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Abstract

Motivated by the circumcentered Douglas—Rachford method recently introduced by
Behling, Bello Cruz and Santos to accelerate the Douglas—Rachford method, we study the
properness of the circumcenter mapping and the circumcenter method induced by isome-
tries. Applying the demiclosedness principle for circumcenter mappings, we present weak
convergence results for circumcentered isometry methods, which include the Douglas—
Rachford method (DRM) and circumcentered reflection methods as special instances.
We provide sufficient conditions for the linear convergence of circumcentered isom-
etry/reflection methods. We explore the convergence rate of circumcentered reflection
methods by considering the required number of iterations and as well as run time as our
performance measures. Performance profiles on circumcentered reflection methods, DRM
and method of alternating projections for finding the best approximation to the intersection
of linear subspaces are presented.
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1 Introduction

Throughout this paper, we assume that

‘H is a real Hilbert space

with inner product (-, -) and induced norm || - ||. Denote the set of all nonempty subsets of
‘H containing finitely many elements by P(H). Given K € P(H), the circumcenter of K
is defined as either empty set or the unique point CC(K) such that CC(K) € aff(K) and
CC(K) is equidistant from all points in K, see [4, Proposition 3.3].

Letm € N\ {0}, and let T}, ..., T,—1, T,;, be operators from 7 to H. Assume

m
S={N,....,Tn1,Tw} with [)FixTj#@.
j=1

The associated set-valued operator S : H — P(H) is defined by
(VxeH) S(x):={Tix,...,T_1x,Tnx}.

The circumcenter mapping CCs induced by S is defined by the composition of CC and S,
thatis (Vx € H) CCs(x) = CC(S(x)).If CCs is proper, i.e., (Vx € H), CCsx € H, then
we are able to define the circumcenter methods induced by S as

xo =x and xx = CCs(xr—1) = CCkx, where k=1,2,....

Motivated by Behling, Bello Cruz and Santos [7], we worked on circumcenters of finite
set in Hilbert space in [4] and on the properness of circumcenter mappings in [5]. For other
recent developments on circumcentered isometry methods, see also [9, 10, 16] and [6]. In
this paper, we study the properness of the circumcenter mapping induced by isometries,
and the circumcenter methods induced by isometries. Isometry includes reflector associated
with closed affine subspaces. We provide convergence or even linear convergence results of
the circumcentered isometry methods. In particular, for circumcentered reflection methods,
we also offer some applications and evaluate their linear convergence rate by comparing
them with two classical algorithms, namely, the Douglas—Rachford method (DRM) and the
method of alternating projections (MAP).

More precisely, our main results are the following:

— Theorem 3.3 provides the properness of the circumcenter mapping induced by isome-
tries.

— Theorem 4.7 presents a sufficient condition for the weak convergence of circumcen-
tered isometry methods.

— Theorems 4.14 and 4.15 present sufficient conditions for the linear convergence of
circumcentered isometry methods in Hilbert space and R”, respectively.

—  Proposition 5.18 takes advantage of the linear convergence of DRM to build the linear
convergence of other circumcentered reflection methods.

Theorem 3.3 extends [5, Theorem 4.3] from reflectors to isometries. Based on the demi-
closedness principle for circumcenter mappings built in [5, Theorem 3.20], we obtain
Theorem 4.7, which implies the weak convergence of the DRM and the circumcen-
tered reflection method, the main actor in [8]. Motivated by the role played by the
Douglas—Rachford operator in the proof of [7, Theorem 1], we establish Theorem 4.14
and Proposition 5.18. As a corollary of Proposition 5.18, we observe that Proposition 5.19
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Circumcentered Methods Induced by Isometries 473

yields [7, Theorem 1]. Motivated by the role that the firmly nonexpansive operator A
played in [8, Theorem 3.3] to deduce the linear convergence of circumcentered reflection
method in R”, we obtain Proposition 2.10 and Theorem 4.15(ii). Theorem 4.15(ii) says that
some «-averaged operators can be applied to construct linear convergent methods, which
imply the linear convergence of the circumcentered isometry methods. As applications of
Theorem 4.15, Propositions 5.10, 5.14, and 5.15 display particular classes of circumcentered
reflection methods being linearly convergent.

The rest of the paper is organized as follows. In Section 2, we present various basic
results for subsequent use. Our main theory results start at Section 3. Some results in
[5, Section 4.1] are generalized in Section 3.1 to deduce the properness of the circum-
center mapping induced by isometries. Thanks to the properness, we are able to generate
the circumcentered isometry methods in Section 4. In Section 4.2, we focus on exploring
sufficient conditions for the (weak, strong and linear) convergence of the circumcentered
isometry methods. In Sections 5 and 6, we consider the circumcentered reflection methods.
In Section 5, first, we display some particular linearly convergent circumcentered reflec-
tion methods. Then the circumcentered reflection methods are used to accelerate the DRM,
which is then used to find best approximation onto the intersection of finitely many linear
subspaces. Finally, in Section 6, in order to evaluate the rate of linear convergence of the
circumcentered reflection methods, we use performance profile with performance measures
on both required number of iterations and run time to compare four circumcentered reflec-
tion methods with DRM and MAP for solving the best approximation problems associated
with two linear subspaces with Friedrichs angle taken in certain ranges.

We now turn to notation. Let C be a nonempty subset of H. Denote the cardinality of
C by card(C). The intersection of all the linear subspaces of H containing C is called the
span of C, and is denoted by span C; its closure is the smallest closed linear subspace of
H containing C and it is denoted by span C. C is an affine subspace of H if C # & and
Vp € R) pC + (1 — p)C = C; moreover, the smallest affine subspace containing C
is the affine hull of C, denoted aff C. An affine subspace U is said to be parallel to an
affine subspace M if U = M + a for some a € H. Every affine subspace U is parallel
to a unique linear subspace L, which is given by (Vy € U) L := U —y = U — U.
For every affine subspace U, we denote the linear subspace parallel to U by par U. The
orthogonal complement of C is the set Ct={xeH|(x,y) =0forall y € C}. The
best approximation operator (or projector) onto C is denoted by Pc while R¢ := 2P¢c —Id
is the reflector associated with C. For two subsets A, B of H, the distance d(A, B) is
inf|[A — B]|. A sequence (xx)reN in H converges weakly to a point x € H if, for every
u € M, (xg,u) - (x,u); in symbols, xp — x.Let T : H — H be an operator. The set
of fixed points of the operator T is denoted by FixT, i.e., FixT := {x € H | Tx = x}.
T is asymptotically regular if for each x € H, T*x — T¥+1x — 0. For other notation not
explicitly defined here, we refer the reader to [3].

2 Auxiliary Results
This section contains several results that will be useful later.

2.1 Projections

Fact 2.1 [3, Proposition 29.1] Let C be a nonempty closed convex subset of H, and let
x € H. Set D :=z + C, where z € H. Then Ppx = 7 +Pc(x — 2).
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474 H.H. Bauschke et al.

Fact 2.2 [11, Theorems 5.8 and 5.13] Let M be a closed linear subspace of H. Then:

(1) x =Puyx +Pyux foreach x € H. Briefly, Id = Py + Py,
(i) MLt={xeH|Pykx)=0}and M = {x eHIPyi(x)=0={xeH|Pykx) =
x}

Fact 2.3 [5, Proposition 2.10] Let C be a closed affine subspace of H. Then the following
hold:

(i) The projector Pc and the reflector R¢ are affine operators.
(i) (Vx e H) (Vv € C) [|x — Pcx||® + |[Pcx — v|)? = [lx — v||%
(i) (Vx e H) (Vy € H) llx — yll = [IRex —Reyll.

Lemma 2.4 Let M := aff{x, x;,...,x,} € H, where x; — x,...,x, — x are linearly
independent. Then for every y € H,

n
Pu(y) =x+Y (y—x ee,
i=1
Xi —x—zij;ll (xi—x,ej)e;

= .
llxi _X_ZI/':] (xi—x.ej)e;l

where (Vi € {1,...,n}) e; =

Proof Since x; — x, ..., x, — x are linearly independent, by the Gram—Schmidt orthog-
xi—x—zii_:ll (xi—x,ej)e;

/ then
=
Hxi—x—Z',-zl (xi—x,ej)ejll’

onalization process [17, p. 309], let (Vi € {1,...,n}) ¢ =

et, ..., e, are orthonormal. Moreover
spanfey, ..., ey} =span{x; — x, ..., x, —x}:= L.

Since M = x + L, thus by Fact 2.1, we know Py/(y) = x + Pr(y — x). By [3, Propo-
sition 29.15], we obtain that for every z € H, Pr(z) = ZLl(Z’ e;)e;, where (Vi €
(L on)) e = ST il 0

=] ,
i —x =Y imx.e)e;

2.2 Firmly Nonexpansive Mappings

Definition 2.5 [3, Definition 4.1] Let D be a nonempty subset of H andlet 7 : D — H.
Then T is

(i) firmly nonexpansive if
(Vx,y € D) [ Tx = Ty|?+(d = T)x — (d = T)y[)* < |lx — y|%;
(i) nonexpansive if it is Lipschitz continuous with constant 1, i.e.,
(Vx,yeD) |[Tx =Tyl =< lx—yl:
>iii) firmly quasinonexpansive if
(Yx € D) (Yy € FixT) | Tx —ylI* + | Tx —x|* < x — y[I%;
(iv) quasinonexpansive if

(Vx e D) (Vy e FixT) |[Tx —yll < lx—yl.
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Fact 2.6 [3, Corollary 4.24] Let D be a nonempty closed convex subset of H and let T :
D — H be nonexpansive. Then FixT is closed and convex.

Definition 2.7 [3, Definition 4.33] Let D be a nonempty subset of ,let T : D — H be
nonexpansive, and let « €]0, 1[. Then T is averaged with constant o, or a-averaged for
short, if there exists a nonexpansive operator R : D — H such that 7 = (1 — «)Id + «R.

Fact 2.8 [3, Proposition 4.35] Let D be a nonempty subset of H, let T : D — H be
nonexpansive, and let o € 10, 1[. Then the following are equivalent:

(i) T is a-averaged.
(i) (¥x € D) (Yy e D) |Tx — Ty|* + =2)(dd — T)x — (1d — T)y|?> < |x — y|%

Fact 2.9 [3, Proposition 4.42] Let D be a nonempty subset of H, let (T;)ic1 be a finite
family of nonexpansive operators from D to H, let (w;)ic1 be real numbers in 10, 1] such
that Zid w; = 1, and let («;);c1 be real numbers in 10, 1[ such that, for every i € 1, T; is
aj-averaged, and set o ==y _;ywie;. Then Y,y wiT; is a-averaged.

The following result is motivated by [8, Lemma 2.1(iv)].

Proposition 2.10 Assume H = R". Let T : R" — R" be linear and a-averaged with
a €]0, 1[. Then || TP gxryL|l < 1.

Proof If (FixT)‘ = {0}, then Prixryt = 0 and so TP 7y1 = 0. Hence, the required
result is trivial.

Now assume (FixT)+ # {0}. By definition, (FixT)1 is a closed linear subspace of R".
Since T is a-averaged, thus by Fact 2.8,

l—«
(Vx e R") (Vy e R") ||Tx—Ty||2+T||<Id—T)x—<Id—T)y||2 < llx—ylI* 2.1

Since (FixT)* # {0}, it is easy to see that

V=P ey L
ITPEixry | = sup |TPEryx| = = sup |ITyl= sup [|Tyl. (22)
XEH ye(FixT)+ ye(FixT)L
i<t lyl<1 Iyli=1
Suppose to the contrary that |TPgyryell = 1. Then by (2.2) and by the Bolzano-

Weierstrass Theorem, there exists y € (Fix T)* with ||[y|| = 1 and | TY| = 1.
For every x € R", substituting y = Pgixrx in (2.1), we get,

l—«a

2 2 2
ITx — Prixrx[|” + llx = Tx||” < llx — Prixr x|,

o
which implies that
(Vx ¢ FixT)  ||Tx — Prixrx|l < llx — Prixr x| (2.3)

Since FixT N (FixT)* = {0} and since y € (FixT)* and ||y|| = 1, s0y & FixT. By
Fact 2.2(ii), ¥ € (FixT)* implies that Prix7 (y) = 0, thus substituting x = y in (2.3), we
obtain

=Tyl =Ty = Prixr ¥l < IV = Prixz¥ll = VI = 1,

which is a contradiction. O
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Definition 2.11 [3, Definition 5.1] Let C be a nonempty subset of H and let (xz)xen be a
sequence in H. Then (xx)ien is Fejér monotone with respect to C if

(VxeC) (VkeN) |xprr— x| < llxx —x]|.

