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Abstract
This paper proves that for all positive integers n, the equation

X y Z w
~+p>+—+p—=38np,
y Z w X

where p = 1 or p is a prime congruent to 1 (mod 8), does not have solutions in positive
integers.
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1 Introduction

The problem concerning the sum of rationals whose product is 1 has been studied by many
authors. Cassels [5] showed that the equation

X Z

-+ 2 +-=1

y z. X
does not have solutions in integers. Bremner and Guy [3] found integer solutions to the
equation

Xy z

—+=+-=n

y z. x
for many values of n in the range |n| < 1000. Sierpinski [6] asked if the equation

X Z
S4dp iy
X

y oz
has solutions in positive integers? Bondarenko [1] showed that the equation
Sl
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does not have solutions in positive integers if 3 { k. Using the technique developed by
Bremner and Tho [4], which is based on Stoll’s idea [8], we will prove the following results:

Theorem 1 Let n be a positive integer. Then the equation
X z  w
-+ 2 +—+—=28n
y z w X

does not have solutions in positive integers.

Theorem 2 Let n be a positive integer, p - a prime congruent to 1 (mod8). Then the
equation

X y oz w
—+p=+—+p—=38pn
y zw X
does not have solutions in positive integers.

An equivalent form of Theorem 1 is that there are no four positive rationals whose
product is 1 and sum is an integer divisible by 8. In the next section, we give a proof for
Theorem 2. Theorem 1 can be proven in a similar (and simpler) way. All computations in
the paper are done in Magma [2].

2 Proof of Theorem 2
2.1 Notation

For a prime g and a nonzero g-adic number a, denote v, (a) the highest power of ¢ dividing
a. By definition, Qe = R. Let k = Qg or k = R. For a, b in k*, the Hilbert symbol (a, b),
is defined by

(@b, = 1 if ax? 4+ by? = z% has a solution (x, v, z) # (0, 0, 0) in &3,
74T ) -1 otherwise.

When k = Qu, the symbol (a, b) is defined similarly. The following properties of Hilbert
symbol are true, see Serre [7, Chap. III]:

(i) Fora,b,c e QF,
(a,bc)g = (a,b)y(a,c)y,
(a,b*), = 1.

(i) Fora,b € Q*,
@b [] (@a.b)g=1.

g prime

(iii)) Fora,b € Q;, leta = g%, b = gPv, where @ = vy (a) and B = v, (b). Then

B o
(a,b)y = (—1)*Fa=b/2 (g) (s) . ifg #2,

W=Dw=1) , a@?=1) , pu?=1) .
(a,b)yy = (=) + T % Tw , ifg=2,

where (g) denotes the Legendre symbol.
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2.2 Proof

Assume that (x, y, z, w) is a positive integer solution to

X
,_{_py

z w
=+—+p—=38pn (1
y z w x

with ged(x, y, z, w) = 1.
Consider two quadratic forms:
D(X,Z) = X*+ 7> —2XZ@8pn> 1),
H(X,Z) = X*+ 7> —2XZ@8pn> + 1).

Lemma 1
D(x,z) <0, H(y,w)<0.

Proof From (1) and the AM-GM inequality, we have

x w
8pn:<7+pf)+<ﬂ+£>
y X z W

o [FPw vz
y X Zw

ytw
=2/p Nk
Thus,
dn/pyw >y + w.
Hence,
y> —2@8pn? — Dyw +w? <0.
Similarly,
8np = <f+ﬂ>+(i+ﬂ) > 2(\/@15/5@)
y oz w X y z w X
xX+z
=2p Nzl
Thus,
4dn/pxz > x +z.
Hence,

x2—2@8pn* —Hxz+ 27> <0.

Since (8pn® — 1)> — 1 is not a perfect square, we have y> —2(8pn® — 1)yw + w? < 0 and
x2— 2(8pn2 — Dxz + 72 < 0. Hence D(x, z) < 0 and H(y,w) < D(y,w) < 0. O

From (1):
xzw + pyzwx + Z2xy + pwzyz — 8npxyzw = 0. 2
Fix x, z and consider the projective curve Fy (Y, W, d) = 0, where
Fo (Y, W,d) = pxWY? + pW2Yz + (x22Y + x*2W)d* — 8npxzY Wd.

