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Abstract In this paper, building upon subgradient techniques and viscosity-type approx-
imations, we propose a simple projection algorithm for solving the lexicographic Ky Fan
inequality in a real Hilbert space, where the lower level is a variational inequality problem.
By choosing suitable regularization parameters, a strong convergence of the proposed algo-
rithm is established under mild assumptions imposed on the cost function. Some simple
numerical examples are given to illustrate the performance of the proposed algorithm.
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1 Introduction

Let H be a real Hilbert space equipped with an inner product (-, -) and its induced norm || - ||.
Let C be a nonempty closed convex subset of . In this paper, we consider the lexicographic
Ky Fan inequality, shortly LK F (g, F, C), as follows:

Find x* € Sol(F, C) such that g(x*, x) > 0 Vx € Sol(F, C),
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where g : CxC — R, Sol(F, C) denotes the set of all solutions of the variational inequality
problem:

Find y* € C such that (F(y*),y —y*) >0 VyeC,

and F : C — H. As usual, the bifunction g and the mapping F are called to be the cost
bifunction and cost mapping.

Although Problem LK F (g, F, C) has a simple bilevel form, it coverts the following as
special cases:

1. Ky Fan inequality problem: Let C be a nonempty closed convex subset of H and the
bifunction g : C x C — R. We consider the Ky Fan inequality problem (see [12]):

Find x* € C such that g(x*,x) >0 Vx € C. €))

Setting F(x) = O for all x € C, it is easy to see that Problem (1) coincides with the
form LK F(g, F, C).

2. Bilevel variational inequality problem: Let C be a nonempty closed convex subset of H,
G :C — Hand F : C — H. The following problem is called the bilevel variational
inequality problem (see [7, 16]), shortly BVI(G, F, C):

Find x* € Sol(F, C) such that (G(x*),y —x*) >0 Vx € Sol(F, C).

By setting g(x,y) = (G(x),y — x) for all x,y € C, we can easily see that
BVI(G, F, C) isequivalent to LK F(G, F, C).

3. Minimum-norm problem: Let C be a nonempty closed convex subset of H, x € H{ and
F : C — H. The minimum-norm problem, in [31], shortly M N(F, C), is formulated
in the following:

min{[|x® — x|| : x € Sol(F, C)}.

Taking g(x, y) := ||y —x°|| — |x — x| forall x, y € C, we can see that BVI (G, F, C)
collapses into the minimum-norm problem M N (F, C).

Some methods for solving Problem LK F(g, F, C) and its special cases can be found,
for instance, in [4, 5, 7, 14-16, 25, 28, 30]. A majority of existing methods is based on the
proximal method which consists of solving a regularized Ky Fan problem, i.e., at current
iteration, given the current iterate x", we compute the next iterate x"*! by solving the
following problem:

1
Find x* € C such that g(x*, y) + —(y —x*, x* —x") >0 Vy e C,
r

where g : C x C — R and r > 0. It is well-known that the viscosity method is a fundamen-
tal method to solve variational inequalities where the constraint set is the fixed point set of a
nonexpansive mapping (shortly, the hierarchical variational inequality). That is the problem
of finding x* € Fix(T) (the fixed point set of a nonexpansive mapping 7 : C — C) such
that

(I —=V)(x™),x —x*) >0 Vx € Fix(T),

where V : C — C is nonexpansive and [ is the identity mapping. There are two schemes
to solve the hierarchical variational inequality in a real Hilbert space that one implicit and
one explicit as follows:

xp =1tf(x) + 1 =0T (x)
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and
K= F )+ (1= ) T (D,

where f is a contraction mapping on C, ¢ € (0, 1) and {At} C [0, 1].
In [22], Maingé and Moudafi considered the viscosity method for the hierarchical
variational inequality as follows:

X0 e O M = L R + (A = Al VR 4+ (1 — a) T (M),

where f : C — C is a contraction. Under concrete conditions, the authors have shown
that the iterative sequence strongly converges to a solution of the hierarchical variational
inequality. We note that the method can be regarded as a generalized version of Halpern’s
algorithm. In [18], Lu et al. investigated other hybrid viscosity approximation methods for
solving the hierarchical variational inequality. By combining viscosity approximation meth-
ods with projected subgradient techniques, Maingé in [20] established a strong convergence
theorem for optimization with variational inequality constraints in 7. Xu in [29] intro-
duced a viscosity method for hierarchical fixed point approach to variational inequalities.
Here, the author showed that the sequence defined by the implicit hierarchical scheme con-
verges strongly in norm to a solution of the hierarchical variational inequality. Recently, the
viscosity method has been studied to develop iteration algorithms for variational inequal-
ities, Ky Fan inequalities, and other problems (see [9, 21]). Methods for solving Problem
LK F(g, F, C) have also been studied extensively in the literature (see [1-3, 17, 23]).

The purpose of this paper is to extend the above viscosity approximation method in
[22] to Problem LK F(g, F, C), with suitable modifications and subgradient techniques.
Through this way, we obtain a strongly convergent algorithm for solving the problem in
a real Hilbert space H. The iterative algorithm is quite simple. At each iteration, we only
require computing the subgradient of a subdifferentiable convex function and the projection
of a point onto the domain.

This paper is organized as follows. In Section 2, we recall some definitions and lemmas
used in the paper. Section 3 deals with proposing and analyzing the convergence of the
algorithm. Finally, we present some numerical experiments to illustrate the behavior of the
proposed algorithms in Section 4.

2 Preliminaries

In this section, we collect some definitions and lemmas that will be used in the sequel. Let
C be a nonempty closed convex subset of H, for every x € H, there exists a unique element
Prc(x), defined by

Prc(x) = argmin{||y — x|l : y € C}.
It is also known that Pr¢ is firmly nonexpansive, or 1-inverse strongly monotone, i.e.,
(Prc(x) — Pre(y), x — y) = ||Pre(x) — Pre()|I> V¥x,y € C.

Besides, we recall some other properties of the projection as follows (see [21, Proposition
4.1]):

lx — Pre@))* + [Prc(x) — y|> < lx —y|I*> VxeH,yeC,
lx —Prc(x — ) < Iyl VxeC,yeH,
Iz —Pre(x — MI* < llx —zI* = 2(x — 2, y) +5yII> Vx,zeC,yeH. (2
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A mapping F : C — H is said to be monotone on C, if
(F(x) = F(y),x—y) =0 Vx,yeC;
paramonotone on C, if F is monotone on C and
(F(x) = F(),x—y)=0 = F) =F();
weakly closed on C, if
[{xk} cCxk—~x (weakly) and F(xk) — w (weakly) ] = w = F(x).
A bifunction g : C x C — R is said to be monotone on C, if
gx,y) +g(y,x) =0 Vx,yeC;
p-strongly monotone on C, if
g, M) +g(y.x) < —pllx —y|* VaxyeC.

Throughout this paper, we consider the bifunction g, the mapping F and regularization
parameters with the following assumptions:

(A1) g is p-strongly monotone and for each x € C, g(x,-) is weakly continuous and
convex on the domain C, d,g(x, -)(x) :={wy € H : g(x,y) > (wy, y —x)Vy € C}
is upper semicontinuous and g(x, x) = O forall x € C.

(A2) F :C — H is paramonotone and weakly closed on C, and Lipschitz continuous on
the domain C.

(A3) The solution set Sol(F, C) :={x € C : (F(x),y — x) > 0 Vy € C} is nonempty.

(A4) € (0, 00), there are two nonnegative real sequences {a} and {A;} such that

o0 o0 o0 o0
2 N
A = 00, AL < 00, lim o =0, o = 00, oA = 00.
> PRE: Jim o D >
k=0 k=0 k=0 k=0

It is easy to check again that condition (Ay4) is satisfied by

N 1 1

= o=,
TR0 T e

We recall a series of preliminary results needed for our convergence analysis.

1
with A € <§, 1) anda € (0,1 —2).

Lemma 1 [8] Let {a,}, {bn}, and {c,} be three sequences of nonnegative real numbers
satisfying the inequality

ant1 < (1 +bp)a, +c,  V¥n = ny,
for some integer ng > 1, where Zzino b, < +oo and Z:o:no cp < 400. Then limy,_, o0 ay,

exists. If in addition {a,} has a subsequence which converges to zero, then lim,_, » a, = 0.

Lemma 2 [20] Let {b,} be a sequence of real numbers that is not decreased at infinity, in
the sense that there exists a subsequence {by;} of {b,} which satisfies by; < bp;+1 for all
Jj = 0. We also consider a sequence of integers {t,} defined by

T, = max{k <n: by < br41}.

Then, {t,}(n > ng) is a nondecreasing sequence verifying lim,_, », t, = 00, and for all
n > 0, it holds that

by, <bg 41 and b, <bgyg.
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Lemma 3 [20] Let {)\,,} and {B,} be nonnegative sequences such that

o0 oo o0
ZA,, = 00, ZA% <00, and Zk,,ﬁn < 0.
n=0 n=0

n=0
Then, the following two results hold:
(i) There exists a subsequence {Bp, } of {Bn} such that limy_, o B, = 0.

(i) If{\,} and {B,} are also such that B,+1 — By < O\, (for some positive 0), then {B,}
satisfies lim, o0 B, = 0.

Lemma 4 [21] Let ¢ be the functional defined on C as ¢ (-) := (F(-), - —q), whereq € H

and F : C — H is monotone and weakly closed on C, and Lipschitz continuous on bounded
subsets of C. Then, ¢ is weakly lower semicontinuous on C.

3 Convergence Results

In order to solve Problem LK F(g, F, C), we investigate the convergence analysis of the
sequence {x¥} given by the following iterative scheme.

Algorithm 1

Initialization. Taking two sequences of nonnegative real numbers {ox} and {Ar}, u €
(0, +00), x% € C.

Step 1. Choose w* € 8,g(x*, x¥).
Step 2. Setd* = F(x*) + agwk, ni = max{p, [|d¥||}, and x*+! = Pre(xk — %dk).
k :==k 4+ 1 and go to Step 1.

We begin with the following lemma.

Lemma 5 Let the sequences {x*} and {w*} be generated by Algorithm 1. Then

() X — xR < 2y for all k = 0.
(ii) The following holds for all x* € Sol(F, C)

200 Ak
Nk

2k
SELy

kT —x* )% < k=¥ F(xky, xk —x*)— ok —x*, why+532. (3)

Proof (i) Since Prc is firmly nonexpansive, x* € C and Step 2 of the algorithm provided
for ||d*|| < i, we have

A
||xk+1 —Xk” — PI'C <Xk _ ld/() —Xk
Nk

A
= |IPre <xk - n—l’:d’f) — Pre(xb)

A
(xk — —kdk> —xk
Nk

Ak
= = )ld") < A
Nk

IA
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This implies (i).
(ii) Applying property (2) for x := x* € C,z :=x* € C,and y : )"‘ dk € H, and using

xktl = Pr¢ (x — %dk>, we obtain

x* —Prc (xk - —dk) H

2
A
< P = 22Kk ke 45 (—’“ndkn) .
Nk Nk

k+1 2
[l — x|

Combining the latter inequality with the bound ld¥| < Nk, and d* = T (x5 + apwk, we get

A A ’
||Xk+] _x*”2 < ”)Ck _x*”Z _ 27k<dk,xk _ x*) +5 <7k||dk”>
Nk Nk

A
< k= xf )2 — 22K gk Xk — x4 a2
Nk
kw2 oMk ey ok MOk, b ks 2
= [|x* = x*||F = 2—(F(x"), x" —x¥) —2—— (w", x* — x¥) 4+ 541.
Nk Nk
This implies (3). O

Theorem 1 Let the above assumptions (A1)—(Ay) hold. Then, the sequence {xk} generated
by Algorithm 1 converges strongly to the unique solution of Problem LK F (g, F, C).

