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Abstract In this paper, we derive some new results on the asymptotic stability and strict
boundedness for a new class of non-autonomous nonlinear difference equations with time-
varying delay. We employ fixed point theory and compute some difference inequalities to
derive the new results. We apply these results to determine the extinction condition and the
persistence condition for some discrete population models.
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1 Introduction

In this paper, we consider the following new class of non-autonomous nonlinear difference
equations with time-varying delay

Xpgl = AnXn + oy F (0, Xp—w,), N € Ny, (1)
where N denotes the set of natural numbers and N,,, = {no+1, no+2,...},n9 € N, () and

(aty) are sequences of positive real numbers, (w,) is a sequence of positive integer numbers,
the map F maps N x [0, 0o) to [0, 00). Let ¢ : Dy, —> [0, oo) be the bounded initial
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value function, where Dy, is defined as follows: for each ng € N, if (w;) is bounded from
above by w, then D,,, is a set of integers belonging to the interval [ng — w, ng]. Conversely,
if (wy) is unbounded from above then, Dy, is a set of integers belonging to (—o0, ng].

By a solution of (1), we mean a sequence (X, ,,,) such that x, = ¥, on D,, and
(Xn,no,v) satisfies (1) for n € Ny,. Clearly, (1) has a unique non-negative solution (xy g,y )
with the given initial condition .

Note that when A,, = A, o, = « are positive constants, w, = w is a positive integer and
F(n,x) = f(x), (1) is reduced to the following form

Xn+1 = Axy + o f (Xn—w)- (2)

The above equation includes several discrete models derived from mathematical biology
such as the Nicholson’s blowflies model and the bobwhite quail population model. The
qualitative properties of solutions of the autonomous nonlinear difference equation (2) and
their applications have attracted a lot of attention from many authors (see, [1, 3-9, 11, 15]
and the references therein).

However, in the real world, the parameters in discrete population models are not fixed
constants, they are in fact time-varying. Due to the time dependence of the parameters,
these models need to be non-autonomous. Beside their theoretical interest, non-autonomous
nonlinear difference equations with time delay are important in mathematical biology. In the
context of biology, the asymptotic stability of the zero solution and the strict boundedness of
the solutions of difference equations describe the extinction and persistence, respectively, in
discrete population models. In fact, both properties are very important in biology. It is vital
to avoid extinction and hence it is necessary to obtain extinctive conditions. On the other
hand, persistence characterizes the long-term survival of all populations in an ecosystem.
From a biological point of view, persistence of a system means the survival of all populations
of the system in the future time.

In the literature, some qualitative properties of solutions of non-autonomous nonlinear
difference equations of the form (1) have been investigated (see, [2, 12, 13, 16, 17] and
the references therein). In most cases, the analysis has been restricted to only constant time
delays, i.e., w, = w. Even for the case where the time delay is constant, strict boundedness
of the equation (1) has still not been studied elsewhere. This paper studies the strict bound-
edness of the equation (1). We also investigate the asymptotic stability of the zero solution
of the equation (1) with time-varying delay.

In the next section, we derive a new sufficient condition on the asymptotic stability of
the zero solution of the equation (1) by using the fixed point theory (see, [10, 14, 18]).
We also derive a new sufficient condition on the strict boundedness of the solutions of the
equation (1) by using an analysis method that involves computation of some difference
inequalities. Some applications with numerical examples and simulations are presented in
Section 3. A conclusion is given in Section 4.

2 Main Results

Definition 1 The zero solution of (1) is Lyapunov stable if for any ¢ > 0 and any integer
no > 0 there exists a § = §(ng, €) > 0 such that y, < § on D, implies x, ,,y < € for
n € Ny,.

The zero solution of (1) is asymptotically stable if it is Lyapunov stable and if for any
integer ng > 0 there exists a positive constant ¢ = c¢(ng) such that ¥, < ¢ on D,, implies
Xpng,y — 0asn — oo.
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Definition 2 A solution (x, ,,,y) of (1) is said to be strictly bounded if

0 < liminfx, <limsupx, < oco.
n—o0 n— 00

The following theorem provides a sufficient condition for the zero solution of (1) to be
asymptotically stable. For the sake of convenience, we adopt the notation Z,bl:a xp =0,

]_[b x, = 1 forany a > b.

n=a

Theorem 1 Assume that the following conditions are satisfied:

i) Foreachn € N, F(n,0) = 0 and F (n, x) is L-locally Lipschitz in x. That is, there is
a K > 0suchthatif0 <x <K,0<y <K, then

|F(n,x)— F(n,y)| < Lplx —y|

for a positive constant L,,.
it) There existo € (0, 1), B € (0,1) and ny € Ny such that 1, € (0,0) Vn € N and

n—1

-1
ZL,O[, h As < B, n>nj.

t=ng s=t+1
iii) n—w, > coasn — oo.

