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1 Introduction

Fixed point theory is one of the most powerful and fruitful tools in nonlinear analysis. The
Banach contraction principle is widely considered as the source of fixed point theory. It is
a very popular tool to deal with the existence problems in many branches of mathematical
analysis. There has been a large number of generalizations of the Banach contraction prin-
ciple. In particular, an interesting aspect is to deduce the existence and uniqueness of fixed
point for self-maps on a metric space by altering distances between the points with the use
of a certain control function. These control functions were introduced by Khan et al. in [16]
and then applied in many works as, for instance, [3, 9, 14, 27, 34], where some fixed point
theorems were investigated with the help of such altering distance functions.

Recently, a new technique was proposed in order to weaken the requirements on the
contraction property by considering metric spaces endowed with a partial ordering. This
approach was initiated by Ran and Reurings in [33] with some applications to matrix equa-
tions. It was later refined and extended in [28] by Nieto and Rodrı́guez-López and applied
to periodic boundary value problems for ordinary differential equations (ODEs). Following
this direction, in this paper, we generalize some fixed point theorems in partially ordered
sets of Amini-Harandi and Emami [3] by using altering distances. With the help of the weak
contractivity coefficient function β ∈ S := S0 ∪{1[0,∞)}, where S0 is the class of functions
β : [0, ∞) → [0, 1) that satisfy the condition

β(tn) → 1 implies tn → 0,

and 1[0,∞) is the indicator function on [0, +∞), i.e., 1[0,∞)(t) = 1 for all t ∈ [0, ∞), and
1[0,∞) = 0, otherwise, we weaken the required conditions by considering weak contractions
of Harjani and Sadarangani [14], and Nashine and Samet [27].

Since the base space does not necessarily have a vectorial structure, these fixed point
theorems can be applied to prove the existence of solutions to ODEs, and partial differen-
tial equations (PDEs) in abstract spaces. We note that the space of fuzzy numbers is not
a Banach space, but it is a quasilinear space having a partial ordering. Hence, there have
been some recent results on the existence of solutions to fuzzy ODEs (see [25, 29, 36]) as
applications of fixed point theory in partially ordered metric spaces.

In this paper, besides giving some new generalized results on the existence of coinci-
dence points for a pair of mappings in partially ordered sets, we also show their applications
in the field of fuzzy PDEs to illustrate the usability of our obtained results. The problem
considered is

kDxyu(x, y) = f (x, y, u(x, y)), (x, y) ∈ J := [0, a] × [0, b], k = 1, 2, (1)

with condition

u(x, 0) = η1(x), x ∈ [0, a], u(0, y) = η2(y), y ∈ [0, b], (2)

where u : J → RF is a fuzzy-valued mapping and kDxy (for k = 1, 2) represents the gH-
partial derivatives operators. This boundary value problem was considered in some previous
research works [2, 20–24], in which the authors proved the validity of Picard’s theorem. In
these results, the Lipschitz contractivity of the function f is vital for the existence of the
fuzzy solution. If f is just continuous or even not continuous, the situation is far different
and some necessary conditions must be imposed in order to guarantee the existence of
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solutions (in the case of crisp ODEs we can see [3, 14, 15, 27, 28], and in the fuzzy case,
we refer to [1, 29, 30, 36]).

In this paper, we show that, under the assumption of nondecreasing monotonicity and
weak-contractivity of the mapping f only over comparable elements, the existence of just a
lower or an upper solution is enough to guarantee the existence and uniqueness of two types
of fuzzy solutions to the Problem (1)–(2). Some previous significant results for ODEs have
been investigated in [29, 30, 36]. Our results presented here give some new approaches on
the existence of two types of fuzzy solutions for some class of fuzzy PDEs under the gH-
differentiability. One difficulty to be faced in the study of this problem is the existence of
gH-differences, which also allows us to obtain a new solution to fuzzy PDEs with decreasing
length of its support. In this case, the qualitative solutions may be better in comparison with
those of crisp PDEs. Our results extend to a class of fuzzy PDEs some existing results for
fuzzy ODEs by Alikhani and Bahrami [1], Nieto and Rodrı́guez-López [29], and Villamizar-
Roa et al. [36].

The remainder of this paper is organized as follows. Section 2 presents our main results
(Theorems 1 and 2), in which we prove the existence of coincidence points for a pair of
mappings in a partially ordered metric space, and, in particular, we deduce a fixed point
theorem. Our method is mainly based on the generalized contractive-like condition. Section
3 provides some results on the existence and uniqueness of solution for fuzzy partial dif-
ferential equations as an effective application of our theorems presented in Section 2. Some
necessary preliminaries about fuzzy analysis and gH-derivatives are shown in Sections 3.1
and 3.2. The boundary value problem of interest is stated in Section 3.3, and the study of the
solvability of this problem is also included. Finally, some conclusions and future directions
are discussed in Section 4.

2 Generalized Coincidence and Fixed Point Theorems

In this section, we provide some definitions and new results related to generalized
coincidence and fixed point theorems in partially ordered metric spaces.

For x ∈ R, [x] is the greatest integer function or integer value, gives the largest integer
less than or equal to x (the floor function).

By Ĉ([0, ∞)), we denote the space of all nonnegative and continuous functions φ :
[0, ∞) → [0, ∞), for which the following property holds

φ(t) = 0 if and only if t = 0.

Definition 1 [14] A nondecreasing function ψ in Ĉ([0, ∞)) is called an altering distance
function on [0, ∞).

Some examples of altering distance functions on [0, ∞) are t2; ln(1+ t); t2 − ln(1+ t2).

Definition 2 [27] Let (X,≤) be a partially ordered set and suppose that there exists a metric
d on X such that (X, d) is a metric space. We say that X is regular if, for an arbitrary
nondecreasing sequence {xn} ⊂ X such that xn → x in X, then xn ≤ x for all n ∈ N.

Definition 3 [14] If (X,≤) is a partially ordered set and f : X → X, we say that f is
monotone nondecreasing (resp., nonincreasing) if x, y ∈ X, x ≤ y implies f (x) ≤ f (y)

(resp., f (y) ≤ f (x)).
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Definition 4 [27] Let (X,≤) be a partially ordered set and let f, g be mappings from X to
itself such that f (X) ⊂ g(X). We say that f is weakly increasing with respect to g if, for
all x ∈ X, we have f (x) ≤ f (y) for all y ∈ g−1(f (x)), where

g−1(f (x)) := {u ∈ X | g(u) = f (x)}.

Definition 5 [27] Let (X, d) be a metric space and f, g : X → X. The pair {f, g} is said to
be compatible if limn→∞ d(fg(xn), gf (xn)) = 0, whenever {xn} is a sequence in X such
that limn→∞ f (xn) = limn→∞ g(xn) = x for some x ∈ X.

In this section, we extend the main results in [3, 14, 27] to get a generalized fixed point
theorem in partially ordered metric spaces.

Theorem 1 Let (X,≤) be a partially ordered set and suppose that there exists a metric d

on X such that (X, d) is a complete metric space. Let f, g : X → X be given mappings
satisfying the following assumptions:

i) f (X) ⊂ g(X).
ii) f is weakly increasing with respect to g.

iii) One of the two following conditions holds:

(a) X is a regular metric space and g(X) is a closed subspace of (X, d), or
(b) f and g are continuous and the pair (f, g) is compatible.

iv) There exist a function β ∈ S , φ ∈ Ĉ([0, ∞)), and ψ a strictly increasing altering
distance function such that the following inequality holds

ψ (d(f (x), f (y))) ≤ β (d(g(x), g(y))) ψ (d(g(x), g(y)))

−γ (d(g(x), g(y))) φ (d(g(x), g(y))) (3)

for all (x, y) ∈ X × X satisfying that g(x) and g(y) are comparable, where

γ (t) = [β(t)] for all t ∈ [0, ∞).

Then, there exists a coincidence point x of f and g in X, i.e., f (x) = g(x).

Proof We proceed in several steps.

