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Abstract

The aim of this paper is to introduce and study a new iterative algorithm for finding a
common element of the set of fixed points of a finite family of multivalued strictly pseudo-
contractive mappings and the set of solutions of equilibrium problems in Hilbert spaces.
Strong convergence of the proposed method is established under suitable control condi-
tions. Application to optimization problems with constraints is provided to support our main
results. Furthermore, numerical example is given to demonstrate the implementability of our
algorithm.The algorithm and its convergence results improve and develop previous results
in the field.
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1 Introduction

Let H be a real Hilbert space and let C be a nonempty, closed and convex subset of H. Let
F be a bifunction of C x C into R, where R is the real numbers. The equilibrium problem
for F is to find x € C such that

F(x,y)>0 VyeC. (D

The set of solutions is denoted by E P (F). Equilibrium problems which were introduced
by Fan [9] and Blum and Oettli [10] have had a great impact and influence on the devel-
opment of several branches of pure and applied sciences. Equilibrium problems include
variational inequality problems as well as fixed point problems, complementarity problems,
optimization, saddle point problems and Nash equilibrium problems as special cases. Equi-
librium problems provide us with a systematic framework to study a wide class of problems
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arising in finance economics, optimization and operation research etc., which motivate the
extensive concern. In recent years, equilibrium problems have been deeply and thoroughly
researched, see [3, 4, 10, 12, 18, 22, 30] and the references therein. However, there are few
iterative algorithms developed for the approximation of solutions of equilibrium problems.

Let (X, d) be a metric space, K be a nonempty subset of X and T : K — 2K be
a multivalued mapping. An element x € K is called a fixed point of T if x € Tx. For
single valued mapping, this reduces to 7x = x. The fixed point set of T is denoted by
Fix(T) :={x € D(T) : x € Tx}.

A point x € X is called an endpoint (or stationary point) of T if x is a fixed point of
T and T (x) = {x}. We shall denote by End(7") the set of all endpoints of 7. We see that
for each mapping 7', End(7") C Fix(T'). Thus, the concept of endpoints seems to be more
difficult (but more important) than the concept of fixed points. However, both concepts are
equivalent when T is a single-valued mapping since, in this case, End(7") = Fix(T). Next
is an example of a multivalued mapping T with Fix(T) # @, Tp = {p} forall p € Tp.

Example 1 Let X = R (the reals with usual metric). Define T : [—1, 1] — 2711 by
X
Tx =1 {0}, x =0,

[3xsind 1], xe(-1,0.

[-1.3xsin L], v e 01,

Then, clearly Fix(T) = {0}.

Many problems arising in different areas of mathematics, such as game theory, con-
trol theory, dynamic systems theory, signal and image processing, market economy and in
other areas of mathematics, such as in non-smooth differential equations and differential
inclusions, optimization theory equations, can be modeled by the equation

x € Tx,

where T is a multivalued nonexpansive mapping. The solution set of this equation coincides
with the fixed point set of T'.

For several years, the study of fixed point theory for multi-valued nonlinear mappings
has attracted, and continues to attract, the interest of several well known mathematicians
(see, for example, Brouwer [7], Kakutani [14], Nash [19, 20]).

Nonsmooth differential equations A large number of problems from mechanics and
electrical engineering leads to differential inclusions and differential equations with discon-
tinuous right-hand sides, for example, a dry friction force of some electronic devices. Below
are two models.

d

d—”t‘ = f(t,u) ae tel:=[—a al, u(0) = uo, )
a, ug fixed in R. These types of differential equations do not have solutions in the classical
sense. A generalized notion of solution is what is called a solution in the sense of Fillipov.

Consider the following multi-valued initial value problem.

—% cu—1— %sign(u —1DonQ=(0,n);
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Under some conditions, the solutions set of equations (2) and (3) coincides with the fixed
point set of some multi-valued mappings.

Let K be a nonempty subset of a normed space E. The set K is called proximinal (see,
e.g., [21]) if for each x € E, there exists u € K such that

dx,u) =inf{||lx —y|| : y € K} =d(x, K),

where d(x,y) = ||lx — y|| for all x,y € E. Every nonempty, closed and convex subset
of a real Hilbert space is proximinal. Let CB(K), K(K) and P(K) denote the family of
nonempty closed bounded subsets, nonempty compact subsets, and nonempty proximinal
bounded subsets of K respectively. The Hausdorff metric on C B(K) is defined by:

H(A, B) = max =supd(a, B), supd(b, A)}
acA beB

for all A, B € CB(K). A multi-valued mapping 7 : D(T) € E — CB(E) is called

L-Lipschitzian if there exists L > 0 such that

H(Tx,Ty) < L|x =yl Vx,ye D).

When L € (0, 1), we say that T is a contraction, and T is called nonexpansive if L = 1.

Different iterative processes have been developed to approximate fixed points of multi-
valued nonexpansive mappings (see, e.g., [1, 15] and the references therein) and their
generalizations (see, e.g., [13]).

Recently, viscosity iterative algorithms for finding a common element of the set of fixed
points for single-valued nonexpansive mappings and the set of solutions of variational
inequality problems have been investigated by many authors; (see, e.g., [21, 31] and the ref-
erences therein). For example, Moudafi [16] introduced the explicit viscosity approximation
method for nonexpansive mappings.

Let C be a nonempty, closed and convex subset of a real Hilbert space H.Let f : C — C
be a contraction mapping and 7' be a single-valued nonexpansive mapping on C. Let {x,}
be a sequence defined by

{XOEC, @)

Xn+1 = oy [ (xp) + (1 — o) Txp,

where {o,} is a sequence in (0, 1). Then, the sequence {x,} generated by (4) converges
strongly to x* € Fix(T"), which is a unique solution of the following variational inequality:

(x* = f(x*),x* = p) <0 Vp e Fix(T).

In 2007, Takahashi and Takahashi [27] investigate Moudafi’s viscosity method (4) for find-
ing a common element of the solutions set of (1) and the fixed points set of a nonexpansive
mapping in a Hilbert space, and proved the following strong convergence theorem.

Theorem 1 [27] Let C be a nonempty, closed and convex subset a real Hilbert space H.
Let F be a bifunction from C x C — R satisfying the following assumptions:

(Al) F(x,x)=0forallx € C;
(A2) F is monotone, i.e., F(x,y)+ F(y,x) <O0forallx,y € C;
(A3) foreachx,y,z €C,

lim F(tz+ (1 —t)x,y) < F(x, y);
t—0

(Ad) foreachx € C,y — F(x,y) is convex and lower semicontinuous.
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Let f : C — C be a contraction and T : C — C be a nonexpansive mapping such that
Fix(T) N EP(F) # 0.
Let {x,} and {u,} be sequences defined iteratively from arbitrary xo € C by:
i Futn, y) + 3y = ttn, un —x) 20 Vy €C,
Xn+1 = oy [ (X)) + (1 — ) Tuy,
where {o,} C (0, 1) and {r,} C]0, oo satisfy:

&)

®H limy o0, =0;
(i) Z;.,oz() loty — an—1| < 00;
(i) limu—ooinfr, > 0and Y 02 [ras1 — ral < 00

Then, the sequences {x,} and {u,} generated by (5) converge strongly to x* € Fix(T) N
EP(F).

The important class of single-valued k-strictly pseudo-contractive maps on Hilbert
spaces was introduced by Browder and Petryshyn [2] as a generalization of the class of
nonexpansive mappings.

Definition 1 Let K be a nonempty subset of a real Hilbert space H. Amap T : K — H is
called k-strictly pseudo-contractive if there exists k € (0, 1) such that

ITx = Ty|* < llx — yII* +kllx —y — (Tx = Ty)|I* Vx,y € K.

Motivated by approximating fixed points of multivalued mappings, Chidume et al.
[8] introduced the following important class of multivalued strictly pseudo-contractive
mappings in real Hilbert spaces which is more general than the class of multivalued
nonexpansive mappings.

Definition 2 A multi-valued mapping T : D(T) € H — CB(H) is said to be k-strictly
pseudo-contractive, if there exists k € (0, 1) such for all x, y € D(T), we have

(H(Tx. Ty)’ < |lx = yIP +klGx —uw) — (y = 0)I* YueTx,veTy. (6)

If k = 1 in (6), the map T is said to be pseudo-contractive.

