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Abstract

We show, in this first part, that the maximal number of singular points of a normal quartic
surface X C IF‘%< defined over an algebraically closed field K of characteristic 2 is at most
16. We produce examples with 14, respectively 12, singular points and show that, under
several geometric assumptions (G4-symmetry, or behaviour of the Gauss map, or structure
of tangent cone at one of the singular points P, separability/inseparability of the projection
with centre P), we can obtain smaller upper bounds for the number of singular points of X.
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Inseparability - Symmetry - K3 surfaces
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1 Introduction

Given an irreducible surface X of degree d in IP?, defined over an algebraically closed field
K, which is normal, that is, with only finitely many singular points, one important ques-
tion is to determine the maximal number w(d) of singular points that X can have (observe
however, see for instance [3, 17, 29, 35, 41], that the research has been more focused on
the seemingly simpler question of finding the maximal number of nodes, that is, ordinary
quadratic singularities). The case of d = 1, 2 being trivial (u(1) = 0, u(2) = 1), the first
interesting cases are for d = 3, 4.

We have that ;£ (3) = 4, while n(4) = 16 if char(K) # 2.

For d = 3 (see Proposition 1 and for instance [5] for more of classical references), a
normal cubic surface X can have at most 4 singular points, no three of them can be collinear,
and if it does have 4 singular points, these are linearly independent, hence X is projectively
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equivalent to the so-called Cayley cubic, first apparently found by Schléfli, see [8, 10, 34]
(and then the singular points are nodes).
The Cayley cubic has the simple equation

1
X (= {x:= (x0, X1, X2, X3) | 03(x) := Z —xpx1x2x3 =0¢ .
— Xi
Here o3 is the third elementary symmetric function (the four singular points are the 4
coordinate points).

Even the classical case of cubic surfaces still offers plenty of open questions [30]: in this
article we go up to the case of quartic surfaces.

The main purpose of this paper is indeed to show with elementary methods (Theorem 14)
that, if char(K) = 2, then u(4) < 16, and to provide easy examples which lead to the
conjecture that ;(4) < 14, which will be proven in Part II of this article, in cooperation
with Matthias Schiitt (using the special features of elliptic fibrations in characteristic 2).

Whereas symmetric functions produce surfaces with the maximal number of singularities
for degree d = 3, or for d = 4 in characteristic # 2 (see for instance [5, 26]) we show in
the last section that for d = 4 and char = 2 symmetric functions produce quartics with at
most 12 singular points, and explicit examples with 0,1,4,5,6,10,12 singular points.

In this paper we produce the following explicit example, of quartic surfaces with 14
singular points!, and producing what we call ‘the inseparable case’:

X = {(z, x1, 02, x3) | 220122 +x3) + (33 +x1) (33 + x2)y3(y3 + x1 +x2) =0,
y3 = azx3 + aix; + axxa, az # 0, a1, az, a3 general}.

A normal quartic surface can have, if char(K) # 2, at most 16 singular points. Indeed, if
char(K) # 2, and X is a normal quartic surface, by Proposition 1 it has at most 7 singular
points if it has a triple point, else it suffices to project from a double point of the quartic to
the plane, and to use the bound for the number of singular points for a plane curve of degree
6, which equals 15, to establish that X has at most 16 singular points.

Quartics with 16 singular points (char(K) 7 2) have necessarily nodes as singularities,
and they are the so called Kummer surfaces [22] (the first examples were found by Fresnel,
1822).

There is a long history of research on Kummer quartic surfaces in char(K) # 2, for
instance it is well known that if d = 4, u = 16, then X is the quotient of a principally
polarized Abelian surface A by the group {£1}.

But in char = 2 [38] Kummer surfaces behave differently, and have at most 4 singular
points.?

In this paper we show among other results that, if X is a normal quartic surface defined
over an algebraically closed field K of characteristic 2, then:

i) If X has a point of multiplicity 3, then |Sing(X)| < 7 (Proposition 1).

ii) If X has a point of multiplicity 2 such that the projection with centre P is inseparable,
then |Sing(X)| < 16 (Proposition 5, see steps I) and II) for smaller upper bounds under
special assumptions).

land one more in Section 2.3, suggested by Matthias Schiitt.
2 A similar construction, introduced in [21], and based on other group schemes, leads to ‘Kummer’ surfaces
X with 17 singular points: these, by the results of this paper, cannot be isomorphic to quartic surfaces in P3.
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iii) |Sing(X)| < 16 (Theorem 14), and equality holds only if the singularities are all nodes
(A1-singularities, double points with smooth projective tangent cone) or 15 nodes and
an Aj-singularity.

This paper has a big overlapping with the previous preprint [6], improves the main result
and most results in loc. cit., and supersedes it.
In Part I, in cooperation with Matthias Schiitt [7] we show:

i) the better upper bound |Sing(X)| < 14 holds, with equality only if the singular points
are nodes and the minimal resolution of X is a supersingular K3 surface.

ii) if the Gauss image is a plane, equivalently if the equation contains only even powers of
one of the variables, then, counting multiplicities, |Sing(X)| > 14 and generically the
surface X has 14 nodes as singularities; one may ask whether conversely all quartics
with 14 nodes arise in this way.

1.1 Notation and Preliminaries

For a point in projective space, we shall freely use the vector notation (ay, ..., dn+1),
instead of the more precise notation [ay, ..., a,+1], Which denotes the equivalence class of
the above vector.

Let Q(x1, x2, x3) = 0 be a conic over a field K of characteristic 2.

Then we can write

2
O(x1, x2,x3) = Zbile-z + Zaijxixj = (Z bixi> + Za,-jx,-xj.
i i<j i i<j
One finds that, unless Q is the square of a linear form, [a] := (a3, a13, a12) is the only
point where the gradient of Q vanishes.

Taking coordinates such that [a] = (0, 0, 1) we have that Q(x) = x;x2 + b(x)z, where
b(x) is a (new) linear form: for instance, if Q(x1, x2, x3) = x1x2 + x1x3 + Xxx3, then
Q = (x1 +x2)(x] +x3) + x7.

We have two cases Q[a] = 0, hence b3 = 0, hence Q(x) = x1x2 + b(x1, x2)2, hence
changing again coordinates we reach the normal form Q = xjx;; while if b3 # 0 we reach
the normal form Q = x1xp + x%.

Hence we have just the three normal forms (as in the classical case)

2 2
X{, X1x2, Xpx2+Xx3.

We also use the standard notation for partial derivatives, given a polynomial G (xy, ..., x,),
we denote
G
G,’ =
8)6;

2 Singular Points of Quartic Surfaces in Characteristic 2

We consider a quartic surface X = {F = 0} C P}, where K is an algebraically closed field
of characteristic equal to 2, and such that X is normal, that is, Sing(X) is a finite set.
If X has a point of multiplicity 4, then this is the only singular point, while if X contains
a triple point P, we can write the equation, assuming that the point P is the point x; = x; =
x3 =0:
F(x1, x2,x3,2) = 2G(x) + B(x),
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where of course G (x) is homogeneous of degree 3 and B(x) is homogeneous of degree 4.
Recalling that G; := 39, B; := 28 we have

L™ 9x;°  0x;?

Sing(X) ={G(x) =B(x)=Gijz+ B;i=0,i=1,2,3}.

If (x,z) € Sing(X) and x € {G(x) = B(x) = 0}, then x ¢ Sing({G = 0}), since
x € Sing({G = 0}) = x € Sing({B = 0}) and then the whole line (Aoz, A1x) C Sing(X).
Hence V(G)(x) # 0 and there exists a unique singular point of X in the above line. Since
the two curves {G(x) = 0}, {B(x) = 0} have the same tangent at x their intersection
multiplicity at x is at least 2, and we conclude:

Proposition 1 Let X be quartic surface X = {F = 0} C P2, where K is an alge-
braically closed field, and suppose that Sing(X) is a finite set. If X has a triple point then
[Sing(X)| < 7.

