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Abstract

The purpose of this paper is to obtain the existence of common fixed points of family of mul-
tivalued mappings satisfying generalized F-contraction conditions in ordered metric spaces.
Some examples are presented to support the results proved herein. Our results generalize
and extend various comparable results in the existing literature.
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1 Introduction and Preliminaries

To study necessary conditions for existence of fixed points of mappings satisfying certain
comparison conditions on partially ordered domains equipped with an appropriate distance
structure is an active area of research.

The existence of fixed points in partially ordered metric spaces was first considered in
2004 by Ran and Reurings [18], and then by Nieto and Lopez [15]. Later, in 2016, Nieto
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et al. [16] studied random fixed points theorems in partially ordered metric spaces. Further
results in this direction under different contractive and comparison conditions were proved
in[2, 3,7, 8].

The theory of multivalued maps has various applications in convex optimization, dynam-
ical systems, commutative algebra, differential equations, and economics. Markin [13]
initiated the study of fixed points for multivalued nonexpansive and contractive maps. Later,
a rich and interesting fixed point theory for such maps was developed; see, for instance
[6, 8, 10]. Recently, Wardowski [21] introduced a new contraction called F-contraction
and proved a fixed point result as a generalization of the Banach contraction principle.
Very recently, in 2018, Wardowski [22] studied the existence of fixed points of nonlinear
F-contraction and sum of this type mapping with a compact operator. Minak et al. [14]
proved some fixed point results for Cirié-type generalized F-contraction. Abbas et al. [4]
obtained common fixed point results employing the F-contraction condition. Further, in this
direction, Abbas et al. [5] introduced a notion of generalized F-contraction mapping and
employed these results to obtain fixed point of generalized nonexpansive mappings on star-
shaped subsets of normed linear spaces. Further useful results in this direction were proved
in [11, 22].

The aim of this paper is to prove some common fixed point theorems for a family of
multivalued generalized F-contraction mappings without using any commutativity condi-
tion in the setup of partially ordered metric space. These results extend and unify various
comparable results in the existing literature [1, 12, 19, 20].

In the sequel, the letters N, R, R will denote the set of natural numbers, the set of
positive real numbers, and the set of real numbers, respectively.

Consistent with [21] and [8], the following definitions will be needed in the sequel.

Let / be the collection of all mappings F : R4 — R such that the following conditions
hold:

(F1) F is strictly increasing, that is, for all o, 8 € Ry such that @ < B implies that

F(x) < F(B).
(F,) For every sequence {a,} of positive real numbers, lim, oo, = 0 and
lim,, » F(a,) = —00 are equivalent.

(F3) There exists h € (0, 1) such that lim,,_, o+ o F(a) = 0.

Latif and Beg [12] introduced a notion of K-multivalued mapping as an extension of
Kannan mapping to multivalued mappings. Rus [19] coined the term R-multivalued map-
ping as a generalization of a K-multivalued mapping. Abbas and Rhoades [1] gave the
notion of a generalized R-multivalued mappings, which in turn generalized R-multivalued
mappings, and obtained common fixed point results for such mappings.

Let (X, d) be a metric space. Let P(X) (P, (X)) be the family of all nonempty (nonempty
and closed) subsets of X.

A point x in X is a fixed point of a multivalued mapping 7 : X — P(X) if and only if
x € Tx. The set of all fixed points of multivalued mapping 7 is denoted by Fix(T').

Definition 1 Let (X, <) be a partially ordered set. We define

Ar={(x,y) e X xX:x <Xy}

and
Ay ={(x,y)e X xX:x<yory<ux}
That is, Aj is the set of all comparable elements of X.
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Common Fixed Points of Family of Multivalued F-Contraction Mappings... 13

Definition 2 Let (X, <) be a partially ordered set, A and B two nonempty subsets of
(X, x). We say that A <| B, whenever for every a € A, there exists b € B such thata < b.

