y)isin Table 1.

A similar investigation for almost simple groups having socle an orthogonal group
PQ,J{ (g), with n > 8, seems difficult and, at the moment, we do have 12 different fam-
ilies of factorizations using normalizers. We intend to come back to this question in the
future.

It is worth mentioning that our strategy for proving Theorem 1.1 is considerably different
from the original proof of Szep’s conjecture [19]. Our main tool uses the classification of the
maximal factorizations of the almost simple groups obtained by M. Liebeck, C. Praeger and
J. Saxlin [16, 17].

Let G be an almost simple group with socle L. A factorization G = AB is said to be
maximal if A and B are both maximal subgroups of G, and is said to be core-free if A and
B are core-free in G (that is, L £ A, B). All the core-free maximal factorizations of the
almost simple groups are classified in Tables 1-6 and Theorem D of [16]. In particular, if
G = Ng((x))Ng((y)) (for some x, y € G \ {1}) and Ng ((x)) < A, Ng({y)) < B for some
core-free maximal subgroups A and B of G, then (G, A, B) is one of the triples classified
in [16]. In particular, this reduces the proof of Theorem 1.1 to a case-by-case analysis on
Tables 1-6 and on Theorem D of [16]. Moreover, for each of these triples (G, A, B), we have
N ({(x)) = Na((x)) and NG ({y)) = Np({y)) and so it suffices to investigate the order and
the structure of the normalizers of the non-trivial elements of A and B, respectively.

There is only one more case to consider in our analysis: every maximal subgroup of
G containing Ng ({(x)) (or NG ({y))) contains the socle L of G. The almost simple groups
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328 N. Gill et al.

admitting such factorizations are classified in [17, Table 1] and there is only a handful of
such examples.

In the process of proving Theorem 1.1 using the work in [16, 17], we have realized that
there is one configuration omitted in the proof of Liebeck, Praeger and Saxl [16, 17] classi-
fying the maximal factorizations of the almost simple groups with socle PQ; (21). Although
this missing configuration is of no concern to us here because we are excluding almost simple
groups having socle PQ§(2J( ) in our main results, we discuss this configuration in Section 2
and we show that this configuration does give rise to two extra maximal factorizations omitted
in the work of Liebeck, Praeger and Saxl. In Section 2, we comment how these extra fac-
torizations influence other work relying on the classification in [16, 17]. The factorizations
in [16] have been extensively used. For instance, recently, this was used in [14] to give a
characterization of the factorizations of almost simple groups with a solvable factor, which
was then applied to study s-arc-transitive Cayley graphs of solvable groups, leading to a
striking corollary that, except for cycles, a non-bipartite connected 3-arc-transitive Cayley
graph of a finite solvable group is necessarily a normal cover of the Petersen graph or the
Hoffman-Singleton graph. However, Zhou [20] improved this and obtained a remarkable
refinement, that is, every non-bipartite connected Cayley graph of a finite solvable group is
at most 2-arc-transitive.

1.1 Notation

We use the notation from [9, Chapter 4] and [4] for conjugacy classes of elements in groups
of Lie type and, in general, we use the notation from [12] for the subgroups of the classical
groups.

Given an almost simple group G, we denote by L the socle of G. Suppose that L is a
simple classical group defined over the finite field of size g. For twisted groups our notation
for g is such that PSU,(g) and P2, (¢) are the twisted groups contained in PSL,, (q2) and
PQ;F (q?), respectively. We write ¢ = r/, for some prime r and some f > 1, and we define

L g? if G is unitary,
90 = {q otherwise.

We let V be the natural module defined over the field Fy, of size g for the covering group
of L, and we let n be the dimension of V over F,.
We consider the following classical groups L:

SL,(g) withn > 1,

SU, (g) withn > 1,

Sp, (g) withn evenand n > 2,
Q,(g) with gn odd and n > 1, and
QF(g) with n even and n > 2.

For some of our proofs, we need to deal with arbitrary classical groups as defined above
and hence with no restrictions on n. However, for proving our main results, we take into
account the various isomorphisms among classical groups, see [12, Section 2.9]. For instance,
SL2(g) = SUz(q) = Sp,(g) = Q3(g) and Q5(g) = Spy(q). In particular, in Table 1 and in
proving Theorem 1.1, we may suppose n > 2 for linear groups, n > 3 for unitary groups,
n > 4 for symplectic groups, n > 7 for odd dimensional orthogonal groups and n > 8 for
even dimensional orthogonal groups.
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Szep's Conjecture 329

The corresponding simple classical groups L = L/Z(L) are
PSL.(q). PSU.(q). PSp,(q). PQu(g). and P (q).

With the restrictions on n as above, these are indeed non-abelian simple groups, except for
PSL>(2), PSL,(3), PSU3(2) and PSp,(2).

We denote by 77 : L — L the natural projection of L onto L. By abuse of notation, we
refer to the action of L on V simply as the action L on V. We adopt a similar convention for
every G with L < G < Aut(L) NPGL(V). For example, for a subgroup H of L, we say that
H acts irreducibly on V when this is true of 7 Y(H).

Given an integer « and a prime number p, we write «, for the largest power of p dividing
K. Given two integers « and «’, we denote by ged(x, k) the greatest common divisor of «
and k.

Given a prime power ¢ and an integer n > 2, a prime ¢ is called a primitive prime divisor
of g™ — 1 if ¢ divides ¢" — 1 and ¢ does not divide ¢’ — 1, for eachi € {1, ..., — 1}. From
a celebrated theorem of Zsigmondy [21], the following hold

— for n > 3, primitive prime divisors exist with the only exception of (n, g) = (6, 2),
— for n = 2, primitive prime divisors exist with the only exception of ¢ being a Mersenne
prime, that is, ¢ is prime and g = 2¢ — 1 for some £ € N.

Note that, if 7 is a primitive prime divisor of ¢ — 1, then ¢ has order n modulo ¢ and thus
n divides t — 1.

1.2 Notation for Table 1

In reading Table 1, we take into account the notation we have established in Section 1.1 and
some isomorphisms among classical groups.
When L = PSL,,(¢), we suppose n > 2 and, when

(n,q) €{(2,4),(2,5),(2,9), (4, 2)},

we refer to Lines 1 and 2 of Table 1, because PSL;(4) = PSL;(5) = Alt(5), PSL;(9) =
Alt(6) and PSL4(2) = Alt(8). Moreover, when (1, g) = (3, 2), we refer to Lines 3 and 4,
because PSL3(2) = PSL, (7).

When L = PSU, (g), we suppose n > 3; when L = PSp, (g), we suppose n > 4; when
L =PQ,(q) = Q2,(q) with n odd, we suppose n > 7; when L = PQf (g) with n even, we
suppose n > 8.

1.3 Structure of the Paper

In Section 3, we collect some basic results which we use throughout the whole paper, some-
times without mention.

In Section 4, we prove Theorem 1.1 for the almost simple groups having socle a sporadic,
or an exceptional, or an alternating group.

In the rest of the paper we deal with the classical groups. In Section 5, we consider the
linear groups PSL,,(¢). In Section 6, we consider the unitary groups PSU, (¢). In Section 7,
we consider the symplectic groups PSp,,(¢). In Section 8, we consider the odd dimensional
orthogonal groups P2, (¢) = 2,,(¢). In Section 9, we consider the even dimensional orthog-
onal groups PQ2;"(¢) having Witt defect 1.
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330 N. Gill et al.

2 An Additional Maximal Factorization of an Almost Simple Group

A computation with the computer algebra system MAGMA [2] yields that there are factoriza-
tions
Q;(4).(¢) =N, -SOg (2) =SO4 (2) - Ny (2.1)

and
Qé"(l6).(¢) =N, -(SOq (4).2) = (SOg (4).2) - N, , 2.2)

where the subgroup SOg q'?* < §2§L(q) is the image of a Cs subgroup under a triality
automorphism, and ¢ is a non-identity field automorphism of order f, where g = 2/ Recall
that we are using the notation in [12] and hence, in particular, N, is the stabilizer of a 2-
dimensional anisotropic subspace of V = F 2 Moreover, these factorizations do not lead to a
factorization of the simple group L = Qg’(q); actually, these factorization exists only in the
almost simple groups Aut(Q;(q))-conjugate to Q{(q).(q&) and in no other almost simple
groups with socle Qg(q). Observe that, using triality, we have exactly three possibilities for
Qg‘ (q).(¢). Both factors in each of these factorisations are core-free maximal subgroups and
so these factorisations are max+ factorisations in the terminology of [17]. Thus [16, Table 4]
should have the rows of Table 2 added.
For g = 4, the factorisation can be verified by the following steps:

—

. construct the action of Q§(4) on 2-dimensional subspaces of “minus type”;

2. find the normaliser of the induced permutation group in Sym(6580224) to obtain the
permutation group G for Q;(4).(¢);

3. use the ClassicalMaximals command to construct an appropriate H = Qg (2) in Q;(4);

4. find the image of H in G and then determine its normaliser in G to find the appropriate
SOg (2) subgroup;

5. check that the SOg (2) is transitive in this action.

For ¢ = 16 the groups are too large to do many of these steps. It is possible though to use the
ClassicalMaximals command to construct an appropriate Q¢ (4) in Q;’(16) and then show
that it has an orbit on the set of 2-dimensional subspaces of “minus type” whose length is
one quarter of the total number of such subspaces. We then explicitly construct SOg (4).2
in Qg(l6).(¢), and the Sylow 2-subgroups of the two potential factors. We can then exhibit
that the intersection of the Sylow 2-subgroups has order 8 and is contained in 5 (4) and so
we do indeed have a factorisation.

Table 2 Missing maximal factorizations

L * or ¥ ANL BNL Remark Y column

Qg’(4) * (5 xQg4).2 Qg (2) G=L.2,AinCyorCs, BinCsor
Cg depending on choice of A. Two
possible B for each A. Moreover,
G contains a field automorphism

93(16) * (17 x Q¢ (16)).2 Q4 G=L4,AinCyorCs, BinCs or
Cg depending on choice of A. Two
possible B for each A. Moreover,
G contains a field automorphism

of order 4
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2.1 Dealing with the Missing Factorization

Using the notation in [16], the factorizations in (2.1) and (2.2) were erroneously ruled out
in [16, pp. 106—107] when considering the possibility

ANL=((g+1)/d x Q5 @)29/Z and BNL=Qq",

where d := gcd(2, g — 1) and Z is the group of scalars in Qg(q). The argument there for ¢
even only rules out a factorization of the simple group L and misses a subtlety due to triality.
We now provide a complete analysis of this case following that in [16].

Let G be an almost simple group having socle L := PQg(q) and let A and B be maximal
subgroups of G. Suppose that G = AB with ANL = ((g + 1)/d x Q¢ (¢)).2%/Z and
BN L = Qg (¢g"/?). As in Section 1.1, we let V be an 8-dimensional vector space over the
finite field IF, equipped with a non-degenerate quadratic form of plus type with g = rf for
some prime r and some even positive integer /. By applying a suitable triality automorphism if
necessary we may assume that A = N, , the stabilizer in G of an anisotropic 2-dimensional
subspace. Moreover, by [13] the maximality of A in G implies that G < PFO;'(q). Let
X = Qg (¢'/?) be a subgroup of L in Cs, that is, a subfield subgroup. By [13], we may take
BNL = X" forsomea € {0, 1, 2}, where 7 is a triality automorphism of L. Write k = 7¢.
Now X has a subgroup

Y = (SOf(¢'*) x SOy (¢'/*) N X

fixing an orthogonal sum decomposition V = W; L W,, where W| and W, are both non-
degenerate 4-dimensional subspaces of V of plus type. By [12, Lemma 4.1.1], we have
that

Y =(QF (¢ x 2, (¢'*)2

and Y induces SOI (ql/ 2) and SO, (q]/ 2y on W, and W» respectively. Therefore, the kernel
of the action of ¥ on Wy is @, (ql/z) and the kernel of the action of Y on W5 is QI (ql/Z)‘ Let
M be the stabilizer in L of this decomposition. Now Y¥ < BN L and Y* < M*. By [13], t
fixes setwise the L-conjugacy class of M in L and so W fixes an orthogonal decomposition
V = W, L W;, with W{, W, both 4-dimensional non-degenerate subspaces of V of plus
type. Note that ¥ has a subgroup of index 2 and so potentially Y* interchanges W/ and W}.
Indeed a MAGMA [2] calculation shows that this does indeed happen when g = 4.

This seems to have been overlooked by [16] as their argument seems to assume that
Y* fixes both W| and Wj.

We now continue the analysis of this potential factorization, obtaining the missing factoriza-
tions in [16].

