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Abstract
In this paper, we consider the robust linear infinite programming problem (RLIP.) defined
by

(RLIP,) inf(c, x)

subjectto x € X, (x*,x) <r, V&x*,r)elU;, Vt €T,

where X is a locally convex Hausdorff topological vector space, T is an arbitrary index set,
ce X*, andU;, C X* xR, t € T are uncertainty sets. We propose an approach to duality
for the robust linear problems with convex constraints (RP.) and establish corresponding
robust strong duality and also, stable robust strong duality, i.e., robust strong duality holds
“uniformly” with all ¢ € X*. With the different choices/ways of setting/arranging data
from (RLIP,), one gets back to the model (RP,) and the (stable) robust strong duality for
(RP,) applies. By such a way, nine versions of dual problems for (RLIP.) are proposed.
Necessary and sufficient conditions for stable robust strong duality of these pairs of primal-
dual problems are given, for which some cover several known results in the literature while
the others, due to the best knowledge of the authors, are new. Moreover, as by-products,
we obtained from the robust strong duality for variants pairs of primal-dual problems,
several robust Farkas-type results for linear infinite systems with uncertainty. Lastly, as
extensions/applications, we extend/apply the results obtained to robust linear problems with
sub-affine constraints, and to linear infinite problems (i.e., (RLIP.) with the absence of
uncertainty). It is worth noticing even for these cases, we are able to derive new results on
(robust/stable robust) duality for the mentioned classes of problems and new robust Farkas-
type results for sub-linear systems, and also for linear infinite systems in the absence of
uncertainty.
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1 Introduction

In this paper, we are concerned with the linear infinite programming with uncertainty
parameters of the form

(LIP,) inf(c, x)
subjectto x € X, (as,x) <b;, Vt €T,

where X is a locally convex Hausdorff topological vector space, T is an arbitrary (possi-
ble infinite) index set, ¢ € X*, a; € X* and b, € R for each ¢t € T, and the couple
(as, b;) belongs to an uncertainty set i; C X* x R. For such a linear infinite programming
(LIP,) with input-parameter uncertainty, its robust counterpart is the robust linear infinite
programing problem (RLIP.) defined as follows:

(RLIP,) inf(c, x)
subjectto x € X, (x*,x) <r, V&x*,r) ey, Vt €T.

The robust linear infinite problems of the model (RLIP.) together with their duality
were considered in several works in the literature such as, [6, 12, 16, 20, 23]. There are
variants of duality results for robust convex problems (see [4, 5, 11, 14-16, 18, 22, 24] and
the references therein), and also for robust vector optimization/multi-objective problems
(see, e.g., [7, 12, 13, 21]). In the mentioned papers, results for robust strong duality are
established for classes of problems from linear to convex, non-convex, and vector problems,
under various (constraint) qualification conditions.

In this paper we propose a way, which can be considered as a unification approach to
duality for the robust linear problems (RLIP.). Concretely, we propose some model for a bit
more general problem, namely, the robust linear problem with convex conical constraints
(RP,) and establish corresponding robust strong duality and also, stable robust strong dual-
ity, i.e., robust strong duality holds “uniformly” with all ¢ € X™*. Then, with the different
choices/ways of setting, we transfer (RLIP.) to the models (RP.), and the (stable) robust
strong duality results for (RP.) apply. By such a way, several forms of dual problems for
(RLIP,) are proposed. Necessary and sufficient conditions for stable robust strong duality
of these pairs of primal-dual problems are given, for which some cover results known in
the literature while the others, due to the best knowledge of the authors, are new. We point
out also that, even in the case with the absence of uncertainty, i.e., in the case where U, is
singleton for each ¢ € T, the results obtained still lead to new results on duality for robust
linear infinite/semi-infinite problems (see Section 6).

The paper is organized as follows: In Section 2, some preliminaries and basic tools
are introduced. Concretely, we introduce or quote some robust Farkas lemmas for coni-
cal constraint systems under uncertainty, some results on duality of robust linear problems
with convex conical constraints. The model of robust linear infinite problem and its seven
models of robust dual problems are given in Section 3. The main results: Robust stable
strong duality results for (RLIP.) are given in Section 4 together with two more models
of robust dual problems of (RLIP.). Here, the stable strong duality for the seven pairs of
primal-dual problems are established and the ones for two new pairs are mentioned. Some
of these results cover or extend some in [11, 20]. In Section 5, from the duality results
in Section 4, we derive variants of stable robust Farkas lemmas for linear infinite systems
with uncertainty which cover the ones in [12, 16] while the others are new. In Section 6,
as an extension/application of the approach, we get robust strong duality results for lin-
ear problems with sub-affine constraints. We consider a particular case with the absence of
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uncertainty (i.e., in the case where U; is singleton for each ¢ € T), the results obtained still
lead to some new results on duality for robust linear infinite/semi-infinite problems, and,
in turn, these results also give rise to several new versions of Farkas lemmas for sub-affine
systems under uncertainty and also, some new versions of Farkas-type results for linear
infinite/semi-infinite systems.

2 Preliminaries and Basic Tools

Let X and Z be locally convex Hausdorff topological vector spaces with topological dual
spaces X* and Z*, respectively. The only topology considered on dual spaces is the weak*-
topology. Let S be a non-empty closed and convex cone in Z. The positive dual cone S of
Sis ST :={z* € Z* : (z*,5) > 0Vs e S}. Let further, I'(X) be the set of all proper, convex
and lower semi-continuous (briefly, Isc) functions on X. Denote by L(X, Z) the space of
all continuous linear mappings from X to Z and R := R U {f-00}, Ry := R U {4+00}.

2.1 Notations and Preliminaries

We now give some notations which will be used in the sequel. For f : X — R, the domain
and the epigraph of f are defined respectively by
dom f := {x € X : f(x) # +o0},
epif == {(x,r) e X xR: f(x) <r},
while its conjugate function f* : X — R is
5 (x) = sug [(x*,x) — f(x)] Vx*e X"
xXe

Let <g be the ordering on Z induced by the cone S, i.e.,
71 Sszp ifandonlyif zp—2z; €8S.

We enlarge Z by attaching a greatest element +00z and a smallest element —ocoz which
do not belong to Z by the convention, —coz <g z <g +ooz for all z € Z. Denote
Z* :=Z7ZU{—o00z,+00z}.Let G : X — Z°. We define

domG := {x € X : G(x) # +o0oz},
epigG = {(x,2) e X x Z:z€ G(x)+ S}.

If —ocoz ¢ G(X) and dom G # @, then we say that G is a proper mapping. We say that G is
S-convex (resp., S-epi closed) if epig G is a convex subset (resp., a closed subset) of X x Z.
The mapping G is called positively S-upper semicontinuous' (positively S-usc, briefly) if
AG is upper semicontinuous (in short, usc) for all A € S* (see [1, 2]).