Now, we give the following definition:

Definition 3 Let {7;}!" | be a family of mappings such that 7; : X — P (X) for each
ie{l,2,...,m}and T,y = T1. The set {T;}], is said to be

1. Fi-contraction family, whenever for any x, y € X with (x,y) € Ay and u, € T;(x),
there exists u, € Tiy1(y) fori € {1,2,...,m} with (uyx,uy) € Ay such that the
following condition holds

T(U(x, yiux, uy) + F (d(uy, uy)) < FUX, y; uy, uy)),
where 7 : R4 — Ry is a mapping with liminf,_, ,+ t(s) > O for all # > 0 and

d(x, ”y) +d(y, ux)}
2 .

U(x, y; uy, uy) = max {d(x7 ¥),d(x,uy),d(y, uy)’
2. F»-contraction family, whenever for any x, y € X with (x,y) € Ay and u, € T;(x),
there exists uy € T;y1(y) fori € {1,2, ..., m} with (uy, uy) € A3 such that
T(U(x, yiux, uy) + F (duy, uy)) < FUx, y; uy, uy))

holds where t : R — R, is a function such that liminf,_,,+ t(s) > O forall r > 0
and

Us(x, y;ux,uy) =ad(x,y) + Bd(x,ux) + yd(y,uy) + 81d(x, uy) + d2d(y, uy)
fora, B,y,61,0620>0,61 <& witha+B+y+§+8 <1
Note that for different choices of mappings F, one can obtains different contractive
conditions.

Recall that, amap T : X — P (X) is said to be upper semi-continuous, if for x, € X
and y, € Tx, with x, — xp and y, — Yo, then we have yg € T xg.

2 Common Fixed Point Theorems

In this section, we obtain several common fixed point results for family of multivalued
mappings in the framework of partially ordered metric space. We begin with the following
result.

Theorem 1 Let (X, d, X) be a partially ordered complete metric space and {T;}_ | an
F1-contraction family of multivalued maps. Then, the following hold

(i) Fix(T;) # @D foranyi € {1,2,...,m} if and only if Fix(Ty) = Fix(T») = --- =

Fix(T,,,) # 0.

(i) Fix(T1) = Fix(Tp) = --- = Fix(T;,) # @ provided that there exists some xo € X
such that {xo} <1 Ti(xg) for any k € {1,2,...,m} and any one of T; is upper
semi-continuous fori € {1,2, ..., m}.

(iii) N7, Fix(T;) is well ordered if and only if N[ | Fix(T;) is a singleton set.
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14 Mujahid Abbas et al.

Proof To prove (i): Let x* € Ty (x™) forany k € {1, 2, ..., m}. If x* & Ty1(x*), then there
exists an x € T4 (x*) with (x*, x) € A; such that

(U™, x* x*, x) + F(d(x*, x)) < F(U(x*, x*; x*, x)),

holds, where

d *’ d *, *
U(x*,x*;x*,x):max{d(x*,x*),d(x*,x*),d(x,x*), ot x) + 4G x)}

2
= d(x, x%).

Thus, we have
T(d(x*, x)) + F(d(x*,x)) < F(d(x", x)),

a contradiction as t(d(x*, x)) > 0. Thus x* = x. Hence, x* € T4 (x*) and Fix(T;) <
Fix(Ty41). Similarly, we obtain that Fix(Tg+1) € Fix(Ti4+2). Continuing this way, we get
Fix(T1) = Fix(Tz) = - - - = Fix(T). The converse is straightforward.

To prove (ii): Suppose that xq is an arbitrary point of X. If xo € Tj,(xo) for any ko €
{1,2, ..., m}, then by using (i), the proof is finished.