Then the zero solution of (1) is asymptotically stable.

Proof We first prove that (x,) is a solution of (1) if and only if

n—1 n—1 n—1
Xp = Xp, 1_[ As + Z arF(t, Xi—w,) 1_[ As Vng € N.

s=ng 1=ng s=t+1

Indeed, it is easy to see that (1) is equivalent to the equation

n—1 n
A (x,, I1 x;l) =y F(n. xn-w,) [[ 15" 3)

S=ng s=ngo

where Ax, = Xx,4+1 — X,. Summing (3) from ng ton — 1 gives

n—1 t—1 n—1 t
2 A ( [T ) 2 erF i xo) [T 257,

t=ng S=ng 1=ny S=nyg

n—1

n—1 n—1
X =Xng [ As+ D aFt,xi0) [] A

s=ngq t=ngo s=t+1

Clearly, for any ¢ > 0 and any integer ng > 0, there exists a § = &(no, €) such that
0 < 6 < e(1 — B). Let ¢ be an initial value function satisfying ¥, < 6 on Dj,,. Define

S={¢: Dy, UN,; — [0, 00) | ¢, = ¥, on Dy, and [l¢|| < €},

where [|¢| = max;,c DyygUN,, |@n|. We will prove that (S, || - ||) is a complete metric space.
Indeed, Vo, n, ¢ € S, we have the following:

)l = nll = maxpep, uN,, [(¢ =Ml = 0and [|¢ —n| = 0if and only if ¢ = 7.
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ii)
lg—nll = max [(@—nyl= max |g, — 7y
¢ g nED,,OUN,,0 4 Wn neD,,OUN,,O ¥ i
=  max — = max M=l =In—el.
ne g 117 — @nl ne N, (=@l = lIn— ¢l
1ii)
lg—y¥ll = max [(¢—Y)ul= max |, — Yl
neD,,OUNnO neD,,OUN,,O
= max @y — Ny + Ny — Yl < max  (|¢n — Ml + 170 — ¥ul)
neDnOUN,,O nED,,OUNnO
< max gy — |+ max  ny —Yul =l —qll +lln — ¥l
ﬂEDnOUNnO neDnOUN,,0
It follows from i), ii), and iii) that || - || is a metric in S.

Next, we suppose that (¢?) is a Cauchy sequence in S. We have
Ve>0,30eN: Vk, £>0C: o' =gk <e

or

Ve > 0,3y e N: Vk, £> g max  |(¢' — ")l <&
"EDnOUNnO

or
Ve >0,30eN: Vk, £>0y: |(9" — ¢l <& Vne Dy UN,,.
Fix 1, (¢!) is a Cauchy sequence in [0, 00) C R. In view of R is a complete metric space,

g, €[0,00) 1 @, = lim .
£— 00

We prove ¢ € S. Indeed, since ot e s, (pﬁ = Y, on Dy, It implies ¢, = limy_, o <pﬁ =
Y, on Dy,,. Moreover, since ||<p£|| < €, we have ||¢| < €. Therefore, (S, || - ||) is a complete
metric space.

Define a mapping P : § — S by (P¢), = ¥, on Dy, and

n—1 n—1 n—1
(P@)w =Yy [[ 25+ Yt Ft.@i-w) [] Aeon €Ny )
s=no t=ng s=t+1

Since |l¢|l < €, ¢t—w, < €. Thus, F(t, ¢r—w,) < Li@i—w, < Ls€. This and (4) imply that
forn > ny, (Pp), <38+ Be < €. Hence, P maps from S to itself. Moreover, let ¢, n € §,
we get forn > ny,

n—1 n—1 n—1 n—1
(P — (P0)al = | Y e F(t,0-w) [ 2= Y ceFt,miw) [ 2s

t=ng s=t+1 t=ng s=t+1
n—1 n—1

<Y Ly ] alle—nl
t=ng s=t+1

< Blle —nll-

Therefore, P is a contraction map. By the contraction mapping principle, P has a unique
fixed point ¢* € S, which satisfies ¢ =, forn € D,, and

n—1 n—1 n—1
or=on [+ aFt.of,) [] s YneNy,

s=ng t=no s=t+1
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i.e., (¢;) is a solution of (1). Hence, the zero solution of (1) is Lyapunov stable.
Next, for the initial value function v as above, we define

T={p: Dno UNno —> [0, 00) | ¢ = ¥, On Dn()v loll < e, ¢, — 0asn — oo}.