Fact 2.12 [3, Proposition 5.4] Let C be a nonempty subset of H and let (xi)reN be Fejér
monotone with respect to C. Then (xy)keN is bounded.

Fact 2.13 [3, Proposition 5.9] Let C be a closed affine subspace of H and let (xi)ien be
a sequence in H. Suppose that (xp)ren is Fejér monotone with respect to C. Then the
following hold:

(i) (Yk € N) Pcx; = Pcxo.
(1) Suppose that every weak sequential cluster point of (xr)xeN belongs to C. Then xj —
Pcxo.

2.3 The Douglas-Rachford Method

Definition 2.14 [1, p. 2] Let U and V be closed convex subsets of 7{ suchthat UNV # &.
The Douglas—Rachford splitting operator is Ty y := Py (2Py —Id) + 1d — Py.

It is well known that

Id+RyR
Tyy =Py(2Py —1d) +1d— Py = %

Definition 2.15 [11, Definition 9.4] The Friedrichs angle between two linear subspaces U
and V is the angle o(U, V) between 0 and % whose cosine, ¢(U, V) := cosa(U, V), is
defined by the expression

. vy=swp [l vl lueUn@W NV veva@nv*h ful <1 vl <1}

Fact 2.16 [11, Theorem 9.35] Let U and V be closed linear subspaces of H. Then the
following are equivalent:

H U, V)<l
(i) U + V isclosed.

Fact 2.17 [1, Theorem 4.1] Let U and V be closed linear subspaces of H and T = Ty y
defined in Definition 2.14. Let n € N\ {0} and let x € H. Denote the c(U, V) defined in
Definition 2.15 by cp. Then

IT"x = Prixrx|l < cpllx — Prixrxll < cgllxll.

Lemma 2.18 Let U and V be closed linear subspaces of H and T = Ty y. Let x € H.
Then

Pynv(x) =Prixr(x) & x espan(UUV) & xe U+ V.

Proof By [1, Proposition 3.6], Pexr = Puynv + PyinyL1. Moreover, by [11, Theo-
rems 4.6(5) & 4.5(8)], we have UL N VL = (U + V) = (span(U U V))*. Hence, by

@ Springer



Circumcentered Methods Induced by Isometries 477

Fact 2.2(ii), we obtain that Pyny (x) = Pgixr(x) < PUJ_QVJ_X =04 P(W(UUV))J-X =
0« x e ((span(U U V)DL =span(UuUV)=U+V. O

Lemma 2.19 Let U and V be closed linear subspaces of H and T := Ty y. Let x € H.
Let K be a closed linear subspace of H suchthatU NV C K C U + V. Then

Prix7Pxx = PyunyPgx = Pynyx.

Proof Since Pgkx € K € U + V, by Lemma 2.18,

PrixrPxx = PynvPkx.
On the other hand, by assumption, U NV < K. Hence, by [11, Lemma 9.2], we get
PynvPgx = PxkPynyvx = Pynvx. O

2.4 Isometries

Definition 2.20 [15, Definition 1.6-1] A mapping T : H — H is said to be isometric or an
isometry if
(VxeH) (VyeH) |Tx—Tyl=Ix—yl. (24)

Note that in some references, the definition of isometry is the linear operator satisfying
(2.4). In this paper, the definition of isometry follows from [15, Definition 1.6-1] where the
linearity is not required.

Corollary 2.21 Leta €10, 1[, and let T : H — H be a-averaged with FixT # &. Assume
that T # 1d. Then T is not an isometry.

Proof Because T # 1d, FixT # H. Take x € H \ FixT. Then
lx = Tx|| > 0. (2.5)

By assumption, FixT # &, take y € FixT, thatis, y — Ty = 0. Because T : H — H is
a-averaged, by Fact 2.8,

l—«a
ITx — Ty|* + —— I = T)x — (1d - Tyl* < lx — ylI?

11—«

& |ITx—Ty|*+ lx — Tx|* < llx — y|I?

2.5)
= ITx =Tyl < Illx =yl
which, by Definition 2.20, imply that T is not isometric. O

Definition 2.22 [3, p. 32] If K is a real Hilbert space and T € B(H, K), then the adjoint
of T is the unique operator 7* € B(IC, H) that satisfies

VxeH) (VyeK) (Tx,y)={x,T"y).

Lemma 2.23 (i) Let C be a closed affine subspace of H. Then the reflector R¢ =
2Pc — Id is isometric.

(ii) Let a € H. The translation operator (Vx € H) T,x := x + a is isometric.

(iii) Let T € B(H, H) and let T* be the adjoint of T. Then T is isometric if and only if
T*T =1d.
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478 H.H. Bauschke et al.

(iv) The identity operator is isometric.

Proof (i): The result follows from Fact 2.3(iii).

(ii): It is clear from the definitions.

(iii): Assume that 7*T = Id. Let x € H and y € H. Now |[Tx — Ty||> = (Tx —
Ty, Tx—Ty) =(T(x=y), T(x=y)) = (x—y, T*T(x—y)) = (x—y,x—y) = [[x—y|*.
For the proof of the opposite direction, refer to [15, Exercise 8 in p. 207].

(iv): The required result follows easily from (iii). O

Clearly, the reflector associated with an affine subspace is affine and not necessarily
linear. The translation operator 7, defined in Lemma 2.23(ii) is not linear whenever a # 0.

Lemma 2.24 Assume F : H — H and T : H — H are isometric. Then the composition
FoT of T and F is isometric. In particular, the composition of finitely many isometries is
an isomerry.

Proof The first statement comes directly from the definition of isometry. Then by induction,
we obtain the last assertion. O

Lemma 2.25 Let T : H — H be an isometry. Then the following hold:

(i) T is nonexpansive.
(i1) FixT is closed and convex.

Proof (i): This is trivial from Definition 2.20 and Definition 2.5(ii). (ii): Combine (i) and
Fact 2.6. O
2.5 Circumcenter Operators and Circumcenter Mappings

In order to study circumcentered isometry methods, we require facts on circumcenter oper-
ators and circumcenter mappings. Recall that P(?) is the set of all nonempty subsets of
‘H containing finitely many elements. By [4, Proposition 3.3], we know that the following
definition is well defined.

Definition 2.26 (Circumcenter operator) [4, Definition 3.4] The circumcenter operator is
CC: P(H)—HU{z}

Koy 1P if p € aff(K) and {||p—y|| | y € K} is a singleton;
@  otherwise.

In particular, when CC(K) € H, thatis, CC(K) # &, we say that the circumcenter of K
exists and we call CC(K) the circumcenter of K.

Recall that Ty, ..., T,,—1, T,, are operators from H to H with ﬂ’;?:lFix T; # @ and that

S={n,....,Ty_1,T,} and (VxeH) Sx)={Tix,..., Tn_1x,Tnx}.
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Definition 2.27 (Circumcenter mapping) [5, Definition 3.1] The circumcenter mapping
induced by S is

CCs: H— HU{@}: x— CC(S(x)),
that is, for every x € H, if the circumcenter of the set S(x) defined in Definition 2.26

does not exist, then CCsx = &. Otherwise, CCsx is the unique point satisfying the two
conditions below:

(i) CCsx € aff(S(x)) = aff{T1(x), ..., Tn_1(x), T,,(x)}, and
@) {IICCsx —Ti(x)||i e{l,...,m— 1, m}}is a singleton, that is,

[CCsx = Ti(x)|| =+ =CCsx = T—1(®)[| = |CCsx — T (x)].
In particular, if for every x € H, CCsx € H, then we say the circumcenter mapping
CCgs induced by S is proper. Otherwise, we call the CCgs improper.
Fact 2.28 [5, Proposition 3.10(1)&(iii)] Assume C Cgs is proper. Then the following hold:
@) ﬂTleiij C FixCCes.
(i) If Ty = 1d, then N FixT; = Fix CCs.
To facilitate the notations, from now on, for any nonempty and finite family of operators
F] g e ey F[,
Q(RA,....F):={F,---F,F, |reNandi,...,i€{l,...,t}}

(2.6)
which is the set consisting of all finite composition of operators from {F7, ..., F;}. We use
the empty product convention, so for » = 0, Fj, - -- F;, =Id.

Proposition 2.29 Let t be a positive integer. Let Fy, ..., Fy be t operators from H to H.

Assume that CCg is proper. Assume that S is a finite subset of Q(Fy, ..., F;) defined in
(2.6) such that {1d, Fy, F>2Fy, ..., FiF,_1---F>F1} CSor{ld, Fi, F>,...,F,} € 8S. Then
FixCCs = N);_|Fix F.

Proof Because each element of S is composition of operators from {Fy, ..., F;}, and
because (Vi € {1,...,t}) ﬂ’ileix F; C Fix F;, we obtain that
ﬁ;zl Fix F; € NresFixT = Fix CCs, 2.7

where the equality is from Fact 2.28(ii).

On the other hand, if {Id, Fy, F>, ..., F;} € S, then clearly NpcsFixT C ﬂ’j:lFix Fj.
Hence, by (2.7), FixCCs = ﬂ’jleix F;.

Suppose that {Id, F\, F>Fy, ..., F;F,—y--- F,F1} € S. Then for every x € H, by
Definition 2.27,

x €FixCCs = |x—xll=lx—Fixl|l=lx - BFix||=---=|x - FF-1- FFx|
S x=Fx=F~KhFhx=---=FKF_,---F,Fix
S x=Fix=Fhx=---=F_ix=Fx

& x e’ _Fix Fj,

which imply that FixCCs S N',_,Fix Fj. Again, by (2.7), FixCCs = 0,

=1 Fix F j-
Therefore, the proof is complete. O
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480 H.H. Bauschke et al.

The following example says that the condition “{Id, Fy, F>Fy, ..., F;Fi_1--- F2F1} C
S” in Proposition 2.29 above is indeed critical. Clearly, for each reflector Ry, Fix Ry = U.

Example 2.30 Assume H = R2.SetU; :=R-(1,0),Us:=R-(1, 1) and Uz :=R- (0, 1).
Assume S = {Id, Ry;Ry,Ry, }. Since (Vx € Uz) Ry,Ry,Ryx = x, CCs = £(1d +
Ry;Ry,Ry;) and since the set of fixed points of linear and continuous operator is a linear
space, thus N?_, U; = {(0,0)} & U» = Fix CCs.

Fact 2.31 (Demiclosedness principle for circumcenter mappings) [5, Theorem 3.20] Sup-
pose that Ty = 1d, that each operator in S = {T, T», ..., T;y} is nonexpansive, and that
CCs is proper. Then Fix CCs = N/ |FixT; and the demiclosedness principle holds for
CCeg, that is,

Xp — X, _ .

X — CCsxx — 0 } = X € FixCCs. (2.8)
Fact 2.32 [5, Proposition 3.3] Assume m = 2 and S = {Ty, T»}. Then CCs is proper.
Moreover, ¥Vx € H) CCsx = W

The following result plays a critical role in our calculations of circumcentered reflection
methods in our numerical experiments in Section 6 below.