So, we assume that xo ¢ Ty, (xo) for any ko € {1,2,...,m}. Fori € {1,2,...,m},
x1 € T;(xp), there exists xp € Tj1(x1) with (x1, x2) € Ay such that

(U (x0, X1; X1, X2)) + F (d(x1, x2)) < F(U (x0, X1; X1, X2)),

holds where

d(xo, x2) +d(x1,x1)}
2

U (xo, x1; x1, X2) = max {d(xo, x1), d(xp, x1), d(x1, x2),

d(xo, x2)
2

max {d(xo,xl), d(x1, x2),
= max{d(xo, x1), d(x1, x2)}.
If U(xo, x1; x1, x2) = d(x1, x2), then
T(d(x1, x2)) + F(d(x1, x2)) < F(d(x1, x2))

gives a contradiction as 7(d(x1, x2)) > 0. Therefore, U (xo, x1; x1, X2) = d(xp, x1) and we
have
T (d(x0, x1)) + F (d(x1, x2)) < F (d(x0, x1)) .
Similarly, for the point x> in T;1(x1), there exists x3 € T;;2(x2) with (x3, x3) € Ay such
that
T(U(x1, x2; X2, x3)) + F (d(x2, x3)) < F(U(x1, x2; x2, X3)),

holds where

d(x1, x3) +d(xzvx2)}

U(x1, x2; x2, X3) = max {d(xl,xz),d(xl,xz),d(xz,xs), 5

= max{d(x1, x2), d(x2, x3)}.
In case U(xy, x2; x2, x3) = d(x2, x3), we have
T(d(x2,x3)) + F (d(x2, x3)) < F(d(x2, x3)),
a contradiction as t(d(x2, x3)) > 0. Therefore, U(x1, x2; x2, x3) = d(x1, x2) and we have

T (d(x1,x2)) + F (d(x2, x3)) < F (d(x1,x2)).
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Common Fixed Points of Family of Multivalued F-Contraction Mappings... 15

Continuing this way, for xp, € T;(x2,—1), there exists x2,41 € Tj+1(x2,) with
(%21, X2041) € A such that

T (U(X2n—1, X205 X2n, X2n+1)) + F (d(x20, X2n41)) < F (U (X2n—1, X205 X2u, X2n+1)) »

holds that is,

T (d(Xon—1, X20)) + F (d(x20, X2n+1)) < F (d(x20-1, X21)) .
Similarly, for xp,41 € Tiy1(x2,), there exist x2,42 € Tj12(x241) With (X241, X2442) €
A» such that

T (d(x2n, Xon+1)) + F (d(x2n+1, Xon+2)) < F (d(x2n, X2n+1))
holds. Hence, we obtain a sequence {x,} in X such that x,, € T; (x,—1) and x,4+1 € Ti11(x,)
with (x,, x,41) € Aj and it satisfies

Fdxn, xp41) < Fdxn—1,%2)) — t(d(xn-1, X2))
< F(d(xp—1, xn)).

Thus, {d(x,,xn,4+1)} is decreasing and hence convergent. We now show that

limy o0 d(xy, Xp+1) = 0. By property of mapping 7, there exists ¢ > 0 with np € N such
that 7(d(xy, x,+1)) > c for all n > ng. Note that

F(d(xn, xn11)) < F(d(xp—1,xn)) — T(d(Xp—1, X))
=< F(d(xp—2, xp—1)) — t(d(xp—2, Xp—1)) — T(d(Xp—1, Xn))
<.
< F(d(xp, x1)) — t(d(xp—1, xn)) + T(d(xp—2, Xn—1))
+- -+ t(d(xo, x1))
< F(d(xo,x1)) — no, ey
gives lim,_ o F(d(xy, xp4+1)) = —oo which together with (F>) implies that

lim;,_, 5o d(xy, xy4+1) = 0. By (F3), there exists & € (0, 1) such that
lim [d (¥, XD F(d(n, Xn41)) = 0.
n—o0
From (1), we have

[d Cns X DI F (d G,y X41)) — [d (i, X DI F (d(x0, x1))
< [d(xn, X0 )" (F(d(x0, x1) — 10)) — [d (X, X1 F (d(x0, x1))
< —nold (xn, x41)1" < 0.