Then, Fy ;(y, w, 1) = Fy ;(0,1,0) = 0. So, Fy (Y, W, d) = 0is isomorphic to the elliptic
curve
Cyz: w? = u(u2 + pxz(16n2pxz —x? - zz)u + p2x4z4) 3)
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186 N. Xuan Tho

via the rational maps ¢: Fy ; — Cx ,

—xzzsz x222W (4nxzd — xY — zW)
Yy ° Yd ’

Y :W:d) = <
and ¢y : Cx; — Fx g,
v(u, w) = (px2z2(4nxzu + pw) : —u(dnxznu + pw) : zu(u — px3z)).
Let D = D(x,z), H= H(x, 7). Let
A= pxz(16n2pxz —x%— zz),

B = p2x4z4.

Lemma 2 [f g is an odd prime, then

(u, D), = 1.

Proof Letd = ged(x, z), x = dx1, y = dy;, where x1,z1 € ZT with ged(x1,z;) = 1,
Uy = ;—4 and w = %.Then
(D(x,2),u)g = (d*(x7 + 21 — 28pn® — Dx121), d*u),
= (D(x1,21), U1)g-

From (3), we also have
0 =u (u% + pxiz1(16pnx 1z — x3 — z9)uy + pzxfz?) :

Therefore, it is enough to prove Lemma 2 in the case ged(x, z) = 1.
Let u = q"ug, where r = v, (u). We consider the following cases:
Case I1: r < 0. From (3), we have

o = ¢ uow§ + g~ Aug + g~ B).

Thus
3r = vy (%) = 2v,(w).

Therefore, 2 | r. Now
(7 "w)* = uo(uy + g~ Aug + g~ B).

Taking reduction (mod p) shows ug is a square (mod ¢). Thus ug € Z%l. Because r is even,
we have u = q"ug € Qé. Hence (D, u)q = 1.

Case 2: r = 0.Let D = qu1, where k = v, (D). Because D € Z, we have k > 0.
Suppose 2 | k. Because « and D are units in Z,, we have (u, D1), = 1. Thus

(U, D)g = (u.q"Dp)g = (u, D1)g = 1.
We consider the case 2 1 k. Then,
4= 2(8pn2 — Dxz (mod q).

Hence,
(x + z)2 = 16pn2xz (mod q).
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We have
A

2 2,22
HD
u2+Au+B:<u+E> —%

2
(u + %) (mod ¢).

(i) Suppose g 1 u + %. Then u?> + Au + B € ZS. Because w? = u(u? + Au + B), we
have u € Zfl. Thus (u, D), = 1.
(i) Suppose g |u + %. Thus u = —% (mod q). Therefore, g t A. Because g | D, we have

2

A = pxz(2xz — D) = 2pxzz (mod q).

Because ¢ { u and ¢ 1 A, we have ¢ 1 2px?z2. Now ¢ { 2pxz, so ged(D, H) = 1.
LetS =u+ % and T = %. Because ged(H, D) = 1 and q | D, we have v, (T) =
vg(D) = k.Let S = ¢'Sy, T = ¢*Ty, where I = v,(S). From w? = u(u® + Au + B)
and ¢ 1 u, we have

Vg (u? 4+ Au + B) = 2u,(w).

Thus 2 | v, (u? + Au + B). On the other hand,
vq(u2 + Au+ B) = vq(S2 +7T)= I)q(£121512 —l—qle).
Since 2 t k, we must have 2/ < k. Thus,

w4 Au+ B =g’ (ST + 41 e Q.

— w?* 2 —
Hence, u = TTAnTE € Qq. So (u, D), = 1.

Case 3:r > 0.
(a) Suppose ¢ 1 pxz. Since (u? + Au + B)a? + DB? = y? has a solution (1, 0, px2z2)
(mod g), it has a nontrivial solution in Q. Therefore,

u®+ Au+ B, D), = 1.

Because u(u”? + Au + B) = w® # 0, we have (u, D), = 1.
(b) Suppose g | xz. Theng |x orq|z.If ¢ | x, then
D=x>+722—-2p@Bn*— Dxz=7z> (mod q).
Note that gcd(x,z) = 1, thus D € Z;. Therefore, (u, D), = 1. Similarly, we also
have (u, D), = 1ifq]|z.
(¢c) Suppose g {xzandg = p. Thenu = p"up. So
a)l — pruo(eru(2)+ApruO +p2x4z4).
‘We have two subcases:

(i) r >2.Then2v,(w) =r + 2. Thus 2| r. We now have

(@p ™12 = uo(p¥ 23 + Ap'2ug + x*2%.