Proposition 2.33 Assume CCs is proper. Let x € H. Set dy := dim(span{Trx —
Tix,...,Tpyx —Tix}). Let S :={T1, T;,, ..., T, } S S be such that!
Tyx—Tx,....,Ti, x—Tx isa basis of span{Tox — Tx, ..., Tpyx — Tix}.
Then
dx
CCsx =CCgx =Tx + Za;j (x)(Tijx —Tix),
j=1
where
iy (x) IT;,x — Tix||?
: :EG(T,-Ix—Tlx,...,T,-dXx—Tlx)*l : :
@i, () IT;,, x — Tix|)?

and G(Ty;x — Tix, ..., T, x — Tix) is the Gram matrix of T;) x — Tix, . .., Ti, x — Tix.

Proof The desired result follows from [4, Corollary 4.3]. O

3 Circumcenter Mappings Induced by Isometries

Denote I := {1, ..., m}. Recall that (Vi € I) T; : H — H and that

S= {Tl,...,Tm,hTm} with ﬂ;-nzl FiXTj #+ O.

INote that if card(S(x)) = 1, then dy = 0 and so CCgx = Tjx.
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In the remaining part of the paper, we assume additionally that

(Viel) T;:H — H isisometry.

3.1 Properness of Circumcenter Mapping Induced by Isometries

The following three results generalize Lemma 4.1, Proposition 4.2, and Theorem 4.3
respectively in [5, Section 4] from reflectors associated with affine subspaces to isome-
tries. In view of [6, Theorem 3.14(ii)], we know that isometries are indeed more general
than reflectors associated with affine subspaces. The proofs are similar to those given in
[5, Section 4].

Lemma 3.1 Let x € H. Then

(Vz € M FixTj) (Vi € {1,2,....m}) ||Tox —z]| = |x —zll.

Proof Let z € ﬂTleiij and i € {1,2,...,m}. Since T; is isometric, and since z €
M FixT; € FixT;, thus | Tix — 2|l = ITix — Tizll = [lx — z|l. O
Proposition 3.2 For every 7 € ﬂ;’l:lFiij, and for every x € H, we have

() Pasrs)) (2) € aff(S(x)), and
(ii) {”Paff(S(x)) (z) = Tx|| | T € S} is a singleton.

Proof Letz € N"_ FixT}, and let x € H.

(i): Because aff(S(x)) is a nonempty finite-dimensional affine subspace, we know
Patr(s(x)) (z) is well-defined. Clearly, Pasr(s(x)) (z) € aff(S(x)).

(ii): Take an arbitrary but fixed element 7 € S. Then Tx € S(x) C aff(S(x)). Denote
D = Patr(s(x)) (2). By Fact 2.3(ii),

Iz = pI* + lp = TxI* = llz = Tx|. 3.1
By Lemma 3.1, ||z — Tx|| = ||z — x||. Thus, (3.1) yields that
1
VT €8) lp—Txll = (lz— x> = llz = pI*)2,
which implies that {||p — Tx|| | T € S} is a singleton. O
The following Theorem 3.3(i) states that the circumcenter mapping induced by isome-

tries is proper, which makes the circumcentered isometry method well-defined and is
therefore fundamental for our study on circumcentered isometry methods.

Theorem 3.3 Let x € H. Then the following hold:

(1)  The circumcenter mapping CCs : H — H induced by S is proper; moreover, CCsx
is the unique point satisfying the two conditions below:

(a) CCsx € aff(S(x)), and
(b) {||ICCsx —Tx|| | T € S} is a singleton.

(i) (Vze ﬂ?leiXTi) CCsx = Pyr(s(x)) (2)-
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(iii)) Assume that & # W C ﬂ’;’:]Fiij and that W is closed and convex. Then CCsx =

Patt(s(x)) (Pnf;‘:,Fixr,x) = Patf(s(x) Pwx).

Proof (i) and (ii) come from Proposition 3.2 and [5, Proposition 3.6].

Using Lemma 2.25 and the underlying assumptions, we know ﬂ’}’z Fix T is nonempty,
closed and convex, so Pﬂz}::lpixrjx € ﬂ’}’leix T; is well-defined. Hence (iii) comes from
(ii). O

3.2 Further Properties of Circumcenter Mappings Induced by Isometries

Similarly to Proposition 2.33, we provide a formula of the circumcenter mapping in the
following result. Because Pm(ﬂ_l]:ix 7;X or Pyx is unknown in general, Proposition 2.33 is
more practical.

Proposition 3.4 Let & # W C ﬂ?”:lFiij and let W be closed and convex. Let x €
H. Set dy = dim(span{Tox — Tix, ..., Tyx — Tix)). Let S :== (T\, Ty, ..., T, } € S
be such that®

Ty x—Tx,...,T;
Then

X — T1x is a basis of span{Tox — Tx, ..., Tyx — T1x}. (3.2)
dx d}c
CCsx =Tix + Z<Pn;"leixT,-x — Tx, ej>ej =Tix+ Z(wa —Tix,eje;,
j=1 j=1
T,-jxfT]xfzi;i(T,-jxlex,ek)ek
13 x—Tix =302 (T x=Tix.e)ex

where (j € {1,...,dy}) ej =

Proof By Theorem 3.3(iii),

CCsx = Pufi(s(x)) (Pﬁ;”:lFiijx) = Pat(s(x) Pwx).
By (3.2), we know that
aff(S(x)) = aff{Tix, Tj x, ..., Tiy x} = Tix + span{T; x — Tix, ..., T;, x — Tix}.
Substituting (x, x1, ..., x,, M) by (T1x, Tilx,...,ﬂdxx,aff(S(x)) in Lemma 2.4, we

obtain the desired result. O

The following result plays an important role for the proofs of the linear convergence of
circumcentered isometry methods.

Lemma 3.5 Let x € Hand 7 € ﬂ’]’.lleiij. Then the following hold:

(i) Let F : H — H satisfy Ny € H) F(y) € aff(S(y)). Then ||z — CCsx|> +
ICCsx — Fx|* = |z — Fx|%
(i) IfTs € affS, then ||z — CCsx|?> + ||CCsx — Tsx||*> = ||z — Tsx|%;
(i) If1d € affS, then ||z — CCsx||> + |CCsx — x|? = ||z — x||%;

2Note that if card(S(x)) = 1, then dy = 0 and so CCsx = Tix.
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iv) (VT €8) ||z = CCsx|*+ ||CCsx — Tx|* = ||z — x>

Proof Using Theorem 3.3(ii), we obtain

CCsx = Pyfi(s(x)) (2)- (3.3)
(i): Since F(x) € aff(S(x)), Fact 2.3(ii) implies
lz — CCsx|* + ICCsx — Fx|* = Iz — Fx|*.
(ii) and (iii) come directly from (i).

Note that (VT € S) T is isometric and z € ﬂ’}’Z]FixTJ- C FixT. Hence, (iv) follows
easily from (ii). O

We now present some calculus rules for circumcenter mappings.

Corollary 3.6 Assume (YT € S) T is linear. Then

(i) CCgs is homogeneous, that is Nx € H) (VA € R) CCs(Ax) = ACCsx;
(i) CCs is quasitranslation, that is, ¥x € H) (Vz € ﬂ;'-’leiij) CCs(x +2) =
CCs(x)+z.

Proof By assumption, (VT € S) T is linear, so for every «, B € R, and for every x, y € H,
VT €S8) T(ax+PBy) =aTx+BTy.
Note that by Theorem 3.3(i), CCs is proper. By Fact 2.28(i), 0 € ﬂT:IFiX T, C
Fix CCgs. Hence,
(Vx e H) CCs(0x) =0=0CCgx.
Therefore, (i) is from [4, Proposition 6.1] and (ii) comes from [4, Proposition 6.3]. [

The following result characterizes the fixed point set of circumcenter mappings induced
by isometries under some conditions.

Proposition 3.7 Recall that S = (T, ..., T,u—1, T,n}. Then the following hold:

(i) Assume Ty =1d. Then FixCCgs = ﬂ’;?:lFiij.

(ii) Let Fy,...,F; be isometries from H to H. Assume that CCgs is proper
and that S is a finite subset of Q(Fy,...,F;) defined in (2.6) such that
{Id, F1, FoFy,...,FiF_1---F,F} € S or {Id,F,F,,...,F;} € S. Then
FixCCs = ﬂtjleix F; = ﬂ’}’leiij.

Proof (i) is clear from Theorem 3.3(i) and Fact 2.28(ii).
(ii): Combining Theorem 3.3(i) with Proposition 2.29, we obtain FixCCs =
ﬂ’jZIFix F;. In addition, (i) proved above implies that Fix CCs = ﬂ;"leiij. Hence, the

proof is complete. O
Proposition 3.8 Let F,..., F;, be isometries from H to H. Assume that CCg is
proper, and that S is a finite subset of QU(Fy,..., F;) defined in (2.6) such that

{d, Fi, ihF,...,FFF_i---FhbF} CSor{ld, Fi, F, ..., F,} CS. Then
(Vx e H) (Vy € FixCCs) [[CCsx —y|? + |CCsx —x|*> = |x — y|>.  (3.4)

In particular, CCg is firmly quasinonexpansive.
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Proof Proposition 3.7(ii) says that in both cases stated in the assumptions, Fix CCs =

ﬂ;:lFix Fj = NresFixT. Combining this result with Lemma 3.5(iii), we obtain (3.4).

Hence, by Definition 2.5(iii), CCgs is firmly quasinonexpansive. O
Corollary 3.9 Let Uy, ..., U; be closed affine subspaces in H. Assume that S| =
{Id, RUI, . RU[} and that Sy = {Id, RU] s RUZRUl sy RU, s RUzRUl }. Then

(1) (Vi e{1,2})) FixCCs, = ﬂTGSi FixT = ﬁtjleixRUj = ﬂ;lej.
(i)) CCs, and CCs, are firmly quasinonexpansive.

Proof We obtain (i) and (ii) by substituting F; = Ry, ..., F; = Ry, in Propositions 3.7
and 3.8, respectively. O

In fact, the CCs, in Corollary 3.9 is the main actor in [8].

4 Circumcenter Methods Induced by Isometries

Recall that S = {Ty, ..., T, _1, T} with ﬂ’]T‘ZlFix T; # & and that every element of S is
isometric and affine.
Let x € H. The circumcenter method induced by S is

xo:=x and x; := CCs(xx_1) = CCkx, where k=1,2,....

Theorem 3.3(i) says that CCs is proper, which ensures that the circumcenter method
induced by S is well defined. Since every element of S is isometric, we say that the
circumcenter method is the circumcenter method induced by isometries.

4.1 Properties of Circumcentered Isometry Methods

In this subsection, we provide some properties of circumcentered isometry methods. All of
the properties are interesting in their own right. Moreover, the following Propositions 4.1
and 4.2 play an important role in the convergence proofs later.

Proposition 4.1 Let x € H. Then the following hold:

i X)keN is a Fejér monotone sequence with respect to N FixT;.
(i) (CCYx)ien is a Fejé q ith resp " FixT;
@Gi) (vVze ﬂ;f':lFiij) the limit limy_, 4 oo ||CC§x — z|| exists.
(iii) (Cng)keN is bounded sequence.
(iv) Assume O # W C ﬂ;"leiij. Then (CC‘ng)keN is a Fejér monotone sequence with
respectto W.
\% ssume 1d € aff S. Then CCsgs is asymptotically regular, that is for every y € ‘H,
) A Id € aff S. Then CCs i icall lar, that i H

Jim. ccky —ccktly =o.
Proof For every k € N, substitute x by CC gx in Lemma 3.5(iv) to obtain
VT €8) (Vze ' FixT)) |z—CCEM x> +CCEM x—TCChx|* = z—CChx|.

j=1
.1
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(1): By (4.1), it is clear that
(VZ € m’;;]FixT,») (Vk eN) [CCEMx —z|l < |CCkx — 2. 4.2)

By Definition 2.11, (Cng)keN is a Fejér monotone sequence with respect to ﬂ;."leiij.
(ii): By (4.2), clearly (Vz € N7_ | FixT};) limg— 400 ||CC§x — z|| exists.
(iii): It directly comes from (i) and Fact 2.12.
(iv): The desired result is directly from (i) and Definition 2.11.
(v): Letz € ﬁ;f’leiij. By (ii) above, we know L, := limg_ 400 ||CC§x — z|| exists.
Since Id € aff S, for every k € N, substituting x by C Cfgx in Lemma 3.5(iii), we have

ICChkx — Ok = |CChx — 2| — CCETx — 2)2 4.3)

Summing over k from O to infinity in both sides of (4.3), we obtain
o
Y olcChkx — cCsx|? = |lx — 2> = L2 < +oo,
k=0

which yields limg_, 4 oo chx -C C§+]x =0, i.e., CCs is asymptotically regular. O

The following results are motivated by [7, Lemmas 1 and 3]. Note that by Lemma 2.25(ii),
ﬂ’}’:lFiij is always closed and convex.

