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Abstract

Dirac-harmonic maps are critical points of an action functional that is motivated from the
nonlinear o-model of quantum field theory. They couple a harmonic map like field with
a nonlinear spinor field. In this article, we shall discuss the latest progress on heat flow
approaches for the existence of Dirac-harmonic maps under appropriate boundary con-
ditions. Also, we discuss the refined blow-up analysis for two types of approximating
Dirac-harmonic maps arising from those heat flow approaches.

Keywords Dirac-harmonic map - Dirac-harmonic map flow - o-Dirac-harmonic map -
a-Dirac-harmonic map flow - Dirichlet boundary - Chiral boundary

Mathematics Subject Classification (2010) 53C43 - 58E20

1 Introduction

Motivated by the supersymmetric nonlinear sigma model from quantum field theory [11],
Dirac-harmonic maps were introduced by Jost and his collaborators in [6]. They are natural
generalizations of harmonic maps and harmonic spinors.

Let (M, g) be a Riemannian manifold and let (N, /) be a compact Riemannian manifold
with dimension n > 2. Let ¢ be a smooth map from M to N. Denote ¢p*T N the pull-
back bundle of TN by ¢ and then we get the twisted bundle XM ® ¢*T N. There is a
natural metric (-, -) s yop<rN on XM Q¢*T N induced from the metrics on X' M and ¢*T N.
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Likewise, there is a natural connection VonXM® ¢*T N induced from the connections
on XM and ¢*T N. Let ¢ be a section of the bundle ¥ M ® ¢*T N. In local coordinates, it
can be written as

¥ =9 ®dyi (@),

where each v/ is a usual spinor on M and d,: is the nature local basis on N. Then ¥V becomes
Vv = Vi @0, + (MVe! ) v @0, (@),

where F}k are the Christoffel symbols of the Levi-Civita connection of N. The Dirac
operator along the map ¢ is defined by

Dy = ey %eyw-

We consider the following functional
1 2
L@ ) =5 [ (149l + (. Bv) swaerr )dM.
M

where dM = dvoly.
Critical points (¢, ) of the above functional L are called Dirac-harmonic maps from M
to N. In terms of local coordinates, the corresponding Euler-Lagrange equations are given
by the following
a
oyt

(P(x)) = R(®.¥),
Dy =0,

(400" + s 0i0})

where Ag = ﬁ Miﬁ (ﬁ gPr 8)%) is the Laplacian operator with respect to the Riemannian
metric g and R(¢, V) is defined by

a
dym

Here Rl’;'j is the Riemann curvature tensor of the target manifold (N, &).

By Nash’s embedding theorem, we embed N isometrically into some Euclidean space
RX. Then, critical points (¢, ¥) of the functional L satisfy the following extrinsic Euler—
Lagrange equations

Agdp+ A(P)(dp.dp) = Re(P(A(dd(ey). ey - ¥); ),
Jo = Aldd(ey), ey - ),

where ¢ ¢ 1s the usual Dirac operator for the spinor bundle on (M, g), A(-, -) is the second
fundamental form of N in RX, and

A(dgley).e, - w) = (Vo' - v ) @ A (9,5, 0,).
Re(P(AWd(e,), ey 1) 1)) i= P (A (3,8,1) 3 0,0) Re (v, do' - y7)).

Here P(&;-) denotes the shape operator, defined by (P(§; X),Y) = (A(X,Y), &) for
X,Y € I'(TN), and Re(z) denotes the real part of z € C.

When the domain M is of dimension 2, the functional L(¢, ) is conformally invariant,
see [6]. That is, for any conformal diffeomorphism f : M — M, if we set

p=¢of and Y=r"yorf

1 . ;
R ¥) = SR @C) (0 V¢! -9 ) =@ (1),
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where the positive function A > 0 is the conformal factor of the conformal map f, i.e.
f*g = AZg, then there holds
L(¢p,v)= Lo, ).

Similarly to two dimensional harmonic maps, since the conformal group is noncompact,
it makes the variational problem borderline cases of the Palais—Smale condition, and hence
standard PDE methods can not be applied to get the existence of critical points.

To investigate the existence problem of Dirac-harmonic maps, another key difficulty
arises from the fact that the action functional L is not bounded from below. Therefore,
classical variational approaches developed for harmonic maps cannot be directly applied to
study the existence of Dirac-harmonic maps. There have been several other approaches, for
instance, see [1, 7, 22]. The methods used as well as the results obtained in those papers are
rather different from the present ones discussed here. In [22], some explicit examples of non-
trivial Dirac-harmonic maps were constructed, however they are rather special and cannot
replace a general scheme for the existence problem. In [7], under the condition that the tar-
get manifold satisfies certain convexity assumption, a subharmonic function is constructed
from a solution to which a maximum principle can be applied. Ammann and Ginoux [1]
uses some powerful methods from index theory, however in a more constrained setting.

In this article, we shall discuss some approaches that seem to be most promising to us
for addressing the general existence issue and propose some open problems related to them.

The first approach is a heat flow for Dirac-harmonic maps which was firstly introduced
in [9]. This flow couples a parabolic second order system for the map part with a first order
elliptic system for the spinor part. That is, the solution of the first order Dirac type equation
is carried along a second order harmonic map type heat flow. When the spinor vanishes, this
flow reduces to the classical harmonic map heat flow introduced in [13], see [15] for the
case of domain manifolds with boundary. Of course, we are interested in the case when the
spinor field is non-trivial. Then the Dirac type equation for the spinor can be considered as
some side constraint which depends nonlinearly on the heat flow for the map.

The heat flow for Dirac-harmonic maps introduced in [9] is the following elliptic-
parabolic system:

{ ¢ = A+ A(P)(dp,d¢) — P(A(dg(ea), e - ¥); ¥) in M x [0, T);
aw = A(d¢(€a), €y W) in M x [0, T) (]1)

When the domain M is closed, for some given fixed map @, solutions to the Dirac type
equation

W =Adp(eq), e - V)

are in general not unique. In order to get the uniqueness of solution to the above Dirac type
equation, in [9], the authors considered the case that the domain manifold M is compact and
has non-empty smooth boundary d M. Then they imposed the following boundary-initial
data for the flow (1.1)

{ O(x, 1) = golx, 1) on M x {0}UdM x [0, T];

By (x,1) = Byo(x,1) on M x [0, T], (1.2)

and proved the short-time existence and uniqueness. Later, the case of 1 dimensional
domains, namely the heat flow for Dirac-geode.sics, was considered in [8].

To investigate the long time behavior of the flow (1.1) and (1.2), in [18], the authors
considered the case of a two dimensional domain and established a global weak solution
of (1.1) which is unique and regular with the exception of at most finite singular times,
which can be considered as an extension of the global weak solution to the two dimensional
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harmonic map heat flow introduced in [34]. As an application, we deduce some existence
results for Dirac-harmonic maps where the spinor part is nontrivial. However, due to some
technical reasons for the Dirac type equation for the spinor, in [18], we need to assume
some extra initial-boundary constraint. In analogy to the two dimensional harmonic map
flow with Dirichlet boundary condition studied in [3], we show that this initial-boundary
constraint can be improved, see Theorem 2.6 in Section 2.

In order to get a general existence result in dimension 2, in [19], the authors developed
a new scheme in geometric analysis, which is the second approach. Firstly, they improved
a key estimate for the Dirac operator along a given map, see (2.5). Then, based on this
improved estimate and inspired by the Sacks—Uhlenbeck approximation for harmonic maps
in [33], in [19], the authors introduced the following functional:

Lo($,¥) = %[M [(1+1401)" + v | am,

where o > 1 is a constant. Critical points (¢, ¥) of the above functional L, are called
a-Dirac-harmonic maps, see [19].

Similarly to the action functional L for Dirac-harmonic maps, the new functional L, is
not bounded from below and classical variational methods can not be applied to get the exis-
tence of critical points, namely «-Dirac-harmonic maps. To overcome this issue, motivated
by the Sacks—Uhlenbeck flow introduced in [17], the authors [19] introduced the heat flow
for a-Dirac-harmonic maps:

A R T
agw :-A(d(t’(ey)vey Iﬁ) (1.3)

This is a new parabolic-elliptic system. By proving the global regular solution of (1.3) (for
every fixed @ > 1 which is close to 1), one can get the existence of «-Dirac-harmonic maps
which are the critical points of the functional L,. Then by studying the limit for a sequence
of «-Dirac-harmonic maps as o goes to 1, one successfully showed the general existence
of Dirac-harmonic maps under suitable non-trivial boundary condition. This is the general
existence scheme developed in [19].

Furthermore, when the domain is closed spin Riemannian manifold, the short time exis-
tence of the heat flow for Dirac-harmonic maps (1.1) is proved in [35] under some extra
constant imposed for the spinor. Based on the notions and methods of «-Dirac-harmonic
map and «-Dirac-harmonic map flow introduced in [19], and the techniques of handling
the closed domain case developed in [35], some existence results for Dirac-harmonic maps
from closed surfaces are recently obtained in [26, 27].

The rest of the article is organized as follows. In Section 2, two types of heat flow meth-
ods are discussed which yield some existence results of Dirac-harmonic maps. In Section 3,
the refined blow-up analysis for approximating Dirac-harmonic maps arising from those
two heat flows introduced in Section 2 are explored, such as (generalized) energy identity
and (no) neck property. In the last section, we propose some problems related to these two
heat flow approaches.

2 Heat Flow Method

In this section, we shall discuss two heat flow methods for the existence problem of Dirac-
harmonic maps. Firstly, we need the following notations.
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Notations Denote
1
E@) =5 [ 1doPam. £ = [ witam. £@on = [ (1dof + 1wit)du.
M M M

Denote
_Q;:Qx[s,t], M§:Mx[s,t], MT:MX[O,T]

and denote the standard Sobolev and Holder spaces by
ng,k (MT) . %k (MT> — (et (MT) ’
C],O,Dl (MT> = CO(,D!/Z (MT) N sup ||M||C]+u((M) <O ¢.
0<t<T

Finally,

V(M) = {(d),w) M x[s,1] = N x (Z‘M@d)’lTN)

sup IVl 2
s<o<t

+wHMWWM+wpwm%+/(MW+W%§MM<m}
s<o <t s<o <t M

1
s

We recall some basic notions from spin geometry. Let M be a compact Riemann surface
with smooth boundary d M, equipped with a Riemannian metric g and with a fixed spin
structure, X’ M be the spinor bundle over M and (-, -) x s be the natural Hermitian inner
product on X’ M. Choosing a local orthonormal basis e,, y = 1,2 on M, the usual Dirac
operator is defined as 4 := e, - Ve,, where V is the spin connection on XM and - is the
Clifford multiplication. This multiplication is skew-adjoint:

(X Y, o)z =—(¥, X -0)zsm

forany X € I'(TM), ¥, ¢ € I'(XM). The usual Dirac operator # on a surface can be
seen as the Cauchy—Riemann operator. Consider R? equipped with the Euclidean metric
dx* +dy?. Lete; = % and ey = % be the standard orthonormal frame. A spinor field on

R? is simply a map
ViR Ay =C?

and the action of ¢; and e, on spinors can be identified with multiplication with the

following two matrices
o — 01 o) — 0
P -10) 27 o)
14

Lety := < 1/) : R? — C? be a spinor field on R?, then the Dirac operator # is given by
2
G . oY AV
0 1) (2 0i\ (5 o
= <_1 0) (3%2) + <i 0) (36(52) =2 (_%Z 1) ’
ax dy 9z

d 1/9 .0 d 1/9 .0
—=s\mm-i ), ==slatis )
dz 2 \ox ay az 2 \ox ay

For more details on spin geometry and Dirac operators, we refer to [28].

<

where
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582 L. Liu, M. Zhu

2.1 Dirac-harmonic Map Flow

Let us recall the heat flow for Dirac-harmonic maps introduced in [9]. For a map ¢ €
C>L%(M x (0, T]; N) and a spinor field ¢ € C19%(M x (0,T]; M ® ¢*TN), we
consider the following system

{ 8 = () — PAWP(ea). e ¥): W) in M x [0, T):
W = Aldp(eq). eo - V) in M x [0, 7), @

where 7(¢) is the tension field of ¢. The above elliptic-parabolic system (2.1) is called the
Dirac-harmonic map flow. Moreover, we impose the following boundary-initial data
Px, 1) = ¢olx, 1) on M x{0}UaM x[0,T]; 2.2)
By (x,1) = Byo(x,7) on dM x [0, T], '
where g € C>1*(M x{0}UdM x[0, T1; N), o € C0* (9M x [0, T]; EM ® ¢ 'TN)
and B = B is the chiral boundary operator defined as follows:

Bt 12 (8M, Z‘M®¢_]TN|3M> - 12 (aM, Z‘M®¢_]TN|3M)
S %(Idi?-G)-w,

where 7 is the outward unit normal vector field on M, G = ie; - ey is the chiral oper-
ator defined using a local orthonormal frame {ea}iz , on M and satisfying the following
properties:

G*=1d, G*=G, VG6=0, G-X=-X-G,

for any X € I'(T M). The classical chiral boundary operator for usual spinors was firstly
introduced in [14], see also [2, 16] for more abstract settings. In [10], the notion of chiral
boundary operator was firstly extended to spinor fields along a map in order to propose the
boundary value problems for Dirac-harmonic maps. The chiral boundary condition is also
used in the study of boundary value problems for the super-Liouville system [23-25].

In fact, in the boundary-initial data (2.2), one can also take B to be the MIT bag boundary
operator B;—; ;7 or the J-boundary operator B}—L as considered in [9, 10]. For the sake of
convenience, in the sequel, we shall only consider the case of chiral boundary conditions
and omit the discussion of the other two types of boundary conditions, as the arguments for
them are the same.

In [9], a short time existence and uniqueness result for the flow (2.1) and (2.2) was
obtained:

Theorem 2.1 [9, Theorem 1.3] Let M™ (m > 2) be a compact spin Riemannian manifold
with smooth boundary OM, N be a compact Riemannian manifold. Suppose that
o € Nr=oC>1 (M x [0, T]; N)

and
Yo € Nr=oC "% (IM x [0, T]; M @ ¢{TN)

forsome 0 < o < 1, then the problem consisting of (2.1) and (2.2) admits a unique solution
¢ € No<r<s<r; C*1 (M x [1,51) N CO(M x [0, T1], N)

and
¥ € Mo<ras<ry CHO*(M x [t,s) N CHO0 (M x [0, T1]; EM @ ¢*TN)
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for some time T\ > O which is characterized by

limsup [V (-, )l coary = 00
t/'Tl

In order to solve the Dirichlet-chiral problem for Dirac-harmonic maps from a two
dimensional domain, [18] later studied the existence of a global weak solution of the
Dirac-harmonic map flow. Before stating the next theorem, we give some definitions.

Define a constant A = A(M, N).

A= sup{Xe [0, 0o] : Forany (¢, ¥) € W2(M, N) x W43 (M, M ®RN), if E(¢) < A2,

then (| [l w1431y < C (M. N, A) (1Bl Lo ary + 1B lwisssomy) - 23)

We remark that, in the above definition (2.3), if we considered ¢ € WP (M, N) with p>2
and replaced E(¢) with [|¢]ly1.», then the corresponding constant A would be oo (see
[18, Lemma 2.6] or [9, Theorem 1.1]). However, in the critical case of ¢ € W1’2(M, N),
for general M and N, we do not know whether A is oo or not. It would be interesting to
know how large the constant A can be.

In fact, what we know is that the constant A defined above has a positive lower bound
(see [18, Lemma 2.9]). More precisely, we have

.
T 2A1-Ar- Az
where A1 = A1 (M, N) > 0 (see [18, Lemma 2.7]) is the elliptic estimate constant for the
usual Dirac operator 7

A 0,

1V llwianan < At (1Ym0 + IBY lwisanea) Y¥ e Wh3 (M, IM® RN) .
Ay = Ay(M, N) > 0is the following Sobolev embedding constant:

L Izscy < A2l fllwrangny ¥ f € W3 (M, RN)

and A3 > 0 denotes any upper bound of the L°-norm || A|| ;. (x) of the spinorial extension
of the second fundamental form .A:

|A(dé (ea), e - ¥ < V2IAllLo) 1d| 1Y

for any (¢, V) € Wh2(M, N)x wh4/3 (Z‘M ® ¢_1TN). It is easy to see that if N is some
compact region in the Euclidean space RX, then A3 > 0 can be chosen to be arbitrary small
and hence the constant A can be co. However, this is a trivial case, since then the maps ¢
become harmonic functions and the spinor fields ¥ become harmonic spinors.

Now, we state the main theorem in [18] that

Theorem 2.2 [18, Theorem 1.2] Let M be a compact Riemann spin surface with smooth
boundary 3M and let N C RV be a compact Riemannian manifold. Suppose ¢o €
HY (M, N), ¢ € C***(OM, N), yg € C'T* (M, XM Q ¢*TN) and satisfy the following
boundary-initial constraint:

E(90) + V2IByoll} 25y, < A%

where A = A(M, N) > 0 is the constant defined in (2.3). Then there exists a global weak
solution of (2.1) with the boundary-initial data (2.2), which is defined in M x [0, co) and
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584 L. Liu, M. Zhu

satisfies

E(n(1) + er 0, ¢1°dMdt < E(do) + V2IBY0l}20,, Y120,

A

1 1
E(¢(r))+§/ (7 -Byo. ¥) (1) < E(¢(s>>+5faM<7 ‘Byo. ¥)(s) VO<s<t<oo.

oM

Moreover, there exists an integer K > 0 depending only on M, N, E(¢o), 9|l c2+e (s
and 1Byollc1+eyary and there exist finitely many singular times {Tx}, 1 < k < K, satisfying

¢ ek (M x ((o, 50) \ {Tk},{;l)) and € L0 (M x ((0, 50) \ {Tk},{;l)) .
These singular times are characterized by the condition

lim sup E (d)(t); Bj?(x)> ~& forall R>0,
xXeM
t /Ty
where € > 0 is a constant depending only on M, N, E(¢o), el c2te anrys ||B1/f0||C1+a(aM)

and B% (x) is the geodesic ball in M with center x and radius R.

Moreover, we show that, at each singular time {7}, that is, when the energy of the
map concentrates, after some suitable space-time rescaling, a bubble, namely, a nontrivial
Dirac-harmonic map from 2-sphere to N can split off.

Theorem 2.3 [18, Theorem 1.3] Let (¢, V) be a solution to (2.1) with the boundary-initial
data (2.2) from Theorem 2.2. Suppose T is a singular time, i.e.,

limsup £ <¢(t); Bllgl(x)) >¢€ forall R > 0.
xeM
t/ T
TheNre exist sequences t; /' T1, xi — x0 € M, ri — 0 and a nontrivial Dirac-harmonic
map (¢, V) : R* > N x (YR? ® ¢*T N), such that

(1) ifxoe M\ oM, thenasi — oo,
$i(x) = p(x; +rix. 1) = P(x) in Cly (R?)  and
Yi(x) = (i +rix, ) — Y(x) in Ch, (Rz).

(5 , IZ) has finite energy and conformally extends to a smooth Dirac-harmonic sphere.
(2) ifxo € OM, then ‘m’(fil’aM) — 00 and the same bubbling statement as in (1) holds.

We remark that in the above Theorem 2.3, for a boundary blow-up point, the case that
M is uniformly bounded cannot occur (see [18, Theorem 1.4]).

With the help of the above theorems, we can now present some existence results for
Dirac-harmonic maps from surfaces with boundary.

Theorem 2.4 [18, Theorem 1.5] Let (¢, V) be a solution to (2.1) with the boundary-initial
data (2.2) as obtained in Theorem 2.2 and defined in [0, 00). Then there exists a sequence
t; /' oo such that (¢ (-, t;), ¥ (-, t;)) converges weakly in WLZ(M) x W43 (M) to a Dirac-
harmonic map

(Poos Yoo) € CPTH(M, N) x C'* (M, XM ® ¢, TN)
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with boundary data ¢oo|gm = ¢ and Brso oy = Bio.
Furthermore, if we assume that the boundary-initial data are small enough, then the map
part of the limiting Dirac-harmonic map (¢oo, ¥oo) Obtained in the above theorem has to be

homotopic to the initial map ¢og.

Corollary 2.5 [18, Corollary 1.6] We define a constant €g = €9(N) > 0:
g := inf {E(d)) | (p, ) : $% — N is a nontrivial smooth Dirac-harmonic map} .
Forany ¢g € H'(M, NYNCO(M, N), ¢ € C*t* (M, N), Yo € C1H* (M, T M ® ¢*TN), if
E(@0) +V2IBYo]2: 5y, < min {42, €0 24

where A > 0 is defined in (2.3), there exists a Dirac-harmonic map (¢, V) : M — N with
¢ lying in the same homotopy class as ¢o.

In fact, from the proof of Corollary 1.6 in [18], it is not hard to see that the upper bound
in (2.4) can be improved. Here, we state as a new theorem.

Theorem 2.6 We define two constants €y = €9(N) > 0O and €1 = €1 (M, N):

gy = inf {E(¢) | (¢, V) : $% = N is a nontrivial smooth Dirac-harmonic map] ,

€ ¢

inf{E(u) lue WM, N), ulyy = ¢0}.
Forany ¢ € H' (M, N)NC%(M, N), ¢ € C*** (M, N), oo € C't* (M, ZM ® ¢*TN), if
E(@0) + V2B, < min {42, &0 + 21}
where A > 0 is defined in (2.3), there exists a Dirac-harmonic map (¢, ¥) : M — N with

¢ lying in the same homotopy class as ¢g.

We remark that the constant €; = €1 (M, N) is positive when the given boundary map ¢q
is not a constant map.

Proof 1t is sufficient to prove that no blow-up will occur along the flow. In fact, if the
flow blows up at some singular time 7 < oo, then there exists at one singularity (xg, 7).
By the proof of Theorem 1.2 and Theorem 1.5 in [18], we know there exists a weak limit
(@(x, T), ¥ (x, T)) of (p(x, t;), ¥(x, t;)) in the sense of WH2(M) x Wl’%(MN) ast; > T.
By Theorem 2.3, some nontrivial Dirac-harmonic spheres appear. Assume ((b, w) is one,
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then by Theorem 2.3, we have

E(p(-,T))

lim E (¢, 7). M\ BY (x0))

IA

lim 1i 'fE( 1), M\ BY
Jim 1tn}1Tn o, 1), M\ R(Xo))

= Jim liminf (E@(.0) ~ E@C.0). BY (0))

IA

liminf E((- 1)) = lim, limsup 2 (6¢.0. BY o))

IA

1itr5iTnf E(p(-.1) —E (o).
However, by Lemma 3.2 in [18], we have
g0 +e1 < E () + E(@(T)) < limsup E(¢) < E(g0) + V2IBY0l13 1,
< min [AZ, gy + 81} .
This is a contradiction which finishes the proof. O
2.2 «-Dirac-harmonia Map Flow

We note that a technical difficulty for the long time behavior of the Dirac-harmonic
map flow stems from the fact that along the Dirac-harmonic map flow considered in
Theorem 2.2, we only have that the energy of the map ¢ is uniformly bounded, i.e.,

E@C.1) =/ V6, DI2dM < C < +oo.
M

However, the Dirac type equation for the spinor ¥y does not provide good control of the
energy of the spinor field

EW (1) =/ WM,
M

as time ¢ approaches the first singular time 77 > 0, even for the L'-norm. This is the
main difficulty and why we need to impose the additional boundary-initial constraint in
Theorem 2.2 in order to obtain a global weak solution to the Dirac-harmonic map flow and
prove some existence results by letting time ¢ goes to infinity.

The general question we are interested in, however, is the following

Question Does there exist a Dirac-harmonic map from a compact Riemann surface with
boundary to a compact Riemannian manifold with general Dirichlet-chiral boundary data?

To investigate this issue, in [19], we introduced a new parabolic-elliptic system and gave
an affirmative answer to this question. In our new approach, one crucial observation is the
following key estimate for the Dirac operator I) along a given map ¢ (see [19, Lemma 3.4]):

Key Estimate Let ¢ € Wh9(M, N) for some g > 2 and ¢y € W'P(M, XM ® ¢*TN) for
some 1 < p < 2, then there holds

1 llwirany < C (p. M. NIVGlaany) (1B e an + 1B lwi-veo@ary) - 2.5)
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We remark that the above estimate has two key properties. The first one is that the pos-
itive constant C = C(p, M, N, [[V@| La(m)) > 0 depends on the norm ||Ve| qm) With
g > 2 of the map ¢. The second one is that the two numbers g > 2 and 1 < p < 2 are
independent of each other. In fact, such kind of estimate holds true for more general Dirac
type systems (see [19, Lemma 3.3]) which should be useful in other problems.

Note that the key estimate for the Dirac operator ) along a given map in (2.5) requires
that the map ¢ lies in W14 (M, N) for some g > 2. Inspired by this fact and the well known
Sacks—Uhlenbeck’s approximation, in [19], we introduced the following functional

Latto) =5 [ {(1+1008)" + . w0}

where @ > 1 is a constant. Critical points (¢, V) of the above functional L, are called
a-Dirac-harmonic maps from M to N. When the spinor field is vanishing, the above
functional reduces to Sacks—Uhlenbeck’s approximation for harmonic maps in [33].

By a direct computation, one can verify that critical points (¢, ¥ ) of the new functional
L, satisfy the following Euler—Lagrange equations (see [19, Lemma 3.2]):

VeIV |* Ve Re (P(A(d¢(ey), ey - V) ;)
1+ |Veop)? a(l 4 |Vgp[?)e—!
Jo0 = A(dg(ey). ey V).

Aghp = —(a—1) — A(do,do) +

)

One crucial step in our new scheme is to get the existence result of Dirac-harmonic maps
through studying the limit behaviour of a sequence of a-Dirac-harmonic maps as o N\ 1.!
Suppose that there exists a sequence of a-Dirac-harmonic maps (¢, ¥y) with

Bt = [ (1+146,2) bt < 4 < o

then the key estimate (2.5) implies the following uniform control of the spinors:
1¥allwipary with 1 < p <2, is uniformly bounded as & \ 1.

Thus, we can do the blow-up analysis and we will show that the weak limit is just the desired
Dirac-harmonic map. In the case of a two dimensional domain surface, this approach is
better than the Dirac-harmonic map flow [9, 18], and therefore, here lies the advantage of
considering a-Dirac-harmonic maps.

The remaining task then is to show the existence of such a sequence of @-Dirac-harmonic
maps. In fact, this is one crucial step in our new scheme. Since the second term of the
functional L, is not bounded from below, classical Ljusternik—Schnirelman theory may not
be applied here to obtain critical points of L. Therefore, we need to develop a new method
to proceed with our scheme.

In [19], we introduced the following new parabolic-elliptic system:

2 o o o . .
0 = dgp+ @ — ) YVIVS oy gy Re(PAURE). ¢ )i 1) -
1+ V9] o (1+ Vg2
dor = A(dg(ey), ey - ), .7

"Here and in the sequel, for simplicity of notations, when talking about a sequence of (¢, V) for a N\ 1,
we mean the sequence of (¢, , V¢, ) for a given sequence of ay N\ 1.
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with the following boundary-initial data:

d(x,t) = @(x) on OM x [0, T];
¢ (x,0) = ¢o(x) in M;
By (x,t) =Byp(x) on oM x [0, T];
do(x) = @(x) on M.
The new system (2.6)—(2.7) are called the «-Dirac-harmonic map flow.

Now, we state a result about the global existence of the a-Dirac-harmonic map flow with
a Dirichlet-chiral boundary condition.

(2.8)

Theorem 2.7 [19, Theorem 2.1] Let M be a compact spin Riemann surface with smooth
boundary 9M and let N C RX be a compact Riemannian manifold. Suppose

l<a<l1l+4e¢,

where €1 > 0 is the positive constants depending only on M and N. Then for any ¢o €
C** (M, N), ¢ € CF*(OM, N), ¥ € C'* (M, EM Q@ ¢*TN) where 0 < A < lisa
constant, there exists a unique global solution

N
¢ e Cr T (M x [0, 00), N)

and

A
Y € C

to the problem (2.6)—(2.7) with boundary-initial data (2.8), satisfying
Ea(¢()) < Ea(¢o) +2v2[Byol);

L2(OM)

A
2(M % [0,00), ZM ® ¢*TN) N L™ ([0, 00), 1%, )| 142 ar)

0

and
19 C.Ollwrran < C (p, M., N, Eq(¢0) + 2f2||B¢fo||§2(aM)) :

where 1 < p < 2.
Moreover, there exist a time sequence t; — 00 and an «-Dirac-harmonic map

(Bas Vo) € CTTH(M,N) x C'4 (M, ZM @ ¢5TN)

with the boundary data

(¢a» BYo)lam = (9, Bio),
such that (¢ (-, t;), ¥ (-, t;)) converges to (¢q, ¥y) in C2(M) x CL(M).

When the spinor field is vanishing and the domain is a closed surface, our flow reduces
to the so called Sacks—Uhlenbeck flow studied in [17].

By Theorem 2.7, for any « > 1 sufficiently close to 1, there exists an a-Dirac-harmonic
map (o, Yo) € C*HH(M, N)x C'**(M, 2 M®¢: T N) with the Dirichlet-chiral boundary
condition (¢q, BYg) oy = (¢, Big) and satisfies the following two properties

Ea(¢a) < Ea(¢0) +2v2 [BY0l 725,
and
1Wallwion = € (P M. N, Ea(go) +23/21BY0l 2 )

for any 1 < p < 2. With this result in hand, we are able to prove the existence of Dirac-
harmonic maps by applying the blow-up analysis.