Step 1. Firstly, we contribute a nondecreasing sequence {g(xn)} in X.
Let x0 be an arbitrary point in X. Since f (X) ⊂ g(X), we can construct a sequence {xn}

in X defined by

g(xn+1) = f (xn) for all n ∈ N ∪ {0}.
Since x1 ∈ g−1(f (x0)), x2 ∈ g−1(f (x1)) and f is weakly increasing with respect to g, we
obtain

g(x1) = f (x0) ≤ f (x1) = g(x2) ≤ f (x2) = g(x3) ≤ · · ·
Therefore, by recurrence, we obtain a nondecreasing sequence

g(x1) ≤ g(x2) ≤ g(x3) ≤ · · · ≤ g(xn) ≤ g(xn+1) ≤ · · ·
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Since g(xn) ≤ g(xn+1) for n ≥ 1, it follows from (3) that

ψ(d(g(xn+1), g(xn+2))) = ψ(d(f (xn), f (xn+1)))

≤ β(d(g(xn), g(xn+1)))ψ(d(g(xn), g(xn+1)))

−γ (d(g(xn), g(xn+1)))φ(d(g(xn), g(xn+1)))

≤ β(d(g(xn), g(xn+1)))ψ(d(g(xn), g(xn+1)))

≤ ψ(d(g(xn), g(xn+1)))

for all n ≥ 1. Hence, we have

ψ(d(g(xn+1), g(xn+2))) ≤ ψ(d(g(xn), g(xn+1))) for all n ≥ 1.

Due to the strictly increasing character of the function ψ , {d(g(xn), g(xn+1))} is a non-
increasing and bounded from below sequence in R. Therefore, there exists r ≥ 0 such
that

lim
n→∞d(g(xn), g(xn+1)) = r. (4)

We will prove that r = 0. In fact, from the continuity property of ψ and φ, we have

lim
n→∞ψ(d(g(xn), g(xn+1))) = ψ

(
lim

n→∞d(g(xn), g(xn+1))
)

= ψ(r)

and
lim

n→∞φ(d(g(xn), g(xn+1))) = φ
(

lim
n→∞d(g(xn), g(xn+1))

)
= φ(r).

If β = 1[0,∞), then γ (t) = [β(t)] = 1 for all t ≥ 0. In this case, it follows from (3) that the
following estimation holds

ψ(d(g(xn+1), g(xn+2))) ≤ ψ(d(g(xn), g(xn+1))) − φ(d(g(xn), g(xn+1))) for all n ≥ 1.

By taking limits on both sides when n → ∞, we get

ψ(r) ≤ ψ(r) − φ(r),

which implies that 0 ≤ −φ(r), and using that φ ∈ Ĉ([0, ∞)), we obtain φ(r) = 0 and
r = 0.

On the other hand, if β ∈ S0, from (3) and the inequalities g(xn) ≤ g(xn+1), n ≥ 1, we
have

ψ(d(g(xn+1), g(xn+2))) = ψ(d(f (xn), f (xn+1)))

≤ β(d(g(xn), g(xn+1)))ψ(d(g(xn), g(xn+1))), n ≥ 1.

By contradiction method, we assume that r > 0. It permits to affirm, from (4), the non-
increasing character of the sequence {d(g(xn), g(xn+1))} and the properties of ψ , that
ψ(d(g(xn), g(xn+1))) > 0 for n ≥ 1. Hence

ψ(d(g(xn+1), g(xn+2)))

ψ(d(g(xn), g(xn+1)))
≤ β(d(g(xn), g(xn+1))) < 1

for n ≥ 1. By taking limits on both sides of this equation, it leads to

lim
n→∞β(d(g(xn), g(xn+1))) = 1.

Taking into account that β ∈ S0, the previous condition implies that limn→∞ d(g(xn),

g(xn+1)) = 0, which is a contradiction.
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Hence, in both cases, we have that r = 0 and thus, {g(xn)} is a nondecreasing sequence
satisfying that

lim
n→∞d(g(xn), g(xn+1)) = 0. (5)

Step 2. Next, we prove that {g(xn)} is a Cauchy sequence.
Case 1: If there exists an n ∈ N such that g(xn) = g(xn+1), then, from (3), we have

ψ(d(f (xn), f (xn+1))) ≤ β(d(g(xn), g(xn+1)))ψ(d(g(xn), g(xn+1))) = 0.

This inequality implies, by the properties of ψ , that f (xn) = f (xn+1) or g(xn+1) =
g(xn+2). So, for all m ≥ n, we have that g(xm) = g(xn). It obviously shows that {g(xn)} is
a Cauchy sequence.
Case 2: Assume that all the successive terms of {g(xn)} are different, that is, g(xn) 	=
g(xn+1) for every n ∈ N. We prove that

lim sup
m→∞

sup
n≥m

d(g(xn), g(xm)) = 0.

Indeed, suppose that lim supm→∞ supn≥m d(g(xn), g(xm)) 	= 0 and select ε > 0 such
that

lim sup
m→∞

sup
n≥m

d(g(xn), g(xm)) > ε.

Then, we can choose two subsequences {g(xnk
)}, {g(xmk

)} of {g(xn)} such that nk ≥ mk >

k and
d(g(xnk

), g(xmk
)) > ε. (6)

For each fixed mk , we choose nk to be the smallest number such that nk ≥ mk satisfying
(6). Note that (6) implies, in fact, that nk > mk . Hence, it follows that nk − 1 ≥ mk and

d(g(xnk−1), g(xmk
)) ≤ ε.

Then, we get

ε < d(g(xnk
), g(xmk

)) ≤ d(g(xnk
), g(xnk−1)) + d(g(xnk−1), g(xmk

))

≤ d(g(xnk
), g(xnk−1)) + ε. (7)

Taking into account (5) and letting k → ∞ in (7), we have

lim
k→∞d(g(xnk

), g(xmk
)) = ε. (8)

Since

d(g(xnk
), g(xmk

)) ≤ d(g(xnk
), g(xnk−1)) + d(g(xnk−1), g(xmk−1))

+d(g(xmk−1), g(xmk
)), k ≥ 1, (9)

using (5), (6), and passing to the limit inferior when k → ∞ in the inequality (9), we obtain

lim inf
k→∞ d(g(xnk−1), g(xmk−1)) ≥ ε. (10)

On the other hand, from the estimation

d(g(xnk−1), g(xmk−1)) ≤ d(g(xnk
), g(xnk−1)) + d(g(xnk

), g(xmk
))

+d(g(xmk−1), g(xmk
)), k ≥ 1,



Some Generalizations of Fixed Point Theorems in Partially Ordered... 537

we get, from (5) and (8), that

lim sup
k→∞

d(g(xnk−1), g(xmk−1)) ≤ ε. (11)

Thus, by combining (10) and (11), we have

lim
k→∞d(g(xnk−1), g(xmk−1)) = ε. (12)

Now mk ≤ nk implies mk − 1 ≤ nk − 1 and, thus, g(xmk−1) ≤ g(xnk−1). Applying the
inequality (3) once again, we have

ψ(d(g(xnk
), g(xmk

))) = ψ(d(f (xnk−1), f (xmk−1)))

≤ β(d(g(xnk−1), g(xmk−1)))ψ(d(g(xnk−1), g(xmk−1)))

−γ (d(g(xnk−1), g(xmk−1)))φ(d(g(xnk−1), g(xmk−1))). (13)

If β = 1[0,∞), then γ (t) = β(t) = 1 for all t ≥ 0. Since ψ and φ are continuous, by passing
to the limit as k → ∞ in (13), we have ψ(ε) ≤ ψ(ε) − φ(ε), that is, 0 ≤ −φ(ε). Hence,
by the properties of φ, it follows that φ(ε) = 0 and ε = 0.

On the other hand, if β ∈ S0, then 0 ≤ β(t) < 1 for all t ≥ 0. Denote tk =
d(g(xnk−1), g(xmk−1)) for k ≥ 1. Since {β(tk)} ⊂ [0, 1] and [0, 1] is a compact set in R,
then there exists a subsequence {β(tkj

)} converging to λ ∈ [0, 1]. Therefore, by choosing
subsequences if necessary, we assume that

lim
k→∞β(d(g(xnk−1), g(xmk−1))) = λ ∈ [0, 1].

If λ = 1, then limk→∞ d(g(xnk−1), g(xmk−1)) = 0, which implies that ε = 0. If 0 ≤ λ < 1,
then, from

ψ(d(g(xnk
), g(xmk

))) = ψ(d(f (xnk−1), f (xmk−1)))

≤ β(d(g(xnk−1), g(xmk−1)))ψ(d(g(xnk−1), g(xmk−1))), k ≥ 1,

by passing to the limit as k → ∞ and using the continuity property of ψ , we have that
ψ(ε) ≤ λψ(ε), or, equivalently, (1 − λ)ψ(ε) ≤ 0. Hence, ψ(ε) = 0 and ε = 0.

Therefore, it follows that

lim sup
m→∞

sup
n≥m

d(g(xn), g(xm)) = 0.