Let T be an index (possibly infinite) set and let R” be the product space endowed with
the product topology and its dual space, R‘T), the so-called space of generalized finite
sequences . = (At)ier such that A, € R, for each ¢t € T, and with only finitely many A;
different from zero. The supporting set of A € R is suppA := {t € T : A; # 0}. For a
pair (A, v) € R™ x R, the dual product is defined by

(A, v) = Ztesuppx)‘tvt if & # Or,
o 0 otherwise.

n [3] this notion is named as star S-usc
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The positive cones in R” and in R") are denoted by Rz and Rf), respectively.

S*-Upper Semi-Continuity and Uniform ST -Convexity. Let U # () be a subset of some
topological space. We recall the notions of S™-upper semi-continuity, S™-convexity, and
uniform ST -convexity introduced recently in [13].

Definition 1 [13] Let H : U — Z U {+00z}. We say that:

- His S*-convexif for all (u;, ;) € U x S* (i = 1,2) there is (i, 1) € U x ST such
that (At H)(u1) + (A2 H) (u2) > (AH) (),

—  His ST-upper semi-continuos (briefly, S*-usc) if for any net (Aq, g, re)uen C S x
U xRandany (A, i1,7) € ST x U x R, satisfying

=  (H)@@) >F,

Ao H)(ug) = 1rq Ya € D,
)\.(x—*\)_n, Uy —> U, Tq —> T

k
where the symbol “—” means the convergence with respect to weak™-topology.
—  His ST-concave (ST-Isc, resp.) if —H is ST-convex (S -usc, respectively).

Definition 2 [13] For the collection (Hj)je; with H; : U — Z U {400z}, we say that
(Hj)jer is uniformly ST-convex if for all (u;, A;) € U x ST, i = 1,2, there is (i, A) €
U x ST such that (A1 H;)(u1) + (M2 Hj)(u2) > ()_\Hj)(ﬁ) forall j € I.

The collection (H;) jes is said to be uniformly St-concave if (—=Hj)jes is uniformly
S*-convex.

Remark 1 Tt is worth observing that when H: U — Z U {+o00z} is ST-usc then H is
positively S-usc [13]. Moreover, in the case where Z = R and § = R;, (and hence,
St =R,), the following assertions hold:

(i) If H: U — Ry is a convex function then H is R -convex.
(i) If Hj: U — Ry is convex for all j € I then (Hj) jes is uniformly R -convex.
(i) H: U — Ry is Ry-uscif and only if it is usc.

For details, see [13].
2.2 Conical Constrained Systems with Uncertainty
Let U be an uncertainty parameter set, (G,)ycyy With G,: X — Z U {+00z} be a proper

S-convex and S-epi closed mapping for each u € U. We are concerned with the robust cone
constraint system:

G,(x)e—-S Vuel. (1
Denote
Fu={xeX:G,(x)e =S}, uecl, 2)
and F the solution set of (1), i.e.,
F={xeX:G,(x)e—S Yuecl). 3)

It is clear that F = (1), Fu- Assume that F # .

@ Springer



Duality for Robust Linear Infinite Programming Problems Revisited 593

Corresponding to system (1), let us consider the set (also called: robust moment cone
corresponding to system (1))

Mo:= | epiaG)*. )

(u,\)eU xS+

It is easy to check that My (generalizing the one in [22, Proposition 2.2]) is a cone in
X* x R. Moreover, My (and also M in (9)) leads to the cone M in [20].

We now introduce a version of robust Farkas-type result and some consequences
involving system (1), which will be useful in the sequel.

Proposition 1 (Farkas-type result involving robust system (1)) For all (x*,r) € X* x R,
the next statements are equivalent:

i Gux)e-SVueld = (x*,x)>r.
(1) (x*,r) € —co M.

Proof 1t is easy to see that (i) is equivalent to —r > —(x*, x) for all x € JF, which also
means (x*, ) € —epid’%. So, to prove the equivalence (i) <= (ii), it suffices to show that
epi 8% = co M.

Now, for each u € U, F, is closed and convex subsets of X, and hence, § 7, € I'(X) and
s0 87 = sup, ¢y 87, € I'(X). By [25, Lemma 2.2], one gets epi 8% = €0 |, o, epi 8%, -

On the other hand, for each u € U, one has epi 6% = U/\es+ epi(AG,)* (see [17]), and so,
epid% = co.Mj and we are done. O

Remark 2 Proposition 1 generalized [23, Theorem 3.1], [12, Theorem 4.2(iii)], [16, The-
orem 5.5], and in some sense, it extends the robust semi-infinite Farkas’ lemmas in [20],
[19, Corollary 3.1.2].

Let® # B C X* and B € R. The function og(-) — 3, where o (x) := sup{(x*, x) : x* €
B}, is known as a sub-affine function [15]. We next give a version of robust Farkas lemma
for a system involving sub-affine functions.

Corollary 1 Ler (A;);er be a family of nonempty, w*-closed convex subsets of X* and
(b)ter C R. Then, for each (x*,r) € X* x R, the next statements are equivalent:

(1) o4,x)<bVteT = (x*,x)>r.
(i) * r) € —cocone [U,er (A x (b)) U{(Ox+, D}].

Proof Take Z = R, S = R, (and hence, Z* = Rand ST = R"), Y = T, and G; :=
o4, — by foreacht € T. Then, for any (+,1) € T x R4, one has

epi(AG)* = 2epi(G)* = repi(o.a, — b)* = A(A; x (b)) +Ry-(0x+, 1),
Mo = cocone [(Ar x {br}) U {(Ox+, D}],

teT

and so, co My = Cocone [UteT(.A, x {b:}) U {(Ox~, 1)}]. The conclusion now follows
from Proposition 1. O
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2.3 Duality of Robust Linear Problems with Convex Conical Constraints

Let ¢ € X*. We consider the pair of primal-dual robust problems:

(RP.) inf (c, x)
subjecttox € X, G,(x) € —SVYu e U,
(RD,) sup in)f(((c, x) 4+ AG,(x)).

(u,1)ed xS+ XE

Let F, and F be as in (2) and (3). Let further x € F and (i1, 1) € U X St . Asx e F,
_Gu (k) € =S forallu € U, and in_particular, G;(X) € —S. Moreover, as > € ST, one has
LG (x) < 0. Therefore, (c, x) + (AG;)(x) < {(c, x), and so,

inf [(c.x) + MG (X)] < (¢, %) + MG (x) < (c, X),

leading to
inf [(c.x) + MG ()] < inf (¢, ).
Consequently,
sup inf [{c,x) + AG)(0)] < inf (¢, %), 5
Xe

(i, M)eldx S+ €

which means that the weak duality holds for the pair (RP.)—(RD,).

Definition 3 We say that

—  the robust strong duality holds for the pair (RP.)—(RD,) if inf(RP.) = max(RD,),
—  the stable robust strong duality holds for the pair (RP.)—(RD.) if inf(RP.) =
max(RD,) for all ¢c € X*.

The next theorem, Theorem 1, can be derived from [16, Theorem 6.3]. However, for the
sake of completeness we will give here a short and direct proof.