Proposition 4.2 Let @ # W C ﬂ’}’leix T; such that W is convex and closed. Let x € H.
Then the following hold:

i) (VT € ) PyTx =TPyx =Pyxandd(x, W) =d(Tx, W).
(i) (Vk € N) CCEPyx = Pyux.
(iii)) Assume W is closed and affine. Then (Vk € N) PW(CCZ%x) = Pwx.
(iv) Let Ts € aff(S). Then |Pwx — CCsx||> + [|CCsx — Tsx|?> = |Pwx — Tsx|>*

Proof (i):LetT € S. Since W C ﬂ;'?:lFiij C FixT, thus it is clear that TPwx = Pwx.
Moreover, since Pyx e W C ﬂ;":lFix T; CFixT,PyTx € W € N FixT; € FixT and
since T is isometric, thus

lx —Pwx| < |lx —PwTx| (by definition of best approximation and Py Tx € W)

ITx —PwTx| (T isisometric)

< ||Tx —Pwx]| (by definition of best approximation and Py x € W)
= |lx — Pwx]||, (T isisometric)
which imply that
lx —Pwxll = Tx —PwTx| = |lx —PwTx|. 4.4

Since W is nonempty, closed and convex, the best approximation of x onto W uniquely
exists. So (4.4) implies that Py Tx = Pyx and d(x, W) =d(Tx, W).

(ii): By assumption and by Fact 2.28(i), Pwx € W C ﬂ;f’:lFix T; C FixCCs, thus it is
clear that (Vk € N) CCKPyx = Pyx.

(iii): The required result comes from Proposition 4.1(iv) and Fact 2.13(1).

(iv): By Theorem 3.3(iii), CCsx = Pasr(s))Pwx. Since Ts € aff(S), which implies
that Tigx € aff(S(x)), thus by Fact 2.3(ii), |[Pwx — CCsx|?+||CCsx — Tsx||*> = |Pwx —
Tsx|~. O
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With W = ﬁTleiij in the following result, we know that (Vx € H) the distance
between CCsx € aff(S(x)) and Pm'iﬂzlpixrj.x € ﬂ;”:lFiij is exactly the distance between

the two affine subspaces aff(S(x)) and ﬂ’}’leiij.

Corollary 4.3 Let & # W C ﬂ;":lFix T; such that W is closed and affine. Let x € H.
Then
ICCsx — Pwx|| = d(aff(S(x)), W).

Proof By Theorem 3.3(ii), (Vz € ﬂTleiij) CCsx = Pafr(s(x)) (z), which implies that
VzeWC ﬂ’]’-’leiij) [CCsx — z|| = d(aff(S(x)), z). 4.5)
Now taking infimum over all z in W in (4.5), we obtain
d(CCsx, W) = inf |CCsx — z|| = inf d(aff(S(x)), z) = d(aff(S(x)), W).
zeW zeW

Hence, using Proposition 4.2(iii), we deduce that |[CCsx — Pwx| = ||[CCsx —
Py (CCsx)|| = d(CCsx, W) = d(aff(S(x)), W). O

Proposition 4.4 Let @ # W C ﬂ’J’.’ZlFix T; such that W is closed and affine. Let x € H.
Then the following are equivalent:

(i) CCsxeW;
(ii)) CCgx =Pwx;
(iii) (Vk > 1) CCkx = Pyx.

Proof “(i) = (@{1)”: If CCsx € W, then CCsx = PwCCsx = Pwyx using
Proposition 4.2(iii).

“(i1) = (iii))”: Assume CCsx = Pwx. By Fact 2.28(31), Pwx € W C ﬁ;?':lFiij -
Fix CCgs. Hence,

(Vk >2) CCkx =CCE(CCsx) = CCE' (Pwx) = Pyax.

“(iii) = (1)”: Take k = 1. O
Corollary 4.5 Let & # W C ﬂ’}’:]Fix T; such that W is closed and affine. Let x € H.
Assume that limy_, oo Cng # Pwx. Then

(Vk eN) CCkxgw.
Proof We argue by contradiction and thus assume there exists 7 € N such that CClgx € W.
If n = 0, then, by Fact 2.28(i), (vk € N) CCkx = x = Pyx, which contradicts the
assumption, limy_,oc CC gx # Pwx. Assume n > 1. Then Proposition 4.4 implies (Yk > n)
Cng = PWCC";*lx, which is absurd. O
Proposition 4.6 Assume (YT € S) T is linear. Then
(i) (¥x € H) (YA € R) CCE(hx) = ACChx.

(i) (Yx € H) (Vz € NT_ Fix T)) CC&(x +2) = CCE(x) + 2.

Proof The required results follow easily from Corollary 3.6 and some easy induction. [
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4.2 Convergence

In this subsection, we consider the weak, strong and linear convergence of circumcentered
isometry methods.

Theorem 4.7 Assume T1 = 1d and N;_|Fix Tj is an affine subspace of ‘H. Let x € H. Then
(CCZ‘gx) weakly converges to Pﬁ',”leiXT/x and (Vk € N) Pm’;l:lpix T; (CCfgx) = Pm;_n:lpiijx.

In particular, if H is finite-dimensional space, then (CC gx)keN converges to Pm;z: [Fix ;X

Proof By Proposition 4.2(iii), we have (Vk € N\ {0}) Pﬁr,n:lpix T; (CCfgx) = Pﬁr/nzlpixT/.x‘
In Proposition 4.1(i), we proved that (C ng)kEN is a Fejér monotone sequence with
respect to ﬂ;f’:IFix T;. By assumptions above and Fact 2.13(ii), in order to prove the weak
convergence, it suffices to show that every weak sequential cluster point of (CC gx)keN
belongs to ﬂ;f‘:lFix T;. Because every bounded sequence in a Hilbert space possesses
weakly convergent subsequence, by Fact 2.12, there exist weak sequential cluster points
of (CC@x)keN. Assume x is a weak sequential cluster point of (Cng)keN, that is,
there exists a subsequence (CCZ;jx)jeN of (CCf‘gx)keN such that CCij — X. Applying
Proposition 4.1(v), we know that CCZ‘gx - CCS(Cng) — 0. So CC?x -

CCS(CC?x) — 0. Combining the results above with Lemma 2.25(i), Theorem 3.3(i) and
Fact 2.31, we conclude that x € Fix CCs = ﬂ’,’;lFix T;. O

From Theorem 4.7, we obtain the well-known weak convergence of the Douglas—
Rachford method next.

Corollary 4.8 Let Uy, Uy be two closed affine subspaces in H. Denote Ty, u,
Id+Ry, R

y the Douglas—Rachford operator. Let x € H. Then the Douglas—Rachford method
(TZ}Z’ le)keN weakly converges to Prix Ty, v, X- In particular, if H is finite-dimensional

space, then (TLljz,le) keN converges to PFiXTUQ, u, X-

Proof Set & := {Id,Ry,Ry,}. By Fact 2.32, we know that CCs = Ty, y,. Since
Ui, Uy are closed affine, thus, by Lemma 2.23(i) and Lemma 2.24, Ry,Ry, is iso-
metric and, by Lemma 2.25(1) and Fact 2.3(i), Ry,Ry, is nonexpansive and affine. So
Fix IdNFix Ry, Ry, = Fix Ry, Ry, is closed and affine. In addition, by definition of Ty, v,
it is clear that Fix Ty, y, = FixRy,Ry;,.

Hence, the result comes from Theorem 4.7. O

We now provide examples of weakly convergent circumcentered reflection methods.
Corollary 4.9 Ler Uy,...,U; be closed affine subspaces in H. Assume that S| =

{Id, RU| ey RU,} and that 82 = {Id, RU| s RUZRU| ey RU, cee RUQRU] } Let x € H.
Then both (CCglx) and (Cngx) weakly converge to Pq: U;x In particular, if H is
=

finite-dimensional space, then both (CC f;lx) and (CC gzx) converges to Pm_’/. _ Ut
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Proof Since Uy, ..., U; are closed affine subspaces in H, thus ﬂ’:] Uj is closed and affine
subspace in . Moreover, by Lemma 2.23(i) and Lemma 2.24, every element of S is iso-
metric. In addition, by Corollary 3.9(1), (Vi € {1, 2}) mTeS,- FixT = ﬂ’jlej. Therefore,
the required results follow from Theorem 4.7. O

In fact, in Section 5.2 below, we will show that if H is finite-dimensional space, then
both (CC g.l x) and (CC gzx) defined in Corollary 4.9 above linearly converge to P Ux
j=1"

Corollary 4.10 Assume that Ay, ..., Ag are orthogonal matrices in R"*" and that S =
{Id, Ay, ..., Ag}. Let x € R". Then (Cng)kEN converges 1o Pra Fix ;X
=

Proof Since FixId = R", we have Fix Id ﬂ(ﬂ‘;:lFix Aj) = ﬂ‘;:lFix Aj is a closed linear
subspace in R”. Moreover, by [17, p. 321], the linear isometries on R" are precisely the
orthogonal matrices. Hence, the result comes from Lemma 2.23(iv) and Theorem 4. O

Remark 4.11 If we replace Pml}l:l]:ix ;X by Pyx forany @ # W C ﬂ;"leix T;, the result

showing in Theorem 4.7 may not hold. For instance, consider H = R", § = {Id} and
W & R” being closed and affine and x € R” \ W. Then Cng =x /4 Pwyx.

Let us now present sufficient conditions for the strong convergence of circumcentered
isometry methods.

Theorem 4.12 Let W be a nonempty closed affine subset of ﬁ;f‘leiij, and let x € H.
Then the following hold:

a If (Cng)keN has a norm cluster point in W, then (Cng)keN converges in norm to
Pw (x).
(ii) The following are equivalent:

(a) (Cng)keN converges in norm to Py (x).

(b) (CCg.x)keN converges in norm to some point in W.
(©) (CCfgx)keN has norm cluster points, all lying in W.
(d) (Cng)kEN has norm cluster points, one lying in W.

Proof (i): Assume x € W is a norm cluster point of (CCfgx)ng, that is, there exists a

subsequence (CC?x)jeN of (CCfgx)keN such that lim;_, oo CC?x = X. Now for every
J€eN,

ICCHx —Pyx|| = |CCYx — Py (CCYx)|l (by Proposition 4.2(iii))

ICCEx —%|| (since X € W).

IA

So
0< lim [CCYx —Py)| < lim |CCYx — %] =0.
]j—00 J—>00

Hence, lim;_, 400 CC/ x = Py (x).
Substitute z in Proposition 4.1(ii) by Py x, then we know that limy_, 4~ ||C ng —Pwx]|
exists. Hence,

lim [CChx —Pyx| = lim [CCYx — Pyx|| =0,
k—+o00 Jj—>—+oo
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from which follows that (C ng)keN converges strongly to Py x.
(ii): By Proposition 4.1 (iv), (C ng) xeN 1s a Fejér monotone sequence with respect to
W. Then the equivalences follow from [2, Theorem 2.16(v)] and (i) above. O

To facilitate a later proof, we provide the following lemma.