One can check that (7', || - ||) is a complete metric space. Define P : T — T by (4). Then,
for any ¢ € T, we have (P¢), < € forn > ny. On the other hand, since 0 < X, < 0 <
1 Vn € N, it follows that

n—1

H}Ls—>0 as n — oo. (@)

s=ng

This implies ¥, [[5— ,:0 s goes to zero as n goes to infinity. Now, let ¢ € T then
Yn—w, < €. Also, since ¢,_o, — 0asn — w, — 00, there exists an integer ny > nj
such that for n > nj, ¢y, < €1 for €1 > 0. Due to (5), there exists an integer n3 > ny
such that

n—1
€1
l_[ Ay < — Vn > n3
S=ny /38
Therefore, for all n > n3, we get
n—1 n—1 np—1
Z%F(l‘,%fw,) 1_[ Ay < € Z Loy l_[ As + €1 ZL[(M[ 1_[ As
t=ng s=t+1 t=ng s=t+1 t=nj s=t+1
ny— 1 ny— 1
<e HAS ZL,ott 1_[ )\s+512Lt¢xt l_[ As
s=ny  t=ng s=t+1 t=ny s=t+1
n—1 £
<ep [[r+esp 585'§+81ﬂ=81+81ﬂ,

s§=ny

which indicates that Z, ot F t, Pr—w,) ]_[:,';: 41 As gOes Fo zero as n goes to infinity.
Hence, P maps from T to itself. Moreover, P is a contraction map under the supremum
norm. By the contraction mapping principle, P has a unique fixed point that solves (1) and
goes to zero as n goes to infinity. The proof is complete. O

Corollary 1 If conditions 1) and ii) of Theorem 1 hold, then (1) has a unique positive
solution for every initial value function v satisfying v, > 0 on Dy,,.

Proof Let ¥ be an initial value function satisfying v, > 0 on D,,. Define
={@ : Dy UNyy —> (0,00) | ¢ = ¥ 0N Dy},

where ||¢|| = MaXy e, UN,, |@y|. It is not hard to check that (W, || - ||) is a complete metric
space.

Define a mapping P : W — W by (4). Since ¥, > 0 on Dy, (,) and (o) are
sequences of positive real numbers and the map F maps N x [0, co) to [0, c0), we have
(Pp), > Oforalln € D,, UN, . Hence, P maps from W to itself. Moreover, from the
proof of Theorem 1, we see that P is a contraction map under the supremum norm. By the
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contraction mapping principle, P has a unique fixed point ¢* € W, which satisfies ¢ = ¥,
forn € Dy, and

n—1 n—1 n—1
or=p [[ 2+ D aF o) [[ & VneNy,,

s=ngo t=ng s=t+1
i.e., (¢;) is a positive solution of (1). The proof is complete. O

Remark 1 For the special case where A, = A € (0, 1), 0, = @ = 1, w, = w is a positive
integer, F(n,x) = f(x) < Lx < (1 —A)x Vx > 0 and f(0) = 0, where L is the Lipschitz
coefficient of f, then Theorem 1 is reduced to the same sufficient condition of Theorem 2
given in [6].

From now on, we define limsup,,_, o, ,_,, F (1, x) and liminf,,_, o x4 F(n, x) (here, a
is zero or o0) as follows:

limsup F(n,x) = sup {limsup{F(n,xn) D Xp —> a}} ,

n—>o0,x—>a Xp—>a n—oo

where F (n, x) is assumed to be bounded from above.

liminf F(n,x) = inf {hminf{F(n,xn):x,,—m}},
n—>00,x—a xi’l;)a n—o0

where F (n, x) is assumed to be bounded from below.

The following theorem presents a sufficient condition for the strict boundedness
of (1).

Theorem 2 Assume that w, = w where w is a positive integer, 0 < A, < Ay, <A* < 1,0 <
oy <oy <a* <ooVn €N, sup,cy >0 F (1, x) € (0, 00) and

F(n,x) 1 —A*
<

lim sup , (6)
n—00,X—> 00 X a*
F(n, 1—A

liminf LX) x )
n—o00,x—0 X Oy

Then every solution of (1) is strictly bounded.