4

Because p | A, a reduction (mod p) gives ugx*z* is a square (mod p). Therefore,

ug € Zfl.Thus,
(u, D), = (2°up, D), = 1.
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188 N. Xuan Tho

(i) r = 1.Then
w® = puo(pzu(z) + pAug + p2x4z4)
p3uo(u% + xz(16pn2xz —x- zz)uo + x4z4).

Thus p divides

u(z) 4 xz(=x% = 22)uo + x*z* = (o — 32)(wo — x2%).
Therefore,

Uy = x3z (mod p) or uyg = Xz (mod p).

If ug = x3z (mod p), then

3
_ uo X Z
(puo, p)p = (_1)(17 1)/2 (7) = (7)
p p
-(5)-(3)
P p
p—1
= (=)
=1.
Similarly, if xz° =0 (mod p), then (pug, p), = 1. So it is always true that
(puo, p)p = 1. 4)
Now
D=x+ z)2 — 16pn2xz =(x+ z)2 (mod p).

Suppose p 1 x 4+ z. Then D € Z%. Hence (u, D), = 1. We consider the case
plx+z. Letx +z = p°f,wheres =v,(x +y) > 0. Then

D = p(p*~ 1 f% — 16n%x2).
—  Suppose that p { n, then
p> 712 —16n%xz = (4nx)>  (mod p).
Hence, p>~1 2 — 16n%xz € ley. Let D = pD?, where D; € Zp. Then
from (4),
(u, D)y = (puo, pD})p = (pug, p)p = 1.
- Suppose that p |n. Letn = p'ny, where t = v,(n) > 0. Then
D = p2xf2 _ 16p2t+lxz'

If s <1, then
D= p2S(f2 _ 16p21+1—2xn%x2).
Thus D € Z?,. Hence (u, D), = 1. We consider the case s > ¢. Then
D= p2t+l(p25‘72171f2 _ 16n%xz)

Because
pETAf2 _6nixz = 16n3x*  (mod p),

we have D = pz“+1 D%, where D, € Z,. From (4), we have

(u, D), = (pug, p* ' D3), = (puo, p), = 1.
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Lemma 3 [f4{x + z, then
(D,u)y = 1.

Proof Letd = ged(x, 2), let x = dx1, y = dy;, where x1, 21 € 7+ with ged(xy, z1) =1,
letu; = [}‘—4 and w = d%. Then

(D, 2),uw)g = (d°(f + 27 —2@pn® = Dxiz1), d'uy),
= (D(X1,21),M1)q-

From (3), we also have
w% = u (u% + px1zl(l6pn2x111 — xlz — z%) + pzxfz‘f) .

Of course, 4 1 x1 + z1 if 4 ¥ x 4 z. Therefore, it is enough to prove Lemma 3 in the case
ged(x, z) = 1.
If 2t x + z, then

D=(x+2%—16pn®xz=1 (mod 8).

So D e Z%, hence (D, u), = 1. Let us consider the case 2| x + z. Because 4 { x + z, we
can write x 4+ z = 2h with 2 { h. Then

D = 4(h® — 4pn°x2).
We consider two cases:
(@) 2|n.Thenh? —4pn?xz =1 (mod8). Thus D € Z3. Hence (D, u), = 1.
(b) 21 n. Then pnzxz = 1 (mod4), and so h% — 4pn2xz = 5 (mod 8). Thus D = 4D,

where D1 = 5 (mod 8).
Let u = 2"u;, where r = v(u). Then

w? = 2ru1(22ru% +2"Au; + B).
(1) Suppose r > 3. Then r = 2vy(w). We have
Q7Pw)? = u; (2% u? + 2" Auy + B).
Because
2u? +2"Au; + B = B (mod 8)
p2x*z*  (mod 8)
=1 (mod 8),

we have u; = 1 (mod8). Thus u; € Z3, sou = 2"u; € Z3. Hence (u, D), = 1.
(i) Suppose r = 2. Then
2
(%) = u12*u? + 22 Auy + B).

Taking a reduction (mod 8) gives #; = 1 (mod 8). Therefore, u = 22y, € Zg.
Hence (u, D); = 1.
(iii)) Suppose r = 1. Then

w® = 2uy (4u? + 2Au; + B),

what is impossible (mod 2).
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(iv) Suppose r = 0. Then u = u; and D = 22D;, where D; = 5 (mod8).
Therefore,

(u, D)2 = (u1,2*D1)2

= (u1, D1)2
— (_1)(141—1)(01—1)/4
= 1.