Remark 1 1t is easily seen that any multivalued nonexpansive mapping is k-strictly pseudo-
contractive for any k € (0, 1). Moreover, the converse is not true (see, for example, Djitte
and Sene [20]).

With this definition at hand, many mathematicians proved some strong convergence the-
orems for approximating fixed points of multivalued k-strictly pseudo-contractive mappings
under some compactness conditions (see, for example, Sene et al. [24], Chidume et al. [8]).

Motivated by Takahashi and Takahashi [27] and the fact that the class of multivalued
strictly pseudo-contractive mappings properly includes that of multivalued nonexpansive
maps, we construct a new iterative algorithm which is a combination of Krasnoselskii—
Mann algorithm and viscosity method for approximating a common element of the set of
fixed points of a finite family of multivalued strictly pseudo-contractive mappings and the
set of solutions of equilibrium problems which is also the solution of some variational
inequality problems. Furthermore, we applied our main results to constrained convex min-
imization problems. The algorithm and results presented in this paper improve and extend
some recents results. Finally, our method of proof is of independent interest.
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2 Preliminaries

Let us recall the following definitions and results which will be used in the sequel.

Let H be a real Hilbert space. Let {x,} be a sequence in H and let x € H. Weak con-
vergence of x, to x is denoted by x,, — x and strong convergence by x, — x. Let K be a
nonempty, closed convex subset of H. The nearest point projection from H to K, denoted
by Pk assigns to each x € H the unique Pgx with the property

lx — Pgxll < lly — x|
for all y € K. It is well known that Pk x satisfies
(x — Pgx,y — Pgx) <0
forall y € K.
Definition 3 Let H be a real Hilbert space and T : D(T) C H — 2H pe a multivalued

mapping. I — T is said to be demiclosed at O if for any sequence {x,} C D(T) such that
{x,} converges weakly to p and d(x,, T x,) converges to zero, then p € Tp.

Lemma 1 (Demiclosedness principle, [6]) Let H be a real Hilbert space, K be a nonempty
closed and convex subset of H. Let T : K — CB(K) be a multivalued nonexpansive
mapping with convex-values. Then I — T is demi-closed at zero.

Lemma 2 [7] Let H be a real Hilbert space. Then for any x,y € H, the following
inequality hold:

I+ yI? < x> +2(y, x + y).
Lemma 3 (Xu, [29]) Assume that {a,} is a sequence of nonnegative real numbers such that

an+1 < (1 — ap)a, + ayop for all n > 0, where {o,} is a sequence in (0, 1) and {0y} is a
sequence in R such that

@ Yoo =00
(b) limsup,_, ., 0n <0o0r Y o2 lona,| < oco.

Then lim,,_, 5 a, = 0.
Lemma 4 [17] Let K be a nonempty closed convex subset of a real Hilbert space H and
T : K — K be a mapping.

(i) If T is a k-strictly pseudo-contractive mapping, then T satisfies the Lipschitzian
condition

1+
ITx = Tyl < 5=

(i) IfT is a k-strictly pseudo-contractive mapping, then the mapping I — T is demiclosed
at 0.

kII I
X — .
X y

Lemma 5 (Sene etal. [24]) Let K be a nonempty, closed and convex subset of a real Hilbert
space H and ); €10, 1[,i =1, ..., n such that Z?:l Ai = 1. Then,

n
D i
i=1

2 n

=Y Ml =Y Mirjllui —upll> ¥ K

= illui |l i ]“uz u/” Uy, uz, ..., Uy € K.
i=1

i<j
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The following lemma appears implicitly in [10].

Lemma 6 [10] Let C be a nonempty closed convex subset of H and let F be a bifunction of
C x C into R satisfies (Al)—(A4). Let r > 0 and x € H. Then, there exists z € C such that

1
F(Z,y)-l-;(y—z,z—x)zo Vy e C.

The following lemma was also given in [28].

Lemma 7 [28] Assume that F : C x C — R satisfies (Al)—(A4). Forr > O and x € H,
define a mapping T, : H — C as follows

1
T, (x) = {ZEC, F(Z,y)-i-;(y—z,z—x) > 0, VyeC}

forall x € H. Then, the following hold:

1. T, is single-valued;

T, is firmly nonexpansive, i.e., | T,(x)=T,(0)||> < (T,x—T,y, x—y) foranyx,y € H;
Fix(T,) = EP(F),

EP(F) is closed and convex.