Thus, {g(xn)} is a Cauchy sequence in (X, d).
Step 3. We prove the existence of a coincidence point of f and g.
Case 1: Assume that X is a regular metric space and that g(X) is a closed subspace of
(X, d). Then (g(X), d) is a complete metric subspace of (X, d). Since {g(xn)} is a Cauchy
sequence in (g(X), d), there exists u = g(z) ∈ g(X) such that g(xn) → u = g(z) as
n → ∞. Since {g(xn)} is a nondecreasing sequence and X is regular, then g(xn) ≤ g(z) for
all n ∈ N. Applying (3) once again, we have

0 ≤ ψ(d(f (z), g(xn+1)))

= ψ(d(f (z), f (xn)))

≤ β(d(g(z), g(xn)))ψ(d(g(z), g(xn))) − γ (d(g(z), g(xn)))φ(d(g(z), g(xn)))

≤ β(d(g(z), g(xn)))ψ(d(g(z), g(xn)))

≤ ψ(d(g(z), g(xn))).

By using the property of continuity of ψ and letting n → ∞, we get

ψ(d(f (z), g(z))) = 0.
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It clearly follows that d(f (z), g(z)) = 0 and f (z) = g(z).
Case 2: Assume that f and g are continuous and that the pair (f, g) is compatible.

Since {g(xn)} is a Cauchy sequence in a complete metric space (X, d), there exists z ∈ X

such that g(xn) → z and f (xn) = g(xn+1) → z, as n → ∞. Since f , g are continuous, we
get

lim
n→∞g(g(xn)) = g(z); lim

n→∞f (g(xn)) = f (z); lim
n→∞g(f (xn)) = g(z).

Since limn→∞ f (xn) = limn→∞ g(xn) = z and the pair (f, g) is compatible, it follows that

lim
n→∞d(g(f (xn)), f (g(xn))) = 0.

Thus, from

0 ≤ d(g(z), f (z)) ≤ d(g(z), g(g(xn+1))) + d(g(f (xn)), f (g(xn))) + d(f (g(xn), f (z)))

and letting n → ∞, we have that d(g(z), f (z)) = 0, i.e., f (z) = g(z).
In consequence, z is a coincidence point of f and g and the theorem is proved.

Remark 1 Theorem 1 is actually an extension of some previous results in [3] and [27].
Indeed,

1. If we choose β(·) = 1[0,∞)(·), then we get the context of Theorem 2.4 and Theorem
2.6 in [27];

2. If we choose β ∈ S0, then γ (t) = [β(t)] = 0 for all t ∈ [0, ∞). Hence, we receive a
generalized result connected to Theorem 2.1 in [3], with ψ an altering distance function
and g a generalized function defined on X.

Theorem 2 Assume that (X,≤) is a partially ordered set and that there exists a metric d

on X such that (X, d) is a complete metric space. Let f : X → X be a nondecreasing
mapping. Assume that:

i) There exists β ∈ S such that

ψ(d(f (x), f (y))) ≤ β(d(x, y))ψ(d(x, y)) − γ (d(x, y))φ(d(x, y)) (14)

for all x ≤ y in X, where ψ is a strictly increasing altering distance function, φ ∈
Ĉ([0, ∞)) and γ (t) = [β(t)] for all t ∈ [0, ∞).

ii) There exists x0 ∈ X such that x0 ≤ f (x0) or f (x0) ≤ x0.
iii) One of the two following conditions holds:

(a) X is a regular metric space; or
(b) f is continuous.

Then f has a fixed point in X, that is, there exists a point z ∈ X such that f (z) = z.
Furthermore, if

for each y, z ∈ X, there exists x ∈ X which is comparable both to y and z, (15)

then the fixed point of f is unique.

Proof If f (x0) = x0, then x0 is a fixed point of f . We consider the case when x0 < f (x0),
that is, x0 ≤ f (x0) but x0 	= f (x0). Since f is a nondecreasing mapping, by induction
method, we construct a sequence

x0 < f (x0) ≤ f 2(x0) ≤ · · · ≤ f n(x0) ≤ f n+1(x0) ≤ · · ·
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Set xn+1 = f (xn) for all n ≥ 0. We have that {xn} is a nondecreasing sequence in X. The
existence of a fixed point for the mapping f is proved similarly to the proof of Theorem 1
when g is the identity mapping from X to itself, i.e., g = IdX .

Now, we prove the uniqueness of the fixed point. Indeed, assume that y and z are two
fixed points of f . From hypothesis (15), there exists a point x ∈ X which is comparable both
to y and z. From the monotonicity property of f , this implies that, for each n ∈ N, f n(x) is
comparable both to f n(y) = y and f n(z) = z. Therefore, by applying the inequality (14),
we have

ψ(d(z, f n(x))) = ψ(d(f n(z), f n(x)))

≤ β(d(f n−1(z), f n−1(x)))ψ(d(f n−1(z), f n−1(x)))

−γ (d(f n−1(z), f n−1(x)))φ(d(f n−1(z), f n−1(x)))

≤ β(d(f n−1(z), f n−1(x)))ψ(d(f n−1(z), f n−1(x)))

≤ ψ(d(f n−1(z), f n−1(x)))

= ψ(d(z, f n−1(x))), n ∈ N, n ≥ 2.

Denote τn = d(z, f n(x)) ∈ [0, ∞), n ∈ N, n ≥ 1. By the strict monotonicity of ψ , it
follows that 0 ≤ τn ≤ τn−1, n ∈ N, n ≥ 2. Consequently, the sequence τn is nonnegative
and decreasing. So there exists r ≥ 0 such that limn→∞ τn = r . We prove that r = 0.

Case 1: If β = 1[0,∞), then β(t) = 1 for all t ≥ 0 and γ (t) = 1 for all t ≥ 0. From (13),
we have

ψ(τn) ≤ ψ(τn−1) − φ(τn−1), n ∈ N, n ≥ 2.

Passing to the limit as n → ∞, by the continuity of the mappings ψ and φ, we have
ψ(r) ≤ ψ(r) − φ(r) and φ(r) = 0. That implies r = 0.

Case 2: If β ∈ S0, from (13), we get

ψ(τn) ≤ β(τn−1)ψ(τn−1), n ∈ N, n ≥ 2. (16)

By choosing subsequences if necessary, we assume that

lim
n→∞β(τn) = λ ∈ [0, 1],

which allows to deduce, by letting n → ∞ in (16), that ψ(r) ≤ λψ(r), that is, ψ(r)(1 −
λ) ≤ 0. If λ < 1, then ψ(r) = 0, i.e., r = 0. If λ = 1, then limn→∞ β(τn) = 1. From
the properties of the function β ∈ S0, one gets limn→∞ τn = 0. By the uniqueness of the
limit, we prove that r = 0.

By applying analogous arguments, we have limn→∞ d(y, f n(x)) = 0. It follows that

0 ≤ d(y, z) ≤ d(y, f n(x)) + d(f n(x), z) → 0 as n → ∞.

This means that y = z. It completes the proof.

Remark 2 Theorem 2 is also connected with some previous results:

1. If we choose β(·) = 1[0,∞)(·), we receive again Theorems 2.1, 2.2, and 2.3 in [14],
with weaker conditions on the function φ (here, φ is not necessarily nondecreasing on
[0, ∞)).

2. If we choose β ∈ S0, we obtain a generalized result connected to Theorem 2.1 in [3],
with ψ a strictly increasing altering distance function.

3. If we choose β ∈ S0 and ψ = Id[0,∞) the identity mapping, one has again Theorem
2.1 in [3].
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Remark 3 It is well-known that the hypothesis (15) is equivalent to the following hypothesis
in [28]:

for each y, z ∈ X, there exists in X a lower bound or an upper bound of y, z.

Remark 4 From the proof of Theorem 2, we deduce that, if z is a fixed point of f , then
limn→∞ d(f n(x), z) = 0 for any x ∈ X comparable to z.

Remark 5 We can affirm from the proof of Theorem 2 that, in order to obtain the existence
of a unique fixed point for some function f , it is not necessary for the function f to be
continuous. Instead of the condition of continuity, we can consider the requirement that the
space X is regular. This restriction is valid in the case where X is the space of fuzzy sets on
R (see [29]).

In the next section, we investigate some applications of these fixed point theorems to
prove the existence of solution for a class of fuzzy partial differential equations.

3 Application to Fuzzy Partial Differential Equations

3.1 Fuzzy Partially Ordered Metric Spaces

Let RF be the space of fuzzy sets on R that are nonempty subsets {(x, u(x)) : x ∈ R} in
R × [0, 1] of certain functions u : R → [0, 1] being normal, fuzzy-convex, upper semi-
continuous, and compact-supported.

Let u ∈ RF . The α-cuts or level sets of u are defined by

[u]α = {x ∈ R : u(x) ≥ α} for each 0 < α ≤ 1,

which are nonempty, compact, and convex subsets of R for all 0 < α ≤ 1. The same
properties hold for [u]0 = {x ∈ R : u(x) > 0}, which is called the support of u. For u ∈
RF , we denote the parametric form of u by [u]α = [ulα, urα] for all 0 ≤ α ≤ 1, and
len([u])α = urα − ulα .

In RF , we define the supremum metric d∞ as follows

d∞(u, v) = sup
0≤α≤1

dH

([u]α, [v]α)
for all u, v ∈ RF ,

where dH is the Hausdorff metric in the set consisting of all nonempty, compact, and convex
subsets of R. It is well-known that (RF , d∞) is a complete metric space (see, for instance,
[19]).

The addition and the multiplication by a scalar in the space of fuzzy numbers RF is
defined levelsetwise, that is, for all u, v ∈ RF , α ∈ [0, 1], and k ∈ R,

[u + v]α = [u]α + [v]α and [ku]α = k[u]α.

In the special case where k = −1, (−1)[u]α = (−1)[ulα, urα] = [−urα, −ulα].
If there exists w ∈ RF such that u = v + w, we call w = u 
 v the Hukuhara difference

(or H-difference) of u and v. If u 
 v exists, then [u 
 v]α = [ulα − vlα, urα − vrα] for all
0 ≤ α ≤ 1.

Lemma 1 [17] For all u, v, w, e ∈ RF , if the H-differences u 
 v, w 
 e exist, then

d∞(u 
 v, w 
 e) ≤ d∞(u,w) + d∞(v, e).
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Definition 6 [29] In RF , a partial ordering can be defined as follows:

x ≤ y if xlα ≤ ylα and xrα ≤ yrα for all α ∈ [0, 1],
where x, y ∈ RF , [x]α = [xlα, xrα], [y]α = [ylα, yrα], α ∈ [0, 1].

Lemma 2 [29] Some properties of fuzzy sets with respect to the partial ordering ≤ are:

1) If x ≤ y, then x + z ≤ y + z for x, y, z ∈ RF .
2) For every nondecreasing sequence {xn} ⊂ RF , if xn → x in RF , then xn ≤ x for all

n ∈ N.
3) Every pair of elements of RF has an upper bound and a lower bound in RF .

Lemma 3 If u, v, w ∈ RF are such that w ≤ v and the H-differences u 
 v, u 
 w exist,
then u 
 v ≤ u 
 w.

Proof It is clear that wlα ≤ vlα and wrα ≤ vrα , imply that ulα − vlα ≤ ulα − wlα and
urα − vrα ≤ urα − wrα for all α ∈ [0, 1].

For J ⊂ R
2, we denote by C(J,RF ) the space of all continuous functions defined on J

and fuzzy-valued in RF . Set

Hλ(u, v) = sup
(x,y)∈J

{
d∞(u(x, y), v(x, y))e−λ(x+y)

}

for u, v ∈ C(J,RF ), where λ > 0. It is easy to see that (C(J,RF ),Hλ) is a complete
metric space [19].

Definition 7 Consider f, g ∈ C(J,RF ). We say that f ≤ g in C(J,RF ) if and only if
f (x, y) ≤ g(x, y) for all (x, y) ∈ J . That means flα(x, y) ≤ glα(x, y) and frα(x, y) ≤
grα(x, y) for all α ∈ [0, 1] and (x, y) ∈ J .

Some of the following properties of fuzzy-valued continuous functions with respect to
the partial ordering ≤ are inferred directly from the corresponding properties of fuzzy
numbers in (RF , ≤) given in Lemma 2.

Lemma 4 Let (RF ,≤) be the space of fuzzy numbers equipped with the partial ordering
defined, then we have

1) (C(J,RF ), ≤) is a partial ordered space;
2) (C(J,RF ),Hλ) is a regular metric space;
3) Every pair of elements of C(J,RF ) has an upper bound and a lower bound in

C(J,RF ).

Proof These properties have been established briefly in [29]. We include their proofs for
the sake of completeness. The proofs of property 1) and property 3) are obvious, since they
are true in RF . So we can proceed for each (x, y) ∈ J , and these properties are satisfied
in C(J,RF ) (note that we can select the upper and lower bounds to be continuous). Hence,
we only give the proof of property 2).
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2) Indeed, assume that {un} ⊂ C(J,RF ) is a nondecreasing sequence and convergent to
u in C(J,RF ), then {un(x, y)} is a nondecreasing sequence in RF for every (x, y) ∈ J .
Moreover, for each (x, y) ∈ J ,

e−λ(x+y)d∞ (un(x, y), u(x, y)) ≤ sup
J

{
d∞(un(x, y), u(x, y))e−λ(x+y)

}
= Hλ(un, u).

Since limn→∞ Hλ(un, u) = 0, we have limn→∞ d∞(un(x, y), u(x, y)) = 0, or un(x, y)

converges to u(x, y) in RF for every (x, y) ∈ J . From Lemma 2, we have un(x, y) ≤
u(x, y) for all n ∈ N and every (x, y) ∈ J .

3.2 Some Preliminaries on Fuzzy Analysis

For u, v ∈ RF , the generalized Hukuhara difference [4] (or gH-difference) of u and v,
denoted by u �gH v is defined as the element w ∈ RF such that

u �gH v = w ⇐⇒ (i) u = v + w or (ii) v = u + (−1)w.

Notice that, if u
v exists, then u�gH v = u
v. If (i) and (ii) are satisfied simultaneously,
then w is a crisp number. Also, u �gH u = 0̂ and if u �gH v exists, it is unique.

The generalized Hukuhara partial derivatives (gH-p-derivatives, for short) of a fuzzy-
valued mapping f : I ⊂ R

2 → RF are defined in Definitions 2.9 and 3.4 in [2]. Denote by
C2(I,RF ) the set of all functions f ∈ C(I,RF ) which have gH-p-derivatives up to order
2 with respect to x and y continuous on I .

Definition 8 [2] Let f : I → RF be gH-p-differentiable with respect to x at (x0, y0) ∈ I .
We say that f is (i)-gH differentiable with respect to x at (x0, y0) ∈ I if

[fx(x0, y0)]
α = [∂xflα(x0, y0), ∂xfrα(x0, y0)] ∀α ∈ [0, 1]

and that f is (ii)-gH differentiable with respect to x at (x0, y0) ∈ I if

[fx(x0, y0)]
α = [∂xfrα(x0, y0), ∂xflα(x0, y0)] ∀α ∈ [0, 1].

The (i) and (ii)-gH derivatives of f with respect to y are defined similarly.

Definition 9 Let f ∈ C2(I,RF ) and fy be gH-p-differentiable at (x0, y0) ∈ I with respect
to x and do not have any switching points on I . We say that

a) fxy is in type 1 of gH-derivatives (denote 1Dxyf ) if the type of gH-derivatives of both
f and fy are the same. Then, for α ∈ [0, 1],

[
1Dxyf (x0, y0)

]α = [
∂xyflα(x0, y0), ∂xyfrα(x0, y0)

]
.

b) fxy is in type 2 of gH-derivatives (denote 2Dxyf ) if the type of gH-derivatives of both
f and fy are different. Then, for α ∈ [0, 1],

[
2Dxyf (x0, y0)

]α = [
∂xyfrα(x0, y0), ∂xyflα(x0, y0)

]
.

It is a well-known result that, if f is continuous on U , then f is integrable on U .
Moreover, we have the following properties.

Lemma 5 Let U be a compact subset of R2, u ≤ v in C(U,RF ). Then∫

U

u(x, y)dxdy ≤
∫

U

v(x, y)dxdy.
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Proof From the definition of the fuzzy Aumann integral [19], we have
[∫

U

u(x, y)dxdy

]α

=
[∫

U

ulα(x, y)dxdy,

∫

U

urα(x, y)dxdy

]

and [∫

U

v(x, y)dxdy

]α

=
[∫

U

vlα(x, y)dxdy,

∫

U

vrα(x, y)dxdy

]

for every α ∈ [0, 1].
Since u ≤ v in C(U,RF ), then u(x, y) ≤ v(x, y) ∈ RF for all (x, y) ∈ U . That

means, from Definition 6, that (u(x, y))lα ≤ (v(x, y))lα , (u(x, y))rα ≤ (v(x, y))rα for all
α ∈ [0, 1]. It implies that

∫

U

ulα(x, y)dxdy ≤
∫

U

vlα(x, y)dxdy,

∫

U

urα(x, y)dxdy ≤
∫

U

vrα(x, y)dxdy

for all α ∈ [0, 1]. From Definition 6, we deduce that
∫
U

u(x, y)dxdy ≤ ∫
U

v(x, y)dxdy.