Theorem 1 (Characterization of stable robust strong duality for (RP.)) Assume that ro :=
inf(RP.) > —oo. Then the following statements are equivalent:

(@) My is a closed and convex subset of X* x R.
(b)  The stable robust strong duality holds for the pair (RP.)-(RD,), i.e.,

inf(RP.) = max(RD.) Vc e X*.
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Proof Take arbitrarily ¢ € X*. Observe firstly that

sup(RD,) = sup inf {{c,x) + (AG,)(x)}
(u,n)eld x 5+ ¥€X

= sup [— sup {{—c, x) — ()»Gu)(x)}] = sup [-(AGy)*(—0)]
(u, )eUx S+ xeX (u,\)eUx St
=sup{r:(c,r)e— U gph(AG,)*
(. ))eld xS+
=supir:(c.re— ) eph(Gu)* —Ry(Ox+ 1)
(u,))el xS+
=supir:e.ne— |J [eph(GW)* + Ry (0x. D]
(u,\)eUx St
=supir:(c,r)€— U epi(AG,)* t =sup{r: (c,r) € —My}.(6)
(u,\)eUx St

Observe also that ry < 400 as (RP,) is feasible (i.e., its feasible set F is non-empty) and
S0, we can assume that ry € R.
o [ (a) = (b)] Assume that (a) holds. As r9 = inf(RP.), one has

G,e-S, Yueld = (c,x)=ry. @)
As (a) holds, it follows from Proposition 1 that
(e,r) € oMo =-Mo=— | J epixG.)",
(u,\)ed x S+
and so, by (6) and the weak duality (5), we get
ro < supf{r : (c,r) € —Mp} = sup(RD.) < rp = inf(RP,),

yielding ro = sup{r g (c,r) € =Myp} = sup(RD,) = inf(RP.). Asrg € {r : (c,r) €
— M} there exist (i, A) € U x ST satisfying (by (4))

ro = —(AGi)*(—c) = max(RD,) = inf(RP,),

which means that (b) holds.

e [(b) = (a)] Assume that (b) holds. To prove (a), it suffices to show that co Mgy C M.
Take (c,r) € —co M. It follows from Proposition 1 that (7) holds with ryo = r, which,
taking (b) and (6) into account, entails

r <rg=inf(RP.) = max(RD,) = max [—(AG,)"(=0)].
(u,\)eU xS+
This means that there exists (i, )_L)_ € U x ST such that (—c, —rg) € epi()_LG,;)*. Now, as
r < ro, one has (—c, —r) € epi(AGj)*, and hence, (c,r) € —My. We have proved that
0. My C My and the proof is complete. O

We now provide some sufficient conditions for the convexity and closedness of the

robust moment cone M. Assume from now to end this section that I/ is a subset of some
topological vector space. The next result is a consequence of [13, Propositions 5.1, 5.2].
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Proposition 2 Assume that U is a subset of some topological vector space and int S # (.
Then

(i) Ifthe collection (u — G, (x))yex is uniformly ST-concave, then My is convex.
(ii) IfU is a compact set, Z is a normed space, u — G, (x) is ST-usc for all x € X, and
the following Slater-type condition holds:
(Cop) Yuel, Ix, € X : G,(x,) € —int S,

then M is closed.

Remark 3 If U is a singleton then it is easy to see that the assumption of Proposition 2(i)
automatically holds, and consequently, M is convex. Moreover, if the Slater condition
(Co) holds then M is closed.

Remark 4 1t is worth noticing that the Proposition 2 and the next Corollary 2 constitute gen-
eralizations of Proposition 2 and Corollary 1 in [20], respectively. Propositions 67 on the
sufficient conditions for the convexity and closedness of moment cones are of the same line
of generalization which show the role played by the Slater constraint qualification condition.

Corollary 2 (Sufficient condition for stable robust strong duality of (RP.)) Assume that the
following conditions hold:

(1) U is a compact set, Z is a normed space,
(i) (> Gy (x))xex is uniformly ST-concave,
(iii) u > G,(x)is ST-uscforall x € X,
(iv) The Slater-condition (Cy) holds.

Then, the stable robust strong duality holds for the pair (RP.)—(RD,).

Proof The conclusion follows from Theorem 1 and Proposition 2. O

Example 1 Let X, Z, and S be as in this section. Let further I/ be an uncertainty set,
(Aueu C E(X, Z), (wy)ueu C Z.
Let ¢ € X™* and consider the problem (RLP,)%:

(RLP,) inf(c, x) (®)
subjectto A, (x) € w, — S, Yuel,x € X.

It is clear that (RLP,) a special case of (RP.) when setting G, (x) := A,(x) — wy, u € U.
Denote LA, an element of X* defined by (AA,)(x) = (A, A, (x)), forall x € X.
Then the set M defined in (4) becomes

My = {(A Ay, (X, @), (u,A) €U x ST+ R4 (0x+, 1). ©)
The dual problem of (RLP,) (specialized from (RD,)), turns to be
(RLD,) sup — (A, wy)
subject to (u, A) € U x ST, ¢ = —1A,.

2The model of Problem (RLP,) was considered in [12] where some characterizations of its solutions were
proposed.
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We get from Theorem 1 characterization of stable robust strong duality for (RLP.) as
follows:
The following statements are equivalent:

(a) M is aclosed and convex subset of X* x R,
(b) The stable robust strong duality holds for the pair (RLP.)-(RLD,), i.e.,

inf(RLP,) = max(RLD,) Vc € X*.

3 Robust Linear Infinite Problem and its Robust Duals
We retain the notations in Section 2 and let ¢ € X*.
3.1 Statement of Robust Linear Infinite Problems and their Robust Duals

Consider the linear infinite programming with uncertain input-parameters of the form:
(ULIP,) inf{c, x)
subject to (a;, x) < b, VteT,x € X,
where (a;, by) belongs to an uncertainty set U; with @ = U; C X* x Rforalltr € T.
The robust counterpart of (ULIP,) is
(RLIP.) inf(c, x)
subjectto (x*, x) <r, VY&*,r)el, VieT,xeX.

Assume that the problem (RLIP,) is feasible for each ¢ € X*, i.e.,
Fi={xeX:x"x)<rvV&x*,r)el, Vt €T} 40 VceX*

and set
U = HZ/{, and ¥ = UZ/[,. (10)
teT teT

By convention, we write v = (v, v2) eX*xRand u= (u;)rer €U , with u; = (u,l, u,z) cld;.
For brevity, we also write: u = (u,] , ulz),eT € 7 instead of u = ((utl, utz)),eT EU.

The robust problem of the model (RLIP,.) was considered in several earlier works such
as [12, 20] (where X = R”, i.e., a robust semi-infinite linear problem), [24] where X is a
Banach space, T is finite, objective function is a convex function, and for each t € T, U;
has a special form (problem (SP), p. 2335), and in [11] with a bit more general on constraint
linear inequalities, concretely, for all t € T, (x*, r) is a function defined on I/, instead of
x*,r) el,;.