Proof We divide the proof into several claims.
Claim 1 The sequence {x¥} is bounded.

Indeed, for each x* € Sol(F, C), we have (F(x*),x — x*) > 0 for all x € C. By the
monotonicity of F and x* € C, we get (F(x¥), x¥ —x*) > 0. Combining this and inequality
(3), we have

200 Mk, g

”xk+1 (x -

i P * wk) + 547,

Nk
Consequently,

k
20 A
e =2 =535 < e — ) SZﬂ ek = wh),

Foreachk > 1, setay = ||xk — x*|2 =5 Z];;o A?. Then,
20 g
Nk

(K —x*wky <0 Vk>1. )

Aj+1 — Ak +

Case 1 There exists an index kp > O such that the sequence {ax} is nonincreasing with
k > ko. It implies that {a;} is bounded above by ay, for all k > ko, i.e., ax := [|x* — x*||> —
5 Zk_(l) )»3 < ak,Vk > ko. Using assumption (A4) that Y 2 )L% < 00, we have
k—1
I = x*7 <5 A% + agy < 0.
j=0
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It follows that the sequence {x*} is bounded.
Case 2 There exists a subsequence {ak;} of {ax} such that ax; < ay;+ forall j > 0. By
Lemma 2, we have a subsequence {7} such that

Ay < g1 and  ag < agq1 Vk > 1. %)
Replacing k := 7t} in (4) and using (5), we obtain
(x™ — x™, w%) <0.

Combining this with the convexity of g(x, -), the p-strong monotonicity of g and g(x, x) =
0 for all x € C, we get
(w™, x* — x™)
g™, x*) — g(x™, x™)
gx™, x*)

< —g(x*, x™®) —plx™* —x

=
=

Then, for all w* € d,g(x*, x*), we have

pllx™ — x*|? < —g(x*, x™)

< —g(x*, x%) — (w*, x™ — x%)
= —(w*, x™* — x¥)
< [lw*lllx™ — x*].
This shows that the sequence {x™} is bounded and hence {a,} defined as ar, = ||x™ —
x*2 =5 Z/ik:_ol k%k is also bounded. It follows from this and (5) that the sequence {ay}

is bounded. By a similar argument as in Case 1, we conclude that the sequence {x*} is
bounded.

Claim 2 For each x* € Sol(F, C) and a bounded sequence {zF} in C such that

Jim (F(Z,2F = x*) =0, (6)

we claim that any weak cluster point of {z*} belongs to Sol(F, C).

Indeed, suppose that {zX/} is a subsequence of {z¥} such that z¥/ converges weakly to 2
in . Obviously, Z € C, because C is assumed to be closed and convex. Applying Lemma 4
for g := x*, ¢ (x) := (F(x), x — x*) and using Assumption (A,), we have that ¢ is weakly
lower semicontinuous on C and hence

(F(3),% — x*) = ¢(2) < liminfp (") = liminf(F (z*7), 5 — x*). @)
J—> 0 J—>00

From the monotonicity of F and x* € Sol(F, C), it follows that
0 <(F(x™),z—x") <(F(2),z—x"). 3

Assumption (6) yields
liminf(F (z*), 25 — x*) = 0.

Combining this, (7) and (8), we obtain (F(z2),Z — x*) = 0. Since F is paramonotone and
x* € Sol(F, C), we also have Z € Sol(F, C).
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Claim 3 We show that, for all x* € Sol(F, C), there exists y > 0 such that

(F (RN, My — (F (%), K — x%) < yar.