Proof Let us denote B = sup,cy y>o (1, x). We first prove that (x,) is bounded from
above. Assume on the contrary that limsup,_, ., x, = oo. For each integer n > 0, we
define

kn :=max{p:0§p§n,xp= max xi}.
0<i<n

Observe that kg < k; < --- <k, — o0 and that

lim x, = oo.
n—oo
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But
Xy = Moy—1Xky—1 + Qg —1 F (ki — 1, Xg,—1-0)
< Mxp—1 " Flkn — 1, X, —1-0)
w
== O 1 @Y Y F k= 1 Xk, -1 -0 )
=0
< ()\*)w+1xkn717w +(X*B(1 —f—)\.* N (A*)w)’
SO

lim xg,—1—¢ = 00.
n—oo
Let ng > 0 be such that k,,, > 0. We have for n > ny,

Moxg,—1 +a*Fky — 1, Xp,—1-0) >

Moy —1Xky—1 + thy 1 F(kyy — 1, X, 1)

Xk, = Xk,—1

and therefore,
Flhn =ty 1-0) _ Flkn = Loxg,o120) 1= 2%

Xy —1—0 Xk —1 a*

This implies that

F(n,x Fk, — 1, x¢ _1— 1 —A*
limsup ( ) > ( n kn—1 ) >
n—>00,X—> 00 X Xkp—1—w a*

)

which contradicts (6). Thus, (x,) is bounded from above.
Next, we prove that liminf,,_, , x, > 0. Assume on the contrary, that

liminfx, = 0.
n—0o0

For each integer n > 0, we define
spr=max10:0<p<n,x, = min x; .
0<i<n

Clearly, so < s1 <--- <s, — 00 and that

lim x;, =0.
n—0o0
But
'xsn = )“Sn*l’xsnfl + asnle(sl‘l - l’xsnflfw)
> )\,*xsn_] +a*F(Sn - ],xsn—l—a))
w
== ) o o )W Fsn — 1,25, - 10 )
Jj=0
= (A*)w+1xsn—l—wa
SO

lim xg,_1—, =0.
n—0o0
On the other hand, we have for n > n,

AaXsy—1 T 0 F sy — 1, X5, —1-0) < Ag,—1X5,—1 + s, =1 Fsn — 1, X5, 1-0)

= X5, = X5,—1
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and therefore,
F(n,x) < F(sp, — 1, xs,,—]—w) < F(sy — Lxsn—l—w) < 1 — Ay

lim inf < =< = )
n—00,x—0 X Xs,—1—w Xsp—1 Oy
which contradicts (7). The proof is complete. O

Remark 2 For the special case when A, = X € (0,1), 0y, = ¢ = 1, v, = w is a pos-
itive integer, F'(n,x) = f(x), sup,>q f(x) € (0, 00), limsup,_, o, f& 1 — ) and

X
liminf,_,¢ @ > 1 — A then Theorem 2 provides a new sufficient condition for the per-

sistence of (2). Note also that this sufficient condition requires less restrictive assumptions
than the one derived in [6].

3 Applications

In this section, we apply the results obtained in Section 2 to the Nicholson’s blowflies model
Xptl = ApXy + anxnfw,,e_qnxnimn (8)

and the bobwhite quail population model

Xn—aw,
Xnt1 = ApXn + a”H_ik’ )
Xn—wy

where (A,), (a,), (qn) are sequences of positive real numbers, k € (0, c0) and (w,) is a
sequence of positive integer numbers.

Definition 3 A positive solution (x; ) of (8) or (9) is called extinctive if lim;, oo X, =
0. The model (8) or (9) is called extinctive if all solutions of its are extinctive.

Definition 4 A positive solution (x; 5,y ) of (8) or (9) is called persistent if

0 < liminfx, <limsupx, < oco.
n—o0 n—00

Clearly, the model (8) is in the form of (1) with F(n, x) = xe~%*. We have F| = ‘é—f =
(1 — xqn)e 9. Thus, for each n € N,

|Fe(n, )| < 14+¢n Yx € (0, 1),
which implies that F(n, x) is L-locally Lipschitz in x with L, = 1 4 g,. Hence, we have

the following conclusion from Theorem 1.

Corollary 2 Assume that n — w, — 00 asn — oo, there exist o € (0, 1), B € (0, 1) and
ny € Ny, such that A, € (0,0) Vn € Nand

n—1 n—1
Y U+gie [[ <8 nzni
t=ng s=t+1

Then the model (8) is extinctive.