3.3 Statement of the Problems

In this part, we prove some new results on the existence of a unique solution for fuzzy partial
differential equations with local boundary conditions by applying the theory presented in
Section 2.

For arbitrary positive real numbers a, b, we denote Ja = [0, a], Jb = [0, b], J = Ja ×
Jb. We recall Problem (1)–(2) with η1(·) ∈ C(Ja,RF ), η2(·) ∈ C(Jb,RF ) being given
functions such that η1(0) = η2(0) and the difference η2(y)
η1(0) exists for all y ∈ Jb and
the function f : J ×RF → RF has no switching points. This boundary value problem has
been considered in some references such as [2, 20–22]. In these papers, the authors prove
the Picard’s theorem for Problem (1)–(2), i.e., when f is Lipschitz continuous, the problem
has a unique fuzzy solution. By weakening the Lipschitz condition, now the function f only
needs to satisfy a generalized contractive-like condition between comparable items, and we
also prove the existence of fuzzy solutions.

For (x, y) ∈ J , let Ixyf (x, y, u) denote the integral
∫ y

0

∫ x

0 f (s, t, u(s, t))dsdt . We
change the order of integration with respect to the notation in [22], since, in the derivatives
kDxy , we first calculate a derivative with respect to y and then with respect to x, so that we
integrate in the reverse order.

Lemma 6 [22] Assume that f is a continuous function on J × RF and that u(·, ·) ∈
C2(J,RF ) satisfies Problem (1)–(2) in J . Then u(·, ·) satisfies the following integral
equations:

1) If k = 1 then u(x, y) = p(x, y) + Ixyf (x, y, u) for (x, y) ∈ J ; or
2) If k = 2 then u(x, y) = p(x, y) 
 (−1)Ixyf (x, y, u) for (x, y) ∈ J ,

where

p(x, y) = η1(x) + η2(y) 
 η1(0). (17)

Definition 10 A function u ∈ C(J,RF ) is called an integral solution of type 1 of the
Problem (1)–(2) if it satisfies the following integral equation

u(x, y) = p(x, y) + Ixyf (x, y, u) for all (x, y) ∈ J
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and u ∈ C(J,RF ) is called an integral solution of type 2 of the Problem (1)–(2) if it satisfies
the following integral equation

u(x, y) = p(x, y) 
 (−1)Ixyf (x, y, u) for all (x, y) ∈ J,

where p(·, ·) is defined by (17).

Remark 6 Notice that Definition 10 makes sense via Lemma 6.

Definition 11 A fuzzy function μ ∈ C2(J,RF ) is called a (k)-lower (k = 1, 2) solution of
the Problem (1)–(2) if

kDxyμ(x, y) ≤ f (x, y, μ(x, y)), (x, y) ∈ J,

μ(x, 0) ≤ η1(x), x ∈ Ja, μ(0, y) ≤ η2(y), y ∈ Jb, μ(0, 0) = η1(0).

Analogously, a fuzzy function μ ∈ C2(J,RF ) is called a (k)-upper (k = 1, 2) solution
of the Problem (1)–(2) if

kDxyμ(x, y) ≥ f (x, y, μ(x, y)), (x, y) ∈ J,

μ(x, 0) ≥ η1(x), x ∈ Ja, μ(0, y) ≥ η2(y), y ∈ Jb, μ(0, 0) = η1(0).

Remark 7 The first steps in the theory of lower and upper solutions have been given by
Picard for PDEs and ODEs [31, 32]. In both cases, the existence of a solution is guaran-
teed from a monotone iterative technique. Dragoni [10, 11] are the first ones that recognize
explicitly the central role of lower and upper solutions for ordinary differential equations
with Dirichlet boundary value conditions. In the monograph of Bernfeld and Lakshmikan-
tham [5], Ladde et al. [18] the theory of the method of lower and upper solutions and the
monotone iterative technique are presented in details.

In this paper, the existence of lower solutions or upper solutions of considered problem
is used as a sufficient condition in generalized contractive-like theorems in Section 2 to
ensure the existence and uniqueness of two types of fuzzy solutions to the Problem (1)–(2).
For more about the method of lower and upper solutions, we refer the reader to the classical
work of Mawhin [26] and the surveys in this field of De Coster and Habets [6–8] in which
we can find historical and bibliographical references together with recent results and open
problems.

3.4 Existence and Uniqueness of Fuzzy Solutions

Lemma 7 For an arbitrary strictly increasing altering distance function γ and for all
positive real numbers a, b, there exists λ > 0 such that the function

�(t) = γ (t) − γ

(
1

λ2

(
1 − e−λa

) (
1 − e−λb

)
t

)
, t ∈ [0, ∞),

belongs to Ĉ([0, ∞)).

Proof From the continuity of γ , � is a continuous function on [0, ∞). Choose λ > 0 such
that

1

λ2

(
1 − e−λa

) (
1 − e−λb

)
< 1.

Then, for all t ≥ 0, we have 1
λ2 (1 − e−λa)(1 − e−λb)t ≤ t . Since γ is increasing, it follows

that γ
(

1
λ2 (1 − e−λa)(1 − e−λb)t

)
≤ γ (t) for all t ≥ 0. Hence �(t) ≥ 0 for all t ≥ 0.
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Now, we consider t > 0. From 1
λ2 (1 − e−λa)(1 − e−λb)t < t and the strict increase

property of γ , it implies that �(t) > 0. It follows that, if �(t) = 0, then t = 0 (and
conversely). It completes the proof.

Theorem 3 Let f be a continuous function that satisfies the following two hypotheses:

(h1) f : J × RF → RF is nondecreasing in the third variable, i.e., if ν ≤ ξ ∈ RF , then
f (x, y, ν) ≤ f (x, y, ξ) for all (x, y) ∈ J .

(h2) f is weakly contractive over comparable elements, that is, for some altering distance
function ψ and φ ∈ Ĉ([0, ∞)), the following estimation

ψ(d∞(f (x, y, ν), f (x, y, ξ))) ≤ ψ(d∞(ν, ξ)) − φ(d∞(ν, ξ))

holds for all (x, y) ∈ J , ν ≤ ξ in RF .

Suppose that there exists a (1)-lower solution μ ∈ C2(J,RF ) for the Problem (1)–(2).
Then the Problem (1)–(2) has a unique integral solution of type 1 on J .

Proof Define the operator T1 : C(J,RF ) → C(J,RF ) by

(T1u)(x, y) = p(x, y) + Ixyf (x, y, u), (x, y) ∈ J, (18)

for u ∈ C(J,RF ), where p(·, ·) is defined by (17).

Step 1: We prove that T1 is a nondecreasing operator in C(J,RF ).

Assume that u ≤ v in C(J,RF ), which means u(s, t) ≤ v(s, t) for all (s, t) ∈ J . From
hypothesis (h1), that is, the nondecreasing character of f with respect to the third variable,
we have that f (s, t, u(s, t)) ≤ f (s, t, v(s, t)) for all (s, t) ∈ J . Then, from Lemma 5, we
have

Ixyf (x, y, u) ≤ Ixyf (x, y, v) for (x, y) ∈ J.

It means that (T1u)(x, y) ≤ (T1v)(x, y) for all (x, y) ∈ J . Hence, T1u ≤ T1v.
Step 2: Now, we prove that

d∞(f (x, y, ν), f (x, y, η)) ≤ d∞(ν, η) for all ν ≤ η in RF and (x, y) ∈ J.

Indeed, assume that ν ≤ η in RF but d∞(ν, η) < d∞(f (x, y, ν), f (x, y, η)) for some
(x, y) ∈ J . Due to the nondecrease property of ψ , we have

ψ(d∞(ν, η)) ≤ ψ(d∞(f (x, y, ν), f (x, y, η))). (19)

On the other hand, from the hypothesis (h2), we have

ψ(d∞(f (x, y, ν), f (x, y, η))) ≤ ψ(d∞(ν, η)) − φ(d∞(ν, η))

≤ ψ(d∞(ν, η)) (20)

for all ν ≤ η in RF . From (19) and (20), one has

ψ(d∞(ν, η)) = ψ(d∞(f (x, y, ν), f (x, y, η))).