Indeed, by Lemma 5 and the Lipschitz continuity of F, we have
(F(xk+1),xk+l _x*) _ (F(xk),xk _x*>
— (F(.xk+1), xk+1 _x*> _ (F(.xk+l), xk _x*> + (F(xk+l), xk _x*> _ (F(_xk), xk _x*>
= (F*h, xM =2k (P — PR, b — 1)
< NFEFD I = x4 Lt = Xt — x|
= (IFCEH + Lix* —x* It — XX
= (IFCEH + Lix* — x* D
<Y,
where y := sup{|| F (x**t1)|| + L||x* — x*|| : k > 1}. By Claim 1, we have y < +o0.

Claim 4 The sequence {x*} converges strongly to the unique solution x* of LK F (g, F, C).

Indeed, Claim 1 ensures the boundedness of the sequence {x*}, hence {F (x¥)} is bounded
(by the Lipschitz continuity of ¥ on bounded subsets of C), and so is {wk} (from Assump-
tion (A1)). By the definition of 7, we easily observe that {n;} is bounded, so that there
exists a positive constant § such that

mw=<m <8 Vk=>0. )

Set

o L =,
b; = |lx/ — Z -5 A
i=0

By Lemma 5, form (3) can be equivalently rewritten as

k k
Mi(F(x! xb— x*
” k+1 X” +Z l ( ) —SZ)\,%

i=

Ji(F(x), xi — x* e
SNSRI SEl (x)n_x N
i=0 ! i=0

203 A
_ T k(xk —x*, why.
Nk

This means that

200\
KPRk — x, why

A
b1 < by — S (F(xb), xF — x%) — (10)

Nk Nk

Now, we consider two cases as follows:

Case 1 There exists ko such that {br}(k > ko) is nonincreasing, i.e., byy; < by for all
k > ko, namely

F k
<+ o2 = MEE). xt - x) +522.

— x| < xk —x
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From the above proof (F(x%), x* — x*) > (F(x*), x¥ — x*) > 0, we have

X2 <k — )2 4 522,
k

Since > 72, A,% < oo and Lemma 1, we obtain

0 M (F(xb), xk — x*)
2,

lim [x* — x*| exists and < o0. 1)
k—o00 =0

From (9), together with the second estimate in (11), we immediately have

oo

D h(F(xb), x = x*) < oo

k=0
Then, by Claim 3, together with our assumptions Z,ﬁio )»,% < 00, thio Ak = 00, and using
Lemma 3, we obtain limg_ o (F(x%), x¥ —x*) = 0. As a consequence, Claim 2 shows that
any weak cluster point of {x*} belongs to Sol(F, C). By Lemma 5, we obviously have

A 1
ﬂ(xk—x*,wk)S* ||xk—x*||2—||xk+l—x*||2+5A2 .
Mk 2 k
From the boundedness of the sequence {x*} and 33 A7 < oo, we have
Sy Y
Z ZREE (kb — % why < oo (12)
k=0 'k

Moreover, from (9) and the assumption Z/fio Axag = 00, itis easily seen that Z,fozo )‘;% =
oo. This together with (12), leads immediately to

liminf(x* — x*, wk) < 0. (13)

k—o00

By the p-strong monotonicity of g and w* € d,g(x¥, x¥), we also have

I < —g(x*, x*) — g(x*, x5)

k k

pllxk —x*)? <
< (wh, x* —x*) — g(x*, x5). (14)

Consequently, we get
pliminf || — x*||? < liminf(w*, x* — x*) — liminf g(x*, x).
k— 00 k— 00 k— 00
Taking into account this and (13), we therefore obtain
1
liminf [ x¥ — x*||> < —= liminf g(x*, xX). 15)
k— 00 p k—o0