(v) Suppose r < 0. Then
w? =2y, (u% +27"Auy + 2_2rB) .
Therefore, 3r = 2vy(w). Thus r < —2. Then
(2*3’/%)2 =y (4} +27" Auy + 277 B).

Note that 2| A, so taking a reduction (mod 8) gives u; = 1 (mod8). Thus
uy € Z%, sou € Z%. Hence (u, D), = 1.

O
Lemmad [f41{x + z, then
(u, D)o = 1.
Proof Since (D, u), = 1 for all prime ¢, and
D.we [ =1
g prime,g <00
we have
(u, D)o = 1.
O
Lemma 5 If g is an odd prime, then
(H,u)g = 1.
Proof Because A2 — 4B = p*x2z2DH, we have
A\? 2
wz=u((u+) ~pn (2 )
2 2
So
ua® — uDHﬂ2 = wz,
where @ = u + 4 and g = Z=. Thus
(u,—uHD),; = 1.
On the other hand, (4, —u); = 1 and (u, D), = 1; therefore,
(u, H)y = 1.
O
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Lemma 6 [f4{x — z, then
(u,H), = 1.

Proof Similar to the proof of Lemma 3, it is enough to consider the case gcd(x, z) = 1.
Suppose 2 1 x — z, then

H=(x—2)?—16pn*xz=1 (mod 8).

Thus H € Z%, and hence (u, H); = 1. We consider the case 2| x — z. Because 4 { x — z,
let x — z = 2k, where 2 1 k. Then

H = 4(k* — 4pn°xz).
We consider two cases:

(@) 2|n.Thenk*—4pn’xz =1 (mod8). Thus H € Z3 and (u, H), = 1.
(b) 2t n. Then 4pn’xz = 4 (mod8). Thus k> — 4pn’xz = 5 (mod8), so H = 4H],
where H; =5 (mod 8). Let u = 2"uy, where r = vy (u). Then
w? = 2ru1(22ru% +2"Au; + B).
(i) Suppose r > 3. Then r = 2v2(w). Thus 2| r. We have
Q7"Pw)? = u; 2% u? + 2" Auy + B).
Taking reduction (mod 8) gives 22’u%+2’Au1+B =1 (mod8).Henceu; € Z%,
thus u = 2"u; € Z3.So (u, H), = 1.
(i) Suppose r = 2. Then

2
(%) = uy 2*u? +22Au; + B).

Taking reduction (mod 8) gives u; = 1 (mod38). Therefore, u € Z%. Hence
(u, H)2 = 1.
(iii)) Suppose r = 1. Then
w® = 2u1 (4u? + 2Au; + B),

what is impossible (mod 2).
(iv) Suppose r = 0. Then u = u; and H = 22H,, where H, = 5 (mod8).
Therefore,
(u, H)2 = (u1,2°Hi)
= (u1, H1)2
(_1)(“1—1)(1‘11—1)/4

= 1.

(v) Suppose r < 0. Then

5wt} +27"Auy +27¥B)
= 273}' :
Therefore, 2 | r. Thus r < —2. Now
2 Pw)? = uy(u3 +27"Auy + 27 B).
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192 N. Xuan Tho

Note that 2 | A, so taking (mod 8) gives u; = 1 (mod 8). Therefore, u; € Z%, SO
u € Z3. Thus (u, H); = 1.

O
Lemma 7 [f4{x — z, then
(u, H)oo = 1.
Proof Since (u, H), = 1 for all primes g and
u, H)oo [] (. H)g =1,
g prime
we have
(u, H)oo = 1.
O

We summarize Lemmas 2, 3, 4, 5, 6, and 7 into the following proposition:

Proposition 1

- (D(x,2),u)g = (H(x,2),u)q = 1ifq is an odd prime or g = oc.
- (D(X,Z),M)ZZ(D(X,Z),M)OQ:ll:f4JfX+Z.
- (H(x,2),u)y=(H(x,2),u)e0 = 1 ifdtx -z

In order for (2) to have a positive integer solutions, we seek for points (u, w) on Cy ;
such that ¥ (u, w) = (Y : W : d) satisfies d # 0, % > 0 and % >0.Ifu =0,thenw = 0.
Because ¥ (0,0) = (1 : 0 :0), we have u # 0. Therefore,

pxzz(4nxzu + pw)

u(u — px3z)
4xznu + pw
- > 0.