A

Taking the limit as n — o©o0, we obtain that limn%oon[d(xn,xnﬂ)]h = 0 and

1 1
lim, oo n%d(xy, x,41) = 0. There exists n; € N such that n7d(x,, x,+1) < 1 for all
n > np and hence d(x,, x,4+1) < nﬁ foralln > ny.So, forallm,n € Nwithm > n > nj,
we have

d(xnv -xm) =< d(-xn; -anrl) + d(xn+l s -xn+2) + -+ d(xmfl, xm)
00
1
< Z 7h
i=n

By the convergence of the series 2?21 i'%’ we obtain that d (x,,, x,;) — 0asn,m — oo.
Therefore, {x,} is a Cauchy sequence in X. Since X is complete, there exists an element
x* € X such that x,, — x* asn — oo.
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16 Mujahid Abbas et al.

Now, if T; is upper semi-continuous for any of i € {1, 2, ..., m}, then xp, € X, x3,41 €
T; (x2,) With xp, — x* and x2,+1 — x™ asn — oo imply that x* € T;(x™*). Using (i), we
getx* € Ti(x*) = Th(x*) = - -+ = T, (x™).

Finally, to prove (iii): Suppose the set N/_  Fix(7;) is well ordered. Assume that there
exist # and v such that u, v € N/ | Fix(T;) but u # v. As (u, v) € A, we have

t(U(u,v;u,v))+ Fdu,v)) < F(U(u,v;u,v))
F (max {d(u, v),d(u,u),d(v,v),
F(d(u, v)),

du,v) +d(v, u) })
2

that is, 7(d(u, v)) + F(d(u, v)) < F(d(u, v)), a contradiction as t(d(u, v)) > 0. Hence,
u = v. The converse is obvious. O

Corollary 1 Let (X, d, <) be a partially ordered complete metric space and Ty, Tr : X —

P (X). Suppose that for every (x,y) € Ay and uy € T;(x), there exists uy € T;(y) with
i # jwith (uyuy) € Ay such that

T(U(x, y; ux, uy)) + F(d(uy uy)) < F(U(x, y; ux, uy)

holds, where i, j € {1,2}, T : Ry — Ry is a function such that liminf,_, .+ t(s) > 0 for
all t > 0 and

U(x,y; Uy, uy) = max {d(x, V). d(x,uy), d(y, uy), dx, uy) +d(, ux) } .

2
Then, the following statements hold:
(I) Fix(T;) # D for anyi € {1, 2} if and only if Fix(T1) = Fix(Tz) # 0.

(II) Fix(T1) = Fix(Ty) # 0 provided that either Ty or T, is upper semi-continuous.
D)  Fix(Ty) NFix(Ty) is well ordered if and only if Fix(Ty) N Fix(T3) is singleton set.

Example I Let X = [0, 10] be endowed with usual order <. Define the mappings 77, 7> :
X — Pq(X) by

Tl(x):[O,lx—O] and Tg(x):[O,%] forall x € X.

Take F(y) =1Iny + y for all y > 0. The mapping t : R; — Ry is defined as follows:

-
[ 4 it e (0, 10],
’(t)_{i if1 > 10,

We consider the following cases:
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Common Fixed Points of Family of Multivalued F-Contraction Mappings... 17

1. Whenx,y € (0, 10] with (x, y) € Ay, thenforu, € Ti(x), thereexistsu, =0 € T>(y)
with (uy, uy) € A3 such that

Ulx,yiux,uy)
20

d(u,y, uy)ed(ux,uy)fU(x,y;ux,uy)Jrr(U(x,y:ux,uy)) _ —U(x,ysux,uy)+

Uy 6
< X o w U@ yiuruy)
— 10

x L_Q(d(x,uy)er(y.ux))
< Z 1070 2
— 10

9 —131x—190y
< —Xxe 400
- 10

= d(x,uy)e® < U(x, y; uy, uy).

2. Ifx =0and y € (0,10] with (x,y) € Ay, then for u, = 0 € Ti(x), there exists
0 # uy € Tr(y) with (uy, uy) € Ay such that
d(ux7 uv)ed(ux,My)*U(x,y:ux,uy)+t(U(x,}':ux»uy))

Ux,yiux,uy)

=U(x,y;ux,uy)+ 50

= M}e
< yel2 U(x,y;uy, u‘)+U(AV7;XMV)
- 12
- le%—%U(x,y;ux,uy) <LeL2 d() uy)
12 — 12
2191y, 0
< ye2T 0 <d(x,y)e” < U(x,y;uy,uy).