Lemma 4.13 Let @ # W C ﬂ;”leix T; such that W is closed and affine. Assume there
exists y € [0, 1[ such that

(Vx e H) |ICCsx —Pwx|| < yllx —Pwx]. (4.6)
Then
(Yx e H) (VkeN) [CCEx —Pwx| < y*llx —Pwx].

Proof Let x € H. For k = 0, the result is trivial.
Assume for some k € N we have

(Vy e H) [CCEy —Pwyl < v*lIly —Pwyl. .7
Now
ICCE x —Pwx|| = [CCs(CChx) —Pw(CCEx)Il  (by Proposition 4.2(iii))
(4.6) X "
< yICCgx — Py (CCsx)|

= vy IICng —Pwx|| (by Proposition 4.2(iii))

Dy Pyl
Hence, we obtain the desired result inductively. O

The following powerful result will play an essential role to prove the linear convergence
of the circumcenter method induced by reflectors.

Theorem 4.14 Let W be a nonempty, closed and affine subspace of ﬂ;.”:lFix T;.

(1) Assume that there exist F : H — H and y € [0, 1[ such that ¥y € H) F(y) €
aff(S(y)) and
(Vx € H) [[Fx —Pwx| < yllx —Pwx]. 4.8)
Then
(Vx e H) (VkeN) [CCEx —Pwx| < y*|x —Pwx]. (4.9)
Consequently, (CC gx)keN converges linearly to Py x with a linear rate y .
(ii)  If there exist Ts € aff(S) and y € [0, 1[, such that
(Vx € H) |ITsx —Pwx|| < yllx —Pwx|,

then (Cng)keN converges linearly to Pwx with a linear rate y.

Proof (i): Using the assumptions and applying Lemma 3.5(1) with (Vx € H) z = Pwx, we
obtain that

4.8)
(Vx € H) |ICCsx —Pwx|l < [[Fx —Pwx|| = ylx —Pwx]l.

Hence, (4.9) follows directly from Lemma 4.13.
(ii): Since Ts € aff(S) implies that (Vy € H) Tsy € aff(S(y)), thus the required result
follows from (i) above by substituting F = Ts. O
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Theorem 4.15 Let Ts € aff(S) satisfy that Fix Ts C NyesFix T. Then the following hold:

(i) FixTs = NresFixT.
(i) Let H = R". Assume that Ts is linear and a-averaged with a €10, 1[. For every

x € H, (CCZ‘gx)keN converges to Pn,_sFix7x with a linear rate ”TSP(ﬁresFix Ll €
[0, 1[.

Proof (i): Clearly, Ts € aff(S) implies that N7csFix T C Fix T's. Combining the result
with the assumption, Fix Ts C NrcsFixT, we get (i).
(ii): Since Ts is linear and «-averaged, thus by Fact 2.6, Fix Ts is a nonempty closed
linear subspace. It is clear that
TsPrix1s = Prix1s- (4.10)

Using Proposition 2.10, we know

Y = ”TSP(FIXTS)L ” < 1.
Now for every x € R”,

(4.10)
ITsx — Prixrsxll =" [Tsx — TsPrixrs x|l

ITs(x — Prix7gx)|l (Ts linear)
ITsPEix 1)L (XD (by Fact 2.2(i))
I7sP Fix 1)L P(Fix 75)L (Ol

I7sP gix 1)L NP Eix 1)L (Ol

= yllx —Prxts(x)|| (by Fact 2.2()).

Hence, the desired result follows from Theorem 4.14(ii) by substituting W = Fix T's and (i)
above. O

IA

Useful properties of the T's in Theorem 4.15 can be found in the following results.

Proposition 4.16 Ler & # W C ﬂ;"leix T; such that W is a closed and affine subspace
of H and let Ts € aff(S). Let x € H. Then

(i) (Yk € N) Py (Thx) = TingWx = Pyx.
(i) [Pw(CCsx) — CCsx|* = |[Pw(Tsx) — Tsx||* — |CCsx — Tsx||*.
(i) d(CCsx, W) = ||CCsx —Pw(x)|| < [Tsx —Pwx| =d(Tsx, W).

Proof (i): Denotel := {1, ..., m}. By assumption, Ts € aff(S), that is, there exist («;);c1 €
R™ such that > /" &y = 1 and Ts = Y /-, o; T;. By assumption, W is closed and affine,
thus by Fact 2.3(i), Pw is affine. Hence, using Proposition 4.2(i), we obtain that

m m m
Pngx = PW (Zaﬂ}x) = ZaiPwTix = ZaiPWx = PWx.
i=1 i=1 i=1
Using Ts € aff(S) again, we know Pyx € W C ﬂ';?:lFiij C FixTs. So it is clear that
TsPwx = Pwx. Then (i) follows easily by induction on k.
(ii): The result comes from Proposition 4.2(iii), Proposition 4.2(iv) and the item (i) above.
(iii): The desired result follows from Proposition 4.2(iii) and from the (ii) & (i) above.
O
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Remark 4.17 Recall our global assumptions that & = {Ti,...,Ty,—1, T} with
ﬂ’]”:lFix T; # @ and that every element of S is isometric. So, by Corollary 2.21, for every
iell,...,m},if T; # 1d, T; is not averaged. Hence, we cannot construct the operator T's
used in Theorem 4.15(ii) as in Fact 2.9. See also Proposition 5.10 and Lemmas 5.12 and
5.13 below for further examples of Ts.

Remark 4.18 (Relationship to [6]) In this present paper, we study systematically on the cir-
cumcentered isometry method. We first show that the circumcenter mapping induced by
isometries is proper which makes the circumcentered isometry method well-defined and
gives probability for any study on circumcentered isometry methods. Then we consider
the weak, strong and linear convergence of the circumcentered isometry method. In addi-
tion, we provide examples of linear convergent circumcentered reflection methods in R”
and some applications of circumcentered reflection methods. We also display performance
profiles showing the outstanding performance of two of our new circumcentered reflec-
tion methods without theoretical proofs. The paper plays a fundamental role for our study
of [6]. In particular, Theorem 4.14(i) and Theorem 4.15(ii) are two principal facts used in
some proofs of [6] which is an in-depth study of the linear convergence of circumcentered
isometry methods. Indeed, in [6], we first show the corresponding linear convergent cir-
cumcentered isometry methods for all of the linear convergent circumcentered reflection
methods in R"” shown in this paper. We provide two sufficient conditions for the linear con-
vergence of circumcentered isometry methods in Hilbert spaces with first applying another
operator on the initial point. In fact, one of the sufficient conditions is inspired by Proposi-
tion 5.18 in this paper. Moreover, we present sufficient conditions for the linear convergence
of circumcentered reflection methods in Hilbert space. In addition, we find some circum-
centered reflection methods attaining the known linear convergence rate of the accelerated
symmetric MAP in Hilbert spaces, which explains the dominant performance of the CRMs
in the numerical experiments in this paper.

5 Circumcenter Methods Induced by Reflectors

As Lemma 2.23(i) showed, the reflector associated with any closed and affine subspace is
isometry. This section is devoted to study particularly the circumcenter method induced by
reflectors. In the whole section, we assume that € N \ {0} and that

Ui, ..., U, are closed affine subspaces in H with Ni_, U; # &,

and set that

Q;:{RM}NJQ%RMI|r€N,mﬂih”.Jr€{L.”J}}.

Suppose S is a finite set such that

Z£SCQ.

We assume that

Ry,

i

, Ry, is the representative element of the set S.

In order to prove some convergence results on the circumcenter methods induced by reflec-
tors later, we consider the linear subspace par U paralleling to the associated affine subspace
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U. We denote
Ly:=parUy,...,L; :=parU,. (5.1)

We set

SL = {RLz‘r oo 'RLizRLil | RUir ©0 'RUizRUil € S} .

Note that if Id € S, then the corresponding element in Sy, is Id.
For example, if S = {Id, RU1 . RUZRUI . RU3RU1 }, then SL = {Id, RL1 s RLQRL] . RL3RL1 }

5.1 Properties of Circumcentered Reflection Methods

Lemma 5.1 N_,U; is closed and affine. Moreover, & # N._,U; € NresFix T.

Proof By the underlying assumptions, ﬂ§=1 U, is closed and affine.
Take an arbitrary but fixed Ry, - - - RU,.1 eS. If Ry, -+ RU,.1 = Id, then ﬂﬁlei CH=
FixId. Assume Ry, -+ Ry, # Id. Letx € Ni_,Ui. Since (Vj € {1,...,tHh Ni_,U; <
U; = Fix RUj, thus clearly Ry, - - - RUl.lx = x. Hence, ﬁ;lei C NresFix T as required.
O

Lemma 5.1 tells us that we are able to substitute the W in all of the results in Section 4
by the Ni_, U;. Therefore, the circumcenter methods induced by reflectors can be used in
the best approximation problem associated with the intersection N_, U; of finitely many
affine subspaces.

Lemma 5.2 Let x € H and let 7 € ﬁﬁzl U;. Then the following hold:

(1) (VRU,'r tte RU,'I S S) RU,‘,. Tt RU,‘
i) S&x)=z+S8.(x—2).
(i) (Vk € N) CCx =24 CCg, (x —2).

W =Z+RL:‘, "’RL,-I (x —2).

. € S. Since for every y € H and for every i € {1,...,1},
Ry y =Reqr;y =2P11,y -y =2@+PL(y-2) -y =2+CQPL(y-2) -y —2) =
z+ Ry, (y — z), where the third and the fifth equality is by using Fact 2.1, thus

Proof (i): Let Ry, ---Ry;

VyeH) (Vie{l,....1) Ryy=z+Ry(y—2). (5.2)
Then assume for some k € {1,...,r — 1},
Ry, Ry, x =z+Ry, Ry, (x —2). (5.3)

Now

(5.3)
RUik+1 RUik . 'RUil X = RUik+1 (Z + RL"k . 'RLil o — Z)>

5.2)

z+Ry, R, ---Rp, (x —2).

ik41

Hence, by induction, we know (i) is true.
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(i1): Combining the result proved in (i) above with the definitions of the set-valued
operator S and Sy, we obtain

8@ = {Ry, - *Ru,Ru, ¥ | Ry, R, Ry, €S}
= e+ Ry, - Ri Ry, (£ = 2) Ry, -+ Ro,Ry, €8]

=2+ Ry, Ry, Ry, (= 2) Ry, Ry, Ry, €S}
=z+SL(x —2).

(iii): By [4, Proposition 6.3], forevery K € P(H)andy € H,CC(K+y) = CC(K)+y.
Because z € N!_,U; € NresFixT, by Definition 2.27,
(ii)

(VyeH) CCsy=CC(S(y) = CCz+8L(y—2)=2+CC(SL(y—2)

=2z+CCs,(y —2). 5.4)

Assume for some k € N,

(VyeH) CCsy=2z+CCE, (y—2). (5.5)
Now

ccktlx = ccs (cckx)
— CCs (z +CCk (x - z)) (by (5.5))
= 1+ CCs, (z +Cck (x—2)— z) (by (5.4))
k+1

=2+ CCg ' (x —2).

Hence, by induction, we know (iii) is true. O

The following Proposition 5.3 says that the convergence of the circumcenter methods
induced by reflectors associated with linear subspaces is equivalent to the convergence
of the corresponding circumcenter methods induced by reflectors associated with affine
subspaces. In fact, Proposition 5.3 is a generalization of [7, Corollary 3].

Proposition 5.3 Let x € H and let z € ﬂﬁle,'. Then (Cng)keN converges to PﬁzvilU[x
(with a linear rate y € [0, 1]) if and only if(CCgL (x — 2))keN converges to Pﬂ{_lLi (x—2)
(with a linear rate y € [0, 1]).