On the other hand, for 0 < ¢, < ¢* < oo Vn € N, we have

: F(n, x) . 1
lim sup = limsup =0

X
n—00,X—> 00 X n—00,X—> 00 edn
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and
. F(n,x) . 1
lim inf = liminf =1
n—00,x—0 X n—00,x—0 edn*

Hence, we have the following conclusion from Theorem 2.
Corollary 3 If w, = w where w is a positive integer, 0 < Ay < Ay < A* < 1,0 < oy <
o < a* <00, g, > 0Vn € Nand ,y + ay > 1, then every positive solution of (8) is

persistent.

Next, we consider the model (9). It is in the form of (1) with

F(n,x)= f(x)= 1—|)—ka'

After some simple manipulations, we obtain

;oo (=kxF 41
e
and . .
” _—kx_(k-i-l)-l-(l—k)x
£ = Ty
Thus,
If () < |f'©]=1 when k=1
and
1
vt (R INF| (k=12
I)Iclfg|f(x)|— f (k—l) = when k > 1.

Therefore, F(n, x) is L-locally Lipschitz in x with L = 1 when k = 1 and with = 4=1°

when k > 1. Hence, we have the following conclusion from Theorem 1.

Corollary 4 Assume thatn — w, — coasn — 00, A, € (0,1) Vn € N and there exist
B € (0,1) and ny € Ny, such that either k = 1 and

n—1 n—1
Da[[r<B nzm,

t=ng s=t+1

ork > 1and
n—1

Zatl_[)ts_ )2, n>nj.

t=np s=t+1

Then the model (9) is extinctive.

On the other hand, we have for k > 0,

i fx)
im sup = limsup —— =0
x—o0 X n—oo,x—o00 1 + xk
and
1
fiminf L% = fiminf — 1.
x—=0 X n—o00,x—0 1+ x k

Hence, we have the following conclusion from Theorem 2.
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Fig. 1 Responses of the extinction and the persistence of Nicholson’s blowflies model

Corollary 5 If w, = w where w is a positive integer, 0 < Ay < Ay < A" < 1,0 < a4 <
a, <a* <ooVn € N, k > 0and Ay + oy > 1, then every positive solution of (9) is
persistent.

4 Numerical Examples and Simulations

Consider the model (8) with A, = Sg(nn_:-GZ)’ ap = %, qn = n+1 vn € N, w, = [5].
where [-] is the integer function. Clearly, A, € (0, 1) Vn € Nandn — [4]— oo asn — oo.

Moreover, we have for ng = 0,

n—1 n—1 n—t=1
t+2 S5s+6 1
1 L Ss46 \ _ (1 . neN
E 1+ gy || s Z<5t+2>slz_-[+1<50(s+2)>_<10) mone

s=t+1

From this inequality and due to limn%oo(%)"_’ ~lp = 0, there exist a constant 8 € (0, 1)
and n1 € N, such that

n—1

Z(1+qt)a, H A< B nm=nn

s=t+1

Hence, according to Corollary 2, the model (8) is extinctive (see, Fig. 1a).

. : 5n+10 5n+9
Next, we consider the model (8) with A,, = 005 % = Sig2s qn = n+1 Vn e N,
_ _ 1 * 1 _ * _ 9
w, = 1000. We have A, = T A = T 1, a® = 2, A + e > 1.

According to Corollary 3, every positive solution of the model (8) is persistent (see,
Fig. 1b).

Similarly, by letting A, = %, oy = 105’1 Vn eNk=9 0w, = [%], where [-]
is the integer function and using Corollary 4, we can show that the model (9) is extinctive
(see, Fig. 2a). By letting A, = 95(Z+2), oy = g;ﬁig Vn e N,k = 10, w, = 1000 and

using Corollary 5, we can see that every positive solution of the model (9) is persistent (see,
Fig. 2b).
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Fig. 2 Responses of the extinction and the persistence of Bobwhite quail model

5 Conclusion

In this paper, we have considered a new class of non-autonomous nonlinear difference equa-
tions with time-varying delay. By using the fixed point theory together with some analytical
techniques, we have derived new sufficient conditions for the system to be asymptotically
stable and strictly bounded. The results have great implication for biological systems in the
sense that these conditions are related to the extinction and survival properties of population
models. We have applied the new results to analyze the extinction and persistence of the
Nicholson’s blowflies model and the bobwhite quail population model. Simulations have
also been presented. A possible future research topic is to prove the global attractivity of
periodic solutions of the equation (1) when the nonlinear term F(n, x) is unimodal.
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