We now propose variants of robust dual problems for (RLIP,):

(RLID}) sup[—Av?]
st.ve?, A>0, c=—iv,

(RLID?) sup | — > Auup
uesupp A
st.teT, Ae RS:ZZ), c=— Z kuu},

uesupp A
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(RLID?) sup | — > hup
tesupp A
st.ue, keRf), c=— Z A,u},
tesupp A
(RLID*) sup inf sup [(c £l x) — sz] ,
120, 1T *€X vely,
(RLID?) sup inf sup [(c + Au,l, x) — Autz] ,
120, ue% *€X teT
(RLID®) sup [ — > a0’
VESUpp A
st eRY c=— 3 )
vesupp A
(RLID) sup inf sup [(c +avlx) — sz] .
A>0YEX pey

It is worth observing firstly that (RLID?) and (RLID?) are (ODP) and (DRSP) in [20],
respectively. These two classes are also special case of (OLD) and (RLD) in [22] (where the
constraint functions are affine) and of (RLD?) and (RLD) in [11], respectively.

The “robust strong duality (and also, stable robust strong duality) holds for the pair
(RLIPC)—(RLIDQ)”, i = 1,2,...,7,1is understood as in Definition 3. Note that robust
strong duality holds for (RLIPC)—(RLIDE) is known as “primal worst equals dual best
problem” with the attainment of dual problem [11, 20].

3.2 Relationship Between the Values of Dual Problems and Weak Duality

In this subsection we will establish some relations between the values of the dual problems
(RLID.) to each other and the weak duality to each of the dual pairs (RLIP.)—(RLID.),
i=1,2,...,7.

Proposition 3 One has

sup(RLID?)

sup(RLID,) < sup(RLID?)
3

< sup(RLIDY). (1)

Proof Observe that, for k = 1, 2, 3, 6, it holds sup(RLID’Lf) = sup E} with
Ei ={a:ve?, A>0, (c,a) = —\v},

E; = a:teT,Aewa, (c,a) = — Z Aulty ¢
uesupp A
- . (1) [
Ey:=3a:ue%, »eRy’, (c,a)= Z)\tut )
tesupp A
Eg = a:)\eRf/), (c,a) = — Z Ay
vesupp A
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So, to prove (11), it suffices to verify that E; C E; for (i, j) € {(1,2),(1,3),(2,6), (3, 6_)}.
o [E| C E>] Take & € E;. Then, there are v € ¥ ar_ld A>0 such_that (_c, V) = —AV.
Now, take 7 € T and ii € % such that ii; = v. Define % € R{”) by 2z = % and %, = 0
whenever u # u. Then, it is easy to see that
- Z )_‘uut_ = _)_\ﬁﬁt_ =—A0 = (c,a),
uesupp A
yielding & € Ej.
e [E] C E3] Can be done by using the same argument as in the proof of E; C E», just
replace A € Ri%) by e Rf) such that A; = A and A; = O for all 7 # .
o [E; C Eg] Take & € E». Then, there exists (7, A) € T x Rf/) satisfying
- ) it =(c, &),
uesupp A
Consider the set-valued mapping K: ¥ = % defined by
K@) = {u € supp i : u; = v}.

It is easy to see that the decomposition supp A = Upey K(v) holds. Moreover, as supp A is
finite, dom K is also finite (where dom /C := {v € ¥ : KC(v) # @}). Take A € ]Rf/) such
that A, = ZuelC(v) Ay ifvedomKand i, = 0ifv ¢ dom /C. Then, one has

S Y = Y Y = Y = ed,
vesupp A vedom K uek(v) uesupp A
yielding & € Eg.
e [E3 C Eg] Similar to the proof of [E; C Eg]. O

Proposition 4 One has

4
sup(RLID.) _ o RLIDY), (12)

sup(RLID,) < sup(RLIDY) =
c

Proof It is worth noting firstly that, for any non-empty sets Y1 and Y», any function f: Y7 x
Y> — R, it always holds

sup im; fO1,y2) < inf sup f(y1, y2). (13)

yieY; 2612 ner y ey,
By a simple calculation, one easily gets

sup(RLIDl) = sup inf({c+ vl x)— kvz)

2>0, vey ¥€X

= sup sup inf({c+Arw', x)—rw?)
1>0, teT weld, X€X

= sup sup inf[{c+ Au,l, Xx) — Aulz]
1>0, ue? teT X€X

@ =User Uy ={u; :u € %, t € T}). So, according to (13),
sup(RLID!) < sup inf sup [(c +Aw', x) — Aw?] = sup(RLID?),

2>0, teT XX wey,

sup(RLID!) < sup inf sup[(c + Au;, x) — Au?] = sup(RLID).
>0, ue *<€X ter
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The other desired inequalities in (14) follow from (13) in a similar way as above. O

The weak duality for the primal-dual pairs of problems (RLIPi)—(RLIDé), i =
1,2,...,7, will be given in the next proposition.

Proposition 5 (Weak duality) One has

sup(RLID®) .
sup(RLID?) < inf(RLIP,). (14)

Consequently, sup(RLIDi,) < inf(RLIP,) foralli =1,2,...,7.

Proof ®  Proof of sllp(RLID?) < inf(RLIP,): Take A € RY/), and x € X such that
c=— Zuesuppx Xpv! and

whx)—v? <0, VoV. (15)

Then it is easy to see that — Zvesupp;\ v < — Zvesuppx(vl, X) = {(c, X). So, by the
definitions of (RLIDS) one has sup(RLID?) < {c, x) for any x € X satisfying (15),
which yields sup(RLIDS) < inf(RLIP.).
®  Proof of sup(RLIDZ) < inf(RLIP,): Take A= 0 and_)? € X such that (15) holds.

For all v € ¥, as (15) holds, one has (c + Av', x) — Av? < (c, X). This yields that
sup,cy [{c + vl x) — a2 < (c, x) which, in turn, amounts for

inf sup[(c—i—):vl,x) - )_va] < {c, x).

x€X yey

The conclusion follows. (|
4 Robust Stable Strong Duality for (RLIP.)
In this section, we will establish variants of stable robust strong duality results for (RLIP,).

Some of them cover the ones in [20, 22] and the others are new.
Let us introduce variants of robust moment cones of (RLIP,):

N1 = cone ¥ + R, (0x+, 1), Ny = Ucocone[Z/{, U {(0x=, D}],
teT
Nz = U cocone[u(T) U {(Ox+, 1)}], Ny = U coneco[U; + Ry (Ox+, 1)],
ueu teT
Ns = U coneco[u(T) + Ry (0x=, )], N :=cocone[¥ U {(Ox+, D}],
1S4

N7 = coneco [V + Ry (0x=, D],

where u(T) :={u; :t € T}ifue%.
Observe that N3 is My in [12], and N3 and Ng were introduced in [20] and known as
“robust moment cone” and “characteristic cone”, respectively.