Proof By Lemma 5.2(iii), we know that (Vk € N) Cng =z+ CC{;L (x —z). Moreover, by
Fact2.1,Pn_ yx =P 1,x =2+Pn_ 1, (x —2). Hence, the equivalence holds. [
The proof of Proposition 5.5 requires the following result.

€ S.LetL{,L,,...,L; bethe closed linear
X —x€ (ﬂlf:lLi)l, that is,

Lemma 5.4 Let x € H and let Ry, ---Ry

il
subspaces defined in (5.1). Then Ry, - --Ry;,
(Yz € M_1L) (Ry, Ry, x—x,2) =0.

Proof By Lemma 5.2(i), for every z € Ni_, L;,
Ry, -+ Ry, x—x,2) = (z+Rg;, -+ R, (x—2)—x,2) = Ry, -+ Ry, (x—2)—(x—2), 2).
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Hence, it suffices to prove
(YyeH) (Vzeni_;L) (Ry ---Rp y—y,2)=0.

Lety e Hand z € ﬂleLi. Take an arbitrary j € {1, 2, ..., t}. By Fact 2.2(i) (RL]. (y) —
¥,2) = (2(Pr; —Id)y, z) = (2P, 1y, z) = 0, which yields that
J

VweH) (Vde(l,2,....1}) (Rp,w)—w,z)=0. (5.6)

Recall ]_[(J)-=1 Ry, =1d. So we have

r—1
Re,Re, - Rey )=y = (Rey Re, - Rey (0 =Rey Re, ). (57
j=0
Hence,
r—1
<RLI-,RL,-,4,1 o Rp, ) =y, Z) D <Z (RL,-MRL,-j R, () =Ry, Ry, (y)) , Z>
j=0
ril
= (RLi.f+l (RLi.f Ry, (y)) —Rey R (), Z>
j=0
(Si) 0.
Hence, the proof is complete. O

Proposition 5.5 Assumeld € S. Let L1, L, ..., L; be the closed linear subspaces defined
in (5.1). Let x € H. Then the following hold:

(i) CCsx —x € (Ni_|L)™*, thatis, Yz € Ni_,L;) (CCsx — x,z) = 0.
(i) (Yk € N) CChx —x € (N_,Li)*, that is,

(Vk eN) (Vzeni_ L) (CCkx—x,z)=0. (5.8)

Proof (i): By Theorem 3.3(i), we know that C Cs is proper. Hence, by Proposition 2.33 and

Id € S, thereexistn € Nand a1, ...,a, € Rand T, ..., T, € S such that
n
CCsx=x+ Y aj(Tjx —x). (5.9)
j=1

Let z € Ni_,L;. Since {T,...,T,} € S, by Lemma 5.4, Z?:l aj{Tix — x,z) = 0.
Therefore,

(CCsx —x,2z) el Zaj(zj —x,z)=0.
j=1

Hence, (i) is true.
(ii): When k = 0, (5.8) is trivial. By (i),

(VyeH) (Vzeni_,L) (CCsy—y,z)=0. (5.10)
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Then for every k € N\ {0}, and for every z € N/ | L;,

k—1
(CChx —x,2) = <Z (ccf;l(x) - ccg(x)) ,z>

i=0
k—1 ) )
= (cestecsw) - ccsw), z>
i=0
k—1 ) '
= Y (cescCsm) - cC), 2)
i=0
G100,
Hence, (ii) holds. O

Remark 5.6 Assume Id € S. Let x € H, and let k € N. Then

Pr_ X =Py, CCx = 24Py (x —2) —z2—Py_ 1, (CC(x) —2) (by Fact2.1)
= Pry_ 1, (x =2) =Py_;,CCE, (x —2) (by Lemma 5.2(iii))
= me__]L,, ((x —z) — CC"‘S (x —z)) =0 (by Proposition 5.5(ii)).

In fact, we proved (Vx € H) Pr_ UiCC"gx = Py_yx which is a special case of
Proposition 4.2(iii).

In the remainder of this subsection, we consider cases when the initial points of
circumcentered isometry methods are drawn from special sets.

Lemma 5.7 Let x be in H. Then the following hold:

(i) Suppose x € aff(U;le,-). Then aff S(x) C aff(Uﬁle,') and (Vk € N) Cng €
aff(Ul_, Up).

(i) Suppose x € span(U;_,U;). Then aff S(x) € spanS(x) € span(U;_,U;) and (Vk €
N) CCg-x € span(U!_, U)).

Proof (i): Let Ry, --- Ui, be an arbitrary but fixed element in S. If r = 0,

Ry, "Ry, x = x € aff(Ul_,U;). Assume r > 1. Since iy € {I,...,1}, Py, x €

aff(Ul_, U;). So

Ry, x =2Py, x —x € aff(Ui_, U;).
Assume for some j € {1,...,r — 1},
RUij e RU,-I X € aff(Ule U;).
Now since ij41 € {1, ..., }, thus PU,-H, (RUij Ry, x) € aff(Ui_, U;). Hence,

—_— —_ .. l .
Ru,,,,Ru;, - Ro, x = 2Py, (R, - Ry, x) =Ry, Ry, x € aff(U_,Uy).

Hence, we have inductively proved Ry, - -RUI.1 X € aff(UﬁZ1 U;).

Since Ry, - -- Ry, x € S(x) is chosen arbitrarily, we conclude that S(x) C aff(U!_, U;)
which in turn yields aff S(x) C aff(U?Z1 U;p).

Moreover, by Theorem 3.3(1), CCsx € affS(x) C aff(Ulf:lU,-). Therefore, an easy
inductive argument deduce (Vk € N) C ng € aff(Uf=1 U;).
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(ii): Using the similar technique showed in the proof of (i), we know that x €
span(U!_, U;) implies that S(x) C span(U:_, U;). The remaining part of the proof is similar

with the proof in (i), so we omit it. O
Corollary 5.8 Assume Uy, ..., U, are closed linear subspaces in H. Then the following
hold:

@) CCSP(ﬂl?:]U,-)l =CCs — Pﬂ?:lUi = P(mlt_zlui)lCCS.
(i) Letx € (N'_,U;)™*. Then (Yk € N) CCkx e (Ni_,Un* .

Proof (i): Let x € H. By Fact 2.2(i), we get P(mt_ilyi)i =1Id - PﬂLIU,-' By Lemma 5.1,
Py x € Ni_ Ui € ﬂtj:lFix T;. Applying Corollary 3.6(ii) with z = —Pry_ y,x, we
obtain CCs(x — Pﬂ’-,,fo) =CCsx — Pﬁ’-,lUix~ Hence,

CCs (Pir_upix) = CCs (x = Poy_y,x) = CCsx = Pry_ . 5.11)
On the other hand, substituting W = ﬂ;z 1 Ui in Proposition 4.2(iii), we obtain that
me:ﬂ]i)L (CCsx) =CCsx — PQ;ZIUI,CCSX =CCsx — meleix. (5.12)

Thus, (5.11) and (5.12) yield
CCSP(ﬂ,t-:lUi)L =CCs — Pmlt_lei = P(ﬂ:=1U,-)iCCS'
(ii): By (i), CCsx = CCSP(QI_:IUI,)LX = P(mf.:lU;)lCCSx € (ﬂ;le,-)L, which implies
that
(Vy € (Ni_ U™ CCsy € (Nj_ U™
Hence, we obtain (ii) by induction. O

The following example tells us that in Corollary 5.8(i), the condition “Uy, ..., U; are
linear subspaces in H” is indeed necessary.

Example 5.9 Assume H = R? and Uy := {(x1, x2) € R? | x2 = 1} and Us := {(x1, x2) €
R? | xy = x; + 1}. Assume S = {Id, Ry,, Ry, ). Letx := (1, 0). Since U; N U> = {(0, 1)}
and since (U} N Uz)t = {(x1, x2) € R? | xo = 0}, thus

CCsPy,nuyix = (0,1) # (0,0) = CCsx — Py,nupx = Py, np,) CCsx.
5.2 Linear Convergence of Circumcentered Reflection Methods

This subsection is motivated by [8, Theorem 3.3]. In particular, [8, Theorem 3.3] is Proposi-
tion 5.10 below for the special case when {Id, Ry,, Ry,Ry,, ..., Ry, Ry,_, - -Ry,Ry, } =
S and Uy, ..., Uy are linear subspaces. The operator Ts defined in Proposition 5.10 below
is the operator A defined in [8, Lemma 2.1].

Proposition 5.10 Assume that H = R" and that
{Id, Ry,,Ry,Ryy, ..., Ry, Ry, - RyyRy, } € S.

Let Ly, ..., L, be the closed linear subspaces defined in (5.1). Define Ts : R" — R"
by Ts = 3! T;, where T) := L(1d +Pr)) and (Vi € {2,....1}) T; = 3(d +
Pr,Ry, - - Rp,). Let x € H. Then (Cng)keN converges to Pﬂﬁ_lU,-x with a linear rate
||TSP(nlt_=1Li)L I €0, 1].
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Proof Now
1 1 Id+Rp 3 1
T\ = -d+P,)==(ld+ —L ) =>Id+-R
1=t 2<+ 2 ) PR
€ aff{Ids RL1 > RLQRLI P RLIRL)‘—I te RLZRLI },
and forevery i € {2, ...,1t},
1
T, = E(Id+PL,RL,._1 --Rg,)
1 Ry, +1d
=3 (Id+ (T) Ry, ~--RL1)
1 1
= EId + ZRLiRL[—l .. ~RL1 + ZRLf—l .. .I{L1
€ aff{ld,R;,,Rz,Rz,, ..., R, Ry, - -Rp, R, ],
which yield that
1 t
Ts = " Z T; € aff{ld, Ry, Rz, R, ..., R, Rr,_, -+ -Rp,Ry, } C aff(Sp).

i=1
Using [8, Lemma 2.1(i)], we know the Ts is linear and %-averaged, and by [8, Lemma 2.1(ii)],
FixTs = ﬁ;=1 L;. Hence, by Theorem 4.15(ii) and Lemma 5.1, we obtain that for every
y € H, (CC§LY)keN converges to PﬁzizlLiy with a linear rate ||TSP(m;:1L,-)L|| e [0, 1].
Therefore, the desired result follows from Proposition 5.3. O

Remark 5.11 In fact, [8, Lemma 2.1(ii)] is FixTs = ﬂ§:1L,-. In the proof of
[8, Lemma 2.1(ii)], the authors claimed that “it is easy to see that Fix 7; = L;”. We pro-
vide more details here. For every i € {1, ..., m}, by [3, Proposition 4.49], we know that
FixT; = FixPy, NFixRy, ,---Rp, € L;. As [8, Lemma 2.1(ii)] proved that Fix Ts C
N Fix T;, we get that Fix Ts € N/L, L;. On the other hand, by definition of T's, we have
N, L; € Fix Ts. Altogether, Fix Ts = N7’ L;, which implies that [8, Lemma 2.1(ii)] is
true.

The idea of the proofs in the following two lemmas is obtained from [8, Lemma 2.1].

Lemma 5.12 Assume that H = R" and that {1d,Ry,,...,Ry,_.Ry,} S S. Let
Ly, ..., L; be the closed linear subspaces defined in (5.1). Define the operator Ts : R" —
R" as Ts := % S| PyL,. Then the following hold:

(i) Ts € aff(Sy).

(i) Ts is linear and firmly nonexpansive.
(iii) FixTs = ﬂ;zlLi = Nres, Fix F.
Proof (i): Now (Vi € {1,...,1}), Pr, = X4 5o

1 I I1d+Ry,
Ts=- ;PLI. =2 ; 5 €afflld, Ry, Ry Ry} C aff(Sp).
(ii): Let i e {1,...,t}. Because Py, is firmly nonexpansive, it is %—averaged. Using
Fact 2.9, we know Ts is %—averaged, that is, it is firmly nonexpansive. In addition, because
(Vi € {1,...,t}) L; is linear subspace implies that Py, is linear, we know that T is linear.
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(iii): The projection is firmly nonexpansive, so it is quasinonexpansive. Hence, the result
follows from [3, Proposition 4.47] and Theorem 4.15(i). O

Lemma 5.13 Assume that H = R" and that {Id,Ry,,...,Ry,_,,Ry,} € S. Let
Ly, ..., L, be the closed linear subspaces defined in (5.1). Define the operator Ts : R" —
R" by Ts 1= 1 30| Ti, where (Vi € {1,2,...,t}) T; := $(Id + Py,). Then

(1) Ts € aff(Sp).