Sl

3 Main Results
We now prove the following result.

Theorem 2 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F be a bifunction from C x C — R satisfying (Al)—-(A4) and f : C — C be a
contraction with coefficient b. Let m > 1 be a fixed number and for 1 < i < m, let
T; : C — CB(C) be a multivalued k;-strictly pseudo-contractive mapping such that G :=
ML Fx(T)NEP(F) # Wand T;p = {p} Vp € G.

Let {x,} and {v,} be sequences defined iteratively from arbitrary xo € C by

F(u,, y) + i(y — Un, Un _?Cn> >0 VyeC,
Yo = AoUn + Y iiq i, uly € Tivy, (7N
Xn+1 = anf(xn) + (1 - Otn)yn’
where Ao €], 1[, p := max{k;,i = 1,...,m} and X; €]0, 1[ such that {o,} C (0, 1) and
{rn} C10, ool satisfy:

1) limy o0, =0,

(i) > Zg0om = o0,
(i) Ao+A 4+ Ay =1,
@(iv) lim,_ o infr, > 0.
Assume that the mappings 1 — T; are demiclosed at the origin. Then, the sequences {x,}
and {y,} generated by (7) converge strongly to x* € G, which is the unique solution of the
variational inequality:

(@ = f(x™),x" —p) <0 Vpeg. ®)
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Proof From (I — f) is strongly monotone and G is closed convex, then the variational
inequality (8) has a unique solution in G. Below, we use x* to denote the unique solution of

(8).

Let p € G. Then from v, = T}, x,, we have
v, — pll = 1 Ty, xn — Tp, pll < llxn — pll V= 0.

We prove that the sequences {x,} and {y,} are bounded. Using (7) and Lemma 5, we have

2
m
) .
lyn = x*1> = | RoCun — x*) + D Ai(tly — x*)
i=1
m m
= hollon — X7+ Y dilluly = x* 17 =Y hohiluly, — val?
i=1 i=1
m
i j 112
— > Mkl = un
I<i<j
Using that, fori = 1,...,m, Tjx* = {x*}, we get

m m
5 ,
yn = 511 < Aollow — x*I7 + > & (H(Tiva, Tix®™)™ = Y hokilluh, — val)?
i=l1

i=1
m
i Jy2
= > hikjllul = un
I<i<j

Since, fori =1, ..., m, T; is k;-strictly pseudo-contractive, we have

m
ln = <512 < Rolln = 12+ 32 2 (Jlvw = 17 + Killu, = va?)
i=1
m m X
=Y aokilluh —vall> = Y Aikjllul, —unll?.
i=1 I<i<j
Hence,
m
Iy = X*11% < llow — x*17 = > Ao — k) lluly, — vall*. ©
i=1
Since Ag €]u, 1[, we obtain
yn = X1 < llvg — X1 < flxg — x*]. (10)

From (7) and (10), we have

Xn41 = X*| = llen f(xn) + (1 — ) yn — x*||
< apllf(xn) = FOEN+ A —a)llyn — x¥ [ + ol f (™) — x|
< (I —an(I =) llxp — x*|| + apll f(x™) — x¥||
ILf(x™) —x*|l
< max {”-xn —x*|, JCIT .
By induction, it is easy to see that

n>1.

llxn —x*|| < maX{IIXO — X",

llf(X*)—X*ll}
1-b ’
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178 T.M.M. Sow

Hence, {x,} is bounded and also are { f (x,)}, and {y;}.

Consequently, by inequality (9) and property of 1 we obtain
llotn f () + (1 = @)y — x*|I?
llotn (f () = %) + (1 = @) (3 — x|
ol f Gen) = X1 + (1= ) llyn — ¥
+20, (1 — ) || f (xn) — x|l yn — ™|l
ol f ) = 17+ (1= @) llog — 2%

2
Xn1 — 2™l

IATA

IA

m

—(=a)* > 200 — ki)l — v >
i=1

20, (1 = )| £ Cen) = x* [l — x*].