Theorem 2 (1st characterization of stable robust strong duality for (RLIP.)) For i €
{1,2,...,5}, consider the following statements:

(c;) N is aclosed and convex subset of X* x R. '
(d;) The stable robust strong duality holds for the pair (RLIP.)—(RLID.).
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Then, one has [(c;) < (d;)] foralli € {1,2,...,5}.
Proof e[(c1) < (d)]SetZ =R, S =R, U = ¥, A, = v! and w, = v? for all
v = (v!,v?) € ¥. Then, (RLIP,) has the form of (RLP,) in (8). In such a setting, the
robust moment cone M in (9) reduces to
M = {(AAy, (A, @) :v e, L >0} + Ry (0x+, 1)

={:ve?, A>0+Ri(0x+,1)

= cone ¥ + Ry (0x+, 1) = N].
It is easy to see that the robust dual problem (RLD,) of the resulting robust problem (RLP,)
now turns be exactly (RLIDI.), and so, the equivalence [(c]) < (d;)] follows directly from
Theorem 1 (see also Example 1).

o[(c2) & (d2)]SetZ =R% S = R% (and consequently, Z* = R%) and §* = Rf/)),

U=T,A = (u,l)ueaz/ and w; = (u,z)ueq/ for all t+ € T. Then the problem (RLIP,)
possesses the form (RLP,). In this setting, the set M in (9) becomes

My = {0A Qo) i1 e T e RY L4 R0k )

3 ol D nal | e Tae R Y 4R (0x+, 1)

uesupp A uesupp A

uesupp A

> i e RY Y|+ RL(Oxe. 1)
teT uesupp A

l 3 e T e RYDE+ ROk, 1)

= |:U coconeZ/{,i| + R, (0x+,1) (notethat{u, :u € %} =U;)
teT

coconeL{, + R4 (0x+, D] = Ucocone [t U{(Ox+, D}] = N2,

tET teT

and the dual problem of (RLD,) (in the new format) has the form (RLID%). The equivalence
[(c2) < (dy)] then follows from Theorem 1.

e[(c3) < (d3)] We transform (RLIP,) to (RLP,) by setting: Z = R”, § = RZ (hence,
7+ =RD and st = R\, U = %, Ay = W])ier and w, = @P)rer forall u € %.
Then, one has

My = [Gd, o) rue %, 3 e RD L+ R Ox, 1)

S huiue neRYF+ R0k 1)
tesupp A

= |: U coconeu(T)i| + R4 (Ox*,1) (notethat{u, :t € T} =u(T))

uev

= U cocone [u(T) U {(Ox+, D} = N3

uewU
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and the dual problem (RLD,) of the resulting problem (RLP,) is exactly (RLID3). The
desired equivalence follows from Theorem 1.

e[(c4) < (dg)] We now consider another way of transforming (RLIP,) to the form (RP,)
by letting Z =R, S =Ry, U = T,and G;: X — R such that G,(x) = sup,, [(v', x) —
v2] for all r € T. Then, one has (see (4))

Mo = | epiaGn* = [ nepi(G))*
teT ,A>0 teT, x>0
%

= U cone epi(G,)* = U cone epi |:sup(( ) - vz)i|

teT teT veld;

ES

= U cone co U epi ((vl, D)= v2>

teT vel,

(the last equalities follows from [25, Lemma 2.2]). On the other hand, for each ¢t € T and
v € U;, by simple calculation one gets epi((vl, Sy —vH)* = v+ Ry (0x+, 1). So,

Mo = [ Jconeco | [v+Ry(Ox=, )] = | conecolts; + Ry (0x-, )] = Ni.

teT vel; teT

It is easy to see that the dual problem (RD,) of the resulting problem (RP,.) is nothing else
but (RLID‘C‘), and the equivalence [(c4) < (d4)] is a consequence of Theorem 1.

e[(c5) < (ds)] Again, we transform (RLIP.) to (RP.) but by another setting: Z = R,
S=Ry, U = %, and G,: X — R such that G,(x) = sup,eT[(u},x) — utz)] for all
u € 7% . Then, one has (see (4))

My = U epi(AG,)* = U cone epi(G,)*

ue, x>0 ueU

= U cone epi |:sup((ut, ) = uz)] U cone co U epi(( ut , ) — u2)
uewU teT ueu teT

= | coneco | Jiu, + Ry (0x-. D] = | coneco[u(T) + Ry (Ox=, D] = N5,
uewU teT uewU

and the robust dual problem (RD.) of the new problem (RP.) is exactly (RLIDS). The
desired equivalence again follows from Theorem 1. O

Remark 5 Theorem 2 with i = 3 is [20, Theorem 2] while i = 6 (i = 3, resp.) is similar to
[11, Proposition 5.2(ii)] withi = C (i = O, resp.).

Theorem 3 (2nd characterization for stable robust strong duality for (RLIP.)) Fori = 6,7,
consider the next statements:

(c;) N, is a closed subset of X* x R. '
(d;) The stable robust strong duality holds for the pair (RLIP.)—(RLID.).

Then [(c;) < (d;)] fori =6,7.
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Proof e[(cs) < (dg)] The robust problem (RLIP,) turns to be (RLP,) if we set Z = R”,
S = Rf{_/, U to be a singleton, A = (Wpey and @ = (W?)pey. In such a setting, one gets

M [(AA, o) :he Rf/)] R, (Ox-, 1)

> awiaeRY) T+ ROk, 1)
vesupp A

= cocone ¥ + R (0x+, 1) = cocone [# U {(0x=, 1)}] = NG,

while the robust dual problem of the new problem (RLP,.) (i.e., (RLD,)) is non other than
(RLID?). The equivalence [(cg) < (dg)] now follows from Theorem 1 and the fact that
the robust moment cone is always convex whenever U/ is a singleton (see Proposition 2 and
Remark 3).

e[(c7) ¢ (d7)]1Set Z =R, S = R, U to be a singleton, and G = sup, ((v', ) — v?).
The problem (RLIP,) now becomes (RP.). On the other hand, one has (see (4))

Mo = U epi(AG)* = coneepi(AG)*

>0

*
= coneepi |:sup((v1, )= v2)] = cone co U epi((vl, )= vz)*
ve¥ ve v

= coneco U [v+Ry(0xs, D] = cone@[”f/ + R, (0, 1)] = N7,

veyV
while the dual problem of (RD.) of the new problem (RP,) is (RLIDZ). The equivalence
[(c7) < (d7)] is a consequence of Theorem 1, Proposition 2 (see also Remark 3). O

Remark 6 There may have sone more ways of transforming (RLIP,) to the form of (RP.)
which give rise to some more robust dual problems for (RLIP,), for instance,

() Set Z = RT, S = Rf_, U to be a singleton, and G = (supveu[[(vl, )= vz])teT.
Then (RLIP,) reduces to the form of (RP,.) with no uncertainty as now I/ is a singleton. In
this setting, the moment cone M becomes

Moy = U epi |:ZA, sup ((v', ) —v2)] =: Mg,

vel,
AeRf) teT !

and the robust dual problems now collapses to

(RLIDf.) sup inf | {(c,x) + Z A; sup ((vl,x) — v2>
)»E]Rf) vex tesupp A Vel
B)Set Z=R#,§ = R%, U to be a singleton, and G = (sup,eT[(utl, ) = utz)])ug%.
Then, the problem (RLIP,) turns to be of the model (RP,), and one has
M = cocone U o [u(T) + Ry (Ox+, ] =: No.
uewU
The corresponding dual problem is

(RLID?) sup inf | (¢, x) + Z Ay SUP ((ull,x) - utz)
AERS_%) reX uesupp A 1eT
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For the mentioned cases, we get also the relation between the values of these two dual
problems:

sup(RLID®) < sup(RLID}) and  sup(RLID®) < sup(RLID?),
and weak duality hold as well:

sup(RLID®) .
Sup(RLIDY) = inf(RLIP,).