3. Incase x € (0,10] and y = 0 with (x, y) € Ay, we have for u, € T(x), there exists
uy =0 € T»(y), such that

d(uy uV)ed(ux,u)-)—U(x,y;ux,u)-)-ﬁ—r(U(x,y;ux,uy))

< Xt BV yiueuy)
10
X X 19
< feﬁfﬁd(x uy)
10
X X 19 X X X 19 (9x
< Z el 200" 1) = — i~ 20(T0)
10 10

<xe® <d(x,y) < UM, y;uy, uy).

4. When x = 0 and y € (0, 10] with (x, y) € A1, we have for u, = 0 € Tp(x), there
exists 0 # uy € Ty (y) with (uy, uy) € Az such that

) =U @, y3u,uy)+7 (U K,y uy)
d(“x My)e

,
= uyety Ui wy ) L y)
< Y BV i+ )
— 12
= le%i%U(X’y;Mx,u),)

12

< 2ot mdGuy)
12

L,Q(i
< ye 001 <d(x, y)e’ < Ux, Vi Uy, Uy).
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18 Mujahid Abbas et al.

5. Finally, if x € (0,10] and y = 0 with (y, x) € Ay, then for 0 # u, € T>(x), there
exists uy = 0 € T1(y) with (uy, uy) € Ay such that

d(uy, uy)ed(ux,uy)—U(x,y;ux,uy)+r(U(x,y;ux,uy))

. U(x,ysux,
< X BUG gy - T
- 12
— X et mdu)
12
X A 19 llxy
S —el12 20 12
12
Ilx
=55¢ = d(x,uy) < U(x,y; ux, uy).

Thus, all the conditions of Corollary 1 are satisfied. Moreover, Fix(77) = Fix(T2) = {0}.
The following results generalizes [19, Theorem 3.4].

Theorem 2 Let (X, d, X) be a partially ordered complete metric space and {T,-}l’.":1 be
F>-contraction family of multivalued maps. Then, the following hold

(1) Fix(T;) # @ foranyi € {1,2,...,m} if and only if Fix(T)) = Fix(Tr) = --- =

Fix(T,,) # 0.

(i) Fix(Ty) = Fix(T») = --- = Fix(T,;) # @ provided that there exists some xg € X
such that {xo} =<1 Ti(xg) for any k € {1,2,...,m} and any one of T; is upper
semi-continuous fori € {1,2,...,m}.

(iii) N, Fix(T;) is well ordered if and only if VL | Fix(T;) is singleton set.
Proof To prove (i): Let x* € Ty (x*) forany k € {1, 2, ..., m}. If x* ¢ Tj41(x*), then there
exists an x € Tyy1(x™) with (x*, x) € A such that
T(Ua(x*, x*; 5%, x)) + F (d(x*, x)) < F(Us(x*, x*; x*, x)),
where
Up(x*, x*; x*, x) = ad(x™, x*) + Bd(x*, x*) + yd(x, x*) + 8§1d(x*, x) + S2d (x*, x*)
(y +8)d(x, x*).

Thus, we have
T((y +8)d(x*, x)) + F (d(x*,x)) < F((y +81)d(x*, x)) < F(d(x*, x)),

a contradiction as T((y + 81)d(x*, x)) > 0. Thus, x* = x and hence x* € Tj41(x*) and
Fix(Ty) € Fix(Tx4+1). Similarly, we obtain that Fix(T¢+1) € Fix(Tx42). Continuing this
way, we get Fix(T1) = Fix(T2) = - - - = Fix(T}). The converse is straightforward.