It follows from (20) that 0 ≤ −φ(d∞(ν, η)) or φ(d∞(ν, η)) = 0. Thanks to φ ∈ Ĉ([0, ∞)),
that implies d∞(ν, η) = 0. Hence

ψ(d∞(f (x, y, ν), f (x, y, η))) = ψ(d∞(ν, η)) = 0.

It implies d∞(f (x, y, ν), f (x, y, η)) = 0, leading to a contradiction.
Step 3: We check the generalized contractive-like property of the operator T1.
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For all u ≤ v in C(J,RF ), we have u(x, y) ≤ v(x, y) for all (x, y) ∈ J . It is known
from Step 2 that

d∞(f (x, y, u(x, y)), f (x, y, v(x, y))) ≤ d∞(u(x, y), v(x, y)) for all (x, y) ∈ J.

Thus

d∞((T1u)(x, y), (T1v)(x, y)) = d∞
(
p(x, y) + Ixyf (x, y, u), p(x, y) + Ixyf (x, y, v)

)

= d∞
(
Ixyf (x, y, u), Ixyf (x, y, v)

)

≤
∫ y

0

∫ x

0
d∞(f (s, t, u(s, t)), f (s, t, v(s, t)))dsdt

≤
∫ y

0

∫ x

0
d∞(u(s, t), v(s, t))dsdt

≤
∫ y

0

∫ x

0
Hλ(u, v)eλ(s+t)dsdt

= 1

λ2
Hλ(u, v)(eλx − 1)(eλy − 1).

Then, for all (x, y) ∈ J , we have

d∞((T1u)(x, y), (T1v)(x, y))e−λ(x+y) ≤ 1

λ2
Hλ(u, v)(1 − e−λx)(1 − e−λy).

Therefore

Hλ(T1u, T1v) ≤ 1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb). (21)

For an arbitrary strictly increasing altering distance function γ, from (21), we have

γ (Hλ(T1u, T1v)) ≤ γ

(
1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb)

)

= γ (Hλ(u, v)) −
[
γ (Hλ(u, v)) − γ

(
1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb)

)]
.

Denote �(t) = γ (t) − γ
(

1
λ2 (1 − e−λa)(1 − e−λb)t

)
, t ∈ [0, ∞). From Lemma 7, there

exists λ > 0 such that � belongs to Ĉ([0, ∞)) and

γ (Hλ(T1u, T1v)) ≤ γ (Hλ(u, v)) − �(Hλ(u, v)) for all u ≤ v in C(J,RF ).

This means that the operator T1 satisfies the contractive-like property.
Step 4: Since there exists a (1)-lower solution μ ∈ C2(J,RF ) for the Problem (1)–(2), then

μlα(x, y) ≤ μlα(x, 0) + μlα(0, y) − μlα(0, 0) +
∫ y

0

∫ x

0
flα(s, t, μ(s, t))dsdt

≤ (η1)lα(x) + (η2)lα(y) − (η1)lα(0) +
∫ y

0

∫ x

0
flα(s, t, μ(s, t))dsdt,

μrα(x, y) ≤ μrα(x, 0) + μrα(0, y) − μrα(0, 0) +
∫ y

0

∫ x

0
frα(s, t, μ(s, t))dsdt

≤ (η1)rα(x) + (η2)rα(y) − (η1)rα(0) +
∫ y

0

∫ x

0
frα(s, t, μ(s, t))dsdt,

for α ∈ [0, 1] and (x, y) ∈ J , so that

μ(x, y) ≤ η1(x) + η2(y) 
 η1(0) + Ixyf (x, y, μ) = (T1μ)(x, y)

for all (x, y) ∈ J . It follows that μ ≤ T1μ in C(J,RF ).
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It is easy to see from Steps 1–4 that the operator T1 satisfies all the hypotheses of Theorem 2
in case β = 1[0,∞). In consequence, T1 has a fixed point in C(J,RF ). Note that C(J,RF )

satisfies that every pair of elements of C(J,RF ) have an upper bound and a lower bound in
C(J,RF ) (Lemma 4). It follows that the operator T1 has a unique fixed point, which is the
unique integral solution of type 1 to Problem (1)–(2).

Remark 8 The existence of an integral solution of type 1 is guaranteed by the weakly non-
decreasing character and the generalized weak contractivity property of function f . The
existence of an integral solution of type 2 is more difficult to obtain due to the requirement
of the existence of Hukuhara differences.

We denote

Ĉ(J,RF ) = {u ∈ C(J,RF ) : p(x, y) 
 (−1)Ixyf (x, y, u) exists for all (x, y) ∈ J },
where p(x, y) is defined by (17).

Lemma 8 Consider (C(J,RF ), d) a complete metric space. If f is a continuous function
and Ĉ(J,RF ) 	= ∅, then (Ĉ(J,RF ), d) is a complete metric space.

Proof Let {um}∞m=1 be a sequence in Ĉ(J,RF ) converging towards u (in C(J,RF )). Then,
for all (x, y) ∈ J , the following differences exist

p(x, y) 
 (−1)Ixyf (x, y, um).

For simplicity of exposition, let

F(um)(x, y) = (−1)Ixyf (x, y, um).

From Proposition 21 in [35], we know that, for each fixed (x, y) ∈ J ,⎧⎨
⎩

len[p(x, y)]α ≥ len[F(um)(x, y)]α, 0 ≤ α ≤ 1,

(p(x, y))lα − (F (um)(x, y))lα is monotonically increasing in α ∈ [0, 1],
(p(x, y))rα − (F (um)(x, y))rα is monotonically decreasing in α ∈ [0, 1].

Since f is continuous and {um}∞m=1 converges uniformly to u, then

len

[∫ y

0

∫ x

0
f (s, t, um(s, t))dsdt

]α

is convergent towards

len

[∫ y

0

∫ x

0
f (s, t, u(s, t))dsdt

]α

for each α ∈ [0, 1]. Therefore, len[F(um)(x, y)]α converges to len[F(u)(x, y)]α , where

F(u)(x, y) = (−1)Ixyf (x, y, u) = (−1)

∫ y

0

∫ x

0
f (s, t, u(s, t)) dsdt.

Hence, from the inequality

len[p(x, y)]α ≥ len[F(um)(x, y)]α, 0 ≤ α ≤ 1,

we derive that, for each fixed (x, y) ∈ J ,

len[p(x, y)]α ≥ len[F(u)(x, y)]α, 0 ≤ α ≤ 1.

Moreover, for arbitrary 0 ≤ α ≤ γ ≤ 1, we have

(p(x, y))lα − (F (um)(x, y))lα ≤ (p(x, y))lγ − (F (um)(x, y))lγ .
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Taking the limits when m → ∞ and using similar arguments as above, we receive

(p(x, y))lα − (F (u)(x, y))lα ≤ (p(x, y))lγ − (F (u)(x, y))lγ .

By analogous arguments, one has

(p(x, y))rα − (F (u)(x, y))rα ≥ (p(x, y))rγ − (F (u)(x, y))rγ

for all 0 ≤ α ≤ γ ≤ 1.
Therefore, the difference

p(x, y) 
 (−1)Ixyf (x, y, u)

exists for all (x, y) ∈ J . It shows that u ∈ Ĉ(J,RF ) and Ĉ(J,RF ) is a closed subset of the
space C(J,RF ). Since (C(J,RF ), d) is a complete metric space, (Ĉ(J,RF ), d) is also a
complete metric space.

By changing the solution space to Ĉ(J,RF ), we can prove the existence of solution of
type 2 to the Problem (1)–(2).

Theorem 4 Let f be a continuous function satisfying the hypotheses (h1)–(h2) in Theorem
3. Moreover, suppose that the following hypotheses are fulfilled:

(h3) Ĉ(J,RF ) 	= ∅.
(h4) If u ∈ C(J,RF ) satisfies that u ∈ Ĉ(J,RF ), then the Hukuhara difference

p(x, y) 
 (−1)Ixyf (x, y, ν)

also exists for every (x, y) ∈ J , where

ν(x, y) = p(x, y) 
 (−1)Ixyf (x, y, u), (x, y) ∈ J.

Suppose that there exists a (2)-lower solution μ ∈ C2(J,RF ) ∩ Ĉ(J,RF ) for the Problem
(1)–(2). Then the Problem (1)–(2) has an integral solution of type 2 on J .

Furthermore, if the following condition holds:

(h5) For each pair u, v ∈ Ĉ(J,RF ) fixed, there exists ξ ∈ C(J,RF ) an upper or a lower
bound of u, v such that the Hukuhara difference p(x, y) 
 (−1)Ixyf (x, y, ξ) exists
for all (x, y) ∈ J ,

then the Problem (1)–(2) has a unique integral solution of type 2 on J .

Proof By the hypothesis (h3), Ĉ(J,RF ) 	= ∅ and it is clear that, for every u ∈ Ĉ(J,RF ),
the Hukuhara difference p(x, y) 
 (−1)Ixyf (x, y, u) exists for all (x, y) ∈ J . By the
assumption (h4), it is reasonable to build the operator T2 : Ĉ(J,RF ) → Ĉ(J,RF ) defined
by

(T2u)(x, y) = p(x, y) 
 (−1)Ixyf (x, y, u), (x, y) ∈ J.

Similarly to Step 2 in the proof of Theorem 3, we receive from hypotheses (h1)–(h2) that

d∞(f (x, y, ν), f (x, y, η)) ≤ d∞(ν, η)

for all ν ≤ η in RF and (x, y) ∈ J .
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Using analogous arguments as in the proof of (21) and combining with Lemma 1, for all
u ≤ v in Ĉ(J,RF ), we have

d∞((T2u)(x, y), (T2v)(x, y))

= d∞
(
p(x, y) 
 (−1)Ixyf (x, y, u), p(x, y) 
 (−1)Ixyf (x, y, v)

)

≤ d∞(Ixyf (x, y, u), Ixyf (x, y, v))

≤ 1

λ2
Hλ(u, v)(eλx − 1)(eλy − 1),

and it follows that

Hλ(T2u, T2v) ≤ 1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb). (22)

Now, assume that u ≤ v in Ĉ(J,RF ). We need to indicate the nondecreasing character
of the operator T2, proving that T2u ≤ T2v. Since u(s, t) ≤ v(s, t) for all (s, t) ∈ J ,
and using the hypothesis of the nondecreasing character of f in the third variable, we have
f (s, t, u(s, t)) ≤ f (s, t, v(s, t)) for all (s, t) ∈ J . It follows from Lemma 5 that

∫ y

0

∫ x

0
f (s, t, u(s, t))dsdt ≤

∫ y

0

∫ x

0
f (s, t, v(s, t))dsdt,

or

(−1)

∫ y

0

∫ x

0
f (s, t, v(s, t))dsdt ≤ (−1)

∫ y

0

∫ x

0
f (s, t, u(s, t))dsdt

for all (x, y) ∈ J . Hence, by Lemma 3, since the differences involved exist, we have

(T2v)(x, y) = p(x, y) 
 (−1)

∫ y

0

∫ x

0
f (s, t, v(s, t))dsdt

≥ p(x, y) 
 (−1)

∫ y

0

∫ x

0
f (s, t, u(s, t))dsdt = (T2u)(x, y)

for all (s, t) ∈ J , and the consequence is that T2 is a nondecreasing operator on Ĉ(J,RF ).
From (22), for an arbitrary strictly increasing altering distance function γ , we have

γ (Hλ(T2u, T2v)) ≤ γ

(
1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb)

)

= γ (Hλ(u, v)) −
[
γ (Hλ(u, v)) − γ

(
1

λ2
Hλ(u, v)(1 − e−λa)(1 − e−λb)

)]
.

Denote �(t) = γ (t)−γ
(

1
λ2 (1 − e−λa)(1 − e−λb)t

)
, t ∈ [0, ∞). Then, from Lemma 7,

there exists λ > 0 such that � is in Ĉ([0, ∞)) and T2 satisfies the generalized contractive-
like condition

γ (Hλ(T2u, T2v)) ≤ γ (Hλ(u, v)) − �(Hλ(u, v)) for all u, v ∈ Ĉ(J,RF ) with u ≤ v.

Next, since there exists a (2)-lower solution μ ∈ C2(J,RF )∩ Ĉ(J,RF ) for the Problem
(1)–(2), we prove that μ ≤ T2μ. Note that the difference

(T2μ)(x, y) = p(x, y) 
 (−1)

∫ y

0

∫ x

0
f (s, t, μ(s, t))dsdt

exists for all (x, y) ∈ J , since μ ∈ Ĉ(J,RF ).
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Besides, from 2Dxyμ(x, y) ≤ f (x, y, μ(x, y)), we deduce that
∫ y

0

∫ x

0
2Dxyμ(s, t)dsdt ≤

∫ y

0

∫ x

0
f (s, t, μ(s, t))dsdt

for all (x, y) ∈ J . The previous inequality together with μ(x, 0) ≤ η1(x), μ(0, y) ≤ η2(y),
and μ(0, 0) = η1(0), implies that

μrα(x, y) ≤ μrα(x, 0) + μrα(0, y) − μrα(0, 0) +
∫ y

0

∫ x

0
flα(s, t, μ(s, t))dsdt

≤ (η1)rα(x) + (η2)rα(y) − (η1)rα(0) +
∫ y

0

∫ x

0
flα(s, t, μ(s, t))dsdt,

μlα(x, y) ≤ μlα(x, 0) + μlα(0, y) − μlα(0, 0) +
∫ y

0

∫ x

0
frα(s, t, μ(s, t))dsdt

≤ (η1)lα(x) + (η2)lα(y) − (η1)lα(0) +
∫ y

0

∫ x

0
frα(s, t, μ(s, t))dsdt

for α ∈ [0, 1] and (x, y) ∈ J , which proves that

μ(x, y) ≤ η1(x) + η2(y) 
 η1(0) 
 (−1)

∫ y

0

∫ x

0
f (s, t, μ(s, t))dsdt

= p(x, y) 
 (−1)

∫ y

0

∫ x

0
f (s, t, μ(s, t))dsdt = (T2μ)(x, y)

for all (x, y) ∈ J . Therefore, μ ≤ T2μ in Ĉ(J,RF ).
Because of Lemma 8, since Ĉ(J,RF ) is a closed subspace of C(J,RF ), then

(Ĉ(J,RF ),Hλ) is a complete metric space. Besides, the properties 1) and 2) in Lemma 4
are valid in Ĉ(J,RF ). Then the operator T2 satisfies all the hypotheses of Theorem 2 in
Ĉ(J,RF ). Hence, T2 has a fixed point in Ĉ(J,RF ). The uniqueness of fixed point comes
from the existence of an upper or a lower bound in Ĉ(J,RF ) for each pair of fixed elements
in Ĉ(J,RF ), which comes from (h5). This completes the proof.

Theorem 5 The conclusions of Theorems 3 and 4 are still valid if instead of a (k)-lower
solution, a (k)-upper solution (k = 1, 2) of Problem (1)–(2) is supposed to be exist.

Proof If μ is a (1)-upper solution to the Problem (1)–(2), then

μ(x, y) ≥ η1(x) + η2(y) 
 η1(0) + Ixyf (x, y, μ(x, y)) = (T1μ)(x, y)

for all (x, y) ∈ J , from which it follows that μ ≥ T1μ. Hence, the existence of a unique
integral solution of type 1 for Problem (1)–(2) is derived from Theorem 2. The proof of the
solvability of Problem (1)–(2) with a unique integral solution of type 2 is obtained similarly
by taking a (2)-upper solution μ in Ĉ(J,RF ).

Finally, we prove the existence of solutions to Problem (1)–(2) by applying the
generalized results obtained in Section 2 for the case β ∈ S0.

In the space C(J,RF ), we consider the metric

d(u, v) = sup
(x,y)∈J

{d∞(u(x, y), v(x, y))}.

Due to the compactness of J in R
2, it is easy to see that (C(J,RF ), d) is a complete metric

space.
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For an arbitrary altering distance function η, we denote by Bη the class of functions
ϕ : [0, ∞) → [0, ∞) which satisfy the following conditions:

i) ϕ is monotonic increasing.
ii) ϕ(t) < t for t > 0.

iii) The function β : [0, ∞) → [0, 1) defined as β(t) =
{

ϕ◦η(t)
η(t)

, t > 0,

0, t = 0
is in S0.

Theorem 6 Consider Problem (1)–(2), with a continuous function f satisfying the hypoth-
esis (h1), and suppose that there exist a strictly increasing altering distance function ψ

satisfying ψ(t) ≤ t if t > 0, and ϕ ∈ Bψ such that the following inequality holds

d∞(f (x, y, u(x, y)), f (x, y, v(x, y))) ≤ 1

ab
ϕ (ψ(d∞(u(x, y), v(x, y)))) , (x, y) ∈ J,

(23)
for u ≤ v in C(J,RF ). Then the existence of a (1)-lower solution (or a (1)-upper solution)
μ ∈ C2(J,RF ) for the Problem (1)–(2) provides the existence of a unique integral solution
of type 1 to the Problem (1)–(2).