More generally, if X is a degree d surface X = {F = 0} C P3,, where K is an
algebraically closed field, and we suppose that

® Sing(X) is a finite set, and

® X has a point of multiplicity d — 1

then

did—-1)

[Sing(X)| <1+ 5

Proof The second assertion follows by observing that in proving the first we never used the
degree d, except for concluding that the total intersection number (with multiplicity) of G,
Bequalsd(d — 1). O

Assume now that we have a double point P of X and we take coordinates such that
P = {x := (x1, x2, x3) = 0, z = 1}, thus we can write the equation
(Taylor development) :  F(x;, x2, x3,2) = 2> Q(x) + zG(x) + B(x),

where of course Q, G, B are homogeneous of respective degrees 2, 3, 4.
Then

Sing(X) = {(x,2) | G(x) = 22Q(x)+B(x) = 22 Qi (x)+2G; (x)+B;(x) = 0, i = 1,2,3}.
We consider then the projection

mp : X\ {P} = P?:= {(x1, x2, x3)}.

Lemma 2 1) [f P is a singular point of the quartic X, consider the projection Sing(X) \
(P} — P2
Two singular points (different from P) can have the same image only if they map to
the same point x of the finite subscheme ¥ C P? defined by Q = G = B = 0, the three
gradients VQ(x), VG(x), VB(x) are all proportional and moreover VQ(x) # 0,
VG(x) #0.
2) Ifx € I, then there is a 7 such that (x, z) € Sing(X) if

22VO(x) +zVG(x) + VB(x) = 0.

Proof In fact, if a line L through P intersects X in 2 other singular points, then L C X,
hence
Lc{x,2)|Q0x)=Gx)=Bx)=0}=P=xX,
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where £ C P? is the subscheme defined by Q = G = B =0, and ¥ is a 0-dimensional
subscheme since X is irreducible.
If x € ¥ and (x, z), (x, z + w) € Sing(X) are different points, from the equations

22VO0x) +zVG(x) + VB(x) = (22 + wH)VO(x) + (z + w)VG(x) + VB(x) =0

follows VG (x) = wV Q(x), VB(x) = z(z+w)V Q(x). In particular, it cannot be VQ (x) =
0, and the three curves are all tangent at x.

Finally, if the three gradients are proportional, then we can find (z, w) solving the
equations VG (x) = wVQ(x), VB(x) = z(z+w)VQO((x);and w #0if VG(x) #0. O

2.1 The 7 Strange Points of a Plane Quartic in Characteristic = 2

In general, if {g(x) = 0} is a plane curve of even degree d = 2k, from the Euler formula
> i xigi = 0 we infer that if the critical scheme Cy := {Vg(x) = 0} is finite, then the first
trivial estimate is that its cardinality is at most (d — 1)2, by the theorem of Bézout.

Take in fact a line L not intersecting this scheme C,, and assume that L = {x3 = 0}:
then {Vg(x) =0} = {g1 = g2 = 0, x3 # 0}, and this set has, with multiplicity, cardinality
(d — D)% or less if g1 = g = x3 = 0 is non empty.

We consider first the case of a general plane quartic curve {B(x) = 0}.

The crucial observation is that the space of (homogeneous) quartic polynomials
K[x1, x2, x3]4 splits as a direct sum

K[x1,x2,x314=Q @V,

where Q consists of squares of (homogeneous) quadratic polynomials, and V is spanned as
follows:
V.= (x?xj,xix1x2x3).
V has dimension 9 and the group GL(3, K) acts with finite stabilizer on the Klein curve
B = x?xz + x3x3 + x33x1

hence the orbit of B? is dense in V.

The gradient V B vanishes at precisely 7 points, the seven points {(1, €, €)|e’ = 1}.

In fact,

B? = x12x2 +x§’, Bg = x%m +x13, Bg = x%xl —l—xg.

Using the first equation and taking the cubes of xzzm = x13, we find (since x; # 0O for
the points of C) that y = ex, with €/ = 1, and z = € x. Hence we get the seven points
{(1,e, )|’ =1}

We derive the following property.

Proposition 3 For a homogeneous quartic polynomial B € K|[x1, x2, x314 let Cp be the
critical locus of B (where the gradient V B vanishes). If Cg is a finite set, then it consists of
at most T points.

For B general, Cg consists of exactly T reduced points.

Proof Since x3B3 = x1B| + x By, we get that if B = By = 0, then x3B3 = 0.

If {B| = B, = 0} is infinite, then on its divisorial part C we have x3 = 0, since Cp is
finite.
This means that B = x3B’ + B(x1, x2)%, hence VB = 0 < V(x3B’) = 0.

If x3 does not divide B’, then |Cg| < 6, since the gradient of B’ vanishes at most in 3
points. If x3 divides B’, we get a contradiction to the finiteness of Cp.
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786 F. Catanese

We can therefore assume that we are in the case where B’ := {B| = B> = 0} is finite.
Take a line containing § > 2 points of Cg C 3/, say x3 = 0, and let x1, x; be coordinates
both not vanishing at these points.

Then by Bezout’s theorem B’ consists of at most 9 points, counted with multiplicity.

Atany of the § > 2 points of CgN{x3 = 0}, the equation x3 B3 = x| B]+x2 B, shows that,
since x3 B3 vanishes of multiplicity at least 2, a linear combination of V By, V B, vanishes,
implying that the local intersection multiplicity of By, By is > 2.

Hence |Cp| <9 -6 < 7.

For the second assertion, use the decomposition K [xy, x3, x3]4 = Q @ V, which allows

us to write a general polynomial, after a change of variables, in the form

B=gq”+ By, q¢€K[xi,x2,x30.
We conclude since then VB = V By. O

Remark 4 (a) In Part II of this article we show more generally in a more elementary way
that if B is a polynomial of even degree = 2m, and Cj is finite, then its cardinality is
at most (d — 1)(d — 2) + 1, and that this estimate is sharp, that is, equality holds in a
Zariski open set of the spaces of such polynomials.

(b) A referee points out that a more general result (also in other characteristics) is
contained in Theorem 2.4 of [23], whose statement however does neither mention
derivatives nor critical sets, so that our clear statement about Cp is not easy to extract
from the statement of Theorem 2.4 of [23].

2.2 The Inseparable Case

We consider first the inseparable case where G = 0, hence

X ={220(x) + B(x) =0}, Sing(X) = X N {z>VQO(x) = VB(x)}.

Proposition 5 Let X be a normal quartic surface X = {F = 0} C P3,, where K is an
algebraically closed field of characteristic 2, hence Sing(X) is a finite set. If X has a double
point P as in (Taylor) such that the projection with centre P is an inseparable double cover
of]P)z, i.e.,, G =0, then |Sing(X)| < 16, and there exists a case with |Sing(X)| = 14.

Proof As in the proof of Proposition 1, if a singular point (x, z) satisfies Q(x) = 0, then
B(x) = 0, and since Sing(X) is finite it must be V(Q)(x) 7# 0: under this assumption (x, z)
is the only singular point lying above the point x € ¥ = {Q(x) = B(x) = 0}.
Hence, in view of Lemma 2 the projection Sing(X) \ {P} — P? is injective.

Conversely, if x € ¥ = {Q(x) = B(x) = 0}, it is not possible that VQ(x) = VB(x) =
0, while for VQ(x) = 0, VB(x) # 0 there is no singular point lying over x, and for
V Q(x) # 0 there is at most one singular point lying over x, and one if and only if VQ(x),
V B(x) are proportional vectors.

Hence in the last case the intersection multiplicity of Q, B at x is at least 2, and in
particular over X lie at most 4 singular points.

We proceed now in the proof considering several different cases, according to the normal
form of Q.

StepI) We first consider the case where Q is a double line, and show that in this case
X has at most 8 singular points.
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We can in fact choose coordinates such that F = z2x12 + B(x), hence the singular points
(x, z) are determined by the equations F = VB(x) = 0. And we have a bijection between
Sing(X) and the points of the plane with coordinates x where VB(x) = 0 and x; # 0. In
fact the points where VB (x) = x; = 0, B # 0, do not come from singular points, while the
points with VB(x) = x; = B = 0 would provide infinitely many singular points.