Since {x*} is bounded and using the weak continuity of g(x*, -), there exists a subsequence
{xki} of {x*} converging weakly to an element x in # such that
liminf g(x*, x*) = liminf g(x*, x*/) = g(x*, X). (16)
k— 00 j—00
By Claim 2 and x* is the unique solution of Problem LK F (g, F, C), x € Sol(F, C) and

hence g(x*, x) > 0. Then, combining (15) and (16), we obtain

liminf [|xF — x*|)?> = 0.
k—o00
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As a consequence, by the first estimate in (11), we deduce that

lim |x* — x*|? = 0.
k— 00

Case 2 There does not exist ko such that {b;}(k > ko) is nonincreasing. This implies that
there exists a subsequence {bkj} of {by} such that bkj < bkj+1 for all j > 0. In this case,
we have a sequence of indexes {rx} as defined in Lemma 2 such that b, < by 41 and
br < br+1. Denote by W(x ™) the set of weak cluster-points of {x*}. By Claim 2, we have
W(x™) C Sol(F, C). From (10), the p-trong monotonicity of g and w™ € 9,g(x™, x),
we have

(F(x™), x™ —x*) < =207 (x™* —x*, w™)
207, [g(x™, x*) — g(x™, x™)]

2007, g (x™, x*)

IA |

IA

20 pllx™ — x*||? — 207, g(x*, x™)
< 2o pllx™ — x¥||* = 2o, (w*, x* — x*), (17
where w* € 9,g(x*, x*). Consequently,

(F(x™), x™ — x*) < =20z, [pllx™ — x*||> + (w*, x™* — x*)].

Combining this, (F (x%), x™ — x*) > 0 and the boundedness of {xk}, we can derive

lim (F(x™), x™ — x*) = 0.
k—o00

Furthermore, since (F (x™), x%* — x*) > 0 and (17), we obviously have
(™, x™ —x*) <0,
which, in light of (14), leads to
gx*, x™) < —pllx™ — x*|%.
Passing to the upper limit, we obtain
: T/ *2 L. * T 1 * =
limsup [[x% — x*||* < —— limsup g(x™, x%*) = ——g(x™*,7) <0,
k— 00 k—00 1Y

so that

lim [x* —x*I>=0 = x™ — x*ask — oo.
k—o00

Using the inequality by < by, 1 for all k > ko, i.e.,
k—1 N i k—1
Ai(F(x7), x/) —x*
2y lFe) )5y
j=0 nj =0

Ai(F(x/ x/—x
< |t —x ||2—|—Z HF 2} SZAZ.
j=0 J
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By the definition of t; and (F(x7), x/ —x*) >0, we get 7 < k and hence

J(F x), xd —x
k= x| < ot — )2 4 Z ( ) 0 4s Z Mo 8
J=Tk J=Tk

Combining this and Assumption (A4), we have

- limis oo Z/;:rk }»3 = 0 (because 7 — +00) and ZO.O | A? < o0

- limg o Z];:Tk % = 0, because Z, —z { (F(x7),x) —x*) - 0,2 — 0

and 7y, is bounded away from zero;
= limg oo X! — x| = 0.

From this and (18), we deduce that limg_, o ||x* —x*|| = 0 and the sequence (xKy converges
strongly to x*. O

4 Examples and Numerical Results

In this section, we illustrate the proposed algorithms by applying it to solve a class of the
lexicographic Ky Fan inequality defined by LK F (g, F, C). Here, C is a polyhedral convex
set given by

={xeR": Ax < b},
and the bifunction g : C x C — R is of the form

gx,y) =(Gx)+ Q0y+q,y—x),

where G : C — R", Q € R"*" is a symmetric positive semidefinite matrix and ¢ € R".
Since Q is symmetric positive semidefinite, g(x, -) is convex for each fixed x € C. The
cost mapping F will be specified in detail in the following examples. It is well-known that
if G is &-strongly monotone on C and & > || Q|, then g is strongly monotone on C x C
with constant & — || Q|| (see [27], later [26]). As usual, we can say that x¥ is an e-solution
of Problem LK F(g, F, C) if ||x**! — x¥|| <.