(i) Ts is linear and firmly nonexpansive.
(i) FixTs =Ni_,L; = Npes, Fix F.

Proof (i): Now foreveryi € {1,...,t}, T; = %(Id—i—PLi) = %(Id—i— IdzRL") = 31d+

%RL,-. Hence,

1 < 1< (3 1
Ts = ; Z T, = ; Z (Zld + ZRLi> € aff{ld, RL] s RL27 cee RL,} - aff(SL)
i=1 i=1

The proofs for (ii) and (iii) are similar to the corresponding parts of the proof in Lemma 5.12.
O

Proposition 5.14 Assume that { = R" and {Id, Ry,, ..., Ry,_,, Ry,} C S. Then for every
x €H, (Cng)keN converges to PﬂLlUl_x with a linear rate ” (% Zﬁzl PLI.)P(QLILI_)L H

Proof Combining Lemma 5.12 and Theorem 4.15(ii), we know that for every y € H,
(CCgLy)kEN converges to Py 7,y with a linear rate H (% i PLi)P(mt_ilLi)L H
Hence, the required result comes from Proposition 5.3. O

Proposition 5.15 Assume that H = R" and {Id, Ry,,Ry,, ..., Ry,} € S. Denote Ts :=
IS\ T; where (Vi € {1,2,...,t}) T; == 3(d 4+ Py,). Let x € R". Then (CCKx)ren
linearly converges to Pﬁt’—l ;X with a linear rate H TSP(Q{_]LI_)L ||

Proof Using the similar method used in the proof of Proposition 5.14, and using
Lemma 5.13 and Theorem 4.15(ii), we obtain the required result. O

Clearly, we can take S = {Id,Ry,,Ry,, ..., Ry,} in Propositions 5.14 and 5.15. In
addition, Propositions 5.14 and 5.15 tell us that for different T's € aff(Sy), we may obtain
different linear convergence rates of (C ng)keN.

5.3 Accelerating the Douglas-Rachford Method

In this subsection, we consider the case when ¢t = 2.

Lemma 5.16 Let L1, Ly be the closed linear subspaces defined in (5.1). Let z € L1 + L.
Denote T := Ty, 1, defined in Definition 2.14. Assume L1 N Ly € Npes, Fix F. Then

(Vk € N) PLlﬂLz (Z) = PleLz (CC{%LZ) = PFiXT (CC‘]%LZ) :
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Proof Using Lemma 5.7(ii), we get (CCf‘ng)ng C span(L{ U L3) = L| + L,. Combining
Lemma 5.1, Proposition 4.2(iii) (by taking W = L N L,) with Lemma 2.18, we obtain that
(Vk € N) Prix72 = Pryn1,2 = Prini, (CCY, 2) = Prix1 (CCY, 2). O

Corollary 5.17 Let Ly, Ly be the closed linear subspaces defined in (5.1). Assume L1 N
Ly € Npes, Fix F. Let x € H. Let K be a closed linear subspace of H such that

LiNL, CK CLj+ Ls.
Denote T := Ty, 1, defined in Definition 2.14. Then
(Vk e N) Prnp,x = Prix7Pxx =P n,Pgx
= Prine, (CCE,Pix) = Priyy (CCE, Picx).
Proof Because Pxx € K € L + L,. Then Lemma 2.19 implies that
Prin,x =Prni,Pxkx = PrixrPkx.
Applying Lemma 5.16 with z = Px x, we get the desired result. O

Using Corollary 5.17, Proposition 4.2(iv), Facts 2.16 and 2.17, and an idea similar to the
proof of [7, Theorem 1], we obtain the following more general result, which is motivated by
[7, Theorem 1]. In fact, [7, Theorem 1] reduces to Proposition 5.19(i) when H = R” and
S ={Id, Ry,, Ry,Ry, }

Proposition 5.18 Let L, Ly be the closed linear subspaces defined in (5.1). Assume L1 N
Ly € Npes, Fix F. Let K be a closed affine subspace of H such that for K; = par K,

LiNL, €K, C L+ Lo

Denote T := Ty, y, and Ty := Ty, 1, defined in Definition 2.14. Denote the c(L1, L)
defined in Definition 2.15 by cp. Assume there exists d € N\ {0} such that T¢ € aff S. Let
x € H. Then

(Vk € N)  |CCEPrx — Py,nuyxll < (cp) [Pk x — Py, nu, x|l

Proof By definition, T¢ € aff S means that TLd € aff Sy.. Using Corollary 5.17, we get

(Vn eN) Prnr,x = Prix1, Pk, x =Pr,n,Pk, x
= PL,nL, (CCY Pk, x) = Prixy, (CCE Pk, x).  (5.13)

Since Tg € aff Sy, Proposition 4.2(iv) implies that
(VyeH) ICCs,(») —Prineyyll < ITF () = Princyyll. (5.14)
Using Fact 2.17, we get
vy e H) Ty — Prixt, ¥l < ¢y — Prixz, yll. (5.15)
If k = 0, then the result is trivial. Thus, we assume that for some & > 0, we have

ICCE, Pr,x — PLinpyxll < (cp)™IIPk,x — Prinzyx]l. (5.16)
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Then

(5.13)
ICCE Py, x —PrynLyx]| "= ICCs, (CCl, Pk, x) — Prinr, (CCE, Pk, )|

(5.14)
< ITHCCE, Pk, x) — PLinL, (CCE Pk, x|

5.13
O 1 (cCk, P, x) — Prixt, (CCE, Pr, )

O dycck p Prixr, (CCK P

< (FlCCs, Pk, x — Prix, (CCg, Pg, X))
(5.13)

=" c|CCk Pr,x — Prinpyx|

(5.16)

< Hen)™IPk,x — P, x|
= (ep)! TV |Pg, x — PraL,x]l.
Hence, we have inductively proved
(VkeN) (YyeH) [CCE Pk, y—PrLaLyIl < (r)™IPk,y —PraL,yll. (5.17)

Let u € Uy N U,. By Lemma 5.2(iii), we know that (Vk € N) (Vy € H) Cng =u-+
k
CCg, (y — u) and by Fact 2.1, we have Pﬁ,-zleiy = Pu+ﬂ,.2:,L,-y =u+ Pniz:]]_i Oy —uw).
Hence, we obtain that for every k € N and for every x € H,
ICCEPkx) = Pynupxll = llu+ CC§, (Pg(x) —u) —u = Ppr,np, (x — w)|

ICCE, (P, (x — 1)) = PraL, (x — )|

(5.17) gk
< (ecp)IPk, (x —u) —PrnL,(x —u)l

= () ™lu+Pg, (x —u) — (u+Prnz,(x —w) |

dk
= (cp)IPkx — Py,nu,xll.

A

Therefore, the proof is complete. O

Let us now provide an application of Proposition 5.18.

Proposition 5.19 Assume that Uy, U are two closed affine subspaces with par Uy + par U,
being closed. Let x € H. Let cf be the cosine of the Friedrichs angle between par Uy and
par Us,. Then the following hold:

(i) Assume that {I1d, Ry,Ry,} € S. Then each of the three sequences (CC"; Py, x))ken,
(CCg(Psz))keN, and (CCg(PUl+U2x))kEN converges linearly to Py,nu,x. More-
over, their rates of convergence are no larger than cr € [0, 1].

(ii) Assume that {Id,Ry,Ry,,Ry,Ry,Ru,Ry;l S S. Then the sequences
(CC@(PUIX))keN, (CCg(Psz))keN, and (CCg(PU1+U2x))kEN converge linearly to

Py,nu,x. Moreover, their rates of convergence are no larger than C%;.

Proof Clearly, under the conditions of each statement, par Uy N par Uy € Nges, Fix F. In
addition, we are able to substitute K, in Proposition 5.18 by any one of par Uy, par U or
par Uy + par Us.

(i): Since {Id, Ry, Ry, } € S,

Id + Ry, R
Tu,u, = % € aff{Id, Ry,Ry, } C aff S.
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Substitute d = 1 in Proposition 5.18 to obtain
(Vk e N) [|CCEPk,x — Pyynuyxll < cllPk,x — Pynoyx |l

Because par U; + par U; is closed, by Fact 2.16, we know that cr € [0, 1[.
(ii): Since {Id, Ry,Ry,, Ry, Ry, Ry, Ry, } € S, by [5, Proposition 4.13(i)], we know that

Id + Ry, Ry, \2
T:<%)  aff 5.

The remainder of the proof is similar to the proof in (i) above. The only difference is that
this time we substitute d = 2 butnotd = 1. O

The following example shows that the special address for the initial points in Proposi-
tion 5.19 is necessary.

Example 5.20 Assume that Uj, U, are two closed linear subspaces in H such that U; + U, is
closed. Assume S = {Id, Ry, Ry, }. Let x € H\ (U; + Us). Clearly, Uy NU, € NresFix T.
But

Jim. CC%x = Prixccgx & Ui N Us.

Proof By definition of S and by Fact 2.32, CCs = Ty, y,, where the Ty, y, is the
Douglas—Rachford operator defined in Definition 2.14. By assumptions, Facts 2.16 and 2.17
imply that (Cng)ng converges linearly to Prix ccgX. So

lim CC%x = Prixccgx. (5.18)
k— 00

Since x ¢ Uy + Uy = Uy + U,, Lemma 2.18 yields that
Prixccsx # Pu,nu,x. (5.19)
Assume to the contrary Prix ccgx € Uy N Uz. By Theorem 4.12(ii) and (5.18), we get

Prix ccsx = Py,nu, X, which contradicts (5.19).
Therefore, limy_,oc CC&x = Prixccgx & Ui N Us. O

5.4 Best Approximation for the Intersection of Finitely Many Affine Subspaces

In this subsection, our main goal is to apply Proposition 5.19(i) to find the best approxi-
mation onto the intersection of finitely many affine subspaces. Unless stated otherwise, let
I:={1,...,N} with N > 1 and let HN be the real Hilbert space obtained by endow-
ing the Cartesian product X;c;H with the usual vector space structure and with the inner
product (x,y) +— Z,N:l(xi,yi), where X = (xj)jer and y = (yi)ier (for details, see
[3, Proposition 29.16]).
Let (Vi € I) C; be a nonempty closed convex subset of 7. Define two subsets of H":
C:=XC and D:= {(x),-el eHV |xe H}7
iel
which are both closed and convex (in fact, D is a linear subspace).

Fact 5.21 [3, Propositions 29.3 and 29.16] Let x := (x;);e1. Then
(i) Pcx = (Pe,xi),
(i) Ppx = (% Y x,-)

iel
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The following two results are clear from the definition of the sets C and D.

Lemma 5.22 Letx € H. Then (x,...,x) € CND & x € N;e1C;.
Proposition 5.23 Let x € H. Then Pcop(x, .., x) = (Poy %, -+ Py ¢,%)-

Fact 5.24 [3, Corollary 5.30] Let t be a strictly positive integer, set J := {1,...,t}, let
(Uj)jey be a family of closed affine subspaces of H such that ﬁ’j:l Uj # @. Let xg € H.
Set (Vn € N) x,41 :=Py, - - - Py, x,,. Then x, — Py U, Xo-

=

Using Fact 5.24 and Proposition 5.23, we obtain the following interesting by-product,
which can be treated as a new method to solve the best approximation problem associated
with N C;.