To prove (ii): Suppose that xq is an arbitrary point of X. If xo € Tj,(xo) for any ko €
{1,2,..., m} then by using (i) the proof is finished. So, we assume that xo ¢ Ty, (xo) for
any ko € {1,2,...,m}.Fori € {1,2,...,m}, x; € T;(xg), there exists xp € T;j41(x1) with
(x1, x2) € Aj such that

T(Uz(x0,x1;x1,x2)) + F (d(x1, x2)) < F(Ua(x0, x1; X1, X2)),
where
Uz (x0, x1; x1, x2) = ad(xq, x1) + Bd(x0, x1) + yd(x1, x2) + 81d(x0, x2) + 82d (x1, x1)
(@ + B+ 81)d(x0, x1) + (¥ + 81)d(x1, x2).

IA
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Common Fixed Points of Family of Multivalued F-Contraction Mappings... 19

If d(xg, x1) < d(x1, x2), then
(@ + B +y +281)d(x1,x2)) + F (d(x1, x2))
< F((a+ B +y +281)d(x1, x2))
< F(d(x1, x2)),
gives a contradiction as t((« + B + y + 281)d(x1,x2)) > 0. Thus, we have
T(d(x0,x1)) + F (d(x1, x2)) < F (d(x0, x1)) -

Continuing this way, for xp,, € T;(x2,—1), there exist xp,,+1 € Tj4+1(x2,) With (X2, X2n+1) €
Ay such that

T(Ua(x2n—1,%2n; %20, X2n+1)) + F (d(x20, X2041)) < F (U2(X2n—1, X205 X200, X20n+1))
holds, where
Ua(xan—1, Xan; X2n, Xon+1) = ad(Xon—1, X2n) + Bd(x2n—1, X2n) + yd(X2n, X2n+1)
+81d (x2n—1, X2n+1) + 82d (x24, X21)
(o + B+ 81)d (x2n—1, x20) + (¥ + 81)d (x20, X20n+1)-
If d(x2n—1, Xon) < d(x2n, X20+1), then
(o + B +y + 281)d (x2n, X2n+1) + F (d(x20, X20+1))
< F((@+ B+ y+281)d(xam, X2n+1))
< F (d(xn, X2n+1))
gives a contradiction as 7 ((« + B + ¥ + 281)d (x24,X20,41)) > 0. Therefore,
T(d(x2n—1,%20)) + F (d(x2n, X2n+1)) < F (d(x20-1, X21)) -

Similarly, for xp,+1 € Ti4+1(x2,), there exist x2,42 € Tj42(X254+1) With (X241, X2n42) €
Ay such that

IA

T(d(x20,%20+1)) + F (d(x2n41, X2n42)) < F (d(x20, X2n+1))

holds. Hence, we obtain a sequence {x,} in X such that x,, € T; (x,—1) and x,,4+1 € Ti11(x,)
with (x,,, X,+1) € A and it satisfies

F(d(xp, xnt1)) < F(d(xn—1,xn)) — T (d(Xn—1, Xn))

< F(dxp-1,xn)).
Thus, the sequence {d(x,,x,+1)} is decreasing and hence convergent. We show that
limy,— 0 d (X, Xxp4+1) = 0. By the property of mapping t, there exists ¢ > 0 with ng € N
such that 7 (d(x,, X,+1)) > c for all n > ng. Note that

F(d(xp, xp41)) < F(d(xp—1, %)) — t(d(xp—1, Xn))

< F(d(xp—2, x4—1)) — 1(d(xp—2, Xx4—1)) — T (d(Xn—1, Xn))
<
<

F(d(x0,x1)) — (t (d(xp—1, X)) + T(d(xp—-2, Xn—1))
+ -+ (d((x0, x1))
F(d(xo, x1)) — no.

IA

Thus, lim,_ o F(d(xy, Xnt1)) = —oo which together with (F>) gives
limy,— 0 d(Xp, xp4+1) = 0. Following the arguments similar to those in the proof of The-
orem 1, {x,} is a Cauchy sequence in X. Since X is complete, there exists an element
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x* € X such that x, — x* as n — o0. Now, if 7; is upper semi-continuous for any
i €fl,2,...,m}, then as xp, € X, xop+1 € Tj(x2,) with xp,, — x* and x2,41 — x™ as
n — 00, so we have x* € T; (x*). Using (i), we get x* € T1 (x*) = Th(x™) = - - - = T, (x™).

