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1 Introduction

Let © be a hyperