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Abstract

This work studies questions of existence, uniqueness, dependence on initial data, and reg-
ularity of solutions to the Cauchy problem for nonlocal evolution equations with data in
Sobolev spaces. The focus is on integrable Camassa—Holm type equations and in particu-
lar the Novikov equation and its dispersive modification. These equations apart from being
interesting on their own right, also they can serve as “toy” models for the Euler equations.
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1 Introduction and Results

In this work, we investigate questions of existence, uniqueness, dependence on initial data,
and regularity of solutions to the initial value problem of nonlocal evolution equations. Our
focus is on Camassa—Holm type equations with initial data in Sobolev spaces. We begin
with four integrable equations, which Vladimir Novikov [69] derived in a unified way by
examining the question of integrability for Camassa—Holm type equations of the form

(I- 33)11, = P(u, ux, Uyx, Uxxx,...),

where P is a polynomial of u and its x-derivatives. Using as definition of integrability the
existence of an infinite hierarchy of (quasi-) local higher symmetries, he produced about
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20 integrable equations with quadratic nonlinearities that include the Camassa—Holm (CH)
equation (see [14])

1 1
du + Eax(uz) +(1—0%)71, |:u2 + 5(axu)2] =0
and the Degasperis—Procesi (DP) equation (see [24])
3
du + udu + (1 —92)"1a, |:§u2:| =0,

both written in their nonlocal evolutionary form. Also, he produced about 10 integrable
equations with cubic nonlinearities that include the following one

1 3 1
du + 5a,c(bﬁ) + (1 —0H7 1, [u3 + 5u(axu)z] +(1—9H7! [E(axuf] =0,

which is called the Novikov equation (NE) and the Fokas—Olver—Rosenau—Qiao (FORQ)
equation

du + %ax(bﬁ) -~ %(8xu)3 +1—-8)""a, Elﬁ + uui] +1—dH""a, Eu;] =0,
which was derived earlier in [28, 70] and [72], and which is the only non-quasilinear integrable
CH type equation considered here.

The CH equation arose initially in the context of hereditary symmetries studied by
Fuchssteiner and Fokas [29]. However, it was written explicitly as a water wave equation by
Camassa and Holm [14], who derived it from the Euler equations of hydrodynamics using
asymptotic expansions. Also, they derived its peakon solutions. The existence of peakon
solutions is a common phenomenon of CH, DP, NE and FORQ. On the line, these are of the

form
CH, DP: u(x, 1) = ce "'l NE: u(x, 1) = Jce =<'l

1.1
FORQ: u(x,t) = \/zze—lx—“'. (-1

In fact, the discovery of CH by Camassa and Holm in 1993 was partly driven by the desire
to find a water wave equation which has traveling wave solutions that “break” (see [76]).
Recall, that the celebrated Korteweg—de Vries (KdV) equation [10, 57]

du + 6udu 4 3u =0,

which is a model of long water waves propagating in a channel, has only smooth solitons
like

u(x,t) = %sech2 <\f(x — ct)) .

Also, CH, DP and NE have multipeakon solutions of the form

n
u(x, )=y pjt)e =40l
j=1

which will be discussed further later since they play an important role in the well-posedness
theory of these equations. For more about peakon and multipeakon solutions of Camassa—
Holm type equations we refer the reader to [2, 4, 5, 20, 62] and the references therein.

Next, we provide a brief survey on the well-posedness results for these equations. We
begin by recalling the definition of well-posedness in Sobolev spaces on the line or the circle
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H® = H®* (R or T) according to Hadamard, which is expressed by the following three
properties:

(i) For any initial data u(0) € H*® there exists (a lifespan) 7" = T,y > 0 and a solution
u € C([0, T]; H®) to the CH (DP, NE or FORQ) Cauchy problem.
(ii) This solution u is unique in the Hadamard space C ([0, T]; H®).
(iii) The data-to-solution map u(0) — u(t) is continuous from H* into C([0, T']; HY).

The CH and DP equations Next result states that for s > 3/2 CH and DP are well-posed in
the Sobolev spaces H* in the sense of Hadamard and the dependence of solutions on initial
data is sharp, that is, it is not better than continuous.

Theorem 1.1 (CH and DP well-posedness) The Cauchy problem for the CH and DP equations
is well-posed in H® for s > 3/2. More precisely, if s > 3/2 and ug € H® then there exist
T > 0 and a unique solution u € C([0, T]; H®) of the initial value problem for CH and DP,
which depends continuously on the initial data uy. Furthermore, we have the estimate

lu@las < 2lluollgs fort = 1/Qcslluollgs) =T, (1.2)

where ¢s > 0 is a constant depending on s.
(Nonuniform Dependence) Furthermore, the data-to-solution map for these equations is
not uniformly continuous from any bounded subset in H® into C ([0, T]; H®).

Well-posedness of CH on the circle was proved in [44] by writing it as an ODE in a
Banach space where one can prove existence and uniqueness of solutions and their continuous
dependence on the initial data when these belong to a Sobolev space H*(T) with s > 3/2.
This method follows Arnold’s approach [1] for the study of the Euler equations (see [25]).
On the real line, well-posedness of CH for s > 3/2 was proved by Li and Olver [63] using
a regularization technique like in Bona and Smith [7]. The well-posedness of CH was also
studied by Danchin [22], Misiolek [68] and Rodriguez-Blanco [73] using various approaches.
Other works about CH can be found in [11, 12, 16-19, 23, 45, 47, 49, 50, 52, 66, 67], and
[3]. For the well-posedness of DP we refer to [77] and in [34]. At this point we note that the

peakon solutions u(¢) defined in (1.1) belong in H 5 _H3. Therefore, these solutions are not
covered by the (strong) local well posedness results mentioned in this paper. However, they are
Lipchitz functions, i.e. they belong in W 1-°°. But, the translation operator is not continuous in
WL(R). So, for initial data X = H(R) N W1 (R) (containing the peakons) one can only
expect to get a unique local solutioninu € C([-T, T]; H'(R)NL®(-T,TI; WI'OO(R)),
with the data-to-solution map continuous from X to C([—-7,T]; H L(R)). For CH on the
circle, this result was first established by de Lellis, Kappeler and Toplalov [23]. For CH on
the line, it was proved more recently by Linares, Ponce and Sideris in [64], where they also
extended the decay results obtained in [48] to the class of solutions containing peakons.

Nonuniform dependence for CH on R was proved in [39] by using the method of approx-
imate solutions together with the well-posedness estimate (1.2) derived there. The periodic
case was done in [40] using delicate commutator and multiplier estimates in addition to
approximate solutions. For the case of DP Theorem 1.1 was proved in [34]. It is interesting
that the approximate solutions used for both the CH and DP are the same. Next, we pro-
vide a brief description of the method of approximate solutions, which in the context of the
Benjamin—Ono equation was first used Koch and Tzvetkov [53]. We prove that there exist
two sequences of CH or DP solutions u,(¢) and v, (z) in C([0, T]; H*(R)) satisfying the
following three conditions:

(1) sup, lun ()l as + sup, lva ) as S 1,
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814 A.A.Himonas, F. Yan

(2) limy— o0 [[t44(0) — v (0) | s = 0,
(3) liminf, ||u, (1) — v, (D) ||gs 2 sint,0 <t < T < 1.

We do this in the periodic case. For both the CH and DP the approximate solutions
u®"(x, 1) = on"' + n S cos(nx — wt) forw=—1,1,

where n € 7V, satisfy conditions (1)=(3) for nonuniform dependence but they are not
solutions. However, the error E = CH (u®") or E = DP(u®"") is small in the H*-norm.
Then, solving the Cauchy problem with initial data u®-" (x, 0) gives actual solutions, which
one proves that they satisfy the three conditions of nonuniform continuity.

Ill-posedness and norm inflation The following result shows that s = 3/2 is critical for the
well-posedness for CH and DP in Sobolev spaces.

Theorem 1.2 (Ill-posedness) For s < 3/2, the Cauchy problem for CH and DP is not well-
posed in H® in the sense of Hadamard.

For DP this result has been proved in [37]. If 1/2 < s < 3/2, then ill-posedness is due to
norm inflation. This means that there exist DP solutions who are initially arbitrarily small and
eventually arbitrarily large with respect to the H® norm, in an arbitrarily short time. Since
DP solutions conserve a quantity equivalent to the L?-norm, there is no norm inflation in
HP for these solutions. In this case, ill-posedness is caused by failure of uniqueness. For all
other s < 1/2, the situation is similar to H 0. For the CH we have norm inflation and thus
failure of continuity for s € (1, %), and failure of uniqueness for s < 1 (see [13]). For DP
norm inflation is described by the following result in [37].

Proposition 1.1 (Norm Inflation) If s € [%, %), then for any ¢ > 0 there is T > 0 such
that the DP Cauchy problem has a solution u € C ([0, T); H") satisfying the following three
properties:

(1) LifespanT < ¢,

(2) lluollas < e,
(3) lim,_,7- |lu(®)||gs = oo (norm inflation).

The proof of Proposition 1.1 exploits the properties of appropriately constructed two-
peakon solutions, which are called peakon-antipeakon solutions. We shall describe our
approach for the case of the non-periodic DP equation. In this case we have that the peakon-
antipeakon traveling wave

u(x, 1) = p(r)e ¥4l — p(p)e~=a0l

is a weak solution to the DP equation if the momentum p = p(t) and the position g = ¢(¢)
are solutions to the following system of ordinary differential equations

g =pe?—1) and p =2p°e . (1.3)

Furthermore, if for given ¢ > 0 we choose pg and go so that pg > 1/e and gp < In2/8,
then there exist 0 < T < ¢ such that the ODE system (1.3) has a unique smooth solution
(g (1), p(t)) in the interval [0, T') with p(¢) increasing, g () decreasing, and

lim p(t) =oc0 and lim ¢(t) =0.
=T~ =T~
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Using these properties of peakon-antipeakon solutions one can derive the following funda-
mental estimate on the H*® size of the solution u(t) for ¢ € [0, T)

p()g ()32, 12 <s <3/2,
lu@llgs ~ 3 pt)g@t)/Imd/q@), s=1/2,
p0)q(t), s < 1/2.

Then, using this estimate one proves Proposition 1.1.

Also, we describe the proof of DP ill-posedness for 1 /2 < s < 3/2, where the continuity of
the data-to-solution map fails. Let u, (¢) be the peakon-antipeakon DP solution corresponding
to the choice of ¢ = 1/n and let ux () = 0. Then, by property (2) in norm inflation result we
have [|u, (0)|| gs < 1/n. So, u,(0) converges to u(0) = 0 in H®. Furthermore, by property
(1) the lifespan 7}, of each solution u,(¢) satisfies the inequality 7, < 1/n, whereas the
lifespan T of U (¢) is equal to co. Since, by property (3) in norm inflation result there is no
T > 0 such that the solutions u, (¢) can be extended to the interval [0, T'] for all sufficiently
large n we see that continuity condition (iii) of well-posedness fails.

Remark 1.1 Theorem 1.1 about the local well-posedness and nonuniform dependence for
CH and DP is also true for the b-family equation (which contains CH when b = 2 and DP
when b = 3)

(1= )uy = —(b + Duwy + bttty + Uttgrx

fors > 3/2 and all b € R (see [21, 27, 30]). For s < 3/2, in [33] it is shown that the Cauchy
problem for the b-family of equations is ill-posed in Sobolev spaces H* on both the torus
and the line when b > 1. For b < 1 it remains an open question.

The Euler equations The CH equation apart from being interesting because of its integra-
bility properties and breaking traveling wave solutions, it can serve as a “toy” model for the
Euler equations. This is demonstrated by the following result in [46].

Theorem 1.3 The solution map ug + u of the Cauchy problem for the Euler equations
u+Vyu+Vp=0, divu =0, u(0,x)=upx),

is not uniformly continuous from the unit ball in H*(T",R") into the space C ([0, T];
H*(T",R™)) for any s € R, in the periodic case. While, in the non-periodic case it is
not uniformly continuous from the unit ball in H*(R", R") into C ([0, T]; H*(R", R™)) for
any s > 0.

The proof of Theorem 1.3 is based on well-posedness theory (as it has been developed
by Ebin and Marsden [25], Kato and Ponce [54], Majda and Bertozzi [65]) and approximate
solutions. Furthermore, it suffices to prove it in two dimensions, since filling the rest of
the velocity components with zeros gives the proof in higher dimensions. Here, we shall
provide the proof in the periodic case. Motivated by CH, one would think that the following
approximate solutions

u®"(t,x) = (u)n_1 +n~5 cos(nxy — wt), won" ' +n cos(nx; — wt))

is a natural choice. They are divergence free and in one-dimension they collapse to CH
approximate solutions. In fact, these are actual solutions! to the Euler equations. The cor-
responding to @ = =1 sequences ut!"(r, x) and u~'"(z, x) satisfy the conditions for
nonuniform dependence of the periodic Euler equations in two dimensions. The proof in the
non-periodic case is technical since one needs to take care of the errors introduced by the
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816 A.A.Himonas, F. Yan

cut-offs that localize the approximate solutions. The localized approximate solutions are not
solutions. Bourgain and Li [9] improved this result in the non-periodic case and included the
case s = 0.

The NE and FORQ equations The well-posedness theory developed for the CH equations
with quadratic nonlinearities has been extended to the ones with cubic nonlinearities. Next
result summarizes this development for NE [35] and FORQ [41].

Theorem 1.4 (Well-posedness for NE and FORQ) If's > 3/2 in the case of NEand s > 5/2
in the case of FORQ, then for ug € H® there exist T > 0 and a unique solution u €
C ([0, T]); H?®) of the initial value problem for NE or FORQ which depends continuously on
the initial data uqy. Furthermore,

1 .
lu@las < 2lluollps  fort > ———— =T,
deslluollys

where cg > 0 is a constant depending on s.
(Nonuniform dependence) Also, the data-to-solution map is not uniformly continuous from
any bounded subset in H® into C ([0, T]; H®).

The presence of the cubic nonlinearities in these equations makes the proofs more techni-
cal. At the idea level, an important difference from DP and CH is that for NE the approximate
solutions used

u®n — wn71/2

+n""cos(nx —wt) forw=0,1,

(on the circle) are asymmetric. That is, one of them (w = 0) has no low frequency. Also, the
low frequency term in the other is n~'/2 instead of n~!, which is the case for CH and DP.
Ill-posedness of the Novikov equation For the Novikov equation on both the line and the
circle, in [38] the first author, Holliman and Kenig constructed a 2-peakon solution with
an asymmetric antipeakon-peakon initial profile whose H*-norm for s < 3/2 is arbitrarily
small. Immediately after the initial time, both the antipeakon and peakon move in the pos-
itive direction, and a collision occurs in arbitrarily small time. Moreover, at the collision
time the H*-norm of the solution becomes arbitrarily large when 5/4 < s < 3/2, thus
resulting in norm inflation and ill-posedness. However, when s < 5/4, the solution at the
collision time coincides with a second solitary antipeakon solution. This scenario thus results
in nonuniqueness and ill-posedness. Finally, when s = 5/4 ill-posedness follows either from
a failure of convergence or a failure of uniqueness. Considering that the Novikov equation
is well-posed for s > 3/2 [35], these results put together establish 3/2 as the critical index
of well-posedness for this equation. This is summarized in the following result.

Theorem 1.5 The Cauchy problem for the Novikov equation on the line and the circle is
ill-posed in Sobolev spaces H® for s < 3/2. More precisely, if 5/4 < s < 3/2 then the
data-to-solution map is not continuous while if s < 5/4 then solution is not unique. When
s = 5/4 then either continuity or uniqueness fails.

Remark 1.2 The case s = 3/2 has for CH and NE has been studied in [32] where it is shown
that the phenomenon of norm inflation occurs which implies ill-posedness when s = 3/2.
For FORQ and s < 3/2 it is shown in [36] that we have non-uniqueness of solution and thus
ill-posedness. The case 3/2 < s < 5/2 remains an open question.
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On Well-Posedness of Nonlocal Evolution Equations 817

Modified Novikov equation Next, we consider the Cauchy problem on the line for the
modified by a third order dispersion Novikov equation denoted here by (mNE),

1 3
du +du + gax(bﬁ) + (1 —0H71a, |:I/l3 + 5u(axu)z]

+(1—82)~! B(axu)ﬂ =0, (1.4a)
ux,0)=9px), reR, xeR, (1.4b)

and study its well-posedness in the Sobolev spaces H* (R). Here, ¥ > 0 is a parameter. Note
that, like in the case of NE, solutions u to this equation conserve their H ! norm. In fact, using
the local form of mNE, which results from multiplying mNE by (1 — 8)%),

du — 3,07u 4+ kdJu — kdJu + 4u”dyu — 3u8xu8fu — uzagu =0, (1.5)

and doing integration by part we get

d
- [u? + (3cu)*1dx = 2/u [Bu — 820,u] dx

(L 2/14 . [—/cagu + /cafu - 4u28xu + 3u8xu3fu + uzagu] dx

= 2/ [8x (usafu) — Oy (u4)] dx =0.

Next, to state our results for mNE Cauchy problem (1.4) precisely, we recall the definition
of Bourgain spaces used in the well-posedness theory of dispersive equations (see, for exam-
ple, [8, 15, 56]). For any s, b € R, the Bourgain space X*-* = X*?(RR?) is the completion of
the Schwartz space S(R?) with respect to the norm

12
Nl = lull o = (/R/R(lﬂél)z“(ﬂrIf—€3l)2b|ﬁ(5,r)|2d§d1> ,

where u denotes the space-time Fourier transform defined by
uE, 1) = / / e Ty (x, 1)dxdt.
RJR

Also, for T > 0, X ;’b denotes the restricted Bourgain space defined by
X3P = {u:ux, 1) =v(x,1) on Rx (=T, T) with v e X**(R?)). (1.6)
Finally, we recall that the norm in X3* is defined by

lull yso = inf {l[vllsp:v(x, 1) =u(x,7) on R x (=T, T)}. (1.7)
T veXsb

With the needed definitions in place, next we state our well-posedness result for mNE proved
here.

Theorem 1.6 (Local well-posedness) If s > % then for any ¢ € H*®(R) there exist a time
To = To(lellgs) > 0 and a unique solution u of the Cauchy problem (1.4) on the time
interval [—Ty, To), such that u € X%b NC(—Top, Tol; H* (R)), with

co .1 2 1
Iy=——"5; ﬂ=mln{g(s—§),g}, (1.8)
(1+”§0”%.[.Y)ﬂ
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818 A.A.Himonas, F. Yan

for some constants co = csp > 0 depending only on s and b. Moreover, the local solution u
satisfies the following size estimate in Bourgain spaces

lullysp < Cls, D)@,
To
for some b € (1/2,1). Also, we have the Hadamard space estimate

sup [lu()|las = Cols, D)ll@llas. (1.9)
[t1=To

Finally, the solution depends Lip-continuously on the data ¢.

Considering that mNE solutions conserve their H' norm, from Theorem 1.6 we get the
next result.

Theorem 1.7 (Global well-posedness) The mNE is globally well-posed in the Sobolev space
H'.

Theorems 1.6 and 1.7 are motivated by the corresponding results obtained in [13, 42, 43]
for the following dispersive modification of the CH equation, denoted by mCH,

1 1
du + 133U + Eax(uz) +(1—82)7 1, [uz + E(axu)ﬂ =0,

which is analogous to the KdV regularization u; — 6w +&%u, = 0ofthe Burgers equation
u; — 6uu, = 0, with x = 2, by Lax and Levermore [58—61]. Although the question of what
happens in mCH when the parameter « goes to zero remains open, some numerical results
in the periodic case have been obtained in [31]. The above-mentioned work of Lax and
Levermore on the small dispersion limit of the Korteweg—de Vries equation provides a good
motivation for investigating the corresponding problem for both mCH and mNE. Concerning
the proof of well-posedness for mCH, we note that it is based on the KdV bilinear estimate
10x(f - )l xs.o-1 < csll fllxsb Il xs.6 in [56] that holds for s > —3/4 and some b € (%, 1),
with f and g replaced with 9, f and 9, g and therefore is valid for s > 1 — % = %. This

explains why mCH is well-posed for s > %. Now, considering that the mKdV is well-posed

fors > % [55] and its trilinear estimates hold for s > % [75], this idea transferred to the mNE

situation will give well-posedness fors > 1+ % = %, which is worse than the well-posedness

for s > % obtained here. This seems to be an interesting phenomenon for mNE, which is
explained by the improved trilinear estimates for the nonlocal nonlinearities stated in the next
section. Concerning the mKdV, we mention that its well-posedness in H® was proved first
by Kenig, Ponce and Vega [55] for s > % with a different method without using its trilinear
estimate in Bourgain spaces (also, see [71]). Also, we mention that our proof of the mKdV
trilinear estimate provided here for s > % is different than the one of Tao in [75]. Concluding,
we mention that the sharpness of Theorem 1.6 is an interesting open question. Constructing
a counterexample to the nonlocal trilinear estimates (2.18) could provide useful information.

The rest of the paper is organized as follows. In Section 2 we state the three trilinear
estimates needed and use them to prove Theorem 1.6. In Section 3 we prove first the trilinear
estimate for the local nonlinearity d, (#?), and then we use it to prove the trilinear estimates
for nonlocal nonlinearities (1 — 82) ™1, [u(dyu)?] and (1 — 82)~'[(3,u)].
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2 Well-posedness in Sobolev spaces—Proof of Theorem 1.6

In what follows we will assume the coefficient « of the dispersion 83 u is equal to 1, that is
k = 1. Whenk > 0 and x # 1, then the constants appearing in some of the estimates depend
on k.

We begin the well-posedness proof by solving the initial value problem (ivp) for the linear
mNE

du+ u = —w(x, 1), 2.1)
ulx,0) =¢kx), teR, xekR, 2.2)

with forcing w the mNE nonlinearity w = w,,,,, where
1 _ 3
w=wren = 30:(f g )+ 1= [f-g-h+5(f-gx-hx>]
1 2.3)
+1-a)! [E(fx & ~hx>] :

With this definition, we have the following formula to be used later
_ _1 _ 2 2 a2yl _ 2 2
Wy — Wyvy = 33x[(u V)@ +uv+ )]+ (1 =9 [ —v)@” +uv +v7)]

20270 [ 0 v v+ )] e4)

+ %(1 — )7 [ = v)e W3+ uyve +0D)].

We solve initial value problem (ivp) (2.1) by taking Fourier transform with respect to x,
which for a test function ¢ (x) is defined by the familiar formula

P& = / e (x)dx,
R

and solving the resulting DE ivp in the ¢ variable. Thus, we obtain the Duhamel’s formula

'
u(x,t) = Wt)p(x) — / W —tHw(x,t)dt, (2.5)
0

where W (#)¢(x) denotes the solution to the homogeneous Cauchy problem for the linear
mNE with initial data ¢, that is

1 . 30
Wi = 5= [ g,
2 J
Now, to solve the mNE ivp locally, we introduce the usual time localizer, which is a cut-off

function
/S Cgo(—l, 1), 0<¢y <1, and () =1 for|t| <1/2. (2.6)

Multiplying the right-hand side (2.5) by ¥ () we obtain the following global form
t
ulx, n) =y @OWt)elx) — lﬁ(t)/ Wt —t)w(x, 1) dt’ = u(x,1). 2.7
0
Note that for || < 1/2 global formulation (2.7) coincides with local formulation (2.5).

Thus, our strategy for proving existence of a local solution of our ivp is to show that the
map @ defined in (2.7) has a fixed point in appropriate solution space, via a fixed point
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820 A.A.Himonas, F. Yan

argument. For this, we assume that the forcing w is globally defined and using the relation
W, 1) = ﬁ 175 ¢! W (&, T)dt we obtain the following decomposition of the map @,
like in [8],

Qu(x,t) = %W(t) / ) I EHENG ) de (2.8
i ieraen 1 — V(T — &%)
+4721/f(r)/R/Re@ + f>r_7§3w(g,r)drdg (2.9)
i eraein 1 — V(T —E)
_4721”(”/@/@8@ +& t)ﬁw(fg,r)drds (2.10)

; _E3[ =D _ g
; 3 T e .
+— wm/ / G ¥ 8l 3@ ndeas. @11
4m2 R JR T &3
Next, using this convenient for estimation in Bourgain spaces form of the iteration map
@, we show that it is a contraction in an appropriate ball of the Bourgain X* for s > % and

some b € (%, 1). For proving that the map @ is onto we begin with the inequality

, W= Wyyu,
s,b

t
IPullyss < IV @OW @@ ls,b + Hw(t)/o Wt —tHw(x,t')dt)

(2.12)
where wy,,,, is given by formula (2.3), while to show that @ is a contraction we begin with
inequality

|Pu — Pv| ysp <

t
¥(t) / Wt —tHw(x,t)dt)
0

W= Wyyy — Wypvs (2.13)
s,b

where wy;,;, — Wyyy 1s given by formula (2.4). From inequalities (2.12) and (2.13) we see
that we need the following linear estimates, whose proof follows from using the convenient
writing (2.8)—(2.11) of @u, and the definition of X5P_norm.

Lemma 2.1 (Linear estimates) For any s € R and b > 0 there is ¢y = c1 (¢, s, b) such that
Iy OW D@ ls,p < cillellas. (2.14)
Also, fors e Rand 1/2 < b < 1 we have

<cillwls,p-1- (2.15)
s,b

t
Hl/f(l‘)/ Wt —tHwx, ) dt
0

Now, taking into consideration the form of mNE nonlinearities (2.3) we see that the
following three trilinear estimates are the key ingredients for showing that our iteration map
is a contraction, thus proving Theorem 1.6.

Proposition 2.1 (mKdV trilinear estimate) If s > }1, then there exist b and b’ with 1/2 <
b’ < b < 1 such that the following trilinear estimate holds:

10x (gl xso—1 < call fll oo 181 s NP1l s s (2.16)
where ¢y = ¢ (s, b). In fact, b and b’ depend on s and can be chosen as follows:

1

§<b’§b§ + B, whereﬂ]:ﬂ](s)imin{l<s—l>,l}.

6 4/ 8

0| —

@ Springer



On Well-Posedness of Nonlocal Evolution Equations 821

Proposition 2.2 (First nonlocal trilinear estimate) If s > % then there exist b and b’ with
1/2 < b’ < b < 1 such that the following trilinear estimate holds:

I+ 027 0 [ £ (3x ) @)l o1 < all Fllgor 181l yor 1l oot (2.17)

where ¢y = ¢y(s, b). Also, b and b’ depend on s and can be chosen as follows:

<D

IA

6 2)°8

N =

b <

N =

.. |1 1 1
+ B2, where ,32:[32(3‘):11’11[1:7(5_,) ,]_

Proposition 2.3 (Second nonlocal trilinear estimate) If s > % then there exist b and b’ with
1/2 < b’ < b < 1 such that the following trilinear estimates holds:

I+ 87) ' 10 £) (02 ) @)l o1 < call fll o 181 st 1l (2.18)
where ¢y = ¢ (s, b). Finally, b and b’ depend on s and can be chosen as follows:

LW bt 4ps wherefs = a) = min |~ (s - 2),
- << — , where = S)=mmy—-\{(\S—=1),=-¢¢-
2 =V=77h 3T 6 3)°8

Remark 2.1 Note that 3 is the smallest of all parameters §; used in the three trilinear
estimates above. Therefore, all these estimates hold for
1 b’<b<1+ﬂ here § = f(s) = mi | 2\ 1
- < - , where 8 =8(s) =min{-(s—=),=¢,
2 -T2 6 3) 8
and this is what we will use in the proof of our well-posedness Theorem 1.6.
As we have mentioned earlier, our proof of the mKdV trilinear estimate (2.16) is different
than the one given in [75]. Also, a good part of the proof of each one of the nonlocal trilinear
estimates (2.17) and (2.18) is reduced to the proof of estimate (2.16).

We shall prove the trilinear estimates in the next section. Here, we shall use them to
complete the proof of Theorem 1.6. For any size initial data ¢ € H* and lifespan T such that

0<T <1/2,

and to be determined later, we further localize integral equation (2.7) as follows

t
u(x, 1) =YWt — t/f(t)/o Wt — t")Yor (Y wyuu(x, ') dt’

= Or(u)(x, 1) = P o (u)(x, 1),

(2.19)

where Y7 (1) = ¥ (¢t/T), with ¢ being the standard localization function defined in (2.6).
If |[t] < T, then we see that @7 (#) = @ (u) and the fixed point of the iteration map (2.19)
is the solution to the modified Novikov equation ivp (1.4). Next, we show that the iteration
map (2.19) is contraction on the ball

B(r)={ue XY : Julyw <},

if we choose the radius r and the lifespan T appropriately. For this we will need following
multiplier estimate in [74] (see Lemma 2.11).

Lemma 2.2 Let n(t) be a function in the Schwartz space S(R). If—% <y <y < % then
forany 0 < T <1 we have

G/ Tyull oy < e300, 7, VT Nlutllxsr (2.20)
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822 A.A.Himonas, F. Yan

Also, we will use the trilinear estimates (2.16), (2.17), and (2.18), with the following
choice of b" and b

_1+1
202

in which they read as follows

1
b B (inplace of b') and b = 5 + B (in place of b), with 8 = B3,

0x (fgM)ls,pi—1 = call flls,pllglls,pllAlls,bs (2.21a)
I+ 97" 0c[f Bx ) @c)lls oy -1 < e2ll Flls.plIls ol lls b, (2.21b)
11+ 097 @O )02 O]l —1 < c2ll flls pllglls.p 1l b (2.21¢)

@7 is onto: For u € B(r), applying the linear estimates (2.14), (2.15) and the multiplier
estimate (2.20) withy = by — 1, ¥’ = b — 1, we get

D7 @)lls,p < cillellas + et 121 Owinulls p—1
(2.22)

1
< cillglns +c1e3T2? waullspy -1 5

since by —b = g Then, applying trilinear estimates (2.21) to the nonlinearity w,,,, in (2.3),
we get

1 -~ 3 |1
Wi lls,p1—1 = Hgax<u3>+(1—a§) 1o, [u3+5u(axu)2]+<1—a§> l[i(axuf]

s,b—1
< deaully . (2.23)
Thus, combining (2.22) and (2.23) gives the onto estimate
1
1Dr )56 < cill@lns +4cicaesT2P |ul} . (2.24)

From (2.24) we see that for the map @1 to be onto, it suffices to have ci||¢|lgs +

4c1cz03T%’3 [|u II;b < r. And, since u € B(r) it suffices for the lifespan T and the radius r
to satisfy the condition

cillollas +4crcaesT2Pr3 < r. (2.25)

@7 is contraction For u, v € B(r), applying the linear estimate (2.15) and the multiplier
estimate (2.20) with y = by — 1, ¥’ = b — 1, we have

@7 () — Pr(W)lls,p < crllar () (Wuuu — Wovo) lls,b-1
(2.26)

1
= CIC3T2ﬂ||wuuu - wvvv”s,bl—]-

Next, applying trilinear estimates (2.21) to the nonlinearities wy,;,;, — Wyyy defined by
2.4), we get

4 2 2
Wy — Wopolls,p—1 < gczllu —vlls,p (llullx,b + lulls,pllvlls,s + ||v||s,b)
3 2
+3eallu = vllsp (Hlls  + Ills,pllue + vis.5)
1
2 2
+502||M = Vlls.p (Ilelly p + Nuellspllvllss + 0I5 )

2 2
< dea (lullsp + lullspllvlls,s + 0I5 ) = vlls,p,
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On Well-Posedness of Nonlocal Evolution Equations 823

which combined with (2.26) gives the contraction estimate

1
&7 () — Dr()lls,p < 12c1c2¢37* T2 |lu — vl p.

Thus, in order to make the iteration map &7 a contraction map, it suffices to have

2118 1
12¢1cpc3r°T 2 55. (2.27)

Combining conditions (2.25) with (2.27), we see that it suffices to have ¢ |l¢| g5 + ér <r
orr > gcl llell gs. So, we choose the radius to be

r=2cllellns. (2.28)

Then, from (2.27), it suffices to have T2# < (24cicacyr?)~! or T < (24cicacyr?)~2/F,
which follows from choosing 7 = 172 < % Combining this choice of T
(1424c1cac3r?) B

together with choice (2.28) for r gives

1 1
T=- > DL -, (2.29)

2 2
21 +96c3caesllol3n? (1 + gl ?

for some cg depending on cy, ¢, ¢3 and B, thatis co = co(s, b). This is the estimate for the
lifespan (1.8) stated in Theorem 1.6.

Now, observe that the fixed-point u € X* b (R2) of the iteration map (2.19) restricted to
|t| < Tp satisfies the non-v integral equation (2.5), that is

t
u(x,t) = Wt)e(x) —/ Wt —tHw(x, tdt, |t] <To.
0

Therefore, we have a solution u for the modified Novikov equation ivp (1.4a) in the space
XYT;)]’ defined by (1.6), and having norm ||u ”X.y,b defined by (1.7).
T

Solution Bound Since the solution u € X ;Ob is the restriction of the fixed-point v(x, t) =
@7, (v) (which in our discussion above we were calling u), we have

lellyss = Mlvlls.o = 1P W)ls.p < 2erllel s
0

where the last step follows from fact that v is a fixed-point in the ball B(2c¢| ||¢|| g+ ). Finally, in
order to prove estimate (1.9) we need the following basic result, which follows the definition
of || - || gs and the Cauchy—Schwarz inequality.

Lemma2.3 Letb > % The inclusion X*?(R?) < C(R, H*(R)) is continuous, that is

sup [[u(D)ll s = C) lullxso.
teR

Now, the desired solution bound follows from Lemma 2.3 since

sup lu(@)llgs = sup [[v@)[las < sup[v@®llas < Cllvllxss < 2c1Cll@llas.
[1|=To [t1<To teR

Lip-continuous dependence on initial data For any ¢o € H® and R > 0 let us consider the
neighborhood
U=B(po,R)={p € H: ¢ — gollus < R}.
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824 A.A.Himonas, F. Yan

Then, by the triangle inequality we have ||¢[lgs < ll¢ — @ollas + llwollas = lleollns + R.
Using this and lifespan estimate (2.29) we see that

1 1

T = — 3

211+ 96¢3cacs(llgoll s + R)2I7
is common lifespan of solutions to modified Novikov equation ivp (1.4) with initial data in
U. Now, for ¢y € U, k = 1, 2, we denote the solution of the modified Novikov equation ivp
(1.4a) with the initial data ¢y by uy, that is uy satisfies

(2.30)

t
up(x, 1) = Y OW @) e — x/f(t)/o Wt — )ors () wugugu dt’s  |t] < T*.

Moreover, we denote the fixed point of iteration map @7+ g, (vr) by v, that is

t
W 1) = Y (OW (O — (1) /0 Wt = )Ware ( Ywnu dt’s 1 € R.

Since vy is extensions of u; from R x [—T*, T*] to R x R, we have |u; — MZ”Xx,b <

T*
[lvi—v2|ls,»- Thus, to prove the Lip-continuous dependence on initial data, i.e. [|u 1 —u2|| b <

T*

Cll¢r — ¢2|lus, where C is a constant depending on ¢, it suffices to show that
lvi —v2lls.6 < Cller — @2l s (2.31)
Now, as before, we choose the balls

B = BiCerllgnlln) = [v e X0 i ullgy < 2etlnlle}. k=120 @32

From the proof of existence, we know that vx € Bg. So, applying the linear estimates (2.14),
(2.15) and the multiplier estimate (2.20) withy = by — 1, ¥’ = b — 1, we get

lvi —v2lls,p < cillor — @2llas + crllY2r () (Wy vy v, — Worvaw) lls,b—1

1
ctllor — o2llus + C1C3T*2ﬂ”wv1v1v1 = Wyyvyvy lls.by—1-

IA

Then, applying trilinear estimates (2.21a) to the nonlinearities Wy, y;v; — Wuyv,v, defined by
(2.4), we get

4
2 2
lwovivr — Wogwgwg lls,br—1 < 562||v1 —valls.p (01115 + o1 llspllv2lls.6 + l02115 )

3 2
+5ealvr = vallsp (Iill5 + loills pllv + valls
se2llor = w2l (orl5 + i llspllvr + v2lls.p) (2.33)

1 _ 2 2
+ 2Czllvl v2lls,p (lv1 5.5 + lvills.pllvalls,s + ||U2||s,h)
<4y (lvnliZ, + ot llspllvzllss + o202 ,) v = vallsb,
which combined with definition (2.32) and estimate (2.33) implies that
1
lor = valls.p < cillpr — g2llms +48cie2esT*2P - (llgoll s + R l|vr = valls b
Combining this with the expression (2.30) for the common lifespan 7*, we obtain

48c3cacs(llgollws + R)?
1 +96c3cac3(llgoll s + R)?

lvi —valls.p < cllor — @2llus + lvi — valls.p

A

1
< cllo1 — @2llms + 5||v1 —v2|ls,5s
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which is the desired estimate (2.31). Now, using Lemma 2.3, we can also get the estimate in
the space C(R; H®), i.e.

sup [[vi(8) — v2(®)lgs < llvi — v2lls,p < 2¢1Clle1 — @21l ms.
teR

Finally, concerning the proof of uniqueness of solution in the space X %b, it is similar to
one presented in [6]. This completes the proof of Theorem 1.6. O

3 Proof of Trilinear Estimates in Bourgain Spaces

In this section, we prove the trilinear estimates (2.16), (2.17) and (2.18). For this, we need
the following calculus estimates [51, 56].

Lemma3.1 If¢ > 1/2and ¢ > 5 then

f dx < 1 , 3.1)

e (L4 — a2+ [x — D2 ~ (1 +la— )

/ dx < 1 . (3.2)
R (L4 12— aD2T0(0 + x — )2 ~ (1 +|a — c])20-D

In addition, zfz <, 0 < 3 then

dx < 1
® (L+ [x —aD? (L + [ — 2~ (14 a — 2201

(3.3)

3.1 Proof of mKdV Trilinear Estimate (2.16)

We start with expressing trilinear estimate (2.16), i.€. |3y (fgh) |l xs.o-1 <5 bl f | s, 181 5.0
121l s » im0 its L? form. Using the following notation

cu = [AE, DI+ 1ED A + |7 —£3DY, (3.4)

we get [|ul yor = llcull 2. Next, we form the X5*=1_norm, that is

192 (Fgh) [ 5s.0-1

_/ £+ gD
S (L [T = £3)20D

2
X [/}1{{4 &, )8E, h(E —& — &, 1 — 11 — tz)d%'zdtzdéldrl] dédt

</ E12(1+ D>
= e (4 =)0

2
X (/W |F &L 8E. hE — & —&.1— 11 — 1) dfzdfzd&dn) dédt

2
= / </ / 0 -crr,t)cgEr, )enE — &1 — &1 —11 — Tz)dfzdfzdéldn) d&dr,
R2 R2 JR2
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826 A.A.Himonas, F. Yan

where Q is defined in (3.6) below. Thus, to prove trilinear estimate (2.16), it suffices to show
the L? inequality

2

H/4 Q- cr&r, t)eg&r, m)en(E — &1 — &2, T — 11 — 1)dérdrrdé1dTy

Lz, (3.5
S IICfII 2 ”Cg” 2 ||Ch||L2 ,

where the multiplier Q = Q(&, 1, &1, 71, &, 1) is defined by

EIL+ED A+ DA +1EDTA+E -6 —&D™

€= A+le =D+ =D A+ e -gD' U+t -1 —n— ¢ —& - &)
(3.6

In the multiplier Q we recognize the familiar Bourgain quantity
BEED=C-E) M- - - -lt-u-n-¢-&-&)° I3
=-E+EH+E+E-H-&).
Below, we list two useful and elementary properties for this quantity.
Lemma 3.2 The Bourgain quantity d3 (€, &1, &) satisfies the following properties:
d3(§.81,86) = =36 —§)E — &)(E1 + &), (3.8)
dad3

05 3 -3¢ — &1 — &) =3¢ -8 —§+ &)

1
=6 - &) [51 —5E- Sz)} . (3.9)

Now, we estimate the left-hand side of estimate (3.5) in a way similar to the case of trilinear
estimates for the cubic nonlinear Schrédinger equation [26]. First applying the Cauchy—
Schwarz inequality in &1, &, 71, 72, and then using Holder’s inequality we get

2

HA;A Q- crér1, t)eg (82, )en(§ — &1 — &2, T — 11 — 2)d&2dTrdE 1 dT)

< / ( f deszdrzdsldn)
R2 R4

x ( /R LCHEL TG (E, T)GE — & — 8T — T — rz)alszdrzdsldn) dgdt

= / (f 0 dszdrzdgldn) (3 2+ }) €, rrdedr
R2

f 02 dbrdmrderdr 2
R4

2
|32
L

2
LS,T

- HLI . (3.10)
&1

Furthermore, applying Young’s convolution inequality || f * glloi )y < I/l w8l w)
twice, we get
2

lef#cgxcillyy = led el ~legly

3.11
< N3y, 2 ||L1 ||ch||L. = llesI2, g, llenl @10
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Combining estimate (3.11) with (3.10), we get
2

H/W Q-crr, g (82, )en(§ — &1 — &2, T — 11 — 2)d&rdT2dE1dT)

L2
2 2 2
SOl Nerlizalleglizallenlys-

Thus, to prove our trilinear estimate (3.5) it suffices to show that the quantity @; defined
below is bounded, that is the following result holds.

Lemma3.3 Ifs > % and % <b <b< min{% + %s, %}, then for all & and T we have
L EPA+EDE
NED = TP
/ A+ EDZA+ 8D + |5 — & — &) > dadndédr
X 3\2b 32b 3n2
R I+ 1 = 4§D U+ =D A+t —11 —12—(§ =& —6)°))
<1 (3.12)

Proof We begin the proof by taking advantage of the symmetry in convolution writing of
f * g * h to assume the following order of |&1], |£2| and |§ — & — &|

€11 = |62 = 1§ — &1 — &2 (3.13)

Then, in our L? formulation of the trilinear estimate (3.5), we can replace the multiplier Q
with x4 O, where A is defined by

A={EE,6) eR &> & = § —& — &)

This results in having x4 as a factor of the integrand in the quantity ®; defined in (3.12)
above. Applying calculus estimate (3.1) in ty witha =7 — 1 — (§ — &) — 52)3, c= g13 and
¢ = b, from (3.12) we get

1E12(1 + €D
NEDS T e
" / XaE ELE)A+IED 2+ 6D S +1E—& — &)
B (I+n—DY 0+t —n—(E—& — &) )P

drrd&rdE.

Furthermore, applying calculus estimate (3.1) in 7o witha =t — (§ — & — 52)3 — 513, c= 523,
¢ =b gives

E12(1 4 €D
01, 7) < TN (3.14)
x/ XaE b1 ) H DA+ DA HIE =& =8>
R (41T =& —ds (. &. 6 e

where d3 (&, &1, &) is the Bourgain quantity given by (3.7). Also, since for (¢, &1,&) € A
we have the ordering relation |£1| > |&]| > |§ — & — &|, we obtain the following useful
bound for |£]

E1=1¢ &1 — &)+ &+ 81 = 1§ — & — &l + 6]+ 1&61] < 3|&1]. (3.15)

Next, we consider the following two cases.

— Case 1: |&| < 100.
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828 A.A.Himonas, F. Yan

— Case 2: |&1| > 100.

Proof in Case 1. Since |£1] < 100 by estimate (3.15) and relation (3.13) we see that all
of |&|, |&1] and |&;| are bounded. Furthermore, since ' > 0 and (1 — b) > 0, we see that
the multiplier and the integrand in (3.14) are bounded. Therefore, © (&, 7) < 1, since the
integration is over a bounded set.

Proof in Case 2. We consider the following two subcases.

~ Subcase 2.1: |£] > 100 and |&| < §1&1].
~ Subcase 2.2: |£] > 100 and |&| > 1]&].

Proofin Subcase 2.1. Since, by (3.15), |§] < 3|&1|and also |&]| = |&E1+ &+ (& —&1 —&)| >
&1] = 162] — 1€ — &1 —&2] = |&1] — F1E1] — §1€1] = 11&1], we have €] > 1]&], and therefore,

1E] = [&1]. (3.16)

Using estimate (3.16) we have (1 + |&; D=2 ~ (14 |€])~%. Also, using |&| > |E — & — &),
fors > 0 we get (14 &) (1 + € —& — &) < (1 +|§ — & — &)~ Combining
these estimates with (3.14) gives

[k / XA 6.8+ 16 —& — &)™
A+t —8D2ID Jpo (14|t — &3 —d3(8, &, &)
Now, making the change of variables & = £ —&] — & (or & = & — &) — &) End~gl =&,

and using the relation d3(&, &1, &) = —£° + & +& + (6 — & — &) = d3(£. £, &), from
(3.17) we get

O1¢, 1) 5 d&dg. (3.17)

01, 1) < dbdE;,  (3.18)

€I / X7E.EL B+ [BDH
(L4t = &3)20=0) Jgo (1 + |t — 83 — d3(5. &1, &)
where the domain A is given by A = {(£.£1.5) € R? : || = |£ — & — & = &}
Furthermore, using Fubini’s theorem to switch the integration of d&; and d&;, from (3.18)
we get
[k
1 — £3)2(1-b)
A+t =&D (3.19)

_ (£.81,5) ~1 ~
1+ B U A - d ]d .
f( &0 (+ 17— 8 — e, 5, By 5 |42

For the dgl -integral in (3.19) our strategy is to make the change of variables u = u(gl) =
dz (&, S] Eg) For this change to be good, we need to split the 51 mtegral at the critical pomt

of 11(€1), which is p = (£ — &)/2, since p/(&)) = dd3(&, El £)/08 = 6(¢ — &)[& —
ZN(S — 52)] (see property (3.9)). Thus, using .§1 intervals I1 = ( o0, (§ — 52)/2) and
1251 = ((g - Ez)/z, oo), making the change of variables u = M(El) =d5(&, El Ez) on each

one of these two intervals and defining e « to be the range of  when S 1 € I , from (3.19)
we get

01, 1) 5

61 S+ ), (3.20)

. % [aare(f dn _
I = 14+ y dé.
CE g R L e e e ) 4
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Now, we need the following bound of || from below
| =615 — & & — ¢ —8)/2| 2 £%, (3.21)
which follows from [§ —&| = [&1] — |6 — & — &l = |&1] — glé1] = 31&1] 2 5] and
61— 36 — &) = 1361 — 3¢ 51 = 8| = 3611 — 516 — & — Bl = 31611 — glé1| =
21611 2 |&], since & = & and |§ —&| —&| = |&| < {[&1]. Next, combining estimate (3.21)
with (3.20) and integrating u over R, we get

1 dé du
Je < / >2 / L ok=1,2.
(T4t =&D2I=0) Jp (14 1&D* Jr (14|t — &3 —uph?

The multiplier 5 is bounded if 2(1 — b) > O or b < 1. Also, the first integral

is bounded if 4s > 1 ors > %, and the second integral is bounded if 20" > 1 or b’ > %
Therefore, for J; to be bounded it suffices to have % <b <b<lands > %. This completes
the proof in Subcase 2.1.

Proof in Subcase 2.2. Since % <b <b<1lwehave 0 < 2(1 —b) < 1 < 2b/, so
we can move (1 + |t — §3|)2(1’b) inside the integral and replace 2b’ with 2(1 — b). Since
A+ —&ENA+ |t - & -3, 6, 8)) = [t — & + |t — £ — d3(§, &, &)] and also
lt =&+t -8 -3, 6,8) 2 [t — 8 —d3(€, 6. 8) — (t — &) = |35, 61, &),

we have
A4t —3P2IDU 410 - & — a3, 6,80 2 |d3E, &, 8PP, (322
Using (3.22), from (3.14) we obtain

O15, 1) S EPA+[ED (3.23)
X/ XA &)U+ ED A+ 18D 2A+E—& —&)

RR2 |d3 (&, &1, §)2(1-D)
Recalling the factorization d3 = —3(§ — &1)(§ — &) (&1 + &), from (3.23) we obtain

O1¢. 1) S IEP+ 18D (3.24)
y / XA ELE)A+EDHU+ED) 2 A+E—& —&) ™
R2 (6 — ED(E — &) (&1 + &)120-D
Next, we consider the following two possibilities about the size of |§ — &) — &;|.
— Subcase 2.2.1: |&;| > 100, |&2| > %I«Ell and |§ — & — & < r16|§1|-
— Subcase 2.2.2: €| > 100, |&] > ;l&| and [§ — & — &] > fgl&].
Proofin Subcase 2.2.1. In this situation we have | —&1| = |& 4+ (E —& — &)| > |&]| — & —

£l —&l> (G —fEl 26 and |E —&| = & + (& —& — &) = & — 1§ —& — & =
(1 — )& 2 |& . Thus,

d&dég;.

d&rdég;.

1§ —&12 & and [§—&]Z &l (3.25)

Now, using estimates (3.25), (1 + |&1])72° =~ |&;]72% and (1 + |&])~% < |&/|7%, putting
|€]2(1 + |£])** inside the integral, from (3.24) we obtain

E1P( + 15> [/ xaE 51,8 +1E & -8
R

5 <
01,13 &, [ 2bas &1 + & 205

R

dgz] d&. (3.26)
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830 A.A.Himonas, F. Yan

Furthermore, we split the &-integral in (3.26) for |£; + &| < 1 and for |&; + &]| > 1 by
using the &, intervals 1152 =(-1—%,1—&)and I§2 = (=00, —1 — &) U (1 — &, 00).
Thus, from (3.26) we have

OrLsh+h (3.27)

with

Jr =
R g4t €1 + &2120-D)

21 25 1 _ _ —2s
N M[/ﬁ XA £ ED(+ 15 — &1 — &) d&}dﬁ

Estimate for Ji. Since & € Il'é2 we have |&] 4+ &| < 1, which implies that 1 4 |&]| ~
1+ |& — (1 + &)|. This gives (1 + |€ — & — &)™ ~ (1 + |&|)~°. Thus, from (3.27) we

obtain i
& xa.§1,8)
ns /R |1 4= 4b+4s [/Ifz & + £,[20-D) dfz} d&;. (3.28)

Now, making the change of variables © = (&) = & + & and using || < 1, from (3.28)

we obtain
J1 </ ;dﬂv'/ id& (3.29)
~ =t 210 R &[40+

For the first integral in the above estimate, since 2(1 — b) < 1 or b > %, we have

1 ~ (1,2b—13|]

f|ﬂ|§1 20D dp >~ (p )|0
. 2 . . .

ie. |&] < 3]& |, weget [p w)ﬁ%da < fe del,wh1ch1sbounded1f2—4b+4s >

lorb < %+s,since|$1| > 100.For b > %,itsufﬁcestohave%—i—s > %ors > i.Combining

= 1. For the second integral in (3.29), using estimate (3.15),

the above computations with (3.29), for J; to be bounded, it suffices to have % <b< i +s

and s > %. This completes the proof of boundedness for Ji.

Estimate for J». Since & € 1252, we have |&] 4 &| > 1, which implies that | + &| ~
(1 + |& + &) or |&1 + &]217D) ~ (1 + |& + £])>1?). Using this, from (3.27) we get

€17 (1 + &) / xa(E &1, E)
CE d dé;.
2R Jp e s [ 2 (L+ & =& = &DZA + 16 +&)20—D 52} s
(3.30)

Now, for the & -integral in (3.30), making the change of variables u = u(&) = & + &
and using |u| < [§1] + [62] < 2]&1], we get

E201 + gDy [/ | }
S o aE du|dg. (331
S Je I8 F T ey Q18 — b T upram 4 GAD

Next, we consider the following two cases concerning s.

— Subcase 2.2.1.1: % <s < %

— Subcase 2.2.1.2: s > %

Proofin Subcase 2.2.1.1. For the d u-integral in (3.3 1), integrating it over R and using calculus
estimate(3.3)with% <f=s5< %and% <t =1-b< %(or% <b< %),a = & and
c =0, we get

J

1 1
du 5/ , du
/|u|§2\g1| (T4 1& = D2 (1 4 |pu?=H R (14 (& = pD? (14 |up1=D
<«
~ (1 + |%—|)25+1—2b

@ Springer



On Well-Posedness of Nonlocal Evolution Equations 831

Combining the above estimate with (3.31), we obtain

E17(1 + 1€D* 1 §12(1 +1gD>!

> S d& = T
R |§1|4 4b+4s (1 +|S|)25+1 —2b R |51|4 4b+4s

dé&. (3.32)

Again, using estimate (3.15), i.e. |§] < 3|&;], and 2b — 1 > 0 from (3.32) we get J» <
J& g dé1, which is bounded if 3 — 6b +4s > L orb < 35+ 5. Forb > 5. it suffices

to have %s + % > % or %s > %, which implies that s > %. This completes the estimate for

Jr when 1 1 <s< %
Proofin Subcase2.2.1.2 (s > %). Using p-intervals I/ = {1 € R : |u| < 2|&] and |&—p| <
TIEN I = {u e R |u| < 2/& ] and |€ — u| > €]}, we split J as Jo S Joy + Jao, where

E12(1 + &) [/ du }
— s S — d&, k=1,2. (3.33)
w0 e (g — 2+ 20D

Estimate for J»y. For p € 11, we have

[l 2 & (3.34)
which follows from || = [§ — (€ — )| > [&] — € — u| > [&] — ‘|s|—;|s| since

& — ,u.l < 2|‘Z§| Also, since 2(1 —b) > Oorb < 1, using estimate (3.34) wegetm <
W, which combined with estimate (3.33) gives
2 25—2(1-b)
by < [(EEOEEDT / L (3.35)
R |y [0t i (L 1§ = puh™

For the dpu-integral in (3.35), we make the change of variables 1 = & — u. Using
estimate (3.15) and |u| < 2|&;|, we get |/L1| < |&] + |u] < 5|&1]. Also, since 25 > 1 we
. 1 dp.
obtain fllu T < f“m<|§1| T = < In |&;|. Again, using estimate (3.15) we get
[EI2(1 + |ENF 200 < (1 4 |.§|)23+2b < |£11*+2P. Combining the above computations
with (3.35), we obtain Jo; < lef‘gW In |&|dE = fRW - In |&1]d&;, which
is bounded if 4 — 6b +2s > lorb < 2 + % For b > %, it suffices to have s > 0. This

completes the estimate for Jo;.
Estimate for Jy. Since |§ — u| > %|E| for s > 0 we have

1 < 1
I+E—mp> ~ a+ign> oF

AHED™ < | pugting (1 + |€[) inside the dy integral, from (3.33) we get

(+HE—uDE ~
HE / du
S dé. 3.36
- /R g1 [4=abrds | Jpe (1 |p])20=0) &1 (3.36)

For the dpu-integral in the above estimate, since 2(1 — b) < l or b > % and |u| < 2|&|
we have flz“ (lﬂj‘% [(1 4 )2~ l]}zlél\ |€1%2~L. Again, using estimate (3.15) and
the above computation, from (3.36) we obtain

|§1|2 2b—1 / 1
Jn < _ d& = —_———d&,
22 J gy A= G e 4

which is bounded if 3—6b+4s > 1 orb < §+3s.Forb > 1, itsuffices to have § + 35 > J
or %s > %, which implies that s > %. This completes the proof of Subcase 2.2.1.
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832 A.A.Himonas, F. Yan

Proof in Subcase 2.2.2. Since |&1] > 100, |&| > %lé]l and |§ — & — &) > 1]—6|§1 |, we have
the relations

1§ — &1 — &l = |62 = |&1] > 100. (3.37)
Now, moving [E](1 + |£)** inside the integral in (3.24), we get
016, 1)

</ xAE E1LEDIEPA+IEDS (L +1E DA+ 18D "2 A+ 16 — & — &)
TR 16 — &0 — &) (&1 + &) 20D

dérdé;
and simplifying the numerator as follows, by using estimate (3.15), i.e. |§| < 3]|&;[, and
(3.37),

EPAHIED* A+ DA+ 1a) A +1E —& &)™ Sl &l ™,
we are reduced to the inequality

1-2s 1-2s
e b BN (3.38)

O, (&, <
16, 7) 5 /Rz [(& —&DE — &) + &)

Next, we consider the following two possibilities.

— Subcase2.2.2.1: [&| > 100, |&] > FI&1|, |6 —& 1 —&| > %|& |and (€] < 4168 —&|
or [£] = &15)).
— Subcase 2.2.2.2: |&1| > 100, |&] > 1€, |§ — & — & > f5l€1]and & — & — & <
&l < Gl
Proof in Subcase 2.2.2.1. For each factor of the denominator in (3.38) we have the following
estimate

1
& — &1 > ]ISI—I&I]2a|€1|2|51|2|§2|, (3.39a)
1
& — &I > |IE] — 1&l] = alle 2 &l ~ &1, (3.39b)
&1 +&I=1E—E—&—&) =& — & —& —&l|
1
> 674|$ — & — &l > &1 > &) (3.390)

This follows from estimate (3.37) and |£| < 6—14|$ —& —&| < (,1—4|$z| < (Tl4|‘§1| or || >
Glal = Glel = §15 — & — &l Using estimates (3.392)~(3.39¢), we get [(§ — §1)(§ —
&)E + &) 2 1& |% |§2|%. Using this and estimate (3.37), from (3.38) we obtain

0161 < / T

&2~ 181> 100 [€1130 D) |&;|30-D)

d&rdé&

! 1
B /|51|>1 e /|52\>1 a5

which is bounded if 3(1 —b) — 1 +2s > 1 or 3(1 — b) > 2 — 2s. It suffices to have
1—-b> %— %s orb < %—i—%s.Forb > %,itsufﬁcestohave%—l—%s > %or %s > é,which

implies s > %. This completes the proof in Subcase 2.2.2.1.

Proof in Subcase 2.2.2.2. Using estimate (3.37) and £;|& — & — & < |§] < &&], we have
€] >~ |& — &1 — &2l > |&2] = |&1] > 100. (3.40)
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Using (3.40) we bound the numerator in (3.24) as follows |&1 |72 |&|'=2% ~ |£|>~*, Taking
out |& |24 from (3.38) we get

1
01, 7) < |s|2—4~‘/

déidés. 341
o 1 — 6N — e 1 e D 9% (3.41)

Now, it suffices to estimate (3.41) in the case we integrate over E (the other two cases are
similar)

={(E1, &) € R”: & — & = max{|§ — &), & + &} (3.42)

Using the assumption (3.42) and the triangle inequality we get

1
1§ — &1l = g[IE =&l + 18 — &l + 16 + &1

| ) (3.43)

> gl(é —ED+E-&)+E+&)= glé“l 2 &L

Now, using estimate (3.43), from (3.41) we get
_ d&dé
@ < 2 45/
LS el Ey EPUD(E — &) (&1 + &) 201D (3.44)
By |
£, 1(E — &) (& + &)U

Furthermore, making the change of variables ;1] = & — &, uo = & + & and using estimate

(3.40), we get |1 ] = |& —&| < &l + 16| S &L [ual = &1 + &I < &1+ 62| < 1€]. Thus,
from (3.44) we obtain

1
oo [ g [
a1 <lgl 1200 2l <lel 12 210)

dus. (3.45)
For the first integral in the above estimate, since 2(1 — b) < 1, we have flm <] m

dpy ~ (P HE = |g120-1. Similarly, we have ys<ie) ppoemdit = (6177, Using

these computations, from (3.45) we get

O15, 1) SIEPPTH g g Pl = g5,
Using (3.40), we get |&| = 1. Thus, the above quantity is bounded if6b —4s —2 <0 or
b < l + 2s For b > ; it suffices to have . 3+ %s > ; or %s > =, which gives s > 1/4.

This completes the proof of Lemma 3.3, and also the proof of the mKdV trilinear estimate
(2.16). O

3.2 Proof of the First Nonlocal Trilinear Estimates (2.17)

We recall that this estimate reads as follows: |[(1 + 83)718/\/[(8xf)(axg)h]||xx,b—l <
Cs.bll Sl w181l s, 1Al s - Since (dx f) - (0xg) - h is not symmetric, which can be seen
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834 A.A.Himonas, F. Yan

clearly if we write it in its L form using convolution, we will symmetrize it by introducing
the following symmetric quantity

T(f g ) =+ 0D 0 L0 )@c )Pl xso-1 + 11+ 07 0c[(3x8) (0xh) £1] x50
+ 1+ 97 0 [@ch) (Bx g 51 (3.46)

< sl f s 18 s Il s
Then proving the trilinear estimate for 7'(f, g, h) gives the desired nonlocal trilinear esti-

mates (2.17). Using a® +b% +c? < (la|+|b|+ |c])? < 3(a®>+b*+c*) webound T (f, g, h)
as follows

E12(1 + 1D
+69)2(1 + [t — 320D

IT(f, 8 M s/
r2 (1
><|:‘/R4(|‘§1||$2| + 16018 — & — &I+ 1§ — & — &Il61D
R R 2
|fGEL g, h(E —& —&, 1 — 11 — Tz)ld%‘zdfzd&dn} d&dr.
Furthermore, using notation (3.4) we see that estimate (3.46) follows from its L? formulation

H]ﬂ; Q-crér, t)eg (82, )ep(§ — &1 — &2, T — 11 — 2)d&2dTrd1dT)

LE. (3.47)

Slerllzz leglzz llenllz

where the multiplier Q = Q(&, 1, &, 71, &, 1) is defined as follows

- B+ ED* Aal1El + 16018 — & — &+ 18 —& —LI6DA+ EHD A+ 1D A +18 —& — &)™

@ AT+E)A+ [t =P PU+ | —&D' A+ -&D A+t —11—1n— ¢ —& — &)

Thanks to our symmetric writing (3.46), we can assume the following order of |&;|, |&>| and
|& — & — &| (similar to assumption (3.13))

€11 = 162 = 1§ — &1 — &2f. (3.48)

Thus by ordering relation (3.48), we get |£1]1&2|+162||1§ —&1 &2 | +|E—E1—&21&1] < 31&1]162],
which combined with (1 + £2)~1(1 + |£])* ~ (1 + |&])*~2, reduces Q as follows

050 (3.49)
L Xalzlalzl-6 -6 A+ED 256 A+ED " (A +Ea) " (+[E-& -6~
(14|t = E3PI2(U+|m = EDY A+ —E DY I+t -1~ — (&1 —&)3Y

Furthermore, for |£| > 1073|&|, we have |£1&| < (1+€])? or (1+|€])2|£162] < 1, which
gives

Xier 121622 e~ |EI(LHIED (L IE DTS (L +]ED TS (1+]E —& =&~
(It =E3D12 (A4 =& DY I+ =& DY 1+t —11 — 12— (E—&1 —£)3 )Y

(o
A

where the right-hand side of the above inequality is bounded by the multiplier defined in
(3.6). So, the L? inequality (3.47) is reduced to the L? inequality (3.5) for the mKdV trilinear
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estimate. Hence, we assume that |£] < 1073|&| and the multiplier é defined in (3.49)
becomes

xB(§ &1, &) - EIA+IED 2 E&IA+IED T (+ED T A+E-&—&)

O =) P+ =8 (o8 ) (-t — 12— E—E1—E) )P

with the domain B given by

B={(E&,5) eR g >8] > £ —& —&| and [£] < 10735} (3.50)

Now, using duality, the left-hand side of L? form (3.47) (with Q = Q) is bounded as follows

H/W Q1 - cr&r, t)cg(62, )en(§ — &1 — &2, T — 11 — )dérdradédTy . (3.51)
E,r
< ”dﬁup 1 ]gz(g T)[/Qlcf(él’fl)cg(&aTZ)Ch(‘i: §1—&, 1—11—m)d&drrdE1dTdEdT.
12

Furthermore, using Fubini’s Theorem in (3.51) to switch integrations d§;dt; and dédt, we
get

H/ﬂ‘{4 01 -crér, g, )€ — & — &, 1 — 11 — n)dérdradédTy . (3.52)
L2,
< ”dﬁup 1/cf(~§1 Tl)|: 01d(¢, t)cg(62, 2)en(§ —&1— &2, T—11 —2)dé2dTodEdT |dE d T
LZ

In addition, using Cauchy—Schwarz inequality for the integral d§;dt; in (3.52) we get

(3.53)

3
ds;ldr) )

H/W Q1 -cr€r, t)egEa, )en € — &1 — &, 1 — 11 — ©)dbrdTadédTy ,
L2,

< SUP||Cj||LZ(/ V 01d(E, 1)cg (&2, )cn(E—&1 =&, T —11 —12)dE2dTodEdT

lldll,2=1

Moreover, for the dé,dtodéd T integral in (3.53), applying the Cauchy—Schwarz inequality
we get

”/R4 Q1 -crr, t)eg(§2, )en(§ — &1 — &2, T — 11 — 12)dérdT2d 1 d T

2
L%'J

< swp llesl ( /R 2 [ fR OlEs 8, Tz)dézdrzdédr] (3.54)

ldll 2=1

1/2
x [ /R [PEDGE IGE —§ —f - - rz)dszdrzdédr] dsldn> .
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836 A.A.Himonas, F. Yan

In (3.54), taking the supremum of fR4 Q%(E, £1,8&, 1, 11, m)d&Erdrrdédr over &1, T1, we
get

H/l‘y Q1-crr, t)eg§a, )en(E — &1 — &, T — 11 — ©2)d&r2dTadé 1 dTy

2
LS,T

1
2

(3.55)

S osup eyl
Il 2=1

[ G a1 mm mydtadndear

o0
Lflll

12
x ( /R E D@, )GE—§ —8 T -1 - Tz)dézdrzdédfd€1dfl) :

Next, using the following estimate (which similar to (3.11))

/RG d* (€, T)Cé(éz, D)CH(E — £ — &, T — 11 — n)dEdndidrdE dy
Sl llegll3 2 el

from estimate (3.55) we arrive at

H/w Q1 -cr&r,t)cg62, )en(§ — &1 — &2, T — 11 — )dérdTadEdTy

L.
1
2
< sup llcrllp2

ldll 2 =1

ldllz2llcgllz2llcnll 2
L>®
&1.71

/R 0361, 7. 1 mdEd ST

1
< ||@n ]2 c 2 |le 2 ||c 2, 3.56
S0l Nerllpy leglpy Neallzz (3.56)

where @, is as in the following result, which provides its estimate.

Lemma34 Ifs > % and% <b <b< min{% + %, 1}, then for all & and t| we have

. (gD
@ N = -
2 (&1, 11) RN 513|)2b/
/ xB(E. E1,8) - [EPA+IENPHE &P (1 +1E) T2 (1+1€ —& &)~ dradérdTdE
x Z 3p2b 3n2b'
RY (14t — &322+ - DR 1+t —1 — 1 — (£ — & — £)3)
<1 (3.57)

Proof For the dty-integral in (3.57), applying estimate (3.1) witha = — 1) — (§ —&] — &),
c=£,0=Db weget

L < (1+ &)~
Y+ - gD
X/ x8 - EP+ [EDPHEEPA + 16D + [& — & — &) P drd&dE
R? (L4t —P2A-D(A + |t — 1 — (E — & — &) — & '

(3.58)
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Furthermore, for the dt-integral in (3.58), applying estimate (3.2) with ¢ = 71 + (§ —
E1— &) +8,a=8,0=b =D weget

< _(Flah>
Y+ - gD
5 / xBlEPA+EDZHE &P + &) + & — & — &))" dEdE
R (1 + |7 — & + d3 (&, &1, £))20-D ’

where d3 (&, &1, &) is the Bourgain quantity defined by (3.8). Next, we consider the following
cases.

(3.59)

— Case 1: |&1| < 100.
— Case 2: |&1] > 100.

Proof in Case 1. Since |&| < 1073)&;| and |&;] < 100, by the ordering relation (3.48), all
of |&], |&1] and |&;| are bounded. Furthermore, since ' > 0 and (1 — b) > 0, we see that
the multiplier and the integrand in @, are bounded. Therefore, ®, (&1, 71) < 1, since the
integration is over a bounded set.

Proof in Case 2. Here we have

[&2] > 1&11. (3.60)

By the ordering relation |§1| > |&| > |§ — & — &|, it suffices to show |&>] > %|§1|.In fact, if

|&2] < 711, then we would get |£| = |&1 +& + ( —&1 —&)| > 1] — | — &1 —&| — |&2] >
1] — %|“§1 - %|-§1| = %|$1|, which is a contradiction to || < 1073|&;], a condition of

(5.£1.8) € B. Using (3.60) we get |£1&[* ~ |&1|%, and (1 + |&])"* ~ [& |~ since
|€1] > 100. Also, we have (1 + |£])~>® ~ |&|~%. Combining this with (3.59) we get

&[4
(I+|m — &P
/ X, E1,8) - 1+ EDZ 21+ 16 —& — &)
R? (L+ |t — & +d3(&, &, &)D2-D

(1, 11) S
(3.61)

dérdéE.

Since § < b’ <b < 1 wehave 0 <2(1 —b) < 1 < 25/, so we can move (1 + |7 — £7)?
inside the integral and replace 25’ with 2(1 — b). Since (1 + |11 — Efl)(l + |1 — &3+
d3(E.E1.8))) = |t — & + |11 — & + d3(€. 61, &) and also |11 — &| + |11 — E%Jr
dy(E.61,6)| = |t — & + d3(E. 61, &) — (11 — §))| = |d3(€, &1, &), we have

A+ 11— D2 (1 + |1 — & + ds(E, &1, D2 > |ds(&, &1, &) 217D,

which combined with (3.61) gives

xBE. E1,6) - L+ [ENDP2A+E—& — &N
|d3 (&, &1, &) 20D

Combining this with property (3.8), i.e. d3 = —3(§ — &1)(§ — &) (&1 + &), we get

&1 8)  (L+EDP 2 +1E — 5 — 8D~
€ — &G — & +8)PTD

O 1) < J / d&xde.
Rz

deydE.
(3.62)

O 1) <l [
]R2
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Next, using (1+]§ —£ —£[) > < land the inequalities [§ —&1| Z |&1] and [ —&] 2 |1,
which follows from [§ —&1| > |&1]— €] > |&1|—1073]&1| 2 |&1| and € — & > & — €] =
£|§-‘1| —10731g| 2 |&1], from (3.62) we obtain

L&l .1 25—2
OrE1. 1) < Je [ [ X8 5) (LA EDTZ ) 0

2(—b)
R? &1 + &2 (3.63)

| el s
e1<10-31g) (1 + 16D Jigy1<pey| 161 4 212D

Since s > %, we have 2 — 2s < 1, which implies the following bound for the first integral

d -
/\a 1073 (1 + |§|)2_25 =[0+o>] |(l)0 ! Slar 669
=<107-1&1

Concerning the second integral in (3.63), we make the change of variables u = (&) =
&1 + &, and using the inequalities || < |&1| + |&] < 21&1], for2(1 —b) < 1lorb > %, we
have

dé2 / dp b1, [2lé1] -
|1 + & 20-D) — =iy = WO = 1E T (3.65)
/Iéz\s\éll 1§ + £ [y 020D o

Combining estimates (3.64), (3.65) with (3.63), we obtain
@2(%‘1, 7—'1) S |%-1 |4b—4S |§-1 |2S—1 |gl |2b—l — |$1 |6b—2S—2.