> 0,

u— px3z
Multiplying two inequalities gives u < 0. Let

—x222wp x*ZPw(dnxz — xy — zw))

(u,w)=¢(y:w:1)=( :
y y

®)

If w # 0, then we consider the following cases:

— 4} x 4+ z. From Proposition 1, we have (D(x, z), #)so = 1. Because D(x, z) < 0, by
Lemma 1 we have u > 0, contradicting u < 0.

— 4t x — z. From Proposition 1, we have (H (x, z), u)oo = 1. Because H(x, z) < 0, by
Lemma 1 we have u > 0, contradicting uo < 0.

- 4|x+zand4|x —z. Letx = 2x; and z = 2z; with x;,z; € Z and 2 { x1, z;. Then
4t x1 4271 ordtx; —z;. From ® = u(u® + Au + B), we have

()= 5 (G e () +m).
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where A; = px1z1(16pnx1z1 — xlz - z%) and B = pzx;‘z?. Now 4 { x; — z; or

41 x1 + z1, so we have (D(xl, z1), 214)2 =1lor (H(xl, z1), 2"—4)2 = 1. In addition,

. 2 4 u _ u
(D(x,2),u)y = (2 D(x1,z21),2 *24)2 = (D(Xl, z1), 724)2.
Similarly
(H(x,2),u)2 = (H(xl 1) fu)
s 2)s 257 )

So (D(x,z),u)2 = 1lor (H(x,z),u), = 1. Hence u > 0, contradicting u < 0.
Therefore, w = 0. From (5), we have

4nxz —xy — zw = 0. (6)
Thus w
Y + — =4n.
z X
Hence X z
— + — =4np. 7
y w

Now fix y, w and consider the equation F) ,, (X, Z, d) = 0, where
Fyw(X,Z,d) = X*yZ + py*Zwd* + Z*wX + pw?Xyd* — 8npX Zdyw.
Then Fy ,(0,1,0) = Fy 4 (x,z,1) = 0. So Fy (X, Z,d) = 0 is isomorphic to the
elliptic curve
Cyuw:@*=u (u/z + pyw <l6n2pyw —y2 - wz) u + p2y4w4) ,
via the rational maps a: Fy , — Cy y,

—w?pZy? —py*w?Z(Xy + Zw — dnpywd)
X ’ Xd ’

a(X:Z:d)= (
and B: Ey y — Fy y,
B, ) = (pw2(4npywu/ + o) —u'@npywu’ + o) wu' (W — py3w)) .
We have the following result:

Proposition 2
- (Dy,w),u)g = Hy,w),u)y =1ifq is an odd prime.

- (D(y7w)7u/)2:(D(y!w)7u/)(>0:1lf4jfy+w
- (H@y,w)u)=Hy w),u)o=1if4fy—w.

Proof The same as for Proposition 1. O

In order for (2) to have positive integer solutions, we seek for points (u’, ') on Cy
such that B(u', ') = (X : Z : d) satisfiesd # 0, % > 0and Z > 0.1fu = 0, then w = 0.
Because 8(0,0) = (1 : 0 : 0). We must have u # 0. So

pw(@npywu’ + ')

u'(u — py3w)
dnpywu’ + o'

w' — py3w)

> 0,
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Multiplying together the two inequalities gives u’ < 0. Assume

®)

—py?w?z —py*w?z(yx + wz — 4npyw)>
X X '

(M,w’):oz(x:z:l):( ,
If " # 0, we then consider the following cases:

— 4 ¢y + w. From Proposition 2, we have (D(y, w), u")so = 1, thus u’ > 0 because
D(y, w) < 0 by Lemma 1. This contradicts u’ < 0.

- 4+ y — w. From Proposition 2, we have (H(y, w), u')oo = 1. Because H(y, w) < 0,
we have u’ > 0, contradicting u’ < 0.

- 4|y+wand 4|y — w. Then y = 2y, and w = 2wj, where 2 t y;, w;. Then
4t y; + wyordty — w;. Then similar to the case 4 t x + z and 4 1 x — z, we have
(D(y,w),u')oo = 1 or (H(y, w),u')oo = 1; the either case implies v’ > 0, which
contradicts u’ < 0.

Therefore, @' = 0. From (8), we have

xy +zw —4npyw = 0. )
From (6) and (9), we have
4nxz = 4dnpyw.

Thus,

Xz

——=p. (10)

yw
From (7) and (10), we have

2
(np)? — 4p = <f - 5) .
y ow

Thus 4n2p?> — p € Q?, hence 4n’p*> — p € 72, impossible because p? i 4n’p? — p.
Therefore, there are no positive integer solutions to (1).
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