Generally, we have the following existence theorem of Dirac-harmonic maps correspond-
ing to the previous Question.

@ Springer



Boundary Value Problems for Dirac-Harmonic Maps and Their Heat Flows 589

Theorem 2.8 [19, Theorem 2.2] Let (¢, Vo) : M — N be a sequence of a-Dirac-
harmonic maps with Dirichlet-chiral boundary condition (¢, BYs)lam = (¢, Byo) and
with uniformly bounded energy

Ea($a) + Wall o ary < A
Denoting E(¢y; §2) 1= fQ |V¢a|2dvolg, 2 C M and the energy concentration set

S:= {x & M [liminf E(@u; B (0) = %0 forall r> 0} :
o—>

where € is the positive constant depending only on M, N, BrM (x) is the geodesic ball in
M with center point x and radius r, then S is a finite set. Moreover, after selection of a
subsequence of (¢o, V) (Without changing notation), there exists a Dirac-harmonic map

(9. %) € C**H(M, N) x C'"**(M, XM ® ¢*TN)
with Dirichlet-chiral boundary data (¢, BY)|am = (¢, Byg), such that
(Bas Vo) = @) in Ch(M\S) x CL.(M\S).

We remark that since we can impose nontrivial boundary conditions for both the map
and the spinor field, we shall obtain Dirac-harmonic maps with nontrivial map part as well
as nontrivial spinor part.

Moreover, similarly to the Dirac-harmonic map flow, we show that at each singular point
X0, where the energy of the map concentrates, after suitable rescaling, a bubble, namely, a
nontrivial Dirac-harmonic sphere splits off.

Theorem 2.9 [19, Theorem 2.4] Under the same assumption as in Theorem 2.8, suppose
X0 € S is an energy concentration point, i.e.,

€
liminf E (¢a; BM (xo)) >S9 rall r>o0.
a—1 2
Then,

(1) ifxo € M\ OM, there exist a subsequence of (¢q, Vo) (still denoted by (¢o, Vo)) and
sequences x4 — X0, Aq — 0 and a nontrivial Dirac-harmonic map (o, &) : R2 - N,
such that as o — 1,2

(¢u (o + 2t A% R Vi (e + Aax)) - (), Ex)  inCl, (R2) x O (RZ) .

(0, &) has finite energy and conformally extends to a smooth Dirac-harmonic sphere.’

(2) ifxo € OM, then ‘m’(i{i‘;"am — 00 and the same bubbling statement as in (1) holds.

Furthermore, we can show that the bubbles in the above Theorem 2.9 are in fact just
harmonic spheres [19].

So far, we have answered the Question about the existence of Dirac-harmonic maps with
given Dirichlet-chiral boundary data. It is natural to ask whether the map component ¢ of
the limit Dirac-harmonic map stays in the same homotopy class as ¢g.

2Compared to the usual rescaling, i.e. (¢a (Xg + AaX) , AqWa (g + kax)), for a blow-up sequence of
Dirac-harmonic maps given in [5], here the additional factor xg—‘ comes from the fact that a-Dirac-harmonic
maps are not conformally invariant.

3Here we have used the fact that the unique spin structure on S? \ {p} extends to the unique spin structure on
S? and so does the associated spinor bundle.
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Here we give a positive answer under some natural condition as in the harmonic map
case.

Theorem 2.10 [19, Theorem 2.5] Let M be a compact spin Riemann surface with smooth
boundary 3M and let N C RX be a compact Riemannian manifold. For any ¢¢ €
CHA (M, N), ¢ € CT*(OM, N), Yo € C1H*OM, ZM @ ¢*TN) where ¢oloy = ¢ and
0 < A < 1is a constant, if (N, h) dose not admit any nontrivial harmonic sphere, then
there exists a Dirac-harmonic map

(@, %) € C*T*(M,N) x C""*(M, XM ® ¢*TN)

with Dirichlet-chiral boundary data (¢, BY) gy = (@, Bio) such that the map component
¢ is in the same homotopy class as ¢o.

3 Refined Blow-up Analysis

In this section, we will study some refined blow-up analysis for sequences of approximating
Dirac-harmonic maps arising from the two approaches discussed in Section 2.

3.1 Approximate Dirac-harmonic Maps

In order to investigate the blow-up picture near a singularity of the Dirac-harmonic map
flow, we shall first define approximate Dirac-harmonic maps. Denote

W22(M, N) = {¢> c w22 (M,RK) with ¢ (x) € N forae. x € M] :
WY4B(M, EM ® $*TN) = {w c wh4/3 (M, SM® RK) with ¥ (x) eSM ® ¢*TN
forae. x € M}.

In this part, we want to consider pairs (¢, ¥) that satisfy the Euler—Lagrange equations
for Dirac-harmonic maps up to some error term in L. Here is the precise definition.

Definition 3.1 (¢, ¥) € W>2(M, N) x W3 (M, XM x ¢*TN) is called an approximate
Dirac-harmonic map if there exists a pair (t (¢, ¥), h(¢, ¥)) € LY(M) such that

(¢, ¥) = Ap + A(dp,d¢) — Re (P(A(d¢(eq), e - ¥); V),
h(g,¥) = alﬁ - A(d(ﬁ(é’a), eq - ).

We remark that such approximate Dirac-harmonic map appear in the Dirac-harmonic
map flow.

Thus, a pair of field (¢, V) is a Dirac-harmonic map if and only if t (¢, V) = h(¢, ¥) =
0. In the sequel, we shall assume that the error terms are in spaces smaller than L!.