Thus, forevery i, 1 <i < m, we get

m
(A= a)* D hiho = ki)lluey = vall* < llxw = x> = a1 — x*|* + gl £ (ra) — x|
i=1
+2a, (1 = ap) || f () — X[ 120 — x|
Since {x,} and {f(x,)} are bounded, there exists a constant B > 0 such that for every
i, 1 <i<m,

m
(=) Y " hiCho — k)l = vall* < vy = x*I* = by — x* I +0nB. (1)

i=1
Now we prove that {x,} converges strongly to x*. We divide the rest of the proof into two
cases.

Case 1 Assume that there is ng € N such that {||x, — p||} is decreasing for all n > nyg.
Since {||x, — x*||} is monotonic and bounded, {||x, — x*||} is convergent. Clearly, we have
b = 1% = 41 = x> = 0.

This implies from (11) that
m
. i 2 .
nlgr;oni(xo — k)il — v, P =0 Vi=1,...,m.
i=1
Since Ag €]u, 1[, we have
lim v, —ul|? =0.
n—0o0

Since u; € T;v, for each n, it follows that

lim d(v,, T;v,) =0 VYi=1,...,m. (12)
n—>00
Let p € G, then for each n, we have
lva = pII> = T, %0 — T, plI?
< T, xn — T, p, Xn — p)
< vy — p,xp — p)

1
5 Ulvn = pI + l1x0 — pII* = l1xn — val?)
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and hence,
lon — plI* < 12 = I = llxa — vall. (13)
Therefore, from (7) and inequality (13), we get
llown f () + (1 = o)y — x*|?
< (1= an)?llyn — x| + 200 ( f () — X*, X1 — x¥)
< (1= an)?llon — x*|1* + 200 ( f () — X*, Xt — x¥)
< (1= an)?llon — x*[1* + 200 ( f () — f(X*), X1 — x¥)
+2an(f(x*) —x¥, Xn4+1 — x*)
< (I=at)* ([l =™ 1> = 1 — v 1) 4200 B 150 — ™[ 1 X 41 —x* |
F200 | f (%) = X041 — x|
= (1 =20, + ap)llxn — x* |7 — (1 — &) * %0 — val®
F20nb 12 — x* %01 — x|+ 200 || f () =x* | |41 — x|
< 2 = X7 4+ anllxn — 312 = (1 — o) [lx — v )12

n n_#< n+1_* n ) —x* n+1_*,
+2a,bllx, — x7 [l x X+ 2 [l f ) —xT | x x|

2
%01 — X"

and hence
2 2 2 2 2
(=) 1xn = vall” < Ml =2 1" = 1 Xnp1 =X 17 et [l —x™ |
+20, b || X0 =2 1 x0 41 =X |42 | f (™) =2 ||| 4-1 =X
So, we have
lim ||x, — v, = 0.
n—o0

Next, we prove that limsup,,_, , . {(x* — f(x*), x* —x,) < 0. Since H is reflexive and {x,}
is bounded, there exists a subsequence {xp;} of {x,} such that x, j converges weakly to a in
C and .

limsup(x® — f(x*),x* —x,) = lim (x* — f(x™), x" — x;).
n—+00 Jj—=+oo

From (12) and the fact that the operators / — 7; are demiclosed, we obtaina € ﬂ:"z | Fix(T)).
Without loss of generality, we can assume that v, — a. Letus show a € E P (F). It follows

by Lemma 7 and (A2) that
1
—(y — Un, vy — Xp) = F(y, vp)
'n

and hence
Uy — Xy
<y — Unyg, > F(y, vnk)-
Tny

Since U""rﬁ — 0 and v,, — a, it follows from (A4) that F'(y,a) < Oforall y € C. For¢
"k
withO <t <landy e C,lety, =ty+ (1l —t)a.Sincey € Canda € C, we have y; € C
and hence F(y;, a) < 0. So, from (A1) and (A4) we have
0=Fy) <tF(ye,y) + (A =0 F(yr,a) <tF(y, y)

and hence 0 < F(y;, y). From (A3), we have F(a,y) > 0 for all y € C and hence
a € EP(F). Therofore, a € G.
Hence,
limsup(x® — f(x*),x* —x,) = lLm (x* — f(x®), x* — xp,)
n— 400 —>+00