Proposition 5.25 Assume (Vi € 1) C; is a closed affine subspace of H with ﬂlN: Ci # 2.
Let x € ‘H. Then the following hold:

i) Pcrap(x, ..., %) = limg— oo (PP  (x, ..., x).
(ii) Denote by Q := +(Pc, + -+ Pc,), then

Qkx - Pﬂf” 1Cix.
i=

Proof Since (Vi € 1) C; is closed affine subspace of H with ﬂIN: 1Ci # 2, thus C s closed
affine subspace of H"¥ and C N D # @. By definition of D, it is a linear subspace of H".
(i): The result is from Fact 5.24 by taking ¢+ = 2 and considering the two closed affine
subspaces C and D in HV.
(ii): Combine Fact 5.21, Proposition 5.23 with the above (i) to obtain the desired results.
O

Fact 5.26 [2, Lemma 5.18] Assume each set C; is a closed linear subspace. Then C f‘ +
s Cﬁ is closed if and only if D 4+ C is closed.

The next proposition shows that we can use the circumcenter method induced by reflec-
tors to solve the best approximation problem associated with finitely many closed affine
subspaces. Recall that for each affine subspace U, we denote the linear subspace paralleling
UasparU,ie.,parU :=U—U.

Proposition 5.27 Assume Uy, ..., U; are closed affine subspaces in H, with mf’:l U #0
and (par Upt+-- -+ (par U))* being closed. SetJ := {1, ..., 1}, Xey UiandD = {(x, ...,
x) € H' | x € H)}. Assume {Id, RcRp} € S or {Id, RpRc} € S. Let x € H and set x :=
(x,...,x) € H' ND. Then (chx)keN converges to Pcnpx = (Pm,’.:,Uixv e, Pﬁf-:lUix)
linearly.

Proof Denote Cy, := X cyparU;. Clearly, Cy, = par C. Now par Uy, ..., par U; are closed
linear subspaces implies that Cy, is closed linear subspace. It is clear that D = parD is a
closed linear subspace. Because (par U;) - + - - - 4 (par U; )" is closed, by Fact 5.26, we get
C1,+Dis closed. Then using Proposition 5.19(i), we know there exists a constant cr € [0, 1[
such that

(Vk eN) (VyeD) [|CCE y—Pc,rpyll=[CCE, Poy—Pc,npyll < ¢k [Ppy—Pc,rpyll.
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which imply that (CCf‘gL (x—u))en linearly converges to Pc; np(x—u) for any u € ﬁf.zl U;

and u = (u,...,u). Hence, by Proposition 5.3, we conclude that (Cng)keN linearly
converges to Pcnpx. Since by Proposition 5.23, Pcapx = (Pﬂ{_luix, ey ng_luix), thus
(Cng)keN linearly converges to (Pm'.,lU,-xs R Pﬂr_ilUl_x>. O

6 Numerical Experiments

In order to explore the convergence rate of the circumcenter methods, in this section we
use the performance profile introduced by Dolan and Moré [13] to compare circumcenter
methods induced by reflectors developed in Section 5 with the Douglas—Rachford method
(DRM) and the method of alternating projections (MAP) for solving the best approxima-
tion problems associated with linear subspaces. (Recall that by Proposition 5.3, for any
convergence results on circumcenter methods induced by reflectors associated with lin-
ear subspaces, we will obtain the corresponding equivalent convergence result on that
associated with affine subspaces.)

In the whole section, given a pair of closed and linear subspaces, Uj, U3, and a initial
point xg, the problem we are going to solve is to

find the best approximation X := Py, ny,Xo-

Denote the cosine of the Friedrichs angle between U; and U; by cr. It is well known that
the sharp rate of the linear convergence of DRM and MAP for finding Py, nu,xo are cr and
c% respectively (see, [1, Theorem 4.3] and [11, Theorem 9.8] for details). Hence, if cf is
“small”, then we expect DRM and MAP converge to Py, ny,xo “fast”, but if cp ~ 1, the
two classical solvers should converge to Py,ny,xo “slowly”. The cr associated with the
problems in each experiment below is randomly chosen from some certain range.

6.1 Numerical Preliminaries

Dolan and Moré define a benchmark in terms of a set P of benchmark problems, a set S
of optimization solvers, and a convergence measure matrix T. Once these components of a
benchmark are defined, performance profile can be used to compare the performance of the
solvers.

We assume H = R In every one of our experiment, we randomly generate 10 pairs
of linear subspaces, U1, U, with Friedrichs angles in certain range. We create pairs of linear
subspaces with particular Friedrichs angle by [14]. For each pair of subspaces, we choose
randomly 10 initial points, x¢. This results in a total of 100 problems, that constitute our set
P of benchmark problems. Set

S :={Id, Ry,, Ry,}, &> :={1d, Ry,, Ru,Ru,},
&3 := {Id, Ry,, Ru,, Ru, Ry}, Ss4:={1d, Ry,, Ru,, Ru,Ru,, Ru, Ru,. Ru, Ru,Ru, }-
Notice that

CCsg, is the C-DRM operator Cr in [7]

and hence, it is also the CRM operator C in [8] when m = 2.

Our test algorithms and sequences to monitor are as the Table 1.

Hence, our set S of optimization solvers is subset of the set consists of the six algorithms
above.
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Table 1 Forming the set of solvers S

Algorithm Sequence to monitor
Douglas—Rachford method Py, (3d + Ry, Ry)*(xo)
Method of alternating projections (Py, Py,)* (xo)
Circumcenter method induced by S (CCs, Y (x0)

Circumcenter method induced by S, (CCs,)*(x0)

Circumcenter method induced by S; (CCs;)*(x0)

Circumcenter method induced by Sa (& CS4)" (x0)

For every i € {1, 2, 3, 4}, we calculate the operator CCgs,; by applying Proposition 2.33,
and for notational simplicity,

we denote the circumcenter method induced by S; by CCs;.

We use 107° as the tolerance employed in our stopping criteria and we terminate the algo-
rithm when the number of iterations reaches 10° (in which case the problem is declared
unsolved). For each problem p with the exact solution being X = Py, ny,xo, and for each
solver s, the performance measure considered in the whole section is either

.5 = the smallest k such that ||a\ks — ¥|| < 10~® with k < 10°, 6.1

or

5 = the run time used until the smallest k such that [|a\}) — %[ < 10~® with k < 105,

(6.2)
where agfz, is the k™ iteration of solver s to solve problem p. We would not have access
to X = Py,nu,Xo in applications, but we use it here to see the true performance of the
algorithms. After collecting the related performance matrices, T = (¢5 5)100xcard(s), W€ use
the perf .m file in Dolan and Moré [12] to generate the plots of performance profiles. All
of our calculations are implemented in Matlab.

6.2 Performance Evaluation

In this subsection, we present the performance profiles from four experiments. (We ran
many other experiments and the results were similar to the ones shown here.) The cosine
of the Friedrichs angels of the four experiments are from [0.01, 0.05[, [0.05, 0.5[, [0.5, 0.9[
and [0.9, 0.95[ respectively. In each one of the four experiments, we randomly generate
10 pairs of linear subspaces with the cosine of Friedrichs angles, cr, in the corresponding
range, and as we mentioned in the last subsection, for each pair of subspaces, we choose
randomly 10 initial points, xo, which gives us 100 problems in each experiment. The out-
puts of every one of our four experiments are the pictures of performance profiles with
performance measure shown in (6.1) (the left-hand side pictures in Figs. 1 and 2) and with
performance measure shown in (6.2) (the right-hand side ones in Figs. 1 and 2).

According to Fig. 1, we conclude that when ¢y € [0.01, 0.5[, CCs, needs the smallest
number of iterations to satisfy the inequality shown in (6.1), that MAP is the fastest to attain
the inequality shown in (6.2), and that C Cs, takes the second place in terms of both required
number of iterations and run time. Note that the circumcentered reflection methods need
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Performance Profile on Number of Iterations in R'® (c_ € [0.01,0.05[) Performance Profile on Run Time in R'° (¢, € [0.01,0.05[)
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Fig. 1 Performance profiles on six solvers for cr € [0.01, 0.5]

to solve the linear system (see Proposition 2.33). Hence, it is reasonable that MAP is the
the fastest although MAP needs more number of iterations than circumcentered reflection
methods.

From Fig. 2(a) and (b), we know that when cr € [0.5, 0.9, the number of iterations
required by CCs, and CCs; are similar (the lines from CCgs, and CCgs, almost overlap)
and dominate the other 4 algorithms, and CCs, is the fastest followed closely by MAP
and CCs,. By Fig. 2(c) and (d), we find that when cr € [0.9, 0.95[ in which case MAP
and DRM are very slow for solving the best approximation problem, CCgs, needs the least
number of iterations and is the fastest in every one of the 100 problems.

Note that in R19%0, the calculation of projections takes the majority time in the whole time
to solve the problems. As we mentioned before, we apply the Proposition 2.33 to calculate
our circumcenter mappings: CCgs,, CCs,, CCs, and CCsg,. Because the largest number of
the operators in our S is 6 (attained for Sy), the size of the Gram matrix in Proposition 2.33
is less than or equal 5 x 5. As it is shown in Fig. 2(a) and (c), the methods CCs,, CCs;, and
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Performance Profile on Number of Iterations in R'® (c_ € [0.5,0.9[) Performance Profile on Run Time in R'*® (¢, € [0.5,09])
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Fig.2 Performance profiles on six solvers for cr € [0.5, 0.95]

CCs, need fewer iterations to solve the problems than MAP and DRM. It is well-known
that MAP and DRM are very slow when cF is close to 1. It is not surprising that Fig. 2(b)
shows that CCsg, is the fastest when for cx € [0.5, 0.9[ and Fig. 2(d) illustrates that CCsgs,
is the fastest for cg € [0.9, 0.95].

The main conclusions that can be drawn from our experiments are the following.

When cr € [0.01, 0.5 is small, CCsg, is the winner in terms of number of iterations and
MAP is the best solver with consideration of the required run time. CCg, takes the second
place in performance profiles with both of the performance measures (6.1) and (6.2) for
cr €[0.01,0.5[.

When cr € [0,5,0.9[, Behling, Bello Cruz and Santos’ method CCs, is the opti-
mal solver and the performance of CCg, is outstanding for both the required number of
iterations and run time.

When cr € [0, 9, 0.95[, CCs; is the best option with regard to both required number of
iterations and run time.

Altogether, if the user does not have an idea about the range of cr, then we recommend
CCs;.
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7 Concluding Remarks

Generalizing some of our work in [5] and using the idea in [7], we showed the proper-
ness of the circumcenter mapping induced by isometries, which allowed us to study the
circumcentered isometry methods. Sufficient conditions for the (weak, strong, linear) con-
vergence of the circumcentered isometry methods were presented. In addition, we provided
certain classes of linear convergent circumcentered reflection methods and established some
of their applications. Numerical experiments suggested that three (including the C-DRM
introduced in [7]) out of our four chosen circumcentered reflection methods dominated the
DRM and MAP in terms of number of iterations for every pair of linear subspaces with the
cosine of Friedrichs angle cr € [0.01, 0.95[. Although MAP is fastest to solve the related
problems when c¢r € [0.01, 0.5[ and C-DRM is the fastest when cr € [0.5, 0.9, one of
our new circumcentered reflection methods is a competitive choice when we have no prior
knowledge on the Friedrichs angle cr.

We showed the weak convergence of certain class of circumcentered isometry meth-
ods in Theorem 4.7. Naturally, we may ask whether strong convergence holds. If &
consists of isometries and NresFixT # o, then Theorem 3.3(i) shows the proper-
ness of CCs. Assuming additionally that (CC@x)keN has a norm cluster in NyesFixT,
Theorem 4.12(i) says that (CC@x)keN converges to Pn,_sFix7X. Another question is: Can
one find more general condition on S such that CCg is proper and (C ng)keN has a norm
cluster in N7esFix T for some x € H? These are interesting questions to explore in future
work.
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