Theorem 3.2 ([20, Theorem 1.2] and [21, Theorem 1.1]) Consider a sequence of approxi-
mate Dirac-harmonic maps (¢, V) € CXM,NyxC'M,xM ®¢*T N) from a compact
Riemann surface M with smooth boundary oM to a compact Riemannian manifold N

satisfying
E(@ns Yn) + 1t (P, Yl 2 + 1h(@n, )l 14 < A,
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and with boundary data

Pnlom =@, Bynlogm =Bx,
where ¢ € C*T2 (M, N), x € CH*OM, TM @ ¢*TN) for some 0 < o < 1. We assume
that (¢, V) — (¢, ¥) weakly in WH2(M, N)x L*(M, X M®¢*T N). Define the blow-up

set

liminf f (14l + al*) = é} ,

n—oo D()C,V)
where € > 0 is the constant depending only on M, N. Then S is a (possibly empty) finite set
{p1,....pgs.-.,p1}, wherel < gq < I,{p1,...,ps} € M\ OM, {pgy1,..., pr} € OM.
Moreover, a subsequence, still denoted by {(¢k, ¥i)}, converges weakly in leo’cz(M \S) x

Wl]v’f(M \'S) to (¢, V) and for eachi = 1, ..., 1, there is a finite set of Dirac-harmonic
spheres (O’il, Sll) :S2 > N, I=1,..., L;, such that

1 L;
lim E@n) = E@)+Y Y E(d]),

i=11=1
I L;

Jim E@) = E@)+ Y. Y E(8),
i=1I=1

and the image ¢ (M \ 9M) U |J}_, UII‘:‘I (o] (8?)) is a connected set.

S :=Ny=0 {x eM

When (¢,, ¥,,) are Dirac-harmonic maps, namely, all the error terms are vanishing, the
corresponding blow-up analysis including energy identity and no neck property were proved
in [5, 30, 36].

As an application of Theorem 3.2, we shall study the asymptotic behavior at the infinite
time for the Dirac-harmonic map flow in dimension 2.

Theorem 3.3 ([20, Theorem 1.4] and [21, Theorem 1.3]) Let M be a compact spin Rie-
mann surface with smooth boundary M. Let ¢g € H'(M,N), ¢ € CH* (M, N),
x € CYHYQOM, XM @ ¢*TN). Let (¢, V) : M x [0,00) = N x (XM Q ¢*TN) be a
global weak solution of (2.1) and (2.2), which has finitely many singular times. Then there
exist t, 1 00, a Dirac-harmonic map (¢oo, Vo) € CHeM, NyxCclte M, M5 TN)
with boundary data ¢oolapm = @ and BYrsolay = By, nonnegative integer I and a possibly
empty set with at most finitely many points {p1, ..., pg, ..., pr} C M, where 1 < q <1,
{p1,....pq} € M\OM, {pg+1, ..., pr} € OM such that

D) @n W) = (@ 1), ¥ tn) = (boo, Yoo) in WHA(M, N) x L*(M, ZM x
S TN);

@) (Gnr Yn) = (Poos Woo) in W2 (M \ {p1, ..., pr}) x L (M\ {p1. ... pr});
(3) For 1l < i < I, there exist a positive integer L; and L; nontrivial Dirac-harmonic
spheres (ai[,éil) :S2 > N,i=1,...,1;1=1,...,L; such that

I L
nliigo E(¢n) = E(¢p0) + Z Z E (J"l) ’

i=1 I=1
I L;

Jim E(y,) = E(‘/foo)JFZZE(E"I)’
i=1 I=1

and the image ¢oo(M \ OM) U U?:l 1L:11 (cril (SZ)) is a connected set.
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3.2 «a-Dirac-harmonic Maps

In this part, we shall study the limit behavior for a sequence of «-Dirac-harmonic maps as
a N 1.

Since in general, multiple bubbles can split off at a blow-up point and the functional
L, is not conformally invariant, to better understand the multiple bubbling behavior for «-
Dirac-harmonic maps, we shall consider the following more general o-energy functionals®
1

LO{,UD( (d’» W) = )

];N(O) [(Ua + |Vg(,¢|2)a +001_a(1/f, Dllf)} dvolg,, o> 1,

where g, = e ((dxl)2 + (dx2)2), @a € C®(Dy), 9o (0) = 0, ¢, converges smoothly to
o € C*°(Dy) and o, > 0 is a constant.

Critical points of Ly 4, are called general a-Dirac-harmonic maps, and they satisfy the
following Euler-Lagrange equations

Vgoc |Vgoc¢|2vgoc¢
oq + |Vga¢|2

Pou0 = A(dd’(ey)’ €y - ¢)'

Before presenting further results, we shall first give a general description of the blow-
up procedure and the bubbling phenomena for general «-Dirac-harmonic maps. We shall
follow the general scheme as in the case of «-harmonic maps [29, 33].

Denote

Eqo,(¢) = /M (oa + |d¢|2)a dM, Eu(p) = /M (1 + |d¢|2>a M.

Consider a sequence of general «-Dirac-harmonic maps {(¢q, ¥s)} : M — N with
Dirichlet-chiral boundary data (¢q, BYy) | = (¢, BYg) and with o, > 0 satisfying

Re (P(A(d¢(ey). e, - ¥); )

Agyd = —(a —1) —
¢ “ o (og + IVga¢)|2)a !

—Ad¢.d¢) +

’

0 <liminf o' <1
<,80_1;n\g1 o, =

for some By > 0 and with uniformly bounded energy

Eq.o, (o) + E(Wg) < A.

From Theorems 2.8 and 2.9, we know that, by passing to a subsequence, (¢, V) con-
verges strongly to some limit Dirac-harmonic map (¢, ¥) : M — N with Dirichlet-chiral
boundary data (¢, BY)|y = (¢, Byp), away from at most finitely many blow-up points
S = {x;} 1.1:1, as o \( 1. Moreover, we show that at each blow-up point where the energy of
the map concentrates, after suitable rescaling, a bubble, namely, a nontrivial Dirac-harmonic
sphere can split off.

More precisely, for a fixed blow-up point x;, 1 < i < I, we may assume there are k;

bubbles occurring at this point, i.e., there are a sequence of points {xéf }, j=1,...,ki,and

a sequence of positive numbers { Ag } with xf;,j — X, )Lfyj — 0 as a N\ 1 and one of the
following two alternatives holds true: if 1 < ji, j» < k; and j; # ja,

Tt is easy to check that a rescaled «-Dirac-harmonic map, e.g. (qba (AgX), AZ*I./)W [/ (rax)) is locally a
critical point of this functional, we refer to Section 5 in [19] for details. We refer to the beginning of Section 2
in [29] for the analogous case of a-harmonic maps.
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(A1) for any fixed R > O, BII:I)\U] (xé,jl) N B%\ih (xf;{jz) = (), whenever « > 1 is

sufficiently close to 1.