Proof Consider the operator T1 : (C(J,RF ), d) → (C(J,RF ), d) defined by (18).
Using (h1) and following the same reasoning as in Step 1 of Theorem 3, we obtain the

nondecreasing character of the operator T1 in C(J,RF ).
For all u ≤ v in C(J,RF ), we have, from (23),

d∞((T1u)(x, y), (T1v)(x, y)) = d∞(Ixyf (x, y, u(x, y)), Ixyf (x, y, v(x, y)))

≤
∫ y

0

∫ x

0
d∞(f (s, t, u(s, t)), f (s, t, v(s, t)))dsdt

≤ 1

ab

∫ y

0

∫ x

0
ϕ (ψ(d∞(u(x, y), v(x, y)))) dsdt.

Since d∞(u(x, y), v(x, y)) ≤ d(u, v) for all (x, y) ∈ J , by using the nondecrease property
of ψ and ϕ, we get ψ(d∞(u(x, y), v(x, y))) ≤ ψ(d(u, v)) and

ϕ(ψ(d∞(u(x, y), v(x, y)))) ≤ ϕ(ψ(d(u, v)))

for all (x, y) ∈ J . It follows, for all (x, y) ∈ J , that

d∞((T1u)(x, y), (T1v)(x, y)) ≤ 1

ab
ϕ (ψ(d(u, v)))

∫ y

0

∫ x

0
dsdt

= 1

ab
xyϕ (ψ(d(u, v))) ≤ ϕ (ψ(d(u, v))) .

Thus, for u ≤ v in C(J,RF ),

d(T1u, T1v) ≤ ϕ (ψ(d(u, v))) .

From the nondecreasing character of ψ , we get, for u ≤ v in C(J,RF ),

ψ (d(T1u, T1v)) ≤ ψ (ϕ (ψ(d(u, v)))) ≤ ϕ (ψ(d(u, v)))

= ϕ (ψ(d(u, v)))

ψ(d(u, v))
ψ(d(u, v)) = β(d(u, v))ψ(d(u, v)),
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if d(u, v) > 0, and the inequality is trivially valid if d(u, v) = 0. Here, we have

β(t) =
{

ϕ◦ψ(t)
ψ(t)

if t > 0,

0 if t = 0,

which belongs to S0, by hypothesis.
Finally, let μ ∈ C2(J,RF ) be a (1)-lower solution for the Problem (1)–(2). It is clear

again that μ ≤ T1μ, since μ(x, y) ≤ η1(x)+η2(y)
η1(0)+Ixyf (x, y, μ) = (T1μ)(x, y),
(x, y) ∈ J . Similarly, if there exists a (1)-upper solution μ for the Problem (1)–(2), then we
have μ ≥ T1μ. Note that (C(J,RF ), d) is also regular.

Overall, the operator T1 satisfies all the hypotheses of Theorem 2 in case β ∈ S0. In
consequence, T1 has a fixed point in C(J,RF ). Noticing that every pair of elements of
C(J,RF ) has an upper and a lower bound, it follows that the operator T1 has a unique fixed
point.

Theorem 7 Consider Problem (1)–(2) with f continuous satisfying the hypotheses (h1),
(h3), (h4) and suppose that there exist a strictly increasing altering distance function ψ

satisfying ψ(t) ≤ t if t > 0, and ϕ ∈ Bψ such that the inequality (23) holds for u ≤ v in
C(J,RF ).

Then the existence of a (2)-lower solution (or a (2)-upper solution) μ ∈ C2(J,RF )

∩ Ĉ(J,RF ) for the Problem (1)–(2) provides the existence of a fuzzy integral solution of
type 2 to the Problem (1)–(2).

Furthermore, if the condition (h5) holds, then the Problem (1)–(2) has a unique integral
solution of type 2 on J .

Proof Using analogous arguments for the operator T2 in Theorem 4, we deduce the
existence of a (unique) integral solution of type 2 to the Problem (1)–(2).

Example 1 Denote RF
+ = {z ∈ RF : 0̂ ≤ z}, where 0̂ is defined by 0̂(t) = 1 if t = 0 and

0̂(t) = 0 in other cases. In this example, we consider the following fuzzy partial hyperbolic
equation under generalized Hukuhara derivatives

⎧⎨
⎩

kDxyu = f (x, y, u(x, y)), (x, y) ∈ J = [0, a] × [0, b],
u(x, 0) = 0, x ∈ Ja,

u(0, y) = 0, y ∈ Jb,

(24)

where f : J × RF → RF
+. Note that u(0, 0) = 0 is deduced for a solution.

Theorem 8 Consider f : J × RF → RF
+ continuous and nondecreasing with respect to

the third variable and suppose that, if u ≤ v in C(J,RF ), then

d∞(f (x, y, u(x, y)), f (x, y, v(x, y)))

≤ 1

ab
ln

(
1 + min{d2∞(u(x, y), v(x, y)), d∞(u(x, y), v(x, y))}

)
(25)

for all (x, y) ∈ J . Then Problem (24) has a unique nonnegative fuzzy integral solution of
type 1. In addition to the hypotheses, if (h3) and (h4) are satisfied, then Problem (24) has a
nonnegative integral solution of type 2 (unique if (h5) holds).
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Proof Consider the cone P = {u ∈ C(J,RF ) : u ≥ 0̂}, where we also denote by 0̂
the constant function equal to 0̂ at any point. Obviously, (P, d) is a complete metric space
(and regular). The operator T1 defined as (T1u)(x, y) = Ixyf (x, y, u) is nondecreasing
and maps P into itself since f (x, y, u(x, y)) is a nonnegative continuous function for each
u ∈ P . Besides, T1(0̂) ≥ 0̂ (0̂ is a lower solution). From Theorem 6 with ϕ(t) = ln(1 + t),
ψ(t) = min{t2, t}, we derive the conclusion.

Note that the condition f : J × RF → RF
+ can be relaxed to f : J × RF → RF if

we impose that f (x, y, 0̂) ≥ 0̂ for every (x, y) ∈ J , due to the nondecreasing character of
T1, which yields T1u ≥ T1(0̂) ≥ 0̂ for u ∈ P .

Note also that, in this example, the weak solution of type 2 is sought in the space of
functions u ∈ C(J,RF ) such that u ≥ 0̂ and f (x, y, u(x, y)) is crisp for every (x, y) ∈ J ,
so condition (h4) (and, hence, (h3)) is satisfied if f (x, y, z) is crisp for each (x, y) ∈ J and
z ∈ RF crisp. Under this restriction, (h5) also holds since, given u, v ≥ 0̂, we can take as a
crisp lower bound of u, v the constant function 0̂.

4 Conclusions

In this study, we have firstly presented some new generalized theorems on fixed points
for nondecreasing mappings from a partially ordered metric space to itself. These results
develop some previous results of [3, 14, 27] and admit them as special cases. Secondly,
we have investigated the existence and uniqueness of fuzzy solutions to a boundary value
problem for a class of fuzzy partial hyperbolic equation under generalized Hukuhara deriva-
tives. Via these results, the function placed in the right-hand side of the equation does not
need to be Lipschitz continuous. In spite of this condition, f is only demanded to satisfy a
generalized contractive-like condition. However, a hypothesis of existing a lower or upper
solution of considered problem is required. In real world applications, the use of lower and
upper solutions method is hampered by the difficulty to exhibit such functions. This method
does not require to find a solution of a boundary value problem but find lower and upper
solutions. This replacement reminds us to the Liapunov’s second method. Furthermore, in
many theorems, the assumptions at hand provide lower and upper solutions and their use
simplifies the argument. The questions arise whether it is easy to recognize that a set of
assumptions provides such lower and upper solutions? Is it easy to find them? In general,
there is no clue to finding these solutions. This drawback motivated more works to study
the way to construct the lower as well as upper solutions in differential equations theory.
Some efforts to offer a construction of lower and upper solutions can be seen Lemma 1.5.2
in [15] for initial value problems of first order ordinary differential equations, Chapters VI
to X in [8] for showing how to build in specific cases appropriate lower and upper solutions
of some classes of two points boundary value problems. For partial differential equations,
we can cite here some works [12, 13]. This observation is our primary motivation in future
work for stating conditions that ensure a given function is a lower or an upper solution of
our considered problems.
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