(" = f(x™), x" —a)) <0.
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Finally, we show that x,, — x*. From (7) and Lemma 2, we get that
P41 =212 = lletn f ea) + (1 = @) yn — ¥
< e (f () = F ) + (1 = ) 0 — x|
+20 (x* — f(x"), X" — Xn41)
< (@l f@) = LI+ 1A = @) n — x9)1)?
+2a (x* = f(x*), X" = Xnp1)
<(enblloen —x* 1+ (1 =) lyn —x* ) > +20 (x* = F (), x* —xp41)
< (1= (1 = b))y = x*11)7 + 2en (6™ = F(*), %" = xy1)
< (1= o (1 = D)y = x*I7 + 20 (" = f (™), x* = xap1).
From Lemma 3, its follows that x, — x*.
Case 2 Assume that the sequence {||x, — x*||} is not monotonically decreasing. Set B, =

X —x*||> and T : N — N be a mapping defined for all n > ng (for some ng large enough)
by t(n) = max{k e N: k <n, By < Br4+1}.

We have 7 is a non-decreasing sequence such that t(n) — oo asn — oo and By(y) <
Brny+1 forn > ng. Leti € N*, from (11), we have

(1= arm) Z)»i (ko — ki) ’ Vi) = Uy | = @z B.
i=1
Furthermore, we have
n 2
n—lir—}r—loo Z}\i()\.o — kl‘) ‘ Ur(n) — ulr(n) = O.

i=1
Since Ag €]u, 1[, we can deduce

. 2
lim =0.
n—0o0

Ur(n) — ulr(n)
Since ui(n) € T;vz(n), it follows that
11li>nolod (vt(n), T,-vr(n)) =0 Vi= 1, ., m.

By a similar argument as in Case 1, we can show that x(,) and y.(,) are bounded in C and
lim sup, ;) 4 oo (X* — f(x*), x* — X)) < 0. We have for all n > ny,

0

IA

ey +1 = 217 = e — 22
<t [~(1 = B)lxem — ¥ 1P + 206" = £, ¥ = Xean) ]

which implies that

[l () — x* |1 < T T )X = xe)-

—b
Then, we have
lim [|x;() — x*? = 0.
n— 00

Therefore,
lim Br(n) = lim B‘L’(Vl)+1 =0.
n— 00 n— 00
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Furthermore, for all n > ng, we have B;(,) < Brn)+1 if n # t(n) (thatis, n > t(n));
because B; > B for t(n) + 1 < j < n. As consequence, we have for all n > no,

0 < B, <max{B:(), Brm)+1} = Br()+1-

Hence, lim,,—, » B, = 0, thatis {x, } converges strongly to x*. This completes the proof. [

We now apply Theorem 2 when multivalued mappings are nonexpansive mappings with
convex-values. In this case demiclosedness assumption is not necessary.

Theorem 3 Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
F be a bifunction from C x C — R satisfying (Al)—(A4) and f : C — C be a contraction
with coefficient b. Let m > 1 be a fixed number and 1 < i < m, letT; : C — CB(C)
be a multivalued nonexpansive mapping and convex-values such that G := (7, Fix(T;) N
EP(F)#@andT;p = {p}Vp € G.

Let {x,} and {v,} be sequences defined iteratively from arbitrary xo € C by:

Fn,y) + 5(y = Un, vy — ) 2 0 ¥y € C,
Vi = AVn + iy hiul, ul, € Tivp, (14)
Xpp1 = oy f(xn) + (1 — an)yn,

where A; €10, 1[, i =0, ..., m such that {«,,} C (0, 1) and {r,} CJO, oo[ satisfy:

1) lim,se0a, =0,

(i) 2o =00,
i) Ao+Arr+---+r,=1
@iv) lim,_ o infr, > 0.

Then, the sequences {x,} and {v,} generated by (14) converge strongly to x* € G, which is
a unique solution of the following variational inequality (8).

Proof Since every multivalued nonexpansive mapping is multivalued strictly pseudo-
contractive mapping, then, the proof follows from Lemma 1 and Theorem 2. O

Since every single-valued mapping can be viewed as a multivalued mapping, we obtain
from Lemma 4 the following corollary.