Fori = 1,2, let K; be the kernel of the action of the stabilizer in Y* of W/ on W!. Note
that (Yk)wl; induces a subgroup of GOI (g) on Wi’. Now Qj{ (ql/z) = SL, (ql/ )oSL, (ql/z)
and (q'/*) = PSLy(q). Since GOI(q) does not contain a subgroup isomorphic to an
index two subgroup of Y, each K; is nontrivial.

Suppose first that ¢ = 7 is odd. For ¢ # 9, by considering the normal subgroups of Y/,
the unique index 2 subgroup of Y, we see that either SL» (ql/ 2y or Qy (ql/ 2) lies in K;. On
the other hand, for ¢ = 9, we see that the centralizer in GOI (9) of €2, (3) does not contain
an element of order 3 and so we may draw the same conclusion about K. Then, taking a
suitable 2-dimensional subspace U < Wl’ and A := Gy = {g € G | U8 = U}, we have that
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K| < AN B and so ¢'/? divides |A N B|. As g is odd, we have that

|Al, =IQ ()I-1G : LI, =G : Ll¢°,

|B|, =I5 (¢"/)I/1G : LI, = ¢°|G : LI,
AN B, >¢'?,

|Gl =¢"*|G : L|,.

As G does not contain a triality automorphism of L, we have that |G : L|,. divides f, and
hence we see that |A|,|B|, < |G|-|A N B|,, contradicting G = AB. Therefore, when ¢ is
odd, there are no factorizations, as predicted by [16].

Now suppose that g is even. Then |Aly = 2|24 (¢)2|G : L|2 = 2q6|G : L] and
|Bl>» = ¢°|G : L5, while |G|» = ¢'2|G : L|>. Since G = AB, this implies that |A N B|, =
2|G : L|,. Note also that

|G : L|p divides 2f5. 2.3)

Suppose first that B N L = X. Then W = W; and W, = W,. Choose U < W, to be
a 2-dimensional subspace of minus type and take A := Gy. Since Y"1 = SOI(ql/ 2)
and the order of the stabilizer in SO;‘|r (¢'7?) of a non-degenerate 2-dimensional subspace is
divisible by 4, we see that |A N B|» > |Yy|» = 4q. However, this contradicts (2.3), because
[AN Bl =2|G : L|p <4f,. Thus

BNL=X",

where a € {1, 2}. When g = 4 and 16, we have verified with MAGMA that we do obtain the
maximal factorizations in Table 2. Suppose then ¢ > 16. Thus ¢ > 64, because f is even.

Then, by [13], the maximality of B in G implies that |G : L| divides f. As g > 64, the
group Y has a unique index 2 subgroup, namely Y’. Then the kernel of the action of Y’ on
Wl’ is non-trivial and it is not hard to show that K| > SL, (ql/ 2). Therefore,

(Y™™ = SLy(¢"?) x SLa(g).

We claim that the stabilizer in this group of a 2-dimensional subspace of W; of minus type
has even order. We argue by contradiction, and we suppose that there exists a 2-dimensional
subspace U of minus type of Wy with the property that the stabilizer in SL,(g'/?) x SL2(q)
has odd order. Let us denote by S and S, the two simple direct factors of QI (q). Let
N :=SLj(q 1/ 2) x SL2(g) and let €2 be the collection of all 2-dimensional subspaces of W
of minus type. Routine computations yield

a*g—1)?°
5 .
Without loss of generality we may suppose that S, € M. Observe that

Q| = 2.4)

(25 (@) x 5 (@21 =2(g+1D? and |N|=¢**(q— (> -1).

Since gcd(g + 1, g — 1) = 1 and since we are assuming that My has odd order, we deduce
that | Ny | divides g + 1 and Ny < S>. From one hand we deduce that the N-orbit containing
U has cardinality divisible by ¢3/2 and, on the other hand, we deduce that S| centralizes Ny .
As QI (g) = S1N, we deduce that each orbit of M on the 2-dimensional subspaces of W
of minus type has order divisible by ¢*/?. The number of N-orbits is thus |S; : S; N N| and

hence ¢'/2 - ¢3/2 = ¢? divides |2|; however, this contradicts (2.4).
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2.2 Impact of the Missing Factorizations in other Work

The factorizations in [16] have been extensively used. Now, we comment how this extra
factorization influences other work relying in the classification in [16].

1. Since the Y column for the new factorizations are empty, these new factorizations do not
give an example of a primitive almost simple group of degree n as a proper subgroup
of a primitive almost simple group of the same degree but different socle. Thus no new
examples arise for [15, Table VI].

2. The classification of maximal factorizations of almost simple groups was used in [18]
to determine all regular subgroups of the primitive almost simple groups. These new
factorizations provide four new primitive almost simple groups with a core-free transitive
subgroup (namely the action of G on the set of cosets of A and the action of G on the
set of cosets of B). We have checked with the help of a computer that none of these new
primitive actions admits regular subgroups and hence no exception arises in [18].

3. For these new factorizations |G : A| and |G : B]| are even and so these are not coprime
factorizations and so no new factorization needs to be added to [6, Table 1].

4. The maximal factorisations in [16] are used in [14] to determine the factorisations of
almost simple group with one of the two factors solvable. Therefore, in principle, the
missing factorizations arising when the socle is PQ (4) and PQ{ (16) could in principle
yield factorizations missed by [14] when using [16]. We have checked with MAGMA and
we confirm that no new factorization arises when one of the two factors is solvable.

3 Preliminary Remarks

Lemma 3.1 Let G be a group, let M and N be subgroups of G with G = M N and let T be
a subgroup of N. Then G = MT ifand only if N = (M N N)T.

Proof If G = MT,then N = MT NN = (M N N)T, as required. Conversely, if N =
(M N N)T,then G =MN = M(MNN)T = MT. o

The following elementary lemma is one of the ingredients for our proof of Theorem 1.1
when the socle of G is an alternating group. A permutation g € Sym(n) is said to be
textitsemiregular if all the orbits of (g) on {1, ..., n} have the same length.

Lemma3.2 Let g be in Sym(n) \ {1}. If Nsym)({(g)) is transitive on {1, ..., n}, then g is
semiregular.

Proof Write N := Nsymn)((g)). Clearly, N permutes the orbits of (g) having the same length.
Since N is transitive on {1, ..., n}, we obtain that all (g)-orbits have the same length. m]

For the rest of this paper, G denotes an almost simple group with socle L having two
group elements x, y € G \ {1} with

G =N ((x))Ng({y)).

Write
X :=Ng({x)) and Y :=Ng((y)),

for short.
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Lemma 3.3 We have

G = Ng ((x)Ng ((y)*) = Ng (x)*)Ng ().

for every g € G. Let (g1), ..., (g¢) be a set of representatives for the conjugacy classes
of non-identity cyclic subgroups of G. Then there exist i,j € {1,...,¢} with G =
Ng ((i))Ng ((g))-

Proof Let g be in G. We have ¢ = uv, forsome u € X = Ng((x)) and v € Y = Ng({y)).
Now,
N ((x)$)Ng ({y)) =N ({(x)")Nc ((y)) = Ne ({x)")Ne ({(y)")
=Ng((x))’'Ne({(y))" = (XY)" =G" = G.

The other case is similar. Now, the rest of the proof follows from the fact that (x) = (g; )"
and (y) = (gj)hy,for somei, j €{l,...,€}and hy, hy € G. O

Lemma 3.3 gives a very efficient test to check whether G = Ng ((x))Ng ((y)). For exam-
ple, for M itis immediate to see with [5] that [Nz, ((g))| < 55, forevery g € M1\ {1}. As
[Mi1] > 552, we see that Theorem 1.1 holds true for M, that is, M; has no factorization
of the form M| = NM11 (()C))NM11 ((y)) withx, y € M1\ {1}.

We also have the following useful lemma.

Lemma 3.4 Suppose that G = Ng((x))Ng({y)) for some x,y € G. Then G =
NG ((x')Ng ((Y')) for some x’, y' € G of prime order.

Proof Let p, divide |x| and p, divide |y| be primes. Then x := xPVpx and y' .= y¥l/py
have prime order. Moreover, Ng ((x)) < Ng({(x")) and NG ({y)) < Ng({y")). Thus the result
follows. o

4 Proof of Theorem 1.1 for Sporadic, Exceptional and Alternating
Simple Groups

We are now ready to prove Theorem 1.1 when L is a sporadic simple group, an exceptional
group of Lie type or an alternating group.

Proposition 4.1 L is not a sporadic simple group.

Proof All factorizations of almost simple groups having socle a sporadic simple group are
determined in [8]. The result follows by inspection. O

Proposition 4.2 L is not an exceptional group of Lie type.

Proof Suppose that G = XY and by Lemma 3.4 we may assume that both x and y have
prime order. From [16, Table 5], we see that L is one of the following groups:

- Ga(g) withg = 37,
— Fy(q) with g =27,
- G2(4).

Note that [16, Table 5] gives all factorisations of G, not just the maximal ones, and so lists
the possibilities for X and Y.
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Suppose first that L = G»(4). Then interchanging X and Y if necessary we have that
X NL =SU3@4).4N L. Since X N L has trivial centre, it follows that x ¢ L and so is a
field automorphism of order 2. However, this implies that Cy (x) = G>(2), which does not
contain SU3(4), a contradiction.

Next suppose that L = G,(q) with g = 3/. Then interchanging X and Y if necessary
we have that X N L = SL3(g) or SL3(g).2. In both cases X N L has trivial centre and so
SL3(g) < Ca(x). Moreover, x ¢ L. Hence by [9, Proposition 4.9.1], x is either a field
or graph-field automorphism of L and hence Cr(x) = Ga(qo) with ¢ = g, or 2Ga(q),
respectively. Neither of these contain SL3(g) as a subgroup, a contradiction.

Similarly, if L = Fs(g) then X N L = Spg(g). Hence Spg(q) < Ca(x) and x ¢ L.
Again, x is either a field or graph-field automorphism of L and hence Cy (x) = F4(qo) with
q = q§, or 2F4(q), respectively. Neither of these contain Spg(g) as a subgroup, and so we
obtain another contradiction. m}

Proposition 4.3 [f L = Alt(n), then the triple (G, x, y) is in Line 1 or 2 of Table 1.

Proof For 5 < n < 6, the result follows by a computation using Lemma 3.3. We obtain
the examples in Line 1 or 2 of Table 1. Assume that n > 7. In particular, G = Alt(n) or
G = Sym(n). Then by [16, Theorem D], interchanging X and Y if necessary we have that
either Alt(n — k) < X < Sym(k) x Sym(n — k) for some k < 5 and Y is k-homogeneous on
n points, or one of the following holds:

1. n =8 and X = AGL3(2);
2. n =10 and X = PSL;(8) or PSL,(8).3.

In these two exceptional cases, X is clearly not the normaliser of a nontrivial cyclic subgroup.
Hence Alt(n — k) <X < Sym(k) x Sym(n — k) and Y is k-homogeneous. Note that since X
has a nontrivial cyclic normal subgroup we must have that k > 2. Hence by [1, Theorem 6],
Y is primitive on n points. As (y) <Y, we get that the socle of the primitive group Y is
(). Thus n is prime and y is a cycle of prime order. Moreover, ¥ = AGL(1,n) N G is
2-homogeneous but not 3-homogeneous. Hence either k = 2, or n = 7 and k = 5. In the
first case we deduce that x is a transposition, G = Sym(n) and X = Sym(2) x Sym(n — 2).
Thus we do obtain a factorisation. It remains to consider the case where k = Sandn = 7,
and we may assume that x is not a transposition. Since |G| = |X||Y|/|X N Y|, we deduce
that X contains a 5-cycle. As x is not a transposition we deduce that x is a 5-cycle. However,
we then have | X| <40 and |Y| < 42, which contradicts | X||Y| > |G| > (7!)/2.

It is easy to verify that in Lines 1 and 2 we have C; (x)Cs(y) < G and hence there is no
symbol 4/ in the 6th column. |

5 Classical Groups: Linear Groups

In this section, we assume that G is an almost simple group with socle L = PSL,,(¢) with
g = r/ for some prime r.

We start our analysis with two technical lemmas, which help to locate the elements x and
y with G = Ng ((x))Ng ({y)). Our main reference for these lemmas is [9, Chapter 4] and [4,
Chapter 3.1, Tables B.1, B.2, B.3].

Lemma5.1 Let n > 2. Suppose r!" — 1 admits a primitive prime divisor t|. Let g €
Aut(PSL,, (q)) with t; dividing INaupsL, ¢)) ((g))| and let T be a cyclic subgroup of order
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11 in NawpsL, (¢)) ((¢)). Then

(T, 1) graph automorphism, if n is even,
g € CautpsL,(q)(T1) = { (T, 1) graph-field automorphism, if n is odd and f is even,
T if nf is odd,

where T is a maximal torus of PGL,, (q) having order (q" —1)/(q — 1), that is, T is a Singer
cycle. In particular, INAuwt(pSL, (¢)) ((g)) : Caut(PSL,(¢q)) (&) is relatively prime to 1.