Since |£| > 100, the above quantity is bounded if 66 — 2s —2 < 0 or b < s + 1. For

b > %, it suffices to have %s + % > % or %s > %, which implies that s > 1/2. This completes

the proof of Lemma 3.4. O

3.3 Proof of the Second Nonlocal Trilinear Estimates (2.18)

Using notation (3.4), we see that to prove the estimate (2.18), i.e.
11+ 83 7 (@ £)(Dx ) @)l o1 < s pll fll s 11l o 1]l s

it suffices to prove the following L? estimate

H/ Q-crér, t)eg (&2, )ep(E — &1 — &, 1 — 11 — ©2)dErdTadé 1 dT)
R L. (3.66)

< le s
Slegllgz leglzz llenllzz
where the multiplier Q = Q(&, 7, &1, 11, &, 12) is defined by

L HE)T AN 6 182116 — 61—l +1E D A+1ED (I +E—& &)~
(It =D+ =& DY I+ =& DY A+t —11 — 1 — (E—& — &)Y

Q

By symmetry in convolution writing ofa/x?* 8:} * 8:% we can assume the following order

of [&11, |&2] and |§ — & — &
&1 = |&2] = |§ — & — & (3.67)
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Therefore, the multiplier Q is reduced to g, > (&> |t &, —&| @- Also, using (1 +&2)~1(1 +
€D < (14 1&)*2, Q becomes

X1 1216 =666l (LHIED 2816 E =& —&)IA+E D A+ 1aD " (+E-&—&D "
A+t =D A +n =& DY A+ - D U+t -1 —n—(E-&—&) DY

0<0=
Furthermore, for [£] > 1073]&|, we have |£1& (€ — & — &) S 1E1(1 + 1&D% or (1 +
1E)72161&2(E — & — &)| S |€], which implies that

X zlg 555 A+IED A+IE DT A+1ED T A+1E —&1—&D™
A+t =D A+ =& DY U+l - DY I+t -1 —n—(E—&—5)3DY

0%

where the right-hand side of the above inequality is bounded by the multiplier defined in
(3.6). So, the L2 inequality (3.66) is reduced to the L? inequality (3.5) for the local trilinear
estimate. Hence, we assume that |£] < 1073]&;| and the multiplier Q defined in (3.49)
becomes

L xBE.&1.8) - A+IED a6 E—& —E)IA+IED T U+1ED S (+[E—&—&)D°
Q2 = 3inl—b 30 ENVA 30
I+t =D P+t =& D" I+ =& D" I+t —11 — 12— (§ = &1 —&2)°])

5

where B is the domain defined by (3.50) incorporating the order relation and the condition
|€] < 1073|&|. Like in the proof for the first nonlocal trilinear estimate (see (3.56)), using
duality we bound the left-hand side in the L? formulation (3.66) (with Q = Q) as follows

H/R4 Q2 -crr, t)cga, )en(§ — &1 — &, T — 11 — ©2)dérdTadédT)
L

1
S ||@3||2§or lerllizlicglizzlicnll 2,
1.7

where @3 is as in the following result, which provides its L estimate.

Lemma3.5 Ifs > %and% < b <b < min{s — %, 3+ %, %}, then for all &1 and t| we have

(IL+ 16D~
(1+ |7 — &Y
fms ELE)HEDPHEEHE -6 —8) P +|56) 2 (1+]E —& —&)) > dndédrdE
R4 A+t =D 2U+ - A+t —11 -1 — (¢ —& — &)
< 1. (3.68)

31, 11) =

Proof For the dt;-integral in (3.68), applying estimate (3.1) witha =t — 11 — (§ — & — 52)3,
c=§&,0=10 weget

(L+ &)
@Oy < — "B
TR U e
X/ xBE 61,81+ EDBHEEE —& — )P0 +1a)2A+16—& — &)~ Zfdrdszds
” I+t —&D2-D(A 4|t -1 — (¢ —& — &) — &)
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Furthermore, for the dt-integral in the above estimate, applying estimate (3.2) with ¢ =
T+ E—& -6 +8,a=60=b1 =01 weget
—2s
0; < 1+ Ié‘ll)3 :
(I+ 1t — &N
5 / xp(L+ 1D 61626 — &1 — )P+ 16D (L + 1§ — & — &) > déds
R2 I+t 4+ E—& — &) +& —&3)2-D

(A+[ED>
__U+lah™ 3.69
(1 + | — &P o
x[ xs(1+ EDPHEEE — & —)PU+ &) >0+ —& — &) d&rdg
. (L+ 171 — &) +do(&, &1, E) 20D ’

where d3 (&, &1, &) is the Bourgain quantity defined by (3.7). Next, we consider the following
cases.

— Case 1: |&1| < 100.
— Case 2: |&1] > 100.

Proof in Case 1. Since |&| < 1073|&| and |&| < 100, by the ordering relation (3.67), all
of |&|, |&1] and |&;| are bounded. Furthermore, since ' > 0 and (1 — b) > 0, we see that

O3, 71) S 1.
Proof in Case 2. Here we have

62| = [&1]. (3.70)
By the ordering relation |§1| > |&| > |& — & — &|, it suffices to show |&>] > %Iéll.ln fact, if

|&| < 11€1], then we would get [£| = |& +& + (& — &1 —&)| = |&1] —|& =& — & — 62| >
1§11 — %|$1| - £I$1| > %IEH, which is a contradiction to || < 1073|&;], a condition of
(€,€1,&) € B. Using (3.70) we get |£16|> ~ |&|* and (1 + |&])™% =~ |&/|~% since
|€(] > 100. Also, we have (1 + |&|)™% ~ |&|~*. Combining this with | — & — &> <
(1+ |& — & — &), from (3.69) we get
&1+

(1 + |7 — D2

y / xB(E &1, 6) - (L+ED U+ 15 —& — &>

R2 (14|11 — & + d3(5, &, &)D20-D

Since % <b <b<1lwehave0 < 2(1 —b) <1 < 2b', so we canmove (1 + |71 — 513|)2”/
inside the integral and replace 26" with 2(1 — b). Since (1 + |71 — S?l)(l + |11 — 5134—
d3(EE,8)) = |l — &+ |ln — & + d3(€ &1, &)| and also |71 — & + |11 — &+
d3(§,51,8) > |11 — Ef +d3(§,81,86) — (11 — Sf)l = |d3(§, 1, 62)|, we have

(41t =D (1 + |t — & + ds(&, &1, )27 > (a8, &1, &) PP,
which combined with (3.71) gives

2s—4 2-2s
o < 4,4S/ x5E. E1.8) - (1+ EDP4(1 + |€ — & — &)
sGLm Sl f \d3(E. &1, £2)[20-D)

Then, using the factorization d3 = —3(§ — &1)(§ — &) (&1 + &), we get

xB(&,&61,82) - (1 + |§|)25—4(1 g — g - ‘%_2')2_25
6 — € — (& + £ 0D

3¢, 1) S
(3.71)
deydE.

dédé.

O3 1) <l / desdE.
RZ

(3.72)
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Next, using the inequalities

I§ =&l 2 161 and  [§ — & 2 1611,

which follows from | —&|| > |&|—|&| = || —1073|&| 2 |&1| and € —&| > |&] — €| >
11&11 = 10731&| 2 |, from (3.72), we obtain

X E1L&) - L+ ED U +1E & —8)*
&1 + &2|2(1=0)

dédé.
(3.73)

O3(&1, 1) < |§1|4b*4“/
R2

Now, we consider the following two subcases arising from the sign of (2 — 2s).

— Subcase 2.1: s < 1.
— Subcase 2.2: s > 1.

Proof in Subcase 2.1. Then 2 — 2s > 0, which combined with |§ — & — &| < |&] and
|€1] > 100 gives (1 4 |& — & — £])>72 < |£)>2. From the last inequality and estimate
(3.73) we get

. JELE) - (1 |g)>—
(61, 71) < I6g |62 /R L El S_i)&'(z(l_f L

— |é}:1|4b—65+2/ d%- / dgz .
g1<10-31g | (LH1EDY2 Jigy <y 161 + &2200)

Since 4 — 2s > 2 the first integral is bounded. For the second integral, making the change

of variables i = u(§2) = &1 + & and using the inequalities |u| < |“§1| + |&]| < 2|&], for
2(1—b) < lorb > 1, wehave [ L E—— ~ (u2b- 1)}2\&\
< 101D > 5, WehaVe Jio 1<i61] Ter 18200 — Jini<2iél |M|2<1 n = x~

|E120- 1. Using the above computations, from (3.74) we get

4b—6s5+2(5 2b—1 6b—65+1
O3(&1, T) S 16O g 1P = 15070

(3.74)

Since [§1] > 100, the above quantity is bounded if 6b —6s+1 <0orb < s —¢.Forb > 7,
it suffices to have s — é > % or s > 2/3. This completes the proof in Subcase 2.1.
Proof in Subcase 2.2. Then 2 — 2s < 0, which implies that (1 + |£€ — & — &[)>> < 1.

Therefore,

_ d& dé&;
Os(61. 1) < 1611 ‘”[ 7/ L B
g1<10-31y) (L +1EDY2 Jigy <y 161 + 5212070

For the first integral, we have

1 s <3

d 9 £

/ \ W,ﬁ In|&], SZ%
[§1<107]& | |El|2573, 5> 3

For the second integral in (3.75), making the change of variables © = (&) =& + &
and using the inequalities || < |&| —|— & < 2|&q], for 2(1 —b) < 1l orb > %, we

b _ 2oty 2Kl e 2b-1 :
gt fioicien) b = <z pten = (O™ > 18177, Finally, using the

above computations, from (3.75) we get

|€;1|6bf4s717 5 < é,

O3, 1) S 1 1E1 T In & ], s = 3
6b—25—4 4

1§11 s> 3,
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which is bounded if b < %, since s > 1. This completes the proof for Lemma 3.5, and also
the proof of our last trilinear estimate. O
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