Corollary 1 Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let
f : C — C bea contraction with coefficient b. Let m > 1 be a fixed numberand1 <i < m,
let T; : C — C be a ki-strictly pseudo-contractive mapping such that (\;—, Fix(T;) # 0.
Let {x,} and {v,} be sequences defined iteratively from arbitrary xo € C by:

Yn = Aovn + D_imy AiTixn, 15)
Xn+1 = anf(-xn) + (1 - an)yn,
where Loy €], 1[, w ;= max{k;, i =1,...,m}, A; €10,1[,i =1, ..., m and {o,} is a real
sequence in (0, 1) satisfying:
@ limy o0, =0,
(i) Y oplgon =00,
(i) Ao+Ar+---+Ay=1
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Then, the sequences {x,} and {v,} generated by (15) converge strongly to x* € (/L Fix(T}),
which is the unique solution of the variational inequality
m
(x* — f(x*),x* = p) <0 Vp e Fix(T)).
i=1
Proof Put F(x,y) = Oforallx,y € C and r,, = 1, we get u, = x, in Theorem 2. The
proof follows from Theorem 2 and Lemma 4. O

Let K be a nonempty, closed and convex subset of a real Hilbert space, let T : K —
P(K) be a multivalued map and Pr : K — CB(K) be defined by

Pr(x):={yeTx: |y—x|=dx Tx)}

We will need the following result.

Lemma 8 (Song and Cho [25]) Let K be a nonempty subset of a real Banach space and
T : K — P(K) be a multi-valued map. Then the following are equivalent:

i) x* e Fix(T);
(i) Pr(x*) = {x*};
(iii) x™ € Fix(Pr). Moreover, Fix(T) = Fix(Pr).

Now, using the similar arguments as in the proof of Theorem 2 and Lemma 8, we obtain
the following result by replacing 7 by Pr and removing the rigid restriction on Fix(T')

(Tp ={p}¥p e F(T)).

Theorem 4 Let C be a nonempty, closed and convex subset of a real Hilbert space H.
Let F be a bifunction from C x C — R satisfying (Al)—-(A4) and f : C — C be a
contraction with coefficient b. Let T : C — CB(C) be a multivalued mapping such that
G :=Fix(T) N EP(F) # 0. Assume that Pr is k-strictly pseudo-contractive.

Let {x,} and {v,} be sequences defined iteratively from arbitrary xo € C by:

Fn, ) + 3y = Un vy —x2) 20 Vy € C,
Yn = Aovu + (1 — Ap)upn, u, € Pruy, (16)
Xp1 = oy f(xn) + (1 — )y,
where Ly €lk, 1[ and {a,} C (0, 1) and {r,} C]0, ool satisfy:
1 limyoa, =0,

() Y olgon =00,
Gii) lim, o infr, > 0.

Assume that the mappings I — Pr is demiclosed at the origin. Then, the sequences {x,} and
{yn} generated by (16) converge strongly to x* € G, which is the unique solution of the
variational inequality:

(* = f(x™),x" —p) <0 VpeG.

4 Application to Constrained Optimization Problems

Convex optimization theory is a powerful tool for solving many practical problems in
operational research. In particular, it has been widely used to solve practical minimization
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problems over complicated constraints [5, 11], e.g., convex optimization problems with a
fixed point constraint and with a variational inequality constraint. Consider the following
constrained optimization problem: Let C be a nonempty, closed and convex subset a real
Hilbert space H. Given a convex objective function g : C — R, the problem can be
expressed as

Minimize g(x) subjectto x € C.

The set of solutions of (17) is denoted by Sol(g).

Proposition 1 [26] Let H be a real Hilbert space. Let A : H — H be a monotone mapping
such that K := D(A) is closed and convex. Assume that A is bounded on bounded subsets
and hemi-continuous on K. Then, the bifunction F (x, y) := (Ax, y —x) satisfies conditions
(Al)—(A4).

The following basic results are well known.

Lemma 9 Let H be a real Hilbert space and K be a nonempty closed and convex subset
of H. Let g : H — R be a real valued differentiable convex function. Let Vg : K — H
denotes the differential map associated to g. Then the following hold. If g is bounded, then
g is locally Lipschitzian, i.e., for every xo € K and r > 0, there exists y > 0 such that g is
y-Lipschitzian on B(xo, r), i.e.,

l8(x) =gl =ylx =yl VYx,ye Blxo,r).
Lemma 10 Let K be a nonempty, closed convex subset of H and let g : K — R a real

valued differentiable convex function. Then x* is a minimizer of g over K if and only if x*
solves the following variational inequality (Vg(x*),x — x*) > O forall x € K.