We are done by Proposition 3 if Cp is finite. In the contrary case, since Sing(X) is finite,
the only common divisor of the B;’s is x{.

Since x; divides all the partial derivatives B;, we can write B = ¢g(x2, X3)2 + xlzB’ , and
VB = x12VB’, and since B’ is not a square, we get at most 2 singular points.
Hence Step I) is proven.

Step II) We consider next the case where Q consists of two lines, and show that in
this case X has at most 13 singular points.

We can in fact choose coordinates such that F = z2x;x» + B(x), hence
Sing(X) = {z%x1x2 + B(x) = 0, 2%x3 + By (x) = 2°x| + Ba(x) = B3 = 0}.
Hence the singular points satisfy
() B3=B+x1Bj=B+x2B,=0,

where the last equation follows form the first two, in view of the Euler relation.

Let (x) be one of the solutions of (xx): we find at most one singular point lying above
itif x; # 0, or xo # 0. If instead x; = xp = 0 for this point, then B = B3 = 0, and
either there is no singular point of X lying over it, or (x) is a singular point of B, and we
get infinitely many singular points for X, a contradiction. Hence it suffices to bound the
cardinality of this set.

If the solutions of () are a finite set, then their cardinality is < 12, and also |Sing(X)| <
13.

If instead () contains an irreducible curve C, this factor C cannot be x; = 0 or x, = 0,
since for instance in the first case then x;|B = x| F, a contradiction.

We find then infinitely many points satisfying () and with x1x2 # 0. Over these lies a
singular point if 72 = B1/x2 = By/x; = B/(x1x2) is satisfied.

But if the first equation is verified, then also the others follow from x{ B +x2B> = x3B3 =
0, respectively B + x1B; = 0.

Hence the existence of such a curve C leads to the existence of infinitely many singular
points of X and Step II) is proven by contradiction.

Step III) We consider next the case where Q is smooth, and show that in this case X
has at most 16 singular points.

We can in fact choose coordinates such that Q (x) = x1x2+x32, hence F = 22Q(x)+B(x) =
2x1x0 + zzxg + B(x).
Here

Sing(X) = {z°x1x2 + 2x3 + B(x) = 0, 2°x2 + B1(x) = 2°x1 + Ba(x) = B3 = 0.
Hence the singular points satisfy
() B3=B+x1B +ZZX32 =B+x2B> +z2x32 =0,

and again here the last equation follows form the first two, in view of the Euler relation.
If x; # 0, or xo # 0, there is at most one singular point lying over (we mean always: a
point different from P) the point x. The same for x; = x, = 0 since then x32 # 0.
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788 F. Catanese

Multiplying the second equation of (*) by x, and the last by x1, we get, for the singular
points,

Bxy + OBy = Bxy +x1x2B1 + lef =0,
Bx1+ OBy = Bxy +x1x2B2 + Bzxg =0.
Hence the singular points different from P project injectively into the set
B:={x|B3=Bxs+ QB =Bx1+ 0B, =0} D> {x|B3=B=0=0}.

By Bézout B consists of at most 15 points, unless Bz, Bxo + OB, Bx; + OB, have a
common component.

If B contains an irreducible curve C, since either x| # 0 or x5 # 0 for the general point
of C, there exists i € {1, 2} such that the cone I" over C has as open nonempty subset the
cone IV over C' := C \ {x; = 0} which is contained in the set of solutions of (*). Hence "
is contained in the set of solutions of ().

Arguing similarly, if C # {x; = 0}, C # {xo = 0}, the cone I" over C has as nonempty
open subset the cone I'” over C” := C \ {x;x; = 0} which is contained in the solution set
of z22xy + By (x) = 2x1 + By (x) = B3 = 0, hence I" is contained in this solution set. We
conclude that Sing(X) contains X N I', hence it is an infinite set, a contradiction.

By symmetry, it suffices to exclude the possibility that B contains C = {x; = 0}. In this
case we would have that x| B3, B>, Bxy + Q Bj. Since x; does not divide Q, it follows that
the plane I' = {x; = 0} has as nonempty open subset the cone over C \ {Q = 0} which is
contained in the set {z2x2 +Bi(x) =721+ Ba(x) = B3 = 0}, hence I is contained in this
set and Sing(X) contains X N T", again a contradiction.

Hence Step III) is proven.

Remark 6 In part I, using the Hilbert-Burch theorem, we show that, in the case of Step III),
the number of singular points is at most 14.

Step IV) We construct now a case where there are other 13 singular points beyond
P, hence X has 14 singular points.

By the previous steps, we may assume that Q(x) = xjx2 + x%, and we take B = y1y2y3y4,
where yi, y2, y3 are independent linear forms and y4 = y; + y2 + y3.
Recall that

Sing(X) = {z2Q(x) + B(x) =0, °VQ(x) = VB(x)}.
Multiplying the second (vector) equation by Q we get the equation
(¥) B)VQ((x)=Q0(x)VBx) <« V(QB)(x)=0.
The solutions of (*) consist of
i) the points where Q(x) = 0, hence Q = B = 0: these are precisely 8 points, for

general choice of the linear forms y;; and they are not projections of singular points of
X \ P, as the gradients VB, V Q are linearly independent at them;

ii) the points where Q(x) # 0, B(x) = 0, hence B = VB = 0; that is, the 6 singular
points y; = y; = 0 of {B(x) = 0}, giving rise to the 6 singular points of X with z = 0;

iii) (possibly) a point where VQ(x) = VB(x) = 0but Q # 0, B # 0, this comes from
exactly one singular point of X;

iv) points satisfying

() Q) #0# B(x), V(Q)#0#V(B), Bx)VQ(x)=Qx)VB(x).
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Observe that VQ(x) = (x2, x1, 0) vanishes exactly at the point x; = x = 0, while in the
coordinates (y, y2, y3) we have

"V(B)(Y) = (y255(02 4 ¥3). Y1331 4 ¥3). yiy2(01 + y2)).

hence the gradient V(B)(y) vanishes exactly at the 6 singular points of B, and at the point
yity2=y1+y3=0.

We have that this point is the point x| = x, = 0 as soon as y; = y3 + x1, y2 = ¥3 + X2
(then y4 = y3 + x1 + x2).

Going back to the notation of Step III), we consider then the set

B:={x|B3=Bx;+0B =Bx1+0By=0}D>{x|B3y=B=0 =0}

Since B = (y3 + x1)(y3 + x2)y3(y3 + x1 + x2), if we set y3 = a1x; + axx2 + azx3, with
az # 0, then using
4

B
B; = 0(y1y2y3y4)/0x;i = Z;(y,,),-,
1 J

4
B

B3=0 < Z; =0, Bi =ai1B3+ y2y3y4 + y1y2y3, By = a2B3 + y1y3y4 + y1y2y3,
1 7/

the equations of B simplify to
B3 =0, yys(iysx2+ OO +y4) =0, y1y3(yayaxi + Q(y2+ y4)) =0.
Since we are left with finding solutions where B # 0, the equations reduce to
B3 =0, [(y3+x1)(y3 +x1 +x2) + Qlx2 =0, [(y3 +x2)(y3 + x1 +x2) + Qlx1 = 0.
We already counted the point x; = x5 = 0. If x; = 0 and x, # 0, we find
Bj =y§+y3Xz+x§ =0,

but since we observe that B3 = 0 on the line x; = 0, we get the two points

X1 = y32 + y3x2 + x32 =0 <4 x1=0, (a% + 1)x32 + (a% + az)x% + azxox3 = 0.
Similarly if x = 0 and x| # 0 we get the two points

Xy = y32 + y3x1 +x32 =0 & x=0, (a% + 1))632 + (al2 + al)xlz + azx1x3 = 0.
If both x1 # 0, x # 0, we find

By = x4 x5 + y3(x1 +x2) = (33 +x1)> + y3:2 +x§ =0.
The second equation (of the three above) is reducible, it equals
(x1+x2+ y3)(x1 +x2) = 0.

Again Bz = 0 on the line x; = x;, while the points with (x; 4+ x2 + y3) = 0 yield the line
ya4 = 0 which is contained in B, hence we do not need to consider these points.
Hence we get two more solutions:

X1 = X2, y§+x12+y3x1+x§=07
= x = (x1, X1, X3), (a_% + 1)JC32 + (a% —I—a12 +a+a; + 1)x12 +a3x1x3 =0
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and X has exactly 1 + 6 + 1 + 2 4+ 2 4 2 = 14 singular points,
H: x=0,z=1,
6): z=0,x=(0,1,a2),(0,1,1+a2), (1,0,ar),(1,0,1+ay),
(I, 1,a1 +a2), (1, 1, 1 +a; + az),
(1): (1,0,0,1),
() x=(0,1,b), (a3 + )b* + (a5 + a2) + asb =0,
2): x=(1,0,¢), (a% + l)c2 + (a]2 +ay) +azc =0,
2 : x=(,1,d), @+ Dd*+ (@ +a}+a+a+ 1) +azd =0.

One can now verify that, for general choice of the a;’s (which can be made explicit requiring
a3 #1,b#ay,1 +ay,c #ai,1+a,d # a; +ax, 1 +a; + ax), we obtain 14 distinct
points. O

An interesting question posed by Matthias Schiitt is: how many of the 14 singular points
may be defined over Fp, F4?

Over Iy, there are altogether 15 points in ]P’32, and each coordinate plane contains 7
points: but a plane section of X cannot have 7 singular points, hence there cannot be > 12
singular points defined over ;.

For F4 = ]Fz[u]/(u2 +u+1),wetrywithaz =u,a; = u?, ay = u?.

The above conditions mean that ¢, d # u, u?,d # 0, 1 and we see that u, u“ are not roots
of b2 + u? + b = 0, while 0,1 are not roots of ud? + 1 + ud = 0, which when multiplied
by u? becomes d> + u”> +d = 0.

We conclude that

2

Proposition 7 There exists a normal quartic surface X with 14 singular points defined over
F16, 8 of them defined over F4, 4 of them defined over IF5.

Proof Choosing a3 = u, a; = u?, a» = u®> we get, on top of the two points x = 0,

z=1, (1,0,0, 1), the 12 points with z = 0 and with
x = (0,1,u?), (0, 1,u), (1,0,u%), (1,0,u), (1,1,0), (1, 1,1), (0, 1,b), (1,0, ¢), (1, 1, d),

where b, ¢, d are roots of the quadratic equation 24+z+u?=0.
This equation has no root in [F4, hence it defines a quadratic extension of F4. O

2.3 More on the Inseparable Case

Here is another construction of quartics with 14 singular points, due to Matthias Schiitt.
Consider the quartic X of equation

X = {F(w, x1, x2,x3) := w* + w2x12 + B(x) = 0}.

Here B(x) := B(x1, x2, x3) is homogeneous of degree 4 and the singular points are the
solutions of
VB(x) =0, w* + wx{ + B(x) = 0.
For each x, the polynomial w* + w2x12 + B(x) is the square of a quadratic polynomial in
w, which is separable if x; # 0.
Let
C:={x e P> | VB(x) = 0}.
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Hence |Sing(X)| = 2 | C| provided C N {x; = 0} = @, a condition which can be realized for
the choice of a general linear form once we find a quartic B with C finite.

By Proposition 3, follows that, for a general quartic polynomial B, the locus C consists
of 7 reduced points, hence we get X with 14 singular points, which are nodes.

If we want to be more explicit, the first choice is to take B the product of 4 general linear
forms, as in Step IV) of Proposition 5.

The second explicit choice, as already mentioned, is to take the Klein quartic

B = x?xz +x§x3 +x33x1.

Recall that the set C has always cardinality at most 7 in view of Proposition 3, so this
construction leads to no more than 14 singular points, and in general to 14 singular points.

2.4 The Case Where a Variable Appears only with even Multiplicity

In Part II of this article, using elaborate arguments, we shall show that if X is defined by
X = {(x1,x2,x3,2) | Az* + 22Q(x) + B(x) =0},

and X is normal, then X has at most 14 singular points, and in general it has 14 singular
points which are nodes.
It is still an open question whether all the quartics with 14 nodes belong to this family.
We prove here a weaker result with an elementary proof.

Theorem 8 Assume that the normal quartic surface X is defined by an equation of the form
X = {(x1,%2,x3,2) | F(x,2) :=z* + 22Q(x) + B(x) = 0}.
Then |Sing(X)| < 16.

Proof 1) The case A = 0 was dealt with in Proposition 5.
2) The case where Q = 0, A = 1 gives rise, again by Proposition 3, to at most 7 singular
points, which are in general 7 A3z-singularities.
3) The case where Q(x) is the square of a linear form was dealt with in the previous
subsection.
4) There remains to treat the case where A = 1 and Q is a smooth conic, Q(x) = xjx2+ /Lxg
in suitable coordinates.
Then
VF=0 & z°x2+ B = z%x1 + B, = By = 0.
If a singular point has xo # 0, or x1 # 0, then z is uniquely determined by its projection in
the plane with coordinates (x), which must lie in the set
F» = {B3 = B} + 0Bixs +x3B =0},
and also in the set
Fi:={B3 = B3 + QBox| +x{B = 0}.
Actually, /> N{xp # 0} is in bijection with Sing(X)N{x, # 0}, and similarly > N{x; # 0}
is in bijection with Sing(X) N {x; # 0}, hence Fi, F, are finite unless x; divides B;, B3,
respectively x, divides By, B3.
Assume that /7 is finite: then by the theorem of Bézout it consists of 18 points counted
with multiplicity. Since x, does not divide Bj, B3, and we notice that

B = cx12x3 + dx33 (mod x»), B3z = cxl3 + dx1x32 (mod x7),
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the length two subscheme A := {x; = cxl2 + dx% = 0} is contained in J>.
Since Bl2 + OBix2+ x%B lies in the square of the ideal generated by x», By, at the point
of A the intersection multiplicity is at least 4, hence J consists of at most 15 points.
Similarly, if F is finite, it consists of at most 15 points.
Finally, if x, divides Bj, B3, and x| divides Bj, B3, then we can write

B(x) = q()c)2 + cxlxg + dxfxz.
Hence Bs is identically zero, and, setting ¢ (x) := cx% + dxlz, we get
By =x2¢, By=x1¢.
Then
Sing(X) ={F =0, x2(z> + ¢(x) =0, x1 (2> + ¢p(x) =0} D {F =22 + $p(x) = 0},

X is not normal.
We conclude since over the point {x; = x» = 0} lie at most 2 singular points, hence
|Sing(X)| < 16. O

Remark 9 Case 2) above (equation 4+ BXx) = 0), which in general gives rise to 7 Az-
singularities is quite interesting.

Because the minimal resolution S of X has then Picard number 22, hence one sees
immediately here that S is a supersingular K3 surface.

3 Inequalities Provided by the Gauss Map

The Gauss map y : X --» P := (P?)V is the rational map given by
y(x):=VF(x), xe€X*:=X)\Sing(X).

We let Y := y(X) be the image of the Gauss map, which is a morphism on X*, and
becomes a morphism 7 on a suitable blow up S of the minimal resolution § of X. The image
Y = y(X) is called the dual variety of X.

In order to compute the degree of Y (this is defined to be equal to zero if Y is a curve),
we consider a line A C P such that A is transversal to Y, this means:

1) ANY =0@ifY isacurve,

2) A isnottangent to Y at any smooth point, and neither contains any singular point of Y,
nor any point y where the dimension of the fibre 7 ~!(y) is = 1, so that

3) A NY isin particular a subscheme consisting of deg(Y) distinct points, and its inverse
image in S is a finite set.

By a suitable choice of the coordinates, we may assume that
y HA) CXN{F=F =0}

The latter is a finite set, hence by Bezout’s theorem it consists of 4 - 3% = 36 points counted
with multiplicity, including the singular points of X.
We get then the well known formula

(DEGREE — FORMULA) deg(y)deg(y(X)) =36— Y (F.Fi, F)p,
PeSing(X)
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where (F, F1, F)p is the local intersection multiplicity at P, equal to
dimg (Ox,p/(F1, F2)) = dimg (Ops p/(F, F1, F2)).

Since P is a singular point (actually we are interested in the case where F' vanishes of order
exactly 2), we have

(F, F, F)p >2 VP € Sing(X).

Remark 10 If P is a uniplanar double point, then the Taylor development of F has the form
F = ¢x)? + g(x), where £(x) is linear and g vanishes of order at least 3. Hence Fy, F>
vanish of order at least 2, so that (F, F|, F»)p > 8.

If we have a biplanar double point, F = ¢;(x)¢2(x) + g(x), where g vanishes of
order at least 3, then for general choice of coordinates x1, xp, F1, F> vanish of order 1 and
£1(x), £2(x) are in the ideal generated by Fp, F, hence by semicontinuity we have always
(F, F1, F2)p = 3.

Indeed, a biplanar double point is ([6]) an A, singularity, and for this singularity the
contribution is at least n + 1.

‘We observe moreover:

Lemma 11 (i) Assume that P € Sing(X) is a node and E the exceptional curve in the
minimal resolution S of X. Then E maps, via the Gauss map, to a line via an insepa-
rable map of degree two. In particular the Gauss map cannot be birational if X" is a
normal surface.

(i) The Gauss image of X cannot be a line.

Proof (i): given a node P, an Aj-singularity, then the affine Taylor development at P is
given by
F=xy+2Z +¢(x, y2=0
and the Gauss map on the exceptional conic E C P2, E = {xy + z> = 0} is given by
(x,5,0,0).
If XV is a normal surface, then
7:85—>XxV
is an isomorphism over the complement of a finite number of points of XV, a contradiction
since E maps 2 to 1 to a line.
(ii): if XV is a line, then there are projective coordinates in P3 such that

X = {az* + bw* 4+ c?w? + 22D(x, y) + w?E(x, y) + f(x, y) = 0}.

Writing
D(x,y) = dix> +dry> +dxy, E(x,y) =e1x>+ery” +exy,
f@y) = qte )+ fixdy + foxy’,
we see that
Sing(X) = X N{yM =xM =0}, M =dz>+ew’+ fix>+ fry°,
hence Sing(X) D X N {M = 0} and X is not normal. O

From the above considerations follows:
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Proposition 12 If X is a normal quartic surface in P3, with singular points of multiplicity
2, then v := |Sing(X)| < 16.

Equality holds only if all the singularities are nodes, except possibly a singularity of type
A» in the case where the Gauss image Y of X is a plane.

If X has a uniplanar double point, then v := |Sing(X)| < 15.

Proof First of all, the inequality v < 16 is proven in Theorem 8 if some variable, say z,
occurs only with even exponent. This condition is equivalent to F;, = 0, and to the fact that
the image is contained in a plane.

If the number of singular points is > 13, necessarily by the degree formula follows that
we must have some node, since 13 x 3 = 39 > 36.

We can then apply Lemma 11 which says that the image of the Gauss map contains a
line and cannot consist only of one line: hence the image will be an irreducible surface
Y := y(X) of degree > 2.

From this follows then that either deg(y) > 2, or deg(y) = 1 and deg(Y) > 3, since in this
case X is the dual of Y by the biduality theorem, hence Y cannot be a quadric.

The inequality v < 16 follows then from the degree formula, and in case of equality
(since the only singular points which give a contribution (F, Fi, F»)p = 2 are the nodes)
we have then at least 15 nodes and a singularity of type A (a node) or Aj.

Hence the minimal resolution of X is a K3 surface, therefore it cannot be birational to a
cubic surface: hence we conclude that deg(y)deg(Y) > 4 and we must have 16 nodes. [

In this Part I we show with elementary arguments that |Sing(X)| < 16, but in Part II,
in collaboration with Matthias Schiitt, we shall use the fine theory of elliptic fibrations in
characteristic 2 and their wild ramification in order to prove the optimal bound |Sing(X)| <
14.

We briefly give now the flavour of the geometric arguments which shall be used in Part I1.

Consider two singular points of X, say P;, P, and the pencil of planes containing the
line L := P P,, corresponding to the linear system |H — P; — P,|.

Projection with centre L provides a rational map

wp X --» IP’I,

which is a fibration with fibres of arithmetic genus at most 1.

The basic observation is that, if the general plane sections with planes in |H — P} — P3|
have a singular point which is not a point in Sing(X) (this means that we have a so-called
quasi-elliptic fibration) then the dual line LV is contained in the dual variety ¥ = y (X).

Example 13 In the case where we have a double point P of inseparable type, we have the
equation

{F(z.0) =22Q(x) + B() = 0}.
Then % = 0 at all points of X, and the image Y = y(X) is contained in a plane. Moreover

the Gauss map y factors through the inseparable double cover wp : X — P2 such that
wp(z, x) = x, since

VF(z,x) = 22VQ(x) + VB(x) = (BVQ + QVB)(x).
If furthermore Q is the square of a linear form, then

Y (z, x) = (0, B1(x), B2(x), B3(x)).
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The base scheme {x | B;(x) = 0,i = 1, 2, 3} is finite (since X is normal) and has length at
most 7 by Lemma 3, hence we get a map P? --» P2 of degree > 2.

The conclusion is that we have at most 8 singular points and that deg(y) > 4.

The estimate that we get, |Sing(X)| < 8, works perfectly since the point P is uniplanar
and gives a contribution > 18.

‘We reach then our final result:

Theorem 14 Let X be quartic surface X = {F = 0} C P2, where K is an algebraically
closed field of characteristic 2, and suppose that Sing(X) is a finite set.

Then |Sing(X)| < 16.

In fact:

(1) if |Sing(X)| = 16, then the only singularities of X are nodes, except possibly a
singularity of type Aj in the case where the Gauss image Y of X is a plane. The
minimal resolution S of X is a minimal K3 surface with Picard number at least
[Sing(X)| 4+ 1 =17.

(2) If X contains a uniplanar double point, then |Sing(X)| < 14, and if equality holds, all
other singularities are nodes, and Y is a plane.

Proof If X has a point of multiplicity 4, then |Sing(X)| = 1.

If X has a point of multiplicity 3, then by Proposition 1 |Sing(X)| < 7.

If X has a point of multiplicity 2 such that the projection with centre P is inseparable,
then |Sing(X)| < 16 by Proposition 5.

(ii) of Lemma 11 shows that the image X" of the Gauss map is a surface, and Theorem 8
shows that if XV is a plane, then |Sing(X)| < 16.

(i) of Lemma 11 shows that the image XV is not a normal surface if deg(y) = 1, hence
deg(X")deg(y) > 3 and indeed equality holds only if deg(y) = 1.

The inequality |Sing(X)| < 16 and items (1) and (2) follow from Proposition 12. O

Remark 15 Let f : S — X be the minimal resolution of a quartic surface with only double

points p1, ..., px as singularities.
Then the inverse image of each p; is a union of irreducible curves E; 1, ..., E; ,, and if
ro= Z]Ir j > k, we have irreducible curves Eq, ..., E, such that the intersection matrix

(E;, E;) is negative definite [27].

Hence it follows that the Picard number p(S) > r + 1 > k + 1, keeping in consideration
that the hyperplane section H is orthogonal to the E;’s. More generally, each singular point
P contributes r(P) to the Picard number p(S) if the local resolution has r(P) exceptional
curves. Then

D r(P)+ 1.2 p(S) < ba(S),
P
where the lower bound for the second Betti number is obtained using £-adic cohomology,
see for instance [25, Corollary 3.28, p. 216].

If S is a minimal K3 surface, we have x (S) = 2, b>(S) = 22.

Now, it follows that S is a minimal K3 surface if the singular points are rational singu-
larities (this means that R! f+(Os) = 0): because these are then rational double points (see
[1]) and K is a trivial divisor. However this does not need to hold in general.

If instead the singular points are not rational, it follows that Kg is the opposite of an
effective exceptional divisor and & LOg) >0.K g is negative, and x (S) nonpositive; if both
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are negative (h1(Og) > 2) by Castelnuovo’s theorem S is ruled and possibly non minimal.
Hence in this case we do not have an explicit upper bound for b, (S) = —K§ + 12x(S).

Remark 16 The K3 surfaces with p(S) = by(S) = 22 are the so-called Shioda-
supersingular K3 surfaces.

Shioda observes [38] that Kummer surfaces in characteristic 2 have at most 4 singular
points, and proves that the Kummer surface associated to a product of elliptic curves has
p(S) < 20.

Rudakov and Shafarevich [33] described the supersingular K3 surfaces in characteristic
2 according to their Artin invariant o, which determines the intersection form on Pic(S).

Shimada [37] and then Dolgachev and Kondo [13] constructed a supersingular K3 sur-
face in characteristic 2 with Artin invariant 1 and with 21 disjoint (—2) curves, but this
surface does not have an embedding as a quartic surface with 21 ordinary double points (see
also [19]), as we saw in the proof of Theorem 14.

In their case the orthogonal to the 21 disjoint (—2) curves is a divisor H with H> = 2,
yielding a realization as a double plane.

A supersingular K3 surface can be birational to a nodal quartic surface: indeed, the
examples given here with 14 nodes are supersingular, being unirational, see [39].

Artin proved [2] that K3 surfaces with height of the formal Brauer group / (h € N\ {0}U
{oo}) satisfy p(S) < 22 — 2h if the formal Brauer group is p-divisible.

Artin observes that K3 surfaces S with p(S) = 21 do not exist, as he proves that if
h = oo and S is elliptic, then the formal Brauer group is p-divisible, and moreover S is
elliptic once p(S) > 5 by Meyer’s theorem (see [36, Corollary 2, p. 77]).

Artin predicted (modulo the conjecture that 7 = oo implies that S is elliptic) that & =
0o & p(S) =22.

This equivalence follows from the Tate conjecture for K3 surfaces over finite fields, as
explained in [24], discussion in Section 4, especially Theorem 4.8 and Remark 4.9; the Tate
conjecture was proven in char = 2 by Charles, Theorem 1.4 of [9], and by Kim-Madapusi
Pera [20].

4 Symmetric Quartics

One can try to see whether, as it happens for cubic surfaces or for quartics in characteristic
# 2, one can construct quartics with the maximum number of singular points as quartic
surfaces admitting G4-symmetry.

By the theorem of symmetric functions, every such quartic X has an equation of the form

F(x) := F(a,B,x) := a1014 + 0201202 + azo103 + ago4 + [3022 =0,

where o; is as usual the ith elementary symmetric function and a := (ay, ..., a4).
But the main result of this section is negative in this direction:

Theorem 17 Quartic surfaces admitting Sa-symmetry form a 4-dimensional projective
space P and the general such quartic X is smooth.

The singular quartics in P are contained in four irreducible subvarieties, labeled by the
number of singular points of the general element in it:

e P(6), defined by p = 0:
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X € P(6) has at least 6 singular points (the S4-orbit of (0,0, 1, 1) is contained in
Sing(X) if and only if B = 0) and either
6 singular points, or
10 singular points, the 4 extra singular points being either the S4-orbit of the point
(0,0,0, 1), or the G4-orbit of a point (1, 1, 1, b), or
infinitely many singular points.
e P(1), defined by aq = 0:
X € P(1) if and only if the point (1, 1, 1, 1) is a singular point of X.
®  P(12), defined by aray + a% =0:
the general X € P(12) has 12 singular points (the S4-orbit of a point (1,1, b, ¢)
withb # cand b, c # 0, 1).
o  P(4), defined by ay(B + az + a3) + ajag = 0:
the general X € P(4) has 4 singular points (the S4-orbit of a point (1, 1, 1, b) with
b #1).

If we restrict to the subset F of normal surfaces inside ‘P, it turns out that

i) PA2)NPm)yNF =0, m=1,6,
ii) X € P(12) NP4 N F implies that X has 4 singular points,
iii) X € F implies that |Sing(X)| < 12,
iv) P(HNPOG) NF =0
v) PONPANF #0,
vi) PO)NPA NF £
Moreover, a normal symmetric quartic has exactly one of the following cardinalities
1,4,5,6,10, 12

for its number of singular points.

We shall prove the theorem through a sequence of auxiliary and more precise results.
We observe preliminarly that the singular set of X is the set

Sing(X) :={x | F(x) = Fi(x) =0, V1 <i <4},
which is clearly a union of G4 orbits.

We have the following main result:

Proposition 18 If we have a singular point of a normal symmetric quartic surface X, then
the four coordinates cannot be all different from each other.

For the other points, they are singular for a symmetric quartic X according to the
Sfollowing rules:

e P(6):(0,0,1,1) € Sing(X) ifand only if p = 0;
e P(4,0,0,0):(0,0,0,1) € Sing(X) ifand only ifa; = a, = 0;
o PA4,b): (1,1,1,b) € Sing(X), b # 1 if and only if

az=ay(1+b)?*, PB=ai(l+b)*+a +as;

P@): (1,1,1,1) € Sing(X) if and only if ag = 0;
P(12,0,0): (0,0, 1, b) € Sing(X), b # 0, 1 if and only if

am=a3=0, a(l+b)*+pb*=0;
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e P(12,0,1):(0,1,1,z) € Sing(X), z # 0, 1 if and only if
a3 =zar, as=7'a, PB=ai* +a(1+2);

e PU2,1,1):(1,1,b,¢) € Sing(X), b,c # 0,1, b # c, if and only if, setting 7 :=
b+c#0,

ay = zay, as = 72an, B(1 + be) +aizt + mzt(142) =0.

The above Proposition 18 shall be proven through a sequence of lemmas which take care
of the several cases, and then we shall end the proof giving the final argument.
Let us begin with a calculation of the partial derivatives, which yields:

oF 2 2 o4
F; = T = 40 (01 + xi) + az(o3 + o1(02 + 01X + X7)) +a4;.
1 1

In particular, the coordinates of the singular points, since the following equations are
satisfied:

0= Fix; = ayxio{ (01 + X;) + asxi (03 + 01 (02 + 01%; + x7)) + @404,
are roots of the equation
f(2) =2} (@301) + 2% (a2 + a3)o? + z(axo} + a3(03 + 0102)) + asoq = 0.

This gives an idea for the first assertion of Proposition 18: because if this equation is not
identically zero, then the four coordinates of a singular point cannot be all different, and if
the equation is identically zero, we shall see in (III) of the following lemma that the three
exceptional cases have at least two equal coordinates.

Lemma 19 (I) Ifaz = as = 0 then Sing(X) is infinite, since it contains {x | 01 = 0y =

0}.
(1) If a singular point of X has one coordinate equal to zero, and o1 = 0, then it has two

coordinates equal to zero.

() If X is normal, the equation f(z) = 0 is not identically zero for the points of Sing(X),
unless as = 0 and we have the singular point (1, 1, 1, 1), or unless we have p = 0
and we have the singular point (0,0, 1, 1), or unless we have ay = a3 = 0 and a
singular point with two coordinates equal to zero.

In particular a singular point never has four different coordinates.

(IV) If a singular point of X has two coordinates equal to zero, say x| = x = 0, then the

equation azaf + a3z (03 + 0102) = 0 must be satisfied by the singular point.
Once this equation is satisfied, then fori = 3,4

F; =0 & o1xi((a2 + a3) + azx;) = 0.
These two equations are satisfied for
i) o1 = 0, equivalently x3 + x4 = 0, and we get the point (0, 0, 1, 1) (and its S4-orbit).
ii) ay = 0 and we get then the point (0, 0, 0, 1) (and its S4-orbit).

iii) apy = a3 = 0, x3, x4 # 0, and then, if we assume o1 # 0, it must be aj(x3 + xg)* +
B(x3x4)? = 0.

Proof (1) The equation is then of the form a 1014 + azolzoz + B022 =0.

D) If x; = o1 = 0, then azo3 + asxyx3x4 = 0, equivalently (a3 + a4)oz = 0, hence
either o3 = 0, that is, two coordinates are equal to zero or, since f(x;) = 0, azo3 = 0 and
a3 = aq = 0, as in (I).
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(ID) If f(z) is identically zero, then as04 = 0 and either 01 = azo3 = 0, 0ray = az = 0.
Since a3 = a4 = 0 is excluded by (I), we get the three cases:

(1) o4 =01 =azo3 =0,

(ii)ag =01 =03 =0,

(iii) oy = ar = a3 =0.

(1): o4 = 0 implies by (I) that two coordinates are zero, and since o1 = 0 we have the point
(0,0, 1, 1). In this case all the symmetric functions vanish except o, = 1, hence it must be
B=0.

(i1): then 5022 = 0, hence (B = a4 = 0 implies that 0| divides F(x), a contradiction), we
have 01 = 02 = 03 = 0, and the singular point must be the point (1, 1, 1, 1).

(iii): since 04 = 0 we may assume x; = 0, and then F| = a4x2x3x4 = 0 implies that there
are two coordinates equal to zero.

(IV) If a singular point of X has two coordinates equal to zero, say x; = x = 0, then a4%‘
vanishes for all 7, and for i = 1, 2 we get that the equation azaf + az(03 4+ 0102) = 0 must

be satisfied by the singular point.
Once this equation is satisfied, then fori = 3, 4

F;i =0 <% o1x;((a2 + a3)o1 + azx;) = 0.

These two equations are satisfied for

i) o1 =0, or for
i) x3=0,x4 #0,a, =0, or for
iii) x3,x4 #0,

a3x; + (a3 + ap)o; = 0 = a3(x3 +x4) = 0.

For o1 = 0, equivalently x3 + x4 = 0, we get the point (0, 0, 1, 1) (and its G4-orbit).

For x3 = 0, x4 # 0, the only possibility, because of axx4 = 0, is that we get the point
(0,0,0, 1) (and its &4-orbit) and ap = 0.

If a3 = 0and o1 # 0, then ay = 0 and a; (x3 + x4)* + P(x3x4)> = 0. O

Lemma 20 The quartic X, := {x | F(a, x) = 0} has the property that Sing(X) contains
the G4-orbit of the point (0,0, 1, 1) if and only if B = 0, and it contains the S4-orbit of the
point (0,0, 0, 1) ifand only ifa; = a, = 0.

Proof We calculate more generally, for later use:
Sym) o1(b,c,1,1) =03(b,c,1,1) = b+c, o2(b,c,1,1) = 1+4bc, 04(b,c, 1,1) = bc.

For b = ¢ = 0 we get that all o; vanish except o2 = 1, hence (0, 0, 1, 1) € X if and only if
B = 0; and then, we have a singular point by (III) of Lemma 19.

For the point (0, 0, 0, 1) all o; vanish except o1 = 1, hence this point is in X, if and only
if a; = 0, and we apply (IV) of Lemma 19 to infer that we have a singular point if and only
ifay =a; =0. O

Lemma 21 The quartic X = {x | F(ay,az, a3, as,B,x) = O} has the property that

Sing(X) contains the &4-orbit of a point (0, 1, x3, x4), with x3, x4 # 0, if and only if this
orbit is either

@ Springer



800 F. Catanese

i) the G4-orbit of a point of the form (0, 1, 1, z), z # 0, 1 (consisting of 12 points) and
this holds if and only if

a3 =az, ay=mzt, PB=arzt + a1 +2),
or
ii) z = 1 (in this case the orbit has 4 points), and this holds if and only if
a=ay, B=a+a+as.

In particular, we must have a, # 0 if 7 # 1.

Proof We know from (III) of Lemma 19 that the four coordinates cannot be all distinct,
hence our singular point must be of the form (0, 1, 1, z), and then 01 = z, 00 = 1, 03 = 2,
o4 = 0.
We look at the equations derived from the vanishing of the partial derivatives, F;; = 0.
For j = 1 we know that

a2013 + az(03 + 0102)) + aso3 =0,
hence for j =2, 3,4
(az + 03)012xi + a3(01x52) + aso3 =0,
which can be rewritten (since z 7#~ 0) as
(a2 + a3)zx; + a3 (X,-Z) +a4 =0.

This is an equation of degree 2, and since it is not identically zero, by (I) of Lemma 19, it
has at most two roots.

Since we want z # 0, the conditions that the point is in X, plus that we have a singular
point (hence 1, z are roots of the quadratic equation) are:

Brai* +(@+a3)z? =0, (@m+a)z=a3+as, @z =as,

for z = 1 the second equation is a consequence of the third one.
If z # 1, then plugging the third equation in the second and dividing by (1 + z) yields
2
asy = apz”. O

Consider next a point of the form (b, c, 1, 1), with b # ¢, and with b, ¢ # 0, 1. Its orbit
consists of 12 points.

Proposition 22 The quartic
Xap={x] alof1 + a201202 + azo103 + aso4 + B022 =0}
contains the G4-orbit of the point (b, c, 1, 1) with b # ¢, and with b, ¢ # 0, 1 if and only if,
setting z := (b + ¢) # 0, the coefficients satisfy
a3 =zar, az=zar, a1zt +az>(1+z) + Pl +be)> = 0.

In particular, if these conditions are satisfied, and moreover p = 0, then X has infinitely
many singular points.

Proof By the previous Lemma 20, Sing(X) contains the G4-orbit of the point (0, 0, 1, 1) if
and only if f§ = 0.

We are going to see first when the point (b, ¢, 1, 1) is a point of X, Bs and then when it
is a singular point.
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First of all we get a point of X, g, by formula (Sym), if and only if

at + a2z2(1 + bc) + a312 + asbe + B(1 + bc)2 =0.

For the partial derivatives, at the point (b, c, 1, 1), since the condition for the singular points
with all coordinates different from zero boils down, for the given point, to 1, b, ¢ being roots
of the equation

fw):= w3(a301) + wz(az + a3)012 + w(azal3 + az(03 + 0102)) + ago4 = 0,
equivalently of the equation
fw) = w(a32) + w(az + a3)z* + w(aaz’ + a3(zbc)) + asbe = 0.
Since f(w) = (a32)(w + 1)(w + b)(w + ¢), it must be a4, a3 # 0, and then as = a3z, and
dividing by a4,
l4+z=z(ar/az + 1) & a3 = arz,
and then the third claimed equality holds automatically, since we are then left with the

requirement that bc = bc.
We can then rewrite the condition that the point lies in X, g as

a1zt + a2 + a2’ + Bl + be)? = 0.

To finish the proof, we observe that if B = 0, since the equations depend only on z, we get
infinitely many singular points varying b, ¢ with b + ¢ = z. O

End of the proof of Proposition 18. The singular points with some coordinate equal to zero
have been considered in the previous Lemmas 19, 20, 21, hence we are only left with the
case where all coordinates are non zero, but only two values are achieved (if the coordinates
take three distinct values, we obtain the situation of the previous Proposition 22).
Therefore only two possibilities remain.
If the singular point is of the form (1, 1, b, b) theno] =03 =0,00 = 1 + b2, o4 = b2,
From the equation f(w) = 0, since o1 = o3 = 0, we infer aso4 = 0, and since we
assume b # 0, we obtain a4 = 0. Then 0 = F(1, 1, b, b) = B(1 + b?)? implies B = 0, and
then X is reducible, (F is divisible by o1), or b = 1, and this is a singular point of X if and
only if a4 = 0.
If instead the point is (1, 1, 1, b) it follows that 6y = 1 + b, 04 = b, 00 = 1 + b,
o3 =1+0b.
Since the case b = 1 was already treated, we assume that b # 1.
The condition that 1, b are roots of the cubic equation f(w) = 0 is easily seen to be
equivalent to the single condition

ar(1 +b)? = as.
The condition that (1, 1, 1, b) € X boils then down to
ar(1 +b)* + ax(1 + b)* + a3(1 + b)> + asb + (1 + b)* = 0,
which, after using ax (1 + b)? = a4 and after dividing by (1 + b)? boils down to
B+az+a+ai(1+b)>*=0.
With the customary notation z := (1 + b), we get

as=wz*, Bt+aztar+aiz®=0.
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Remark 23 In the above equation as = a>(1 + b)2, since (1 + b) # 0, as # 0, it cannot be
ay =0.
It follows then, since ay # 0, that b is uniquely determined by this equation.

Proposition 24 In the pencil of quartics
X, :={co103 + a4 =0}

the quartic has always 10 singular points except for ¢ = 0.
The singularities are nodes (A1-singularities).

Proof By Lemma 19 the only singular points with at least two coordinates equal to zero are
just the orbits of (0,0, 1, 1) and (0, 0,0, 1) if a3 = ¢ # 0.

Points with just one coordinate equal to zero are excluded by Lemma 21, while singular
points with nonzero coordinates taking three values are excluded by Proposition 22.

For points of type (1, 1, b, b), o1 = 0 hence they cannot lie in X, since as = 1.

For points of type (1, 1, 1, b), b # 1, they lie in X, if and only if c¢(1 + b)2 = b, but as
we saw the condition that we have a singular point boils down to

a(+b?=a;=1,

impossible since ay = 0.
For the last assertion, at the point (0,0, 1, 1) we have x3 = 1 and local coordinates
X1, X2, 01: then the quadratic part of the equation is

x1x2 + op(x1 + x2)

and we have a node.
Likewise, at the point (0, 0, 0, 1) we have x4 = 1 and local coordinates x1, x2, x3: then
the quadratic part of the equation is

03 = X1X2 + X1X3 + xX2x3

and again we have a node. O

Proof of Theorem 17 We have already seen in Proposition 18 that the only singular orbit
with 6 elements is the orbit of the point (0, 0, 1, 1), and this point is a singular point if and
only if B = 0, that is, X € P(6). Similarly the only orbit with one element is the point
(1, 1, 1, 1), which is singular if and only if a4 = 0, thatis, X € P(1).

We prove directly now that P(1) N P(6) contains no normal surface: since p = ag = 0
imply that o7 divides the equation F of X.

We pass now to consider P(12), the closure of the locus of quartics with an orbit of sin-
gular points having 12 elements. This locus consists of three sets, P(12, 0, 0), P(12, 0, 1),
P12, 1, 1), and for the second and third set there must exist z # 0 such that a3 = zap,
as = zzaz. In particular we must have aa4 + a% =0.

The above equation holds in particular if a; = a3 = 0, and then we can find a ‘unique’
b # 0, 1 such ay (1 + b*) + Bb> = 0 provided a; # 0, B # 0 (in fact, the two roots b,
yield the same G4-orbit in projective space).

If instead aa4 + a% = 0 and ap, az # 0, we find z # 0 such a3 = zas, as = z°ay, and
then the pair b, c is determined by the conditions that b 4+ ¢ = z, and that bc is the solution
of the equation B(1 + be)? + a1zt + axz2(1 + z) = 0. Of course be = 0 if and only if we
are in case P (12,0, 1).

The locus P(4), defined by ax(B + a2 + a3) + ajas = 0, clearly contains the loci
P4,0,0,0), P4, b): moreover if the above equation is satisfied, we can find a unique b

2

@ Springer



Singularities of Normal Quartic Surfaces | (char=2) 803

(equivalently, a unique (1 + b)?) such that as = a»(1 + b)2, B=a(1+ b)? + ar + as, if
a; # 0oray # 0 (observe that the equation of P (4) is the condition for the simultaneous
solvability of both equations for (1 + b)?).

We pass now to further intersection properties of these loci.

We have seen that P(6) N P(1) contains no normal surface, while P (6) NP (4) contains
normal surfaces by Proposition 24.

P4) NnP(1) is the union of ap = a4 = 0 and of ag = B + ap + a3 = 0. These are two
components whose general element has 5 singular points.

That P(6) N P(12) contains no normal surface follows since if B = 0 the locus
P(6) NP(12,0, 0) consists of the surface {o4 = 0}, while the locus P(6) N (P(12,0, 1) U
P2, 1, 1)) consists of surfaces with infinitely many singular points (for each choice of
b, ¢ with b 4+ ¢ = z we get a singular point).

That P(1) N P(12) contains no normal surface follows by (I) of Lemma 19, since then
a3 = a4 = 0.

We consider now P(4) N P(12), defined by

a(B+a+a3) +ajas =0, apay+a3 =0.

First of all, if ap = 0, then a3 = ajas = 0, and a; = a3z = a4 = 0 yields surfaces of the
form alof‘ + Bo%, hence with singular curve o1 = 03 = 0.

Instead, the case a;j = a» = az = 0 yields a surface of the form (if irreducible) X =
{o4 + Bof = 0}.

At the four coordinate points both o>, 04 vanish, and we see easily that these are uniplanar
double points (if x; = 1, x; = 0, j > 2, then the local equation is

(¥2 + x3 + x2)? + x2x3x4 + (x2x3 + X224 + x3%0)% = 0).

An easy inspection of the cases of Proposition 18 shows that there are no other singular
points for B # 0.
We may now assume that a, = 1, hence a3 =z # 0, as = z2, and

) a2+ (0+z+Pp)=0.

The point (1, 1, 1, 1 + z) and its orbit are then singular points of X. We claim that these are
all.

In fact, there is no orbit consisting of 12 singular points by the following arguments.

Case P(12, 0, 0) is excluded since we have ay # 0.

In case P(12,0, 1) () and B = a;z* + z2(1 + z) imply B = Bz?, hence B = 0, since
7z # 1. We are then done since we have shown P(6) N P(12) N F = @.

In case P(12, 1, 1) () and B(1 + be)? = arz* + z22(1 + z) imply B(1 + 22 + (bc)?) = 0.
Since B = 0 leads to a contradiction as above, we have

O=14+b+c+bc=10+b)(1+0),

a contradiction since b, ¢ # 0, 1.

Likewise, there is no other orbit of singular points with cardinality 4,6,1 by Proposi-
tion 18.

To finish the proof that there are no more than 12 singular points, it suffices to observe
that cases P (12,0, 0), P(12,0, 1), P(12, 1, 1) are mutually exclusive for B # 0, since
ap = 0 in the first case, and a» # 0 for the other two, while the second and third case are
exclusive because bc # 0.
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Finally, one sees also that the two subcases of PP(4) are mutually exclusive, hence the
possible cardinalities of Sing(X), for X a normal symmetric surface, are only 1, 4, 5, 6, 10,
12. O

We summarize in the next corollary some result obtained so far:

Corollary 25 The maximal number of singular points that a normal symmetric quartic X
can have is exactly 12.

The symmetric quartics of the form X = {o4+ B022 = 0}, B # 0 have 4 uniplanar double
points, which are singularities of type Dj.

Proof We have the local equation
(x2 + x3 + X4)2 + xox3x4 + (x2x3 + X2X4 + x3x4)2 =0.

Blowing up the singular point, we obtain a line in the exceptional P?, with three singular
points which are nodes, since we get the equation

x2+uyz(x+y+z)+u2(...)=0,

where u = 0 is the equation of the exceptional divisor. O
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