Moreover, under some suitable conditions, robust strong duality holds, similar to the ones
in [11, Proposition 5.2(ii)].

Remark 7 From Propositions 3—-5 and Remark 6, we get an overview of the relationship

between the values of robust dual problems and weak duality of each pair of primal-dual
problems which can be described as in the next figure:

sup(RLID?) sup(RLID®)
/ ™~ sup(RLID?) <
__— sup(RLID}) ~

sup(RLID?)
sup(RLID!) T inf(RLIP,)
\\ sup(RLID#)
sup(RLID?)

where by a — b we meana < b.

sup(RLID/)

N/

As we have seen from the previous theorems and from the previous section, the closed-
ness and convexity of robust moment cones play crucial roles in closing the dual gaps for
the primal-dual pairs of robust problems. In the left of this section, we will give some suf-
ficient conditions for the mentioned properties of these cones whose proofs are rather long
and will be put in the last section: Appendices.

Proposition 6 (Convexity of moment cones) The next assertions hold:

(i) IfV is convex then N is convex.
(i) If{x* e X*: (x*,r) €U} is convex for all t € T then N3 is convex.
(iii) Assume that T is a convex subset of some vector space, and that, for allt € T,
U = U x U? withU]  X* andU? C R. Assume further that, for each t € T and
x € X, the function t — SUP ey (x*, x) is affine and the function t +> ian/lt2 is

convex. Then, N4 is convex.

(iv) The sets Ns, N7 are convex>.

Proof See Appendix A. O

Proposition 7 (Closedness of moment cones) The following assertions are true.
1) If V is compact and
Voe?, dreX: (1) < (16)

3 N, Ny are also convex.
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then N is closed.
@) IfT is compact, t — supveut[(vl, x) —v¥]is usc for all x € X, and

VieT, 3Ix, € X:  sup[(v', x) —v?] <0, a17)
vel;

then Ny is closed.
(i) IfU; is compact forallt € T, u — supter[(u,l, x) — u,z] is usc forall x € X, and

YueW, Ix, €X: sup[(utl,xu) — utz] <0,
teT

then N is closed.
(iv) Ifthe following condition holds

dx e X: sup[(vl,x) — v2] <0,
vey

then N7 is closed.

Proof See Appendix B. O

5 Farkas-Type Results for Infinite Linear Systems with Uncertainty

We retain the notations used in Sections 2, 3, and 4.
Let c € X*, T be an index set (possibly infinite), and let {; be uncertainty set for each
t € T. Consider the robust linear system of the form

(x*,x)y<r, Y&, r)el, VteT,

which is the constraint system of the problem (RLIP.) considered in Section 4.

Based on the stable strong robust duality results established in Section 4, we can derive
the next robust Farkas-type results for the linear systems with uncertainty parameters (for a
short survey on Farkas-type results, see, e.g., [10]).

Corollary 3 (Robust Farkas lemma for linear system I) Let ¥ be the set defined by (10).

The following statements are equivalent:

(i) Forall (c,s) € xR such that inf(RLIP,) > —o0, the next assertions are equivalent:
(@) (x*x)<r Ya*,r)e?V = (c,x) =5,

=% = by . X}E*:—C,
B I, rHe?,Ir=0: {Xff—s.

(i) cone ¥ + R4 (0x+, 1) is convex and closed.
Proof Take (c,s) € X* x R. Set A := {(x*,r,1) : x*,r) € ¥, A € Ry, x* = —¢}

and ®(x*,r,\) = —Ar forall (x*,r, 1) € A. So, sup(RLIDg) = SUP(y+  1)en O(x*,r, ).
From the statements of the problems (RLIP.) and (RLID;), one has

(@) <= inf(RLIP) > s, (18)
@) = (a()z*, F.3) e A: sup(RLID!) > &F* 7, %) = —iF > s). (19)
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e [(ii)) = (i)] Assume that (ii) holds. Then it follows from Theorem 2 (with i = 1),
>il)) < (the stable robust strong duality holds for the pair (RLIPC)—(RLIDCI.))
— (vc € X*, inf(RLIP,) = max(RLIDg)) . (20)
So, for ¢ € X*, if (@) holds then inf(RLIP.) > s and hence, we get from (20),
inf(RLIP,) = max(RLID,) = ®(X*, 7, 1) = —AF > s,

for some (¥*, 7, A) € A, which means that (B) holds, and so [(«) = (B)].
Conversely, if (B) holds, then from (19) and thei weak duality of the primal-dual pair
(RLIPC)—(RLIDZ,), one gets the existence of (x*, 7, 1) € A such that

inf(RLIP,) > sup(RLID)) > & (x*, 7, 1) = —iF > s,

yielding (). So, [(B) = («)] and consequently, we have proved that [(ii)) = (i)].

o[(i) = (ii)] Assume that (i) holds. Take s = inf(RLIP,) € R and ¢ € X*. Then («)
holds and as (i) holds, (B) holds as well. This, together with the weak duality, yields, for
some (X*, 7, A) € A (see (19)),

inf(RLIP,) > sup(RLID}) = ®(x*, 7, 1) = —AF > s = inf(RLIP,),

meaning that the robust dual problem (RLIDLI.) attains and inf(RLIP,.) = max(RLIDLI.).
Since ¢ € X* is arbitrary, the stable robust strong duality holds for the pair (RLIP.)—
(RLIDg). The fulfillment of (ii) now follows from Theorem 2 (with i = 1). (I

Remark 8 Assume that ¥ is a convex and compact subset of X* x R and that the Slater-
type condition (16) holds. According to Propositions 6 and 7, one has A} := cone ¥ +
R4 (0x+, 1) is closed and convex. So, it follows from Corollary 3, («) and () in Corollary 3
are equivalent. This observation may apply to some of the next corollaries.

The next versions of robust Farkas lemmas follows from the same way as Corollary 3,
using Theorem 2 withi = 2,3, and i = 4.

Corollary 4 (Robust Farkas lemma for linear system II) The following statements are
equivalent:
(i) Forall (c,s) € X* xR such that inf(RLIP,;) > —o0, the next assertions are equivalent:

() (x*\x)<r V&x*,r)e? = (c,x)>ys,

|-
(y) FeT, JmeRY: Luesupp :
t

uesupp A it
(i) U;er cocone[l; U {(Ox+, D)}] is convex and closed.
Corollary 5 (Robust Farkas lemma for linear system III), [16, Theorem 5.6], [20, Corol-
lary 3], [12, Theorem 6.1(1)]) The following statements are equivalent:
(1) Forall(c,s) € X* xR, such that inf(RLIP,) > —oo0, the next assertions are equivalent:
(@) (x5 x)<r Vu*,re?V = (c,x)>s5,

1
* Ztesuppk AUy < —s.
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(i)  U,eq cocone[u(T) U {(Ox=, 1)}] is convex and closed, where u(T) := {u, : t € T}
forallu e %.

Corollary 6 (Robust Farkas lemma for linear system IV) The following statements are
equivalent:

(i) Forall (c,s) € X* x R, such that inf(RLIP,.) > —o0, x € X, the next assertions are
equivalent:

(@) (X, x)<r, V&' r eV = (c,x) =5,
() 3t eT, In>0suchthatVx € X, Ve > 0, 3(x5, ro) € Us satisfying

(c+rxl,x) —hrg>s —é,

(i) UteT coneco[U; + Ry (0x+, 1)] is convex and closed.

Remark 9 It worth noting that robust Farkas-type results can be established in the same
way as in the previous corollaries, corresponding to the stable robust strong duality for pairs
(RLIP.)—(RLID{) with j = 5, ..., 9. The results corresponding to i = 6 can be considered
as a version of [20, Corollary 4] with ¥ replacing gph % .

6 Linear Infinite Problems with Sub-affine Constraints

The results in previous sections for robust linear infinite problems (RLIP;) (¢ € X*)
can be extended to a rather broader class of robust problems by a similar approaching.
Here we consider a concrete class of problems: The robust linear problems with sub-affine
constraints.

Denote by P(X*) the set of all the nonempty, w*-closed convex subsets of X*. Let
T be a possibly infinite index set, Uy );er C Po(X*) x R be a collection of nonempty
uncertainty sets. We introduce the sets

Y = Ul/l, and U= HZ/{,.

teT teT

By convention, for each V € P5(X*) x R, we write V = (V!, V?) with V! ¢ X* and
V2 € R. In some case, we also considered V = (V!, V2) € Z(X*) x R as a subset of
the set X* x R by identifying V with V! x {V,}. In the same way, for U € &I, we write
U = (Uprer with U, = (U}, U?) € U, foreacht € T.

For each ¢ € X*, consider the robust linear problem with sub-affine constraints:

(RSAP,) inf(c, x)
subject to o 4, (x) < by, V(A;, by) €Uy, Vi € T, x € X.

Here 0 4, denotes the support function of the set A; C X*,1.e.,04,(x) := SUPy e 4, (x*, x).
We now introduce two robust dual problems for (RSAP,):

(RSAD)) inf —xv2
subjectto V € Y, v = (vl, v2) eV, A>0, c= -l
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(RSAD?) inf— > Ayvg
Uesupp A
subject to (v)yey € Unyey, c=— Y Ayvy, t €T, L€ RY.

Uesupp A

We can state stable robust strong duality for the pairs (RSAPC)—(RSADg) and (RSAP,)-
(RSAD%) which are consequences of Theorem 1.

Corollary 7 (Stable robust strong duality for (RSAP.)) Consider the following statements:

(g1) Ri1:=conel+ Ry (0x*, 1) is a closed and convex subset of X* x R.
(g2) Rz :=;er cocone[U; U {(Ox+, 1)}] is a closed and convex subset of X* x R.
(h1) The stable robust strong duality holds for the pair (RSAPC)—(RSADLI,).
(hy) The stable robust strong duality holds for the pair (RSAPC)—(RSADE).

Then, it holds [(g1) < (h)]. Iffor any V = (V1, V%) € B, V! is a w*-compact subset of
X* then [(g2) < (h2)].

Proof We transform (RSAP,) to the model (RP,) in two different ways, for which the dual
problems in each of such a way is (RSADl) or (RSAD?), and then Theorem 1 applies.

e Proof of [(g1) & (h1)]: We transform (RSAP,) to (RP.) by the setting Z = R,
S=Rt*, U =Vand Gy(-) = ay1(-) — V2 forall V = (V!, V?) € . Then M becomes

Mo= | epihGy)* =conetl+ Ry (Ox+, 1) =R,
(V.OEDXR,

and the dual problem (RD,) is nothing else but (RSADg). The equivalence [(g1) < (h1)]
follows from Theorem 1.

e Proof of [(g2) ¢ (h2)]: Take Z = RY, S = RY, U = T, G; = (071 () = UD)vey
for all + € T. Then the problem (RSAP,) turns to the model (RP,) and in this setting, the
moment cone M becomes:

*

Mo= |J epidGy*= |J epi| Y. )\UUU}(J—UIZ Q1)

(t,A)eTxRS_u) (t,A)eTxR(f) U esupp A

while the dual problem (RD,) now becomes exactly (RSAD%).
Assume that V! is a w*-compact subset of X* forall V = 4 Vz) € Y. Then, oy is
continuous on X forall V = (V!, V2) € 9. This, together with (21), yields

My = U Z Auepi (O'Ull ) — Ulz)* = U cocone [Uy U {(Ox=, D}] = Ra,

(I,}\)ETXRLLU U esupp A teT

and the equivalence [(g2) < (h2)] follows from Theorem 1. O

Using the same argument as the one in Section 5 to get some versions of (stable) robust
Farkas lemma for systems involved sub-affine functions with uncertain parameters. For
instance, from the equivalence [(g1) < (k)] in Corollary 7 we get
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Corollary 8 The following statements are equivalent:
(1) Forall (c,s) € X* x R, next assertions are equivalent:
q
(@”) o (x) <by, YA, by) €Uy, V1 €T = (c,x) > 5.

B o D on AX* = —c
/! £ . ~ ’
B IVew IG*F eV, I=0: {ME_S.

(i) conell + Ry (Ox+, 1) is a closed and convex subset of X* x R.

To conclude this section, we consider an application of the results for (RLIP.)) (the same,
for (RSAP,)) to the linear infinite programming problems. It turns out that even in this
simple case, we are able to derive new results on duality for this class of problems and new
Farkas-type results for systems associated to the problems in the absence of uncertainty.

Example 2 (Linear infinite programming problems) Consider a linear infinite programming
problem of the model
(LIP,) inf{c, x)
st.xe X, {(a;,x) <b,, Vt €T,

where T is an arbitrary (possible infinite) index set, c € X*, a; € X*, and b; € R for all
t € T.Itis clear that the problem is a special case of (RLIP,) and also (RSAP,). In the case
where X = R” this problem is often known as linear semi-infinite problem (see [19] and
also, [8, 9] for applications of this model in finance).

We consider (LIP.) in a new look: a special case of (RLIP.) where all uncertainty sets
U;,t € T, are singletons for all t € T, say, Uy = {(as, b;)}, and then % = [[,.; U; is also
a singleton, say % = {((as, bs))¢er}, while ¥ = {(a;s, b;) : t € T}. Then

e All the three “robust” dual problems (RLID}), (RLID?), (RLID#) of the problem
(LIP.) (considered as (RLIP,)) collapse to

(LID!)  sup[—Ab,]
subjecttot € T, . >0, ¢ = —Aay,
and in this situation, the three moments cones N7, N3, and NV reduce to

& = U cocone{(a;, by), (Ox+, 1)}

teT

e The dual problems (RLID?), (RLID®), (RLID}) of the new-formulated problem
(RLIP,) collapse to

(LID})  sup|— Y kb
tesupp A

subjectto A € R(T), c=— Z Ay,
tesupp A
and moment cones N3, Ng, and A reduce to:
&> :=cocone{(as, b;),t € T; (0x+, 1)}.

The dual problem (LID%) introduced in [19] when X = R”, an in such a setting, when
the uncertainty sets are all singletons, the dual problems (ODP) and (RDSP) in [20] also
collapse to (LID%).
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e The dual problems (RLID?), (RLID]), (RLID?) of the resulting problem (RLIP,)
reduce to:

(LID?) sup inf sup [{(c, x) + (ra;, x) — Ab;],

2>0X€X reT

while “robust” moment cones N5, N7, and N reduce to:
&3 := coneco{(as, b;),t € T; (Oxx, 1)}.

Moreover, for all ¢ € X*, one has (see Remark 7),

2
sup(LIDO) e 1p,).

sup(LID!) < sup(LIDY) =
c

Now, from Theorems 2 and 3, we get principles for stable robust strong duality for (LIP,)
which state as follows:

(i) The next two statements are equivalent:

(e1) &1 is a closed and convex subset of X* x R.
(f1) The stable robust strong duality holds for the pair (LIPC)—(LIDcl.).

(i) Foreachi = 2,3, the following statements are equivalent:

(e;) & is aclosed subset of X* x R. '
(fi) The stable robust strong duality holds for the pair (LIP;)—(LID.).

Similar to what is done in the Section 5, the duality results of the primal-dual pairs of
problems (LIP.)—(LID{), j = 1,2, 3 will give rise to some new variants of generalized
Farkas lemmas for linear infinite systems. Realize this process for j = 2 we will get a
version of Farkas lemma which covers [19, Corollary 3.1.2] (where X = R") while with
j = land j = 3, the resulting versions of Farkas lemmas for linear infinite systems
obtained, due to the best knowledge of the authors, are new, which state as follows:

Farkas lemma for linear infinite systems: Consider the statements:

(i) Forall (c,s) € X* x R, next assertions are equivalent:

(@) (ar,x) <b, V1T = (c,x)>s.
B) FIeT, Ir>0:ra; = —cand Ab; < —s.

(i) Forall (c,s) € X* x R, next assertions are equivalent:

(@) (a,x)<b,VteT = (c,x)>S. .
(8) IL=0:[VxeX,Ve>0,3tgeT: (c+ray,x) —rby +¢& > s].

(iii) J,er cocone{(a;, by), (Ox+, 1)} is a closed and convex subset of X* x R.
(iv) coneco{(as, b;),t € T; (Ox+, 1)} is a closed subset of X* x R.

Then [(i) < (iii)] and [(ii) < (iv)].
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Appendix A: Proof of Proposition 6

®

(i)

(iii)

(iv)

From the proof of Theorem 2 for the case i = 1, we can see that the problem (RLIP,)
can be transformed to (RP) withZ =R, S =R, U =7, G,(-) = v!()—v? forall
v € ¥, and in such a case, M = N]. Observe that the functions v — (v!, x) — vo,
x € X, are concave (actually, they are affine). Together with the fact that ¥ is convex
and Z = R, the collection (v + G,(x))xex is uniformly R -concave. So, in the
light of Proposition 2(i), M is convex, and so is NV].
By the same argument as above, to prove N3 is convex, it is sufficient to show that
the collection (# +— G, (x))xex is uniformly Rf)-concave withid = %,Z =RT
and G,(-) = ((utl, )= u,z),er for all u € % (the setting in the proof of Theorem 2
for the case i = 3). Now, take arbitrarily A, u € Rf) andu, w € %.Let A € ]R(f)
and it € % such that &, = A, + 4, it? = min{u?, w?} and

_ %(ktutl+ﬂtwtl) if A, + s #0,

u =1 .

u, otherwise

( € U as {x* € X*: (x*,r) € U} is convex forall € T). Then, it is easy to check
that

Al x) —ud) + (), x) — w?) < (i), x) —a?) VieT, Vx e X,

and consequently,

DM utx) —u) + Y A Cwlx) —wi) < > Ay, x) — i) Vx € X,
teT teT teT
which means AG,(x) + uGy(x) < AG;(x) for all x € X, yielding the uniform
Rf)-concavity of the collection (u — G, (x))rex. The conclusion now follows from
Proposition 2(i).
Recall that Ny is a specific form of Mg with Z =R, S =R, = T, and G;(-) =
Sup, ey, [(v!,:) —v?]forall t € T (the setting in the proof of Theorem 2 for the case
i = 4). Now, foreacht € T and x € X, asU; = Utl X Z/I,2 (with Z/I,1 C X* and
U? C R), it holds

G:(x) = sup (x*,x) — inf r = sup (x*, x) —infL{tz.
x*el) rel} x*eld)

So, forall x € X, because T is convex, f > SUP, 1 (x*, x) is affine, and ¢ — ian/{,2
T

is convex, the function ¢ +— G,(x) is concave. This accounts for the uniform ]Rf)-
concavity of the collection (f+ — G;(x))xex. The conclusion again follows from
Proposition 2(i).

Consider the ways of transforming (RLIP,) to (RP,) in the proofs of Theorem 3 for
the case i = 6, 7. Note that, in these ways, the uncertain set I{ is always a single-
ton. So, the corresponding qualifying sets (i.e, NVg and A7) are always convex (see
Remark 3).

Appendix B: Proof of Proposition 7

Recallthat V;,i = 1,2, ...,7, are specific forms of M following the corresponding ways
transforming of (RLIP,) to (RP.) considered in the proofs of Theorems 2 and 3. So, to
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prove that ; is closed, we make use of Proposition 2(ii), which provides some sufficient

con

@

(i)

(iii)

(iv)

dition for the closedness of the robust moment cone M.

Fori = 1, let us consider the way of transforming (RLIP,) to (RP,) by setting Z = R,
S=Ry, U =7,and G,(-) = (v',-) —v*forallv € ¥.Forall x € X, it is easy
to see that the function v — G,(x) = (v}, x) — v2 is continuous, and hence, it is
R*-usc (see Remark 1(iii)). Moreover, gph %/ is compact, R is normed space, and
(16) ensures the fulfilling of condition (Cp) in Proposition 2. The closedness of A/}
follows from Proposition 2(ii).

For i = 4, consider the way of transforming with the setting Z =R, S =R, U =T,
and G;(-) = sup,y, [(v!,) —v?] forall # € T. One has that U = T is a compact
set, that r > G;(x) = supvgur[(vl ,X) — v?2] is usc and hence, it is R -usc, and that
Slater-type condition (Co) holds (as (17) holds). The conclusion now follows from
Proposition 2(ii).

Consider the way of transforming which corresponds to i = 5, i.e., we consider
Z=R S=Ry,U =%,and G,(-) = sup,cpl{ul,) —u?lforallu € %. As
U = [l,er Uy, the assumption that I, is compact for all 1 € T which entails the
compactness of 7. The other assumptions ensure the fulfillment of conditions in
Proposition 2(ii) and the conclusion follows from this very proposition.

For i = 7, using the same argument as above in transforming (RLIP,) to (RP,) in the
proof of Theorem 3. As by this way, the uncertainty set is a singleton, and hence, A7
is convex (see Remark 3). Now from Proposition 2(ii), Slater-type condition ensures
the closedness of the robust moment cone N7, as desired.
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