Proof Suppose firstthat 71 < Cau(psL,(¢))(g)- Theng € CauypsL, ) (T1).Let T be a Singer
cycle of PGL,(¢) containing 77. Using [9], we obtain the structure of Caut(psL, ¢)) (T1)-

It remains to consider the case that 7; does not divide the order of CaupsL,(¢))(&)-
We aim to prove that this case cannot arise. As #; divides |Nauw(psL,(q)) ({g))| and as
Naut(PSL, (¢)) ({8))/ Caut(PSL, (¢)) (8) acts faithfully as a group of automorphisms on the cyclic
group (g), we deduce that ¢ divides ¢(|g|), where ¢ is the Euler totient function. In partic-
ular, |g| is divisible by a prime p with #; | p — 1. Without loss of generality, replacing g by
g'81/P if necessary, we may suppose that |g| = p. As fn divides t; — 1, we have fn < 11.
Asti|p—1land fn < t1, we deduce g € PSL,,(¢). Since ¢, is a primitive prime divisor for
rf" — 1, we have p # r and hence g is semisimple. Now, as 7} acts non-trivially on (g), we
deduce that 7 permutes non-trivially the eigenspaces of g. However, this is a contradiction
because 1| > n. ]

Lemma5.2 Let n > 3. Suppose r/ "=V — 1 admits a primitive prime divisor t,. Let g €
Aut(PSL,, (q)) with t; dividing INaupsL, (¢)) ((g))| and let T, be a cyclic subgroup of order
1 in NAuw(PSL, (¢)) ((g)). Then one of the following holds:

1.
(T, 1) graph automorphism, if n is odd,
g € CaupsL,(q)(T2) = { (T, 1) graph-field automorphism, if n and f are even,
T if(n—1)fisodd,
where T is a maximal torus of PGL,(q) having order ¢"~' — 1. In particular,

INAutPSL, () ({&)) : CAut(PSL, (¢)) (8)] is relatively prime to tp;
2. n=tyisprime, f =1, g lies in a Singer cycle of PGL,, (q) and has order divisible by a
primitive prime divisor p of r’™" — 1 withn | p — 1.

Proof If T) < Cauy(psL,(¢)) (&), then the proof follows verbatim the argument in Lemma 5.1
and we obtain that Part 1 holds.

It remains to consider the case that #; does not divide the order of Cayg(psL, ¢))(g)- We
aim to prove that Part 2 holds. As #; divides |[Naut(psL, (¢)) ({€))| and as Naut(psL, (¢)) ({g))/
Caut(PSL, (¢)) (&) acts faithfully as a group of automorphisms on the cyclic group (g), we
deduce that 7, divides ¢(|g|). In particular, |g| is divisible by a prime p with t, | p — 1.
Without loss of generality, we may suppose that |g| = p. As f(n — 1) divides 1, — 1, we
have f(n —1) < t, and hence g € PSL,,(¢). Now, as T, acts non-trivially on (g), we deduce
that 7, permutes non-trivially the eigenspaces of g. As #; > n — 1, this is possible only when
(g) has n distinct eigenvalues and t, = n. Astp = n and f(n — 1) < t», we have f = 1.
Moreover, as g has n distinct eigenvalues in a suitable extension of I, we deduce that g is
contained in a Singer cycle of PSL,, (¢) and, via the embedding of IE‘Z,, in IF‘Z \ {0}, g is a field
generator. [m}
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In our proofs, we exclude those groups that are isomorphic to alternating groups, as these
have already been covered in Proposition 4.3. Thus n > 2 and

(n.q) €{2,4),(2,5).2,9), (4 2)}.

See Section 1.1, for our notation.
We first deal with 2-dimensional linear groups, because we have little room in this case
for using the primitive prime divisors #; and #; in Lemmas 5.1 and 5.2.

Lemma5.3 IfL = PSly(q) and q ¢ {4, 5,9}, then (G, x, y) is in Lines 3, 4 or 5 of Table 1.

Proof Assume that f = 1. Here G = PSL,(r) or G = PGL;(r). Now, replacing X by Y if
necessary, we may assume that r divides |X|. The only elements x of G having normalizer
of order divisible by r are the r-elements. Thus |x| = r, X is a Borel subgroup of G and

x| = { CSDrif G = PSLa(r),

(r— Dr if G = PGLy(r).

As G = XY and X fixes a 1-dimensional subspace of V, we see from the Frattini argument
that Y acts transitively on the 1-dimensional subspaces of V. With a quick look at the structure
of the conjugacy classes of G, we obtain that y € T\ {1}, with 7" a maximal torus of PGL(r)
of order r + 1. In particular,

B _[r+1  ifG=PSLy(),
I¥1=Ne(yDl = {2(}’ +1) if G =PGLy(r).

If G = PGL5(r), we have
IXI1Y]  ((r = DrQ2@r + 1))
xXny| 2

and hence G = XY': these examples are in Line 3 of Table 1. If G = PSL,(r), then Y is a
dihedral group with [ X N Y| =1if r =3 (mod 4) and with | X N Y| =2ifr =1 mod 4.
In particular, G = XY only when r = 3 (mod 4): these examples are in Line 4 of Table 1.

Assume f > 1.If ¢ = 8, then an inspection in [5] shows that there are no non-identity
group elements x and y with G = Ng ({(x))Ng((y)). Suppose ¢ # 8. Let s be a primitive
prime divisor of 2/ — 1 (such a prime exists by Zsigmondy’s theorem [21] because we are
excluding the case ¢ = 8). Since G = XY, we see that either X or Y has order divisible by
s. Replacing X by Y if necessary, we may assume that s divides | X|. Using the subgroup
structure of PI'L,(q) (see [3]), we see that the only elements x having normalizer of order
divisible by s are the elements lying in a maximal torus 7 of PGL,(q) of order ¢ + 1. Now,
for every x € T \ {1}, we have |[Nprp, () ((x))| = 2(¢g + 1) f and

PI'La(q) = Npri, ) ((x))PSL2(q).

= |G|

Since G = XY, we get
PI'La(g) = NprL,(g) ({x))G = Nprr,(g)({(x))Y

and so we may assume that G = PI'Ly(g). Thus | X| =2(g+ 1) f. As|G|| X NY| = | X]||Y],
we obtain that |G|/|X| = (¢ — 1)q/2 divides |Y|. Another inspection on the maximal
subgroups of PI'L,(g) (for ¢ # 4,9) shows that Nprp,(4)({y)) is divisible by (g — 1)g/2
only when g € (24,28} and y is a field automorphism of order 2. If L = PSL, (2%) and y is
a field automorphism of order 2, then ¥ = PGL, (24).8 and |X NY| = 2. However,

XY 2028+ 18-2°~ 12" _ |G|
XNyl 2 )
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and hence we have no examples when ¢ = 28. A computation with MAGMA shows that the
only factorization arising with L = PSL,(16) is in Line 5 of Table 1.

Itis easy to verify that in Lines 3,4 and 5 we have C (x)Cg (y) < G and hence there is no
symbol / in the 6th column (Line 5 can also be verified with an easy computer computation).0o

Next we deal with linear groups, where the primitive prime divisor #; in Lemma 5.2 does
not exist.

Lemma5.4 If L = PSL3(q) and ¢ = r = 2°* — 1, for some £ € N, then G #
Ng ((x))Ng ((y).

Proof When (1, g) = (3, 3), the proof follows with a computer computation with the com-
puter algebra system MAGMA. Lemma 3.3 makes the search of factorizations G = Ng ({x))
Ng ((y)) very efficient. In particular, for the rest of the argument, we suppose g # 3.

Observe that £ > 2, because we are excluding the case (1, ¢) = (3, 3). Let#; be a primitive
prime divisor of 3 — 1 and let T be a cyclic subgroup of G of order #1. As #; divides |L]|,
we have that 71 divides | X| or |Y|. Without loss of generality, we suppose that ¢ divides | X|
and hence #; divides |[Ng({x))|. From Lemma 5.1, replacing 7} with a suitable conjugate,
we have T < Cg(x). Therefore x € Cg(T1). Let T, be the maximal torus of PGL3(r)
containing 77. In particular, 7 is a torus of order (q3 —1)/(g — 1). From Lemma 5.1, we
deduce

Cau)(Ty) = Tx.

Thus x € T, and hence x is a semisimple element of order dividing r> +r + 1. Using this fact,
we deduce that Ng ({x)) has order a divisor of 6(r2 4+ r + 1). Since this number is relatively
prime to r, we deduce that Y contains a Sylow r-subgroup R of G. Thus R < Y = Ng({y))
and R = Ng((y)). A moment’s thought gives that y € Z(R) and hence y is a transvection of
K. Thus [NpgLy(- ()| = (r — 1)?r® and hence |Y| divides 2(r — 1)?r>. Therefore | X||Y|
divides

6> +r+1) -2 =D =123 - Dr = 1)

and so does |G|, because G = XY. As

GRS V)
G|=1|G:L||IL|l > ,
Gl = | 1L = wedG.r— 1)

we deduce r 4+ 1 = 2¢ divides 4 and hence £ < 2, contradicting the fact that £ > 2. O
Next, we deal with the exceptional case arising in Part 2 of Lemma 5.2.

Lemma5.5 If L = PSL,(q), ¢ = r, n is a primitive prime divisor of ¢"~' — 1, n > 3 and
CpsL, (q)(x) or CpsL, (4)(y) is a maximal torus of order (q" —1)/(q — 1), then G # Ng ((x))
Ne ((y).

Proof Assume by contradiction that G = XY. Here, |Aut(L) : L| = 2. Without loss of
generality, we may suppose that Cpsy,,(4) () is a maximal torus of order (¢" — 1)/(qg — 1).
Thus | X| =n(g" —1)/(q — 1) when G = L, and | X| = 2n(¢" — 1)/(¢ — 1) when G > L.
In both cases, |G : X| = |L|/(n(g" — 1)/(g — 1)).

By consulting the maximal factorizations of almost simple groups with socle PSL,,(¢)
in [16], we deduce that Y < P, where P € {P;, P,—1} and P;, P,_; are maximal parabolic
subgroups. As G = XY, wededucethat |Y|isdivisibleby |G : X| = |L|/(n(¢g"—1)/(g—1)).
As |P| = |L|/((g" — 1)/(g — 1)) we have that |P : Y| divides n. As P has no subgroups
having prime index n, we get Y = P. However, when n > 3, P normalizes no cyclic
non-identity subgroup. O
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Finally, we deal with the general case.

Lemma5.6 If L = PSL,(g), n > 3 and (n,q) # (3, 2), then (G, x,y) is in Line 6 or 7 of
Table 1.

Proof Whenn =3 andg =r = 2t — 1, for some ¢ € N, the proof follows from Lemma 5.4.
Similarly, when ¢ = r, n is a primitive prime divisor of ¢"~' — 1 and C (x) or C(y) is a
maximal torus of order (¢" — 1)/(¢g — 1), the proof follows from Lemma 5.5. Therefore, we
exclude these cases from the rest of the proof of this lemma.

When (n,q) € {(3,4),(3,8), 4,4), (6,2), (7,2)}, the proof follows with a computer
computation with the computer algebra system MAGMA. Lemma 3.3 makes the search of
factorizations G = N ({x))Ng ((y)) very efficient. In particular, for the rest of the argument,
we suppose

(n,q) ¢{(3,4),3,8),4,4),(6,2), (7,2)}.

For the rest of our argument, the primitive prime divisors 7 and #; in Lemmas 5.1 and 5.2
exist and moreover, Part 2 in Lemma 5.2 does not arise.
Without loss of generality, we may suppose that 7 divides | X|. Let 77 be a cyclic subgroup
of X having order #; and set
C1 := Cauy(T1).