Remark 2 Let K be a nonempty, closed convex subset of H. Let g : K — R a real valued
differentiable convex function. It is well known that the differential map associated to g is
monotone.

Lemma 11 Let K be a nonempty, closed and convex subset of a real Hilbert space H and
g : K — R be a real valued differentiable convex function. Assume that g is bounded. Then
the differentiable map, Vg : K — H is bounded.

Proof For xo € K and r > 0, let B := B(xp, r). We show that Vg(B) is bounded. From
Lemma 9, there exists ¥ > 0 such that

lgx) =g <vylx—yll Vx,y€B. )

Let z* € Vg(B) and x* € B such that z* = Vg(x*). For u € H, since B is open, there
exists # > 0 such that x* +tu € B. Using the fact that z* = Vg(x*), the convexity of g and
the inequality (17), it follows

(", tu) < g(x™ +tu) — g(x™) < tyul.
So that, (z*, u) < y|lu|| Yu € H. Therefore, ||z*|| < y. Hence, Vg(B) is bounded. O
Theorem 5 Let C be a nonempty, closed and convex subset of a real Hilbert space H.

Let g : C — R a real valued continuously differentiable convex and bounded function
and f : C — C be a contraction with coefficient b. Let m > 1 be a fixed number and
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1 <i<mletT;: C — CB(C) be a multivalued k;-strictly pseudo-contractive mapping
such that G = ()7L, Fix(T;) N Sol(g) # W and T;p = {p} Vp € G. Assume that I —T; are
demiclosed at the origin.

Let {x,} and {v,} be sequences generated iteratively from arbitrary xo € C by:

(Vgn), y —vy) + %(y —VUn, Uy —Xz) 20 Vy € C,

Yn = AoUp + Z:'nzl )\'iufg’ uiz € Tivy,

Xn+1 = oy [ (xp) + (1 — 0tn) yn,
where Ao €], 1[, pu := max{k;, i = 1,...,m} and A; €]0, 1] such that {o,} C (0, 1) and
{r,} C10, ool satisfy:

(1) limseo 0, =0,

(ii) Z;’;O ay = 00,
(i) ro+Ari+--+rp=1
(iv) limy,_ oo infr, > 0.

Then, the sequence {x,} converges strongly to x* solution of (17).

Proof Let F(x,y) := (Vg(x),y — x) for all x, y € C. From the properties of g, Proposi-
tion 1, Remark 2 and Lemma 11, it follows that Vg is monotone, continuous and bounded
on bounded subset on C. So, F' satisfies (A1)—(A4). Using the assumption that (17) has a
solution and Lemma 10, we have x* is solution of (17) if and only if x* € E P(F). Then,
the proof follows from Theorem 2. O

5 Numerical Example

In this section, we present a numerical example to illustrate the convergence behavior of our
iteration scheme (16).
Let (-, -) : R? x R? — R be the inner product defined by

(x,y) =x1-y1+x2-y2+x3-y3

and let || - | : R® — R be the usual norm defined by ||x|| = v/x12 + x22 + x,2 for any
x = (x1,x2,x3) € R3. Forall x € R3, let T : R? — CB(R?) defined by

[0, %], x € (0, 0)%,
Tx = { [%,0], x € (—o0, 0.

Then Pr is strictly pseudo-contractive. In fact, Pr(x) = {%} for all x € R3. It is easy to
see that Fix(T) = {0}. Let F(x,y) = y> + yx — 2x%, f(x) = tx and T,(x) = {z €
R3, f(z,y) + }(y —2z,z—x) > 0Vy € R3}. We can observe that T} (x) = H_%x and
0 e Fix(T)NEP(F).Chooser =1, o, = ﬁ and Ao = % Then, the scheme (16) can be
simplified as

Up = }Txna

Yn = 16*Xn>

Xntl = o590 + TootgXn. 1> 1.
Taking the initial point x; = (1, 2, 3), the result of the numerical example obtained by using
MATLAB is given in Fig. 1 where it is shown that the sequence of iterates {x,} strongly
converges to 0.
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Xn1
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Fig.1 Two dimensions
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