To prove (iii): Suppose the set N?* | Fix(T;) is well ordered. Assume that there exist u
and v such that u, v € NJ_ | Fix(T;) but u # v. As (u, v) € Az, we have

T(Uz(u, v; u, v)) + F(d(u, v)) < F(Uz(u, v; u, v)),

where

Us(u,v;u,v) = ad(u,v) + Bdu, u) + yd (v, v) + §1d(u, v) + 8d (v, u)

(a + 81 + 8)d(u, v),

that is,
t(du,v))+ Fdu,v)) = F((e + 61 + 82)d(u, v)) < F(d(u, v)),

a contradiction as t(d(u, v)) > 0. Hence, u = v. The converse is obvious. O

Corollary 2 Let (X, d, <) be a partially ordered complete metric space and {T;}7"_ | : X —
P (X) with T,,+1 = T1. Suppose that for any x,y € X with (x,y) € A1 and uy € T;(x),
there exists uy € Tiy1(y) fori € {1,2, ..., m} with (uy, uy) € Ay such that

T(ad(x, y) + Bd(x, ux) + yd(y, uy)) + F(d(ux, uy))
< Flad(x,y) + Bd(x, ux) + yd(y, uy))

holds, where T : Ry — Ry is a function such that liminf;_, ,+ t(s) > O forall t > 0 and
o, B,y >0and a + B+ y < 1. Then, the conclusions obtained in Theorem 2 remain true.

Corollary 3 Let (X, d, <) be a partially ordered complete metric space and {T;}7"_ | : X —
P (X) with Tyy,41 = T1. Suppose that for any x,y € X with (x,y) € A1 and uy € T;i(x),
there exists uy € Ti1(y) fori € {1,2,...,m} with (ux, uy) € A such that

T(hld(x, uy) +d(y, uy)]) + F(d(uy, uy)) < F(hld(x, ux) +d(y, uy)])

holds, where © : Ry — Ry is a function such that liminf;_, .+ t(s) > 0 for all t > 0 and
h e |0, %]. Then the conclusions obtained in Theorem 2 remain true.

Corollary 4 Let (X, d, <) be a partially ordered complete metric space and {T;}1* | : X —
P (X) with T,,,+1 = T. Suppose that for any x,y € X with (x,y) € A1 and uy € T;(x),
there exists uy € Ti1(y) fori € {1,2, ..., m} with (ux, uy) € A such that

T(d(x, y)) + Fd(ux, uy)) < F(d(x, y)),

holds, where T : Ry — Ry is a function such that liminf,_, ,+ 7(s) > 0 forallt > 0. Then,
the conclusions obtained in Theorem 2 remain true.

Remark 1

1. Theorem 1 extends, improves and generalizes (i) Theorem 1.9 in [1], (ii) Theorem 4.1
n [12], (ii1) Theorem 3.4 of [19], (iv) Theorem 2.1 of [17], and (v) Theorem 3.1 of
[20].

2. Corollary 1 improves and generalizes (i) Theorem 1.9 in [1], (ii) Theorem 4.1 in [12],
(iii) Theorem 3.4 of [19], and (iv) Theorem 3.1 of [20].

3. Theorem 2 improves and extends (i) Theorem 3.4 and Theorem 4.1 in [9], (ii) Theo-
rem 3.4 in [19], and (iii) Theorem 3.4 in [20].
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Corollary 2 extends and generalizes (i) Theorem 3.4 in [19] and (ii) Theorem 4.1 of [12].
Corollary 3 improves and generalizes Theorem 4.1 in [12].

If wetake Ty = T, = --- = T, in F; and F,-contraction family of multivalued
maps, then we obtain the fixed point results for F-contraction and F>-contraction of a
multivalued map, respectively.
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