From Lemma 5.1, we have

(Ty,t) graph automorphism of L, if n is even,
x € C; = { (Ty,t) «graph-field automorphism of L, if n is odd and f is even, (5.1)
Ty if nf is odd,
where T, is a maximal torus of PGL, (¢) having order (¢" — 1)/(¢ — 1). We now divide
the rest of the argument in three cases, depending on whether x € Ty and on whether #n is
even. O

5.1 Assumex € Ty

Thus x is a semisimple element and X is a field extension subgroup of G. Thus, using the
information in [4, Tables B1, B.2, B.3], we deduce that the order of X divides

|G : G NPGL,(q)|¢

o |GLu/e(q")l. (52)

for some divisor ¢ of n with £ > 1.
We now turn our attention to t». From (5.2), we see that ¢, is relatively prime to | X| and
hence t, divides |Y|. Let 75 be a cyclic subgroup of Y having order #, and set

Cr = Caur)(T2).
From Lemma 5.2, we have

(Ty,t) graph automorphism of L, if n is odd,
vy € Co = (Ty,t) graph-field automorphism of L, if n and f are even, 5.3)
T, if (n — 1) f is odd,

where T, is a maximal torus of PGL, (q) having order g —1.
Assume y € Ty. Thus the order of Y divides

|G : G N PGLy (¢)1k|GLu— 1/ (4°)]. (5.4)
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for some divisor k of n — 1. Assume first « > 1. Then, using (5.2) and (5.4), we have

nn—1)

g 7 |G:GNPGL,(@)lr = |Gl < IX[ Y]y

nin D ((a=1)
<1G £ G N PGLy ()Rt 4D T (1),

Therefore

n(n—1 non (=D (=)
g™ <1G 1 G NPGL, ()], (ti),q 3 Dg T (51,
A computation yields that this inequality is satisfied only when (n, ¢) = (3, 2). The case
(n,q) = (3,2) is of no concern to us here, because we are excluding this case from the
statement. Assume next k = 1. When « = 1, using the explicit structure of Cr (x) and
Cr(y), we deduce | X N Y|, > |GL; /1 (q£)|,. Therefore, using (5.2) and (5.4), we have

4" |G : G NPGL,(9)|, =IG]| = XY
. n r r |XﬂY|r

nen (n—1)(n=2) (n—40) rn
<|G : GNPGL,(q)26,q3 (i Vg 2 g7 (72,

Therefore

nn—1)

nen (n—1)(n-2) =0 n
q" T <1G:GNPCL(g)l lrgi T 0g 7 g7 (07D,

A computation yields that this inequality is satisfied only when g € {2, 4} and £ = 2. The case
g = 2 is impossible because GL,_1(2) is centerless, but y € Z(GL,,_1(g¢)). When g = 4,
we deduce that y is a semisimple element having an eigenspace of dimension n — 1 and that
x is a semisimple element of order 5 with no 1-dimensional eigenspaces on V. In the case
(g, ) = (4, 2), by refining the computation above comparing |G|, with |X|2|Y[2/|X N Y2,
we deduce G f_ (PGL,,(4), 7), where t is the inverse-transpose graph automorphism. Thus
we obtain the examples in Line 7 of Table 1, with the extra remark concerning G in the fifth
column.

Assume y ¢ Ty. Suppose also that, for the time being, y is an involution. Using [4,
Tables B.1, B.2, B.3] (or [9, Chapter 4]), we see that all involutions in C3 \ T, are Aut(L)-
conjugate to ¢. Thus y is Aut(L)-conjugate to a graph automorphism when # is odd and ¢ is
Aut(K)-conjugate to a graph-field automorphism when n and f are even. Thus the order of

Y divides
2f(q — 1ISp,_1(g)], when n is odd,

1/2 (5.5)
2f(q — D|GU, (g /*)|, when n, f are even.

Using (5.2) and (5.5), we see with a computation similar (but simpler) to the one above that
|X|+1Y|r < |G|, and hence this case does not arise. We give details only in the case that ¥
is of type Sp,,_;(¢). We have

(n—1>2

|G|, = IXY|, < |X|,|Y], = (|G : G NPGL,())),q> D . 2f),q .

Using |G|, = |G : GNPGL,(q)|rq 2 and simplifying the expression above, we deduce

2 n_1_n?
g THTTTE < ),

Since ¢ > 1 and n is odd, we have n2/2£ > n2/6 and hence

2 1

ghTETT < ef),,
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which is never satisfied. Suppose now that y is notaninvolution. As y € Co\T, = (Ty, )\ T,
we have y2 € Ty, y2 #land G = X Ng((yz)). Therefore, we may apply the argument in
the first part of the proof to the triple (G, x, y?) and we deduce that (G, x, y?) is in Line 7
of Table 1. Thus n is even, ¢ = 4, |x| = 5, |y2| =3, y2 is a semisimple element with an
(n — 1)-dimensional eigenspace and x is a semisimple element with no eigenvalues in F,.
Now, |y| = 6 and Cr(y) = SU,_1(2). Then an easy computation, comparing |G|, with
| XYz, yields G # XY; therefore, there are no further examples in this case.

5.2 Assume x ¢ T, and that n is Odd

Then, from (5.1), f is even. Suppose also that, for the time being, x has order 2. Using again
the information in [4, Section 3.1] (or in [9, Chapter 4]), we see that x is Aut(L)-conjugate
to . Therefore, x is Aut(L)-conjugate to a graph-field automorphism. Hence

0" (X) = PSU,(¢'/?).

An inspection on the maximal factorizations in [16, 17] reveals that there are no factorizations
G = XY with 0" (X) = PSU,(¢'/?). (This analysis could be omitted by comparing the
size of a Sylow r-subgroup of X, Y and G in a fashion similar to the computations above.)
Suppose now that x is not an involution. Then x> € T, and x> # 1. Therefore, we may apply
Section 5.1 to the triple (G, x2, y) and we deduce that G # Ng ((x?))Ng (y), because except
for (n,g) = (3, 2) there are no factorizations when n is odd and the case (n,q) = (3,2)
does not occur here as we require f even.

5.3 Assumex ¢ Ty, |x] = 2and n is Even

Using [4, Section 3.1] (or [9, Chapter 4]), we infer that, when ¢ is even, C; \ Ty contains
a unique Aut(L)-conjugacy class of involutions and, when ¢ is odd, C; \ 7, contains two
Aut(L)-conjugacy classes of involutions. Then, using the information in [4, Section 3.1 and
Table B.3], we obtain

PSp,(¢). or,
PR, (¢)., ¢ odd.

Then f; does not divide [N ({x))| and so #; divides |Y|. Thus y is as in (5.3).
Assume y € T,. We claim that, using (5.4), the second possibility for Cg (x) in (5.6) does
not give rise to any factorization G = XY. Indeed, we have
n;l _1>

n(n—2) (n=1) (
When k > 1, rearranging the terms and using the fact that (n — 1) /k < (n —1)/3, we deduce

02/(CPGL,, @X) = { (5.6)

Gly < IXI|Y], < (IG : PGLy(@))rg" T -1G : GNPGLy(@)lrkrg *

112 n
¢ 83 < (16 : G NPGL,(g) i),
which is impossible. When « = 1, a similar computation taking in account that |X N
Y, > |1 XNYNL| > Q@ = q(”_1)2/4 yields another contradiction. Thus
0? (CpGL,(q)(x)) = PSp, (¢). Using the formula for [PSp,(q)|, we obtain

nn—1)

n? n—ln_
"7 <Gl <X, |Y], < 2f)2qTqw G,

This inequality is satisfied only when x = 1. Thus y is a semisimple element having an
eigenspace of dimension n — 1. The examples arising in this case are in Line 6 of Table 1.
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Assume y ¢ T and y is an involution. In particular, from (5.3), as n is even, f is also
even and y is Aut(L)-conjugate to a graph-field automorphism. Therefore o’ Cr(y) =
PSU,_1(¢'/?). Using the formulae for |PSU,_;(¢'/?)| and for [PSp,(q)| (or PR (¢),
depending on the Aut(L)-conjugacy class of x) and taking in account whether r is odd
orr = 2, we see with a computation that | X|,|Y|, < |G|. Therefore this case does not arise.

Assume y ¢ Ty and y is not an involution. As y € C2\ Ty = (Ty, t)\ Ty, we have y2eT,,
y?> # 1 and G = XNg((y?)). Therefore, we may apply the argument in the first part to the
triple (G, x, yz) and we deduce that (G, x, y2) is in Line 6 of Table 1. Thus |y2| divides
g — 1 and y? is a semisimple element with an (n — 1)-dimensional eigenspace. Assume that
ly| is divisible by some odd prime p. Replacing y by yPl/27 if necessary, we may suppose
that |[y| = 2p. Now, y? € Co \ T, = (Ty, 1) \ T, y? is an involution and G = XNg ((y”));
however, we have shown in the previous paragraph that this is impossible. Therefore, y
has order a power of 2 and hence, replacing y by y*!/* if necessary, we may suppose that
|y] = 4. In particular, ¢ is odd, because when ¢ is even Ty has odd order. To conclude the rest
of our analysis we identify 7, with the multiplicative group of [ »-1. (In particular, under
this identification, we refer to an element of an_l as an element of PGL, (g).) Let A be a

n—1

generator of IF;,H. Then y = A%, where ¢ is a divisor of g — 1 and ¢ is a graph-field

automorphism. Now,
y2 =2 =2ty = a6 —ta'r — ey
As y? has order 2, we deduce £(1 — ¢'/?) = k(¢"~! — 1)/2, for some k € N. Thus
g -1
~ 204"

This shows that A¢ has order a divisor of 2(q 1/2 _ 1) and hence 1! € IE‘;. Since all elements
of PGL,(¢q) in Fj < ]FZ,,,1 have the same centralizer, we have

CraL, ) () = CroL, ) (X5

and hence
CrL, () (Y) = CpaL, g (A5, ).

Now, CpagL, (9) 05H =GL,_; (g), from which we deduce that

CraL, ) () = CoL, 1) () = GU,1(¢'/?).

Using this explicit description of CpgL, (¢)(y) it is not hard to verify that | X|,|Y|, < |G|,.

5.4 Assumex ¢ Ty, |x] > 2and n is Even

Here x> € T, and x> # 1. Applying Section 5.1 to the triple (G, x2, y), we deduce that
(G, x2,y) is in Line 7 of Table 1. Thus n is even, ¢ = 4, [x?| = 5, |y| = 3, x> has no
eigenvalue in F;, and y has an (n — 1)-dimensional eigenspace on V. Thus |x| = 10 and
CL(x) = GU,/2(4). However, itis not hard to see that |G| # |X|2|Y[2/|X NY|;. Therefore,
no further example arises.

Using the explicit description of Ng ({(x)), Ng({y)) in Lines 6 and 7, it is readily seen that
G = Cg(x)Cg(y) when (G, x, y) isin Line 6 and C; (x)Cg(y) < G when (G, x, y) is in
Line 7. Thus we have the ,/ symbol in Line 6, whereas 4/ is omitted in Line 7.
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6 Classical Groups: Unitary Groups

In this section, we assume that G is an almost simple group with socle L = PSU,, (g). Exactly
as in Section 5, we start with three technical lemmas, which help to locate the elements x
and y with G = Ng ((x))Ng ((y)).

Lemma6.1 Ler n be even. Suppose r>7"=D — 1 admits a primitive prime divisor t;. Let
g € Aut(PSU, (q)) with t; dividing [Nauwpsu,(q)) ((g))| and let T; be a cyclic subgroup of
order ty in Nau(psu, (q)) ({g)). Then

g € Caupsu,g)(12) =T,

where T is amaximal torus of PGU,, (q) having order q’"1 +1. In particular, |Aut(PSU, (q)) :
Caut(PsU, (9)) (&)| is relatively prime to t;.

Proof Let T be a maximal torus of PGU,(g) containing 7. Observe that 75 in its action on
V= F’;z fixes a 1-dimensional non-degenerate subspace and acts irreducibly on its comple-

ment. Thus |T| = ¢"~' + 1. Using the information in [9, Chapter 4] and [4, Chapter 3.2,
Tables B.1, B.2, B.3] together with the fact that n is even, we obtain

Cautpsu, ) (12) =T.

If 7o < Cautpsu, () (&), then g € Cauypsu,(g)(T2) = T and hence |[Aut(PSU,(q)) :
Caut(Psu, (¢)) ()| is relatively prime to 77, because so is [Aut(PSU,(q)) : T|.

It remains to consider the case that #, does not divide the order of Cau(psu,g)) (&)-
We aim to prove that this case cannot arise. As #; divides Naui(psu,(g)) ((¢)) and as
NautPsU, (¢)) ({€))/ CautPsu, (¢)) (&) acts faithfully as a group of automorphisms on the cyclic
group (g), we deduce that #, divides ¢(|g|), where ¢ is the Euler’s totient function. In par-
ticular, |g| is divisible by a prime p with , | p — 1. Without loss of generality, we may
suppose that |g] = p. As 2f(n — 1) divides to — 1, we have 2 f(n — 1) < t» and hence
g € PSU,,(¢). Now, as T5 acts non-trivially on (g), we deduce that 7> permutes non-trivially
the eigenspaces of g. However, this is a contradiction because t, > 2 f(n — 1) > n. O

Lemma 6.2 Let n be a positive integer with n/2 even, let t| be a primitive prime divisor of
rfm— 1, let g € Aut(PSU,,(q)) with t| dividing |Nautpsu, (q))({g)| and let Ty be a cyclic
subgroup of order t| in Nauwpsu,(q)) ((g)). Then

g € Cauw(psu, @) (T1) = (T, 1),

where T is a maximal torus of PGU,(q) having order (¢" — 1)/(q + 1), ¢ € Aut(PSU, (¢)),

|t]| = 2 and Cpgu, ) (t) = PGSp,,(q). In particular, INaupsu, ) ({€)) 1 CAu@sU, ) (&)
is relatively prime to t1.

Proof The hypothesis 1/2 even is used to guarantee that f; divides ¢’ — (—1), only when
i = n. The rest of the proof follows verbatim the proofs of Lemmas 5.1, 5.2 and 6.1.
The structure of Cau(psu, ¢))(T1) can be inferred from [4, Section 3.2, Table B.4] or [9,
Chapter 4]. o

Lemma6.3 Let n > 4 be even with n/2 odd. Suppose r’™'> — 1 admits a primitive prime
divisor t{. Let g € Aut(PSU,,(q)) with t] dividing INaupsu, (q)) ({(g)| and let T| be a cyclic
subgroup of order t{ in Naut(PsU, (¢)) ({g)). Then

g € Cauesu,q)(T)) = (T, 1),
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where T is a maximal torus of PGU,,(q) having order (¢" — 1)/(q + 1), t € Aut(PSU, (q)),

[t] = 2 and Cpgu, (q)(t) = PGSp,, (¢). In particular, INau@psU, ) (&) : Caut®su, ) ()]
is relatively prime to t].

Proof The hypothesis /2 odd is used to guarantee that ] divides ¢’ — (—1)’, only when
i = n. The rest of the proof follows verbatim the other analogous proofs. For this lemma,
the only part that is not trivial is showing that, 7{ is relatively prime to [Naut(psu, (¢)) ((g)) :
Caut(PSU, (¢)) (). Arguing as usual, we have that 1{ | p — 1, |g| = p and g is semisimple
because fn/2 < t{. Ast] is a primitive prime divisor of r/1/2 _ 1 we have that fn/2 divides
t{ — 1 and hence

afs+1=1
2P

forsome o € N.Ifaf > 1,thent] > n. Ifo = f = 1, then 1{ = n/2 + 1 is even because
n/2 is odd, which is a contradiction because n > 4. Therefore, in all cases ti > n. Now,
T| permutes the eigenspaces of g, but it must permute the eigenspaces trivially because
t; > n. O
1

From here onward we make use more intensively of the work of Liebeck, Praeger and
Saxl on maximal factorizations [16, 17].

Lemma 6.4 If L = PSU, (g) withn > 3, then (G, x, y) is in Line 8 or 9 of Table 1.

Proof When (n,q) € {(3,3),(3,5), (3,8), (4,2), (4,3), (6,2), (6,4), (9,2), (12, 2)}, the
proof follows with a computer computation with the computer algebra system MAGMA.

From [16, 17], we see that, when » is odd, G admits no proper factorization, except when
(n,q) € {(3,3),(3,5),(3,8), (9, 2)}. In particular, since we have already dealt with these
cases, for the rest of the proof, we may assume that n is even. Set m := n/2. The other
pairs that we have excluded with the computer computation allow us to conclude that the
only maximal factorizations of G are listed in [16, Table 1] and, via Zsigmondy’s theorem,
to guarantee the existence of a primitive prime divisor of 72/~ — 1 and r/* — 1 when
n/2 = mis even, and rf*/2 — 1 when n/2 = m is odd.

Let f, be a primitive prime divisor of r2/®=1 — 1. As 1, divides |L|, without loss of
generality, we may suppose that > divides |Y|. Let 7> be a cyclic subgroup of order #; in ¥
and let 7, be a maximal torus of PGU,(g) containing 7>. From Lemma 6.1, we obtain

yeTy,

where Ty is a torus having order q"‘1 + 1. As n is even, from [4, Section 3.2], the order of
Y divides
|G : G NPGU,(q)|k|GU -1y (g, 6.1

for some divisor x of n — 1. Moreover, from the structure of 7y, we also deduce that Y is
contained in the stabilizer of a 1-dimensional non-degenerate subspace of V. We claim that

k=1 6.2)

Since we have excluded above the pairs (n, g) € {(4,2), (4, 3), (6,2), (12,2)} and since
Y fixes anon-degenerate 1-dimensional subspace, using the classification of the factorizations
of almost simple groups with socle L = PSU,,(¢) in [16, 17], we see that X must be contained
in a maximal subgroup A of G with the property that one of the following holds:

(i) LNA=P,,
(i) LN A =PSp,,(¢q) =PSp,(q),
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(iii) LN A ="SL,,(4).2,qg =2, m > 3,
(iv) LNA="SL,(16).3.2,g =4and G > L.4.

In Cases (ii), (iii) and (iv), by comparing the size of a Sylow r-subgroup of Y with a Sylow
r-subgroup of A, we deduce that « = 1, that is, (6.2) holds true. All of these computations
are straightforward and we only give details to the Case (ii). Here,

nn—1)

G|, =IG : GNPSU,(@)lrg" 7.
IXI, <Qf)q"”,

=0 -1)
Y|, =IG : GNPSU,(@)|rkrq 2 .

Now, a tedious computation using this information yields that |G|, < |X|,|Y|, is satisfied
only when k = 1.

In Case (i), using the structure of P,, (which can be deduced by fixing a hyperbolic basis
for V'), we have

2
Py NLZE" :SLy(g%).(g — D).

We claim that also in this case k = 1. To prove this claim we use the factorization of the
order of |SL,,(¢?)| into cyclotomic polynomials, (6.1) and Zsigmondy’s theorem. Assume
first that n > 8 and let #’ be a primitive prime divisor of g2""=3 — 1. In particular, ¢’ divides
q"_3 + 1 and hence ¢’ divides |L|, because n is even. Now, as 2(n — 3) > n, t’ is relatively
prime to | P, | because

@ - D@E@" =D (g* - D> - 1)

cannot be divisible by ¢'. Therefore, ¢’ divides |Y|; but this is only possible when x = 1.
When n = 4, we have n — 1 = 3 and hence « € {1, 3}. However, if k = 3, then |Y| <
3(¢° + 1)|G : G NPGUy(g)| and hence

IG: X| <3(¢° + 1).

The minimal degree of a faithful permutation representation of PSU4(g) is (g + 1)(¢> + 1)
(see[10, Table 4]). As 3(q3 +1) < (g+ 1)(q3 +1), we have L < X, whichis a contradiction.
Finally, when n = 6, we have n — 1 = 5 and hence « € {1, 5}. However, if k = 5, then
Y| <5(¢° + 1)|G : G NPGUg(g)| and hence

|G : X| <5(g° +1).

The minimal degree of a faithful permutation representation of PSUg(q) is at least g7 (g* +
g% + 1) (see [10, Table 4]). As 5(¢° + 1) < ¢°(¢* + ¢% + 1), we have L < X, which is a
contradiction. This concludes the proof of our claim and hence we have proved (6.2).

From (6.2), Y N L is of type"GU,_(¢) and y € Z("GU,,_1(q)). Thus y is a semisimple
element of order a divisor of ¢ + 1 and y has an (n — 1)-dimensional eigenspace. In particular,
the order of Y divides

|G : G NPGU, (IIGU,-1(g)]. (6.3)
Using the description of ¥, we have that |G : Y| = |X : X N Y] is divisible by
qn—l qn —1

ged(n, g+ DG+ 1)

Let 71 be a primitive prime divisor of 7/” — 1 = ¢" — 1 when n/2 is even and let #; be a
primitive prime divisor of r/"/2 — 1 = ¢"/2 — 1 when n/2 is odd. Observe that in either case,
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t1 divides | X|. Let T be a cyclic subgroup of X of order #1, let C1 := Cayy(z)(T1) and let Ty
be a maximal torus of PGU, (¢) containing 77. From Lemmas 6.2 and 6.3, we obtain

Ci=(Tx,1), [l =2, 1€ Aut(PSU,(g)) \ PSU,(g) and Cpgu, (g) (1) = PGSp,,(q).

6.1 Assumex € Ty
Thus x is a semisimple element and X is a field extension subgroup of G. Thus, using the
information in [4, Section 3.2, Tables B.1, B.2, B.3], we deduce that the order of X divides

|G : G NPGU,(gq)| |G : GNPGU,(q)|
q+1 q+1

€1GU, /e (qH)|  or €GLue(g")].  (64)
for some divisor ¢ of n with £ > 2; where the case on the right occurs when ¢ is even and
the case on the left occurs when £ is odd.

From the structure of Y, we deduce [XNY|, > |GU,/¢—1 (qz)|r if {isodd,and | XNY |, >
|GLy/e—1 (qe)lr if £ is even. Suppose first that £ is odd. Using (6.3) and (6.4), we have

o) X1 1Y,
G : G NPGU 7 =Gy € ———
| o Gl = ehyT

<IG : GNPGU,(q)>t,q3(t Vg

(n—1)(n—2) (n—2)
e 50.(2),

A computation yields that this inequality is never satisfied since £ > 3. This shows that £ is
even and X is of type GL,, /¢ (ql).ﬂ. Then, using (6.3) and (6.4), we have again

nn—1) (n—1)(n—=2) (n—20)
oy olpen) 20 (3 )

¢ T <(G:GNPGUL(g)0),q2F Vg2 ¢ (6.5)

Another computation in the same spirit as the one above shows that £ = 2 and g € {2, 4, 16}.
By refining the computation above, we see that the case ¢ = 16 does not actually arise.
This can be seen by observing that (6.5) is satisfied only when G contains the whole field
automorphism of IF'qz, but now we can refine the bound |X N Y|, with 2|GL,, /2 (q2)|2.
Now, another computation with this refined value for |X N Y|, excludes the case ¢ = 16.
(Observe that this is in line with [16, Table 1], where we see that maximal factorizations
using C3-subgroups arise only when g € {2, 4}: see Cases (iii) and (iv) above.) When, ¢ = 2,
X is not a local subgroup (see for instance [12, Proposition 4.2.4]) and hence this case does
not arise. Thus ¢ = 4, x is an element of order (g2 — 1)/(g + 1) = 15/5 = 3 having no
eigenvalue in IE‘qz and y is an element of order 5 having an eigenspace of dimension n — 1.
Moreover, consulting [16, Table 1] or by a careful computation as above, we see that 4 divides
|G : Ll,. This example is in Line 8 of Table 1.

6.2 Assumex ¢ Tyand |x| = 2

Using the results in [4, Table B.4] (or in [9, Chapter 4]), we see that o (Cr(x)) is of type

PSp,(¢), orPQy(q)

and the second case only occurs when ¢ is odd. By distinguishing these two possibilities for
X, it is not hard to prove that |G|,|X N Y|, = |X|,|Y|, yields that X is of type PSU, (¢'/?)
or PSp, (¢) (to exclude the case P2 (¢) we require the fact that ¢ is odd). Incidentally, the
case that X is of type P25, (¢) can also be excluded by checking [16, Table 1].
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When X is of type PSp, (g), we obtain that x is an involution of order 2 with Cy (x) =
PSp,,(¢) and that y is an element of order dividing g 4+ 1 and having an eigenspace of
dimension n — 1. This example is in Line 9 of Table 1.

6.3 Assumex ¢ Tyand |x| > 2

As x% € T, \ {1} and x2 # 1, applying Section 6.1 to the factorization G = Ng((x2))Y,
we obtain that the triple (G, x2, y) is in Line 8 of Table 1. Therefore, ¢ = 4, Nz ((x2)) is of
type GL, /2 (¢%).2 and x? has order 3. Now, x> ¢ T and x> has order 2. Therefore, applying
Section 6.2 to the factorization G = Ng ((x3))Y, we obtain that the triple (G, x3, y) is in
Line 9 of Table 1. Thus x? € N7 ({(x*)) = C(x*) = Sp, (4). Thus

N ((x)) = Np((x%)) N Cp(x?) = Ngp, 4 ((x?)) = 3.SLy2(4).2. (6.6)

Now, let p be a primitive prime divisor of 2fn 1 = ¢q" — 1. Observe that, from (6.6),
p is relatively prime to | X|. When n/2 is even, p is also relatively prime to |GU, _1(¢)| and
hence p is relatively prime to |Y|. Therefore, in order to have G = XY, n/2 must be odd.
Assume n/2 is odd. Given i € {1, ..., n}, p divides ¢' — (—1) if and only if i € {n/2, n}.
Therefore, |G|, > |Y|, and hence also in this case we have G # XY. Summing up, we have
shown that this case does not give rise to a factorization of G.

Using the explicit description of Ng ({(x)), Ng({y)) in Lines 8 and 9, it is readily seen that
G = Cg(x)Cg(y) when (G, x, y) isin Line 9 and C; (x)Cg(y) < G when (G, x, y) is in
Line 8. Thus we have the ,/ symbol in Line 9, whereas 4/ is omitted in Line 8. O

7 Classical Groups: Symplectic Groups

Lemma7.1 Let n > 4 be even. Suppose r’™ — 1 admits a primitive prime divisor t,. Let
g € Aut(PSp,(q)) with t; dividing |Nauwpsp, (q))((g)| and let Ty be a cyclic subgroup of
order t in Nauw(psp, (¢)) ((g). Then

(T,t)y, whenn=4,r =2, fisodd,
g€ CAu[(Pspn(q))(Tl) = L graph-field automorphism,
T, otherwise,

where T is a maximal torus of PGSp,,(q) having order g"'* + 1, that is, T is a Singer cycle.

In particular; |Aut(PSp, (q)) : Cauupsp, (¢)) (&)| is relatively prime to t,.

Proof Let T be a maximal torus of PGSp,,(¢g) containing 7. Then T is a cyclic group of
order q"/ 2 4 1. The structure of Caut(psp, (¢)) (1) follows consulting [4, Section 3.4] and [9,
Chapter 4].

Suppose that 1 < Caupsp,(q))(8)- Then g € Cawpsp,q)(T1). If ¢ € T, then
[Aut(PSp,(¢)) : Cau(psL,(g)) (8)! is relatively prime to 71, because T < Cau(psp, (9)) (&)
and |Aut(PSp,(¢g)) : T| is relatively prime to ;. If g ¢ T,thenn = 4,r = 2 and f is
odd. Moreover, g is conjugate to ¢ because 7 has odd order. Therefore, g is an involution
and hence Cau(psp, (9))(8) = Nautpsp, (¢)) ((g))- Moreover, Cpsp (4)(8) = ?Ba(g). Since
1?B2(q)| = (¢* + 1)g*(q — 1) we have that |Aut(PSp, (¢)) : Cpsp, 4)(g)] is relatively prime
to 1.

Suppose that T; ﬁ Caut(psp, (¢))(€)- The usual argument using the faithful action of

Nautpsp, (9)) ((€))/ Caut(psp, (4))(g) on (g) gives that g € PSp,(q) and that g has order
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divisible by a prime p with #; | p — 1. However, as t{ > fn > n, we see that 71 cannot
permute non-trivially the eigenspaces of g. O

Lemma7.2 Letn > 6 be even. Suppose r/ =2 — 1 admits a primitive prime divisor t>. Let
g € Aut(PSp,(q)) with t; dividing |Nauwpsp, ¢)) ()| and let T» be a cyclic subgroup of
order ty in NAut(PSpn (q))((g)). Then

g € Cauwpsp, ) (T2) = (@27 +1) 0 GSpy(9).
In particular, |Aut(PSp,,(q)) : CAut(pspn (@) (@)| is relatively prime to t;.

Proof Using the information in [9, Chapter 4], we obtain
Cautpsp, ) (T2) = @ '+ Do GSp,(q).

Let T be the cyclic subgroup of order q”/ =14 1inC Aut(PSp, (¢)) (T2) and observe that T is
central in Cau(psp, (¢)) (12)-

Suppose that 7o < Cau(psp, (¢))(g)- Then g € Caupsp,(¢))(12) and hence g centralizes
T. Thus T < Caupsp,(¢)(g) and hence |Aut(PSp,(q)) : CaurpsL, () (8] is relatively
prime to #,, because so is |PSp,(¢q) : T|.

Suppose that 7 ﬁ Caut(psp, (¢))(g)- The usual argument using the faithful action of
Naut(psp, (9)) ((8))/Cautpsp, (9))(§) on (g) gives that g € PSp,(g) and that g has order
divisible by prime p with t, | p — 1. Without loss of generality, we may suppose that |g| = p
and hence g € PSp,(¢). Moreover, g is semisimple, because #, divides p — 1 and #, cannot
divide r — 1: recall that #, is a primitive prime divisor of 7/ "=2) — 1. Now, there exists @ € N
with

h=af(n—2)+1.

Ifaf > 1, then o > n and hence 7> cannot permute non-trivially the eigenspaces of g. If
af = 1,thentp = n — 1 is prime. We show that this is impossible. Under the action of 75,
the vector space V = 7 decomposes as

V=w.1w

where dimy, (W) = n—2 and the symplectic form induced by PSp,, (¢) on W is non-degener-
ate, W is an irreducible IF; 75-module, and W+ is a 2-dimensional trivial module for T». Since
we are supposing that 7> normalizes (g), 7> permutes the eigenspaces of g. The orthogonal
decomposition of V above yields that g has one eigenspace of dimension n — 2, and then
another eigenspace of dimension 2, or two eigenspaces of dimension 1. In either case, since
t» = n — 1 is prime, we see that 7, fixes setwise each eigenspace of g. From this it follows
that 7> centralizes g. O

Lemma7.3 If L =PSp,(q), then (G, x,y) is in Line 10 of Table 1.
Proof When
(n,q) € {(4,2), (4,3), (4, 4), (4, 8), (4, 16), (4,32), (6, 2), (6, 3), (8,2)},

the proof follows with a computation with the computer algebra system MAGMA. Now,
by excluding these cases, the maximal factorizations of the almost simple groups with socle
L = PSp, (q) appearin [16, Tables 1 and 2]. Moreover, by excluding these cases, we simplify
some of the computations later in the proof.

Let 7; be a primitive prime divisor of 7"/ — 1: as usual the existence of #; follows from
Zsigmondy’s theorem. As #; divides |L|, without loss of generality, we may suppose that 7
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divides | X|. Let T be a cyclic subgroup of X of order 1, let C1 := Cau(psp, (¢))(T1) and let
T be a maximal torus of PGSp,, (¢) containing 7;. Thus T is a torus of order g"*+1and
T is a cyclic subgroup of PGSp,,(¢). From Lemma 7.1, we obtain

(Ty,t), whenn=4,r =2, fisodd,is a graph-field automorphism,

geli= { Ty, otherwise.

Assume x € 7. Thus x is a semisimple element and X is a field extension subgroup of G.
We now discuss the structure of X. Assume first, for simplicity, that x € PSp, (¢) or n/2 is
odd. Thus, using [4, Section 3.4, Table B.7] and [9, Chapter 4 and Table 4.5.1], we see that
the order of X divides

FEGU (g2, (7.1)

for some divisor £ of n with n/¢ odd. When x € T, \ PSp, (¢) and n/2 is even, there are
a few more cases to consider. As Ty f PSp, (¢), g is odd. As n/2 is even, g"*+1=2
(mod 4) and hence T, = (a) x (b), where a has order 2 and (b) = T, N PSp,,(¢g) has order
(¢"? 4+ 1)/2. Using the references above, we obtain that

Neasp, () ({@)) = Cpasp, () (@) = Spn/Z(qz)'Q"

where the “2” on top acts as a field automorphism. Therefore, when ¢ is odd and n/2 is even,
we have the following possibilities for the order of X:

2£1SP,/2(g»)| and  f£IGU, e(g"?)], (7.2)

for each divisor £ of n with n/¢ odd.

Before considering the element y in general, we first consider the case n = 4. In this case,
from (7.1) and (7.2), | X| divides either 4 f (% + 1) or 2f|SL2(¢%)| = 2f¢*(¢* — 1). In the
first possibility, we have

m(PSp4(q)) < |G : Y| < |X| <4f(g> + 1), (7.3)

where m (PSp,(q)) is the minimal degree of a faithful permutation representation of PSp,(g).
Now, m(PSp4(g)) = (q4 —1)/(g—1),exceptwhengq € {2, 3}. (This information is tabulated,
for instance, in [10, Table 4].) The inequality (7.3) is satisfied only when r =2 and f < 3,
or ¢ = r = 3. However, these cases have been checked with the help of a computer.
Therefore, we may suppose that Cayz)(x) = SLo (¢%).2 f. In particular, ¢ is odd and x is
an involution. Observe that q2 = 1 (mod 4) and hence (q2 +1)/2 =1 (mod 2). Therefore
x € PGSp,(¢) \ PSp,(¢q) and hence PGSp,(¢) < G. In particular, |G : X| = ¢>(¢*> — 1)/2.

From [3, Table 8.12], we see that X = Cg(x) is a maximal subgroup of G. From the
classification of the maximal factorizations of almost simple groups [16, 17], we deduce that
Y is contained in a parabolic subgroup P of G whose unipotent radical Q is a non-abelian
group of order q3 (this information is in [16, (3.2.1a)]). Furthermore, from [3, Table 8.12],
we get that the shape of P N L is

E;* (g — 1) 0 Spa(q)).

As G = XY, we deduce that |G : X| = ¢%(¢> — 1)/2 divides |Y|. Using this description of
P itis not hard to see that the only elements y € P with the property that Np ((y)) has order
divisible by ¢%(g% — 1)/2 are the elements in ZQ = E,. Therefore, y is a transvection of
PSp4(g). In particular, we find the examples in Line 10 of Table 1 (for n = 4).

Suppose now that n > 6. Let 1, be a primitive prime divisor of /=2 — 1. Observe that
t> does exist because n > 6 and because we are excluding the case (n, g) = (8, 2) from our
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analysis here. From (7.1) and (7.2), | X| is relatively prime to #; and hence 7, divides |Y]. Let
T> be a cyclic subgroup of Y of order #, and set Cy := Cayz)(T2). From Lemma 7.2, we
obtain .

yeCy=(g2"" +1)0GSpy(q).

Write
Y = Yn-2Y2,

where y,_» belongs to the torus of cardinality ¢"/2>~! + 1 and y, belongs to GSp,(g). Now,
this decomposition of y induces a direct sum decomposition of the underlying vector space
V = V,—» L V5, where y induces y,_» on V,,_» and induces y, on V5. Since y,_; is
semisimple, the (y,_»)-module V,,_; is the direct sum of pair-wise isomorphic irreducible
modules.

SUPPOSE THAT NONE OF THESE MODULES IS ISOMORPHIC TO ANY OF THE IRRE-
DUCIBLE (y)- SUBMODULES OF V; (here, we are including the possibility that y, is a
non-identity unipotent element and hence V5 is indecomposable with a unique irreducible
submodule, which is the trivial module).

In this case, Ng ({(y)) = Y preserves the direct sum decomposition V> L V,,_> and hence
Y is contained in the stabilizer in G of a 2-dimensional non-degenerate subspace of V. Now,
by checking the maximal factorizations of the almost simple group G in [16, Tables 1 and 2],
we see that one of the following holds:

(i) XNL < Spn/2(4).2, g =2,n/2iseven,
(i) XNL< Spn/2(16).2, g =4,n/2iseven, G = Aut(L) = L.2,
(iii)) X NL < Ga(q),q isevenand n = 6.

All of these three cases can be eliminated with a computation. Indeed, since Sp,, /2(4).2,
Sp,/»(16).2 and G2 (g) normalize no non-identity cyclic subgroup, we deduce that XN L must
be strictly contained in this embedding. However, by comparing the order of X (see (7.1)),
Y and G, we see that the equality G = XY cannot be satisfied. These computations can
be performed in the same spirit as the analogous computations for almost simple groups
having socle PSL, (¢) and PSU, (¢). For instance, in Case (iii), we have n = 6 and hence,
from (7.1), we have that | X | divides 2 f|GU3(q)|; moreover, | Y | divides |Sp,(q) L Sps(g)|f.
A computation shows that | X|>|Y |, < |G|z, contradicting G = XY. We omit the details of
the remaining computations for Cases (i) and (ii).

This means that, in order to have a factorization G = XY = Ng((x))Ng((y)), some
of the (y,_»)-irreducible submodules of V,,_, are isomorphic to some of the irreducible
submodules of V5. As y» € GSp,(q), this implies that the irreducible (y,—2)-submodules of
V,,—2 have dimension at most 2 and hence y,—, has order a divisor of g + 1.

SUPPOSE THAT y = y» IS A UNIPOTENT ELEMENT. Thus y is a transvection of PSp,, (¢)
and

NeGsp, @) () = E;T72 2 ((g — 1) x Sp,_2(q)).

Assume that X is of type Sp, >(q 2y (recall from (7.1) and (7.2) that when this happens,
x is an involution and n/2 is even). Since n/2 is even, ¢"/> + 1 = 2 (mod 4) and hence
x € PGSp, (¢) \ PSp,,(¢). In particular, we find one of the examples in Line 10 of Table 1.
When X is not of type Sp,, > (g %), we deduce, by consulting the factorizations of the almost
simple groups with socle L = PSp, (¢) in [16] and by consulting the structure of X and Y,
that there are no triples (G, x, y) occurring in this case.

SUPPOSE THAT y IS NOT A UNIPOTENT ELEMENT. If r divides |y|, then y; is a non-identity
unipotent element. However, this contradicts the fact that some of the (y,_»)-irreducible
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submodules of V,_» are isomorphic to some of the irreducible submodules of V». Therefore
r is relatively prime to |y| and hence y is a semisimple element. From the compatibility
condition between the I (y,—2)-submodules of V,,_; and the F, (y2)-submodules of V;, we
obtain|y| = |y,—2| = |y2| and that | y|isadivisor of g+ 1. This gives that C, (y) ’EAGUH/Z(q)
or Cr(y) = Sp, /z(qz), depending on whether n/2 is odd or even. Using this information
on the structure of X and Y and consulting the list of maximal factorizations for G in [16,
Tables 1 and 2], we deduce that there are no examples arising in this case.

Assume that x ¢ T,. This implies n = 4, r = 2 and f is odd. Note that |Ty| is odd
while |x| is even. Thus by Lemma 3.4 we may assume that x is an involution and so is a
graph-field automorphism of PSp,(g) = Sps(¢). Thus X > Ny ({(x)) = Cp(x) = 2Bg(q)
is a Suzuki group. From [3, Table 8.14], we deduce that X is a maximal subgroup of G.
Using the classification of the maximal factorizations of the almost simple groups having
socle Sp,(g) [16, Table 2], we deduce that

Y NL <0} (q) =SLa(g) x SLa(q).

Suppose that Y N L does not contain any of the two simple direct factors of Oj{ (¢). Then
|O;‘|r () : Y NL| > (g + 1)? because the minimal degree of a permutation representation of
SL»(g) is g + 1. Therefore |Y N L| < [SLy(¢)|>/(qg + 1)*> = g*(qg — 1)* and hence

1G] < IXIIY| <2f(g* + Dg*(g— 1) -¢*(g = D*|Y : LNY|.
As|G| = |G : Llg*(g* — 1)(¢® — 1) and |G : L| > |Y : ¥ N L|, we deduce
(@+D?<2f(g—1,

which is impossible. Therefore, Y contains at least one of the two simple direct factors of
OI (g)- Let us denote by S| and S, the two simple direct factors of OZ (g). Without loss
of generality we assume S| < Y. Since Ng((y))/Cg(y) is soluble and since SL;(g) is
simple, we deduce S; < Cg(y) and hence y € Cg(S7). Using the action of the outer
automorphism group of L = Sp,(q), we deduce Cg(S1) < L and hence y € CL(S1). As
CL(S1) <Np(8) < Oj(q), we have C (S1) = S and hence y € 5. Since the normalizers
of the non-identity elements of S» = SL,(¢) have order g, 2(¢ — 1) or 2(q + 1), we deduce

ILNY[ <105 (@)NY|= INoj ) (UDI = IS112(g + 1) = 2q(q*> — (g + 1).
Now, as
G : Lig*(¢* = 1)(g*— 1) =|G| < IXI|Y|<2f(g*+1)q*(q—1)-2q(g*—1)(g+D|Y : LNY|

and |G : L|>|Y:LNY|, wegetg <2f, which is a contradiction. Hence, no triple arises
in this case.

Using the explicit description of Ng({x)), Ng({y)) in Line 10, it is readily seen that
G = C5(x)Cg(y). Thus we have the ,/ symbol in Line 10. O

8 Classical Groups: Odd Dimensional Orthogonal Groups

The analysis in this section is similar to the work in Section 7; indeed, from one side, we
use the classification of Liebeck, Praeger and Saxl [16, 17] and, from the other side, the
factorizations arising in the context of odd dimensional orthogonal groups resemble the
factorizations for symplectic groups.
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Lemma 8.1 If L = P, (q) with n odd, then (G, x, y) is in Line 14 of Table 1.

Proof When (n, q) = (7, 3), the proof follows with a computer computation: no example
arises. Thus we assume that (n, g) # (7, 3). Set m := (n — 1)/2. We start by summarizing
the maximal factorizations

G =AB

of almost simple groups with socle L = €2,,(¢) (as usual we use the notation from [16, 17]):

. ANL=N; and BNL = Py,
2. n=7,ANL = Gz(q) and B N L is either Py, or Ny, or Nj, with e € {+, —},
3.n=13,9g=3/,ANL =PSps(3/).awitha <2and BNL = N,
4.n=25¢9=3/,ANL=F,;3)and BNL = N;.

Replacing X by Y if necessary, we may suppose that
X<A and Y <B. 8.1)

CASES 2, 3 AND 4.
Here A is an almost simple subgroup of G and hence X is a core-free proper subgroup of A.
By Lemma 3.1, the factorization G = XY gives rise to the factorization

A=X({YNA) (8.2)

of A.

Now, from [16, Table 5], we see that Fy (3f ) admits no proper factorizations. Hence A < X
or A <Y N A, which are both impossible. Therefore Case 4 does not arise.

Assume Case 2. From [16, Table 5], we see that G2 (q) admits proper factorizations with
g odd only when g = 3/. Observe that f > 2, because we have dealt with Q7(3) above. Let
A = A’B’ be a maximal factorization of A with X < A’ and with ¥ N A < B’. Using the
maximal factorizations of G,(q), we see that A’ N G,(q) is one of the following groups

SL3(g), SLi(9).2, SUs(g), SUs(q):2, *Ga(q),

where, for the last case, we require f odd, but we do not need this information here. From
G = AB = XB and (8.2), we deduce |G : B| = |[A: AN B| = |X : X N B| and hence
|G : B] divides | X|. Thus

|G : B| divides |A’|. (8.3)
Now,
3C-1 When LN B =N
q° when L N B = 1
3
q”%“ when L N B = N,
IG: B| = q52‘§g:}) when L N B = N5,
q° z%q:) when LN B = N;,
6
‘fq_*ll when LN B = P,.

Using this explicit value of |G : B| and using (8.3), we deduce that

— either LN B = N;” and A’ N Ga(q) € {SL3(¢), SL3(g).2}, or
—~ LN B =N; and A’ N Ga(q) € {SU3(q), SUs(g).2}.

As g = 37/, we have gcd(3,q — 1) = ged(3,9 + 1) = 1 and hence A’ is an almost
simple group with socle SL3(g) or SU3(g). Recall now that, since X < A’, we have X =
Ng({(x)) = Na/({x)). Now, it is not hard to verify that Aut(SL3(g)) and Aut(SU3(q))
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do not contain a non-identity cyclic subgroup (x) whose normalizer has order divisible by
|G : B € {(q3 - 1)q3/2, (q3 + 1)q3/2}. Hence, Case 2 does not arise.

The analysis for Case 3 is similar to Case 2, but simpler. The factorization for Q337 )
arising in Case 3 is described in detail in [16, 4.6.3, Lemma A]. Observe that A is an almost
simple group with socle PSpg(g). As Ng({(x)) = X < A, we have X = Na((x)). As
G = XB and G = LB, we deduce that

IL:LNB|=|G:B|=|X:XNB|.
Since L N B = N, in Case 3, we have

(q° — Dg®
2

and hence (¢® — 1)¢®/2 divides |X|. Now, it is not hard to verify, using [3, Tables 8.28
and 8.29] that Aut(PSpg(g)) contains no non-identity group elements g # 1 with
INAut(Psp, (¢)) ({g))] divisible by ¢®(¢® — 1)/2. Hence, Case 3 does not arise.
CASE 1. Replacing X with Y if necessary, X N L < N and Y N L < Py, where N| is the
stabilizer in L of a 1-dimensional non-degenerate subspace of “minus type” and P, is the
stabilizer in L of a totally isotropic subspace of dimension m; in particular, P, is a parabolic
subgroup.

For simplicity, let Ax be the stabilizer in G of a 1-dimensional non-degenerate subspace
of “minus type” with X < Ay and let By be a parabolic subgroup of G with ¥ < By. It will
also be convenient to let P,,, be a parabolic subgroup of SO, (q) with By N L < Pm Thus

|L:LNB|=I[Q3(q): N, |=

m(m 1) +m

AxNL=Q5 (¢).2 and ByNLZE, : 3GL ().
Moreover,
_ q"(q" —1)
G : Axl =IL: L0 Ax| = [Qm+1(q) : PRy, (@).2] = ——5——. (8.4)

Now G = XP,, so X acts transitively on the set of all totally isotropic subspaces of
dimension m. Since (m, q) # (7,3) we have from [7, Theorem 7.1] that Q, (¢) < X.
Since, €2,,,(g) has trivial centre and is insoluble, it follows that €2, (¢) < Cg(x) Thus
SO, (g) < G and x € SO,(¢)\2,(g) is an involution.

We now fix an Fy-basis ey, ..., ey, w, f1,..., fin of V such that the symmetric matrix
defining L = Q2,41 (g) with respect to this ordered basis is the matrix
00171
J=1010],
100

where we use / to denote the m x m identity matrix. Using this matrix representation, £,
has unipotent radical subgroup

Iv B
m(m—l)+
0=1101-v"] |veF" BeMatyuu@y),B+B +vv' =0y =E, > .
00 I

Moreover, the Levi complement of Q in Py is

A0 0
£=1101 o0 | A € GLu(q) } = GL,,(q).
00 (A Yy
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In what follows we also need the following subgroup

I 0 B m(m—1)
Z={(010] |BeMatyu®),B'=-B}t =E, *
001

A simple computation yields that Z < Z(Q).

Let  be a primitive prime divisor of /™ — 1 and observe that the existence of 7 is guaranteed
by Zsigmondy’s theorem, because r is odd and m > 3. By (8.4), ¢ divides |G : Ax| and
hence ¢ divides |Y|. Let T be a cyclic subgroup of Y having order . We claim that

y e Co(T). (8.5)

Since ¢ divides |Y| and since ¢ is a primitive prime divisor of /™ — 1, we deduce that
T < Landhence T < L N By = P,. Suppose that ¢ divides [Ng((y)) : Cg(y)|. Then,
from the faithful action of 7" on (y), we deduce that |y| is divisible by a prime number
p with r| p — 1. Set y’ := yPVP Now, y’ is an element of prime order p. Moreover,
using the fact that 7 is a primitive prime divisor of /™ — 1 and that 7| (p — 1), we have
y € LNY < P, and y’ is semisimple. Furthermore, ¢ divides [Ng((y’)) : C(y")|. In
particular, T and y’ are semisimple elements in 13,,, and hence, using the explicit description
of 13m above, we deduce that 7 and y’ are both in a Levi complement (which is isomorphic
to GL,,(q)) of P,. Applying Lemma 5.1 to GL,,(¢g) yields that it is impossible to have ¢
divides [NGL,, () (()")) : CGL,.(q)(¥)|. Since ¢ divides |Y| = [Ng((y)|, we get T < Cg(g).
Therefore, (8.5) holds true.
From (8.5), we deduce y € SO, (¢) and hence

y € Py. (8.6)

Let
A0 0

m=[01 0
00 (b

be a generator of T. Now, using the explicit description of Q and £ above, we see that
Cﬁm (T) = T, x W, where T,, is a torus in £ = GL,,(¢g) of cardinality g™ — 1 and

10B
W = 010 |BeMat,xnFy),B+B =0,ABA =B
001

From (8.5) and (8.6), we have y € T;;, x W.
We claim that
yeW. (8.7)

We argue by contradiction and we suppose that y ¢ W. Then, replacing y by a suitable
power, we may assume that y has prime order and y € T,,,. Using the explicit description of
P,,, it can be deduced that

Y NSO, (q) = Nso,((¥) =Np ((y) € ZL.

However, Z £ is not transitive on the non-degenerate 1-dimensional subspaces of “minus type”
and hence AxY # G, which is a contradiction because in Case 1 Y does act transitively
on the set of 1-dimensional non-degenerate subspaces of “minus type”. Therefore, we must
have y € W and y is a unipotent element of order r. Therefore, (8.7) holds true.
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Now, it can be shown that the set
{B € Matmxm(q) | B' = —B, ABA = B}

contains a non-zero matrix only when m is even. Thus m is even. Moreover, from [4,
Table B.12], we have

m(m—1)

CL)=E, 2 " :Sp(q). (8.8)

Thus we obtain the examples in Line 14 of Table 1.
Using the explicit description of NG ({x)), Ng({y)) in Line 14, it is readily seen that
G = C(x)Cg(y). Thus we have the ,/ symbol in Line 14. O

9 Classical Groups: Even Dimensional Orthogonal Groups Having Witt
Defect 1

We begin with the following lemma.

Lemma 9.1 Letm = 5 be odd, let n = 2m and let g € Aut(P; (9)) with g # 1 and with
|NAut(PQ; @) ((g))| divisible by

m(m—1)

g 7 @+ D@ =D (@* + D - D).

Then g is an involution not in P2, (q) and

C () = Sp,_2(q) when q is even,
P2, (9)\8) = Qu_1(q) whenq is odd.

Proof Set v := ¢" "= D/2(g" 1 + 1)(g" 2 = 1)---(¢> + (g — 1), L := PQ; (¢) and
A = Aut(P2, (g)). The proof follows by an inspection of Section 3.5 and Tables B.11, B.12
in [4]. We give some details to make this inspection more elementary.

Suppose first that g has prime order. Assume also that g € L. Now,

INA((g)) - CL(&)] = INa({g)) : NL((gDIINL((g)) : CL(g)I- CRY;

The first factor on the right hand side of (9.1) divides |Out(L)|. Observe that the second
factor on the right hand side of (9.1) divides r — 1 when g is unipotent (because |g| = r
and ¢(r) = r — 1) and divides n when g is semisimple (because N ({g))/Cr(g) acts by
permuting the eigenspaces of g). Therefore, |Cy (g)| is divisible by v/¢, where £ := £1¢2,
£1 = gcd(v, |Out(L)]|) < 8f and £, < r — 1 when g is unipotent and £, < 2m when g
is semisimple. Now, using [4, Section 3.5], a case-by-case analysis shows that there is no g
having centralizer divisible by such a large number.

Assume that g ¢ L. Leth € L N N4({g)). Then, gh =gl forsomel <i < |g| —I.
Now,

hlghg™! =gl eLnig) =1

and hence i = 1. This shows that L N N4 ({g)) = CL(g). Therefore
INa({(g)) : CL(g)l = INa((g)L : L]

and hence N4 ((g)) : Cr(g)| divides |Out(L)|. Therefore, |Cy,(g)| is divisible by v/£, where
£ := gcd(v, [Out(L)]) < 8f. Now, using [4, Section 3.5] and the notation therein, we see
that the only elements having prime order with g ¢ L and having centralizer divisible by such
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a large number are conjugate to y; when ¢ is odd and to b1 when ¢ is even. Moreover, the
structure of Cr (g) is discussed in [4, Section 3.5.2] when ¢ is odd and in [4, Section 3.5.4]
when g is even. The proof of the lemma follows in this case.

Suppose now that g does not have prime order. We need to show that no extra case arises.
Observe that from the previous part of the proof, g has order a power of 2. Without loss of
generality, replacing g by g!¢//4 if necessary, we may suppose that g has order 4. Observe
that g2 is A-conjugate to | when ¢ is odd and to b; when ¢ is even. Set A := C4(g2)/(g?)
and adopt the “bar” notation for the projection of C4(g?) onto A. We have

7 ~ ] Aut(Sp,_,(¢q)) when g is even,
| Aut(2,-1(¢)) when g is odd.

Moreover, N ((g)) = C;(g). This shows that C ;(g) has order divisible by v/2. When g is
odd, we may apply [4, Section 3.5] to the odd dimensional orthogonal group €2,,_1(¢) and we
see that Aut(€2,—1(¢)) contains no involutions whose centralizer has order divisible by v/2.
Similarly, when ¢ is even, we may apply [4, Section 3.4] to the symplectic group Sp,,_»(q)
and we see that Aut(Sp,,_,(q)) contains no involutions whose centralizer has order divisible
by v/2 (to check this it is useful to recall thatn — 2 = 2m — 2 > 8). O

We are also going to need [18, Lemma 4.4] that lists all possibilities of 'O,,, (¢) that act
transitively on an orbit of €25,,(g) on nonsingular 1-subspaces. However, it is not claimed
there that all groups listed are actually transitive. We rule out two possibilities with the
following lemma.

Lemma 9.2 LetY <TI0, (2) suchthatm =2 (mod 4) and either SU,,/4(2*) or 2, ,(2%)
isnormal in Y. Then Y does not act transitively on the set of nonsingular 1-subspaces.

Proof Note that SU,,/4(2%) < Q- /2(24) < I'0;,,(2) and so it suffices to show that ¥ :=
Nro; (2)(Q,; /2(24)) is not transitive on the set of nonsingular 1-spaces. Let k = GF(2),

V = k¥ and Q be a nondegenerate quadratic form on V of “minus type”. Let A = {v €
V| Q(v) = 1}, which corresponds to the set of all nonsingular 1-subspaces of V. Consider V
as a m /2-dimensional vector space over K = GF(2*). Following [16, p. 59],1et P : V — K
be a nondegenerate quadratic form on V of “minus type” such that Q = Trx_; o P,
that is, Q(v) = P(v) + P(v)? + P(v)* + P(v)® for each v € V. Note that A = {v €
V| PW + PW?+ PW?*+ P83 = 1}. Now arguing as in [16, p. 59] we have that
Y = (Q;/2(24),¢), where ¢ : V — V has order 8 and P(v?) = P(v)?, where 7 is a
generator of Aut(GF(2%)).

Let v € V such that P(v) # 0. Then P((v)x) = K. Since Trg_ is k-linear, its kernel
has size 8 and so there are precisely 8 elements w € (v)k such that Q(w) = 1. Since the
isometry group of P has index 4 in Y, it follows that Y is not transitive on A. O

Lemma 9.3 If L =P, (q), then (G, x,y) is in Lines 11, 12 or 13 of Table 1.

Proof When (1, ¢) = (8, 2), the proof follows with a computer computation with the com-
puter algebra system MAGMA: there are no triples in this case. Set m := n/2. From [16, 17],
there exist two core-free maximal subgroups A and B of G, with X < A and with Y < B.
Moreover, replacing x by y if necessary, from [16], we see that one of the following holds:

1. L=PQ,(2), ANL=Alt(12)and BN L = Py,
2. ANL = Nj, BNL="GU,(gq) and m is odd,
3. ANL = P;,BNL="GU,(q) and m is odd,
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4. ANL=N;,BNL=.,(q>.2,q €{2,4},misevenand G = Aut(L),
5. ANL=N;,BNL=GU,@#),q=4misoddand G = Aut(L).

CASE 1.

This case can be dealt with a computer computation and we obtain one of the examples in
Line 11 of Table 1.

CASE 5.

The factorization G = XY of G gives rise to the factorization

B=GNB=XYNB=(XNB)Y

of B, via Lemma 3.1. Let us denote by g — g the natural projection from B to B =
B/Z(B N L) = B/Z(GU,,(4)) and observe that Z(GU,,(q)) has order gcd(m,q + 1) =
ged(m, 5). Now, B is an almost simple group with socle PSU,, (4) with m odd. An inspection
of [16] reveals that this group B has no maximal factorizations and hence the factorization
B = (X N B)Y implies B = Y, or B = X N B. The second option is absurd because, by
hypothesis, XNL < ANL = N2 and N2 N B cannot project surjectively to B. Therefore
B =Y and hence y € Z(GU,,(4)). In particular, Z(GU,,(4)) # 1 and hence 5 divides m.
Moreover,

Y = Ng(Z(GU,,(4))), 9.2)

|y] = 5 and y is a semisimple element having no eigenvalue in [F,,.

Now, by [12, Lemma 4.1.1], Q5 (4) x @, ,(4) < ANL = N = 05 (4) x O, ,(4)
and ANLNO;J(4) = Q5 (4). Hence A = Ng (23 (4)) and |Q3 (4)| = 3.1f (x) = Q5 (4),
we obtain the examples in Line 12 of Table 1. Suppose then (x) #* Q+(4) Let us denote
by g — % the natural projection from A to A = A/Z. Now, A is an almost simple group
with socle P25, ,(4). As usual, from Lemma 3.1, the factorization G = XY gives rise to a
factorization A = X (A NY) of A and hence to the factorization A = XA N Y of the almost
simple group A having socle PR, 2(q) As 2m —2)/2 = m — 1 is even, Case 4 holds for

the factorization, A = XA NY, that is, X is contained in a subgroup of type Ny of A, or of
type 2, _, 2= 2, _,(16).2. However, the first possibility is impossible, otherwise we
would have a factorization of G where one of the two factors (namely X) is contained in the
stabilizer of a 3-dimensional non-degenerate subspace of V = IF;, contradicting [16]. In the
second case, we claim that | X| is not divisible by |G : B|. Indeed, from (9.2), we have

|G : B| = |P$2, (9) : GUn(q)]

is divisible by ¢ =2 — 1, because m is odd. However, if ¢ is a primitive prime divisor of
g™~2 — 1, then it is readily seen that ¢ is relatively prime to 12,1 (¢%).2| and hence to | X]|.
CASES 2, 3 AND 4.

Suppose first that B N L ="GU,,(g)). From the factorization G = X B, we deduce that | X|

is divisible by |G : B| and hence by

m(m—1)
ILB:B|=|L:LNBl=q = @" '+ 1)@"2=1--(@>+1)(g - 1.

Now, Lemma 9.1 yields that x is an involution whose centraliser is Nj. Thus AN L = Nj.
Hence, Case 3 does not occur and we only need to consider Cases 2 and 4. In both cases we
have AN L = N;. Hence X < Nj and so Y acts transitively on an L-orbit of nonsingular
1-subspaces. Thus by [18, Lemma 4.4] and Lemma 9.2 we have that one of the following is
a normal subgroup Yq of Y:
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1. SU,,(¢g) and m odd;
2. SUm/2(q2), withm =2 (mod 4), m > 6,and g =2 or 4;
3. Q, (¢?) with m even and g = 2 or 4.

The last possibility is that Yy has trivial centre and is insoluble, so must lie in C (y). How-
ever, inspecting [4, Section 3.5] we see that this is not possible (note that Y is irreducible).
When Yy = SU,,(q) wehavethat B = Y = Ng((y)) forsome y € Z(BNL) = Z(GU,,(q)).
Thus y is semisimple of order a divisor of ¢ + 1 and y has no eigenvalue in F,. Moreover,
the argument at the start of the paragraph yields that x is an involution whose centraliser is
Nj and so we have Line 11.

It remains to consider the case where Yy = SUm/z(qZ) when ¢ = 2 or 4. Then ¥ =
Ng((y)) forsome y € Z(BN L) = Z(GUm/Z(qz)). Thus y is semisimple of order g +1
and y has no eigenvalue in IF 2. We also have that BN L = O,, (¢%) and so for the maximal
factorisation to exist we need G = Aut(L). Using the argument in [16, p. 59],let Q : V —
GF(g) and P : V — GF(g?) be nondegenerate quadratic forms of “minus type” such that
Q =T, ,oP Letv € V such that Q(v) = 1. As the elements of (U)GF(q2) have

distinet P-values, we have that BON1 = 05,,(4%)s = 03, (4" )2 = SPw—2(a%) X Ca.

By [16, Table 1] we have that O;,(¢%) = (Sp,,_»(¢*) x C2)(GU,,/2(¢*).2) and so B =
(Spm_z(q2) X Cz)(GUm/z(qz)Af), where f = 2 if ¢ = 4 and f = 1 otherwise. Thus
B = (BN N;p)Y and so by Lemma 3.1 G = N;Y. Note that N; is the centraliser in G
of an involution in SO,,, (¢)\£2,,, () whose centraliser in L is Sp, _,(¢q), and so we have
the factorisation in Line 13 of Table 1. It remains to show that it is not possible to have
X < Nj. Note that Ny = Sp,_,(2) x C2 when ¢ = 2, while when ¢ = 4 we have
N1 = (Sp,,_»(4) x {(¢)) x C, where ¢ is a field automorphism. Also if x = (x1, x2) € Ny,
then X < Ngp, ,4)x(g)({(x1)) X C2. Note that it remains to consider the case where x; # 1.
Looking at |X : B| we deduce that a primitive prime divisor of =2 _ 1 divides | X|
and so, by Lemma 7.1, we deduce that x| lies in a maximal torus of PGSp,,_,(q) of order
q"~2/2 + 1. Then looking at the possible orders of Nsp, ,4)x ) ((x1)) we deduce that no
factorisation arises.

In Line 11, we see from [16, 3.5.2(b)] that "SU,,(q) < Cg(y) acts transitively on an
L-orbit of nonsingular 1-spaces and so we get G = Cg(x)Cg(y). However, for Lines 12
and 13 we see in [16, 3.5.1 and 3.5.2(c)] that C (y) needs to contain field automorphisms to
be transitive on the conjugacy class (x)C. Since such elements of Ng ({(y)) do not centralise
vy, it follows that C(x)Cg(y) < G. Thus we have the / symbol in Line 11, whereas ,/ is
omitted in Lines 12 and 13.
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