Example 1 Consider the mapping F : R® — R3 given in [28] which is paramonotone (not
strictly monotone) of the form

220 6.1 2 0
Fx):=1120]x, Gx):=Px, and P:=| 2 56 0
000 0 0 45

In this example, let C, Q and g be defined by
C={xeR’:x;>0Vi=1,2,3,x1 +x1+x3 < 10}

and
1.6 1 0 1
0:= 1 1.6 0 |, g:=|-3
0 0 15 4

It is easy to see that G is strongly monotone with constant & = 3.8344, F is Lipschitz
continuous with the constant L = 3.5616 and || Q|| = 2.6. Then, g is strongly monotone
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with the constant £ — || Q]| = 1.2344 and dg(x, x) = {(P + Q)x + ¢}. To test Algorithm
1, we choose parameters:

1 1

=5 x:=0.75, =02, Api=———r, =———— Vk>0.
H o k (k + 1)0.75 @k (k + 1)0.2
Then, the iterative scheme for solving LK F (g, F, C) is formulated as follows:
A
d* = F (") + ax[(P + Q)xF + g1, i = max{u, |d¥|)} and x**! := Prc <xk _ Tk gk
Nk
(19)

The experiments are implemented in Matlab R2013a running on a Laptop Intel(R)
Core(TM) i3-3110M CPU @ 2.40 GHz 2.40 GHz 4 Gb RAM.

Example 2 Consider the mapping F : R* — R* described in [13] which is paramonotone
of the form

F(x) = (x1 —2x2, —2x1 + 4xp, x3 — 2x4, —2x3 + 4x4)T and
7 2500
25550 0
4 1
127

G(x):=Px, P:= 0 0
0 0
Take C, Q, and ¢ as follows:

C:={xeR4:x,~20Vi=1,...,4,x1—|—x2—|—x3+x4§9},

and
121 0 0 -1
1150 0 2
=19 0120 | 9=| 3
0 0 0 35 5

Table 1 Scheme (19) with different starting points, Example 1, the tolerance ¢ = 1073

0=(,237 x0= 253,47

No. Iter. xll‘ x’z‘ xé‘ No. Iter. x{‘ x’z‘ xé‘
k=1 2.3333 3.3695 4.2971 k=1 2.5672 3.1614 42714
k=2 2.2874 3.3542 4.3584 k=2 2.5106 3.1552 4.3341]
k=3 2.2548 3.3432 4.4020 k=3 2.4707 3.1507 4.3787
k=4 2.2293 3.3346 4.4362 k=4 2.4395 3.1469 4.4136
k=5 2.2081 3.3274 4.4646 k=5 2.4137 3.1438 4.4426
k=6 2.1899 3.3212 4.4839 k=6 2.3916 3.1410 4.4674
k=17 2.1739 3.3157 4.5104 k=17 2.3723 3.1384 4.4893
k=38 2.1596 3.3108 4.5295 k=38 2.3550 3.1362 4.5088
k=9 2.1467 3.3064 4.5469 k=9 2.3394 3.1341 4.5265
k=10 2.1349 3.3023 4.5628 k=10 2.3252 3.1321 4.5427
k=316 1.6235 3.1127 5.2638 k=330 1.6235 3.1127 5.2638
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Table 2 Scheme (19) with

different parameters, Example 2, o3 Ak No. Iter. CPU-times/s

x=(0,1,2,3),e = 1073, and

n=>5 e Evat 244 213125
e e 155 13.5781
e T 151 13.5000
e e 116 10.6250
TS TS 120 10.5625
e 5T 123 11.6563
T2 T 244 21.3125
EeTes T 271 23.7656
Fe EETa 253 21.6563
FE T 158 13.4219
FEn T 201 17.2031
T30 T 210 17.9531

As

(a)

(b)

Then, F is Lipschitz continuous and g is strongly monotone on R* which satisfy
sumptions (A1)—(A3z).
From the preliminary numerical results reported in Tables 1 and 2, we observe that

As with other methods for Ky Fan inequalities such as the proximal point algorithm,
or the auxiliary principle for equilibrium problems, the convergence speed of the
algorithm depends very much on the starting point.

The algorithm is quite sensitive to the choice of the parameters A; and o.
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