Aijl ijp
(A2) A?jz—l— b =ooasa \(I.
o o

Moreover, one can show that the following two rescaled fields®
. .. .. .. Lya—1 - .. ..
ol = o (x +2iix), 8 = (xg) Vadwe (xi + kfjx)
converge in Cf (RZ \ {pij . py/ }) to a nontrivial Dirac-harmonic map (o/, £/)
defined on R?, which can be conformally extended to a nontrivial Dirac-harmonic map from
S2. See the beginning of Section 7 in [19].
We define two types of quantities as follows
.\ 2—20 ..
iy = liminf ()", vy = liminf (3]
a1 1

N

)—m. G.1)

It is easy to check that v;; € [1, oo]. Also, we can see that there exists a positive constant
Mmax = 1 such that w;; € [1, imax]. In fact, for the sake of simplicity, we may assume
that there is only one blow-up point which is denoted by x € M, and there are k; bubbles

occurring at this point, i.e., there are a sequence of points {xc{,] and a sequence of positive

numbers {)L({,}, 1 < j < kj satisfying (A1) or (A2). Without loss of generality, we may

assume )\é is the smallest one, i.e.

1
o

— <C<x

My
forall j =2,...,k; asa N\ 1. Then we need to show
= liminf()\1>272a <u
el o = Mmax -

By applying the blow-up argument for general «-Dirac-harmonic maps (see
[19, Section 7] for more details), we get

(oo}, s;) = (¢a (x; + A;x) , (Aé)a_] \/Ewa (x; T A;x)> - (ol, sl) in Ck (Rz) ,
where (01, Sl) can be conformally extended to a nontrivial Dirac-harmonic sphere.
Therefore, we have

A > lim lim Vo G| > dvoly,
R—o0a\(1 D;\IR(xo]z)

l 1 < 1 22 1 Zad l
im lim (A ) f |Vg, 0,17 dvo SRS
R—ooa\(1 o Dg(0) 8aZa got(“\a+)‘o(x)

lim m/ |Vol|2dx:;L1E(al).
R—o00 Dg(0)

SLet us explain the transformation of the spinor part. In fact, it can be seen as a linear transformation (i.e.
AZ*I Yo ) composed with a conformal transformation (i.e. v/Aq Yo (xo + Ao Xx)). Since a-Dirac-harmonic maps
are not conformally invariant, to get unified bubble equations, we need an additional factor A2~ in the
scaling.
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By the energy gap theorem for nontrivial Dirac-harmonic spheres (see [19, Lemma 6.2]),

we have
A A

M1 S =75 =
E (U 1) €4
where €4 = €4(N) > 0 is a positive constant.
Now, we are able to state a result about generalized energy identities for a sequence of
a-Dirac-harmonic maps that blows up at interior points.

Theorem 3.4 [19, Theorem 2.6] Under the assumptions of Theorem 2.8, if we assume that
SNIM = 0, i.e., all the blow-up points are interior points, then there are at most finitely
many bubbles: a finite set of Dirac-harmonic spheres (ol.l, il) 2> N I=1,...,1
wherel; > 1,i =1, ..., 1, such that, the following generalized energy identities hold:

I
lim By (o) = E@)+ 1M1+ Y3 w3E (o).

i=1[=1

lim Ep) = E@)+ Y whE (&),

i=1I1=1

where the quantities ;) > 1 are defined as in (3.1).

Furthermore, we can show that the map parts of the «-Dirac-harmonic necks appearing
in the interior blow-up process are converging to geodesics in the target manifold N and
then derive the length formula of these neck geodesics.

Theorem 3.5 [19, Theorem 2.8] Under the same assumptions as in Theorem 3.4, let x| €
S be an interior blow-up point. For simplicity, assume that there is only one bubble in
BrM (x1) C M for some r > 0, for the sequence {(qﬁak, wak)}, denoted by (01, “g‘l), which
is a Dirac-harmonic sphere. Let
1 .. 1 —ve—T
v' = liminf (Aa) .
a1

Then, by passing to subsequences, the map part of the Dirac-harmonic neck appearing
during the blow-up process converges to a geodesic in the target manifold N. Moreover, we
have the following alternatives:

(1) when vl = 1, the set [0) (BrM (xl)) Uo! (S2) is a connected set in the target N;
(2) whenv!' € (1, 00), then the set ¢ (B,M (xl)) and o’ (Sz) are connected by a geodesic
of length

L E (o)

log p! ;

(3) when v' = oo, the map part of the Dirac-harmonic neck contains at least an infinite
length curve which is a geodesic in N;

4 Some Problems

Finally, we shall propose some problems related to the two approaches discussed in this
article.
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Problem 1 What is the blow-up behavior at the finite singular time of Dirac-harmonic map
flow? Is the blow-up set finite? Can we also get an energy identity at the finite singular time?

For the harmonic map flow, Eells—Sampson [13] established a global smooth solution
under certain curvature conditions of the target manifold. When the domains are of dimen-
sion two, Struwe [34] proved the existence of a global weak solution which is regular
except finite singular points. Chang—Ding—Ye [4] constructed an example to show that har-
monic map flow admits a finite singular time singularity. The refined blow-up analysis of
two dimensional harmonic map flow at the finite or infinite singular time, namely energy
identity and no neck property, were explored in [12, 31, 32] etc.

Problem 2 What is the limit of the a-Dirac harmonic map flow constructed in Theorem 2.7
as o N\ 1?Is the limit a weak solution of Dirac-harmonic map flow?

When the spinor is vanishing, «-Dirac harmonic map flow reduces to the Sacks—
Uhlenbeck flow introduced in [17]. By studying the limit as o \ 1, the existence of a weak
solution of harmonic map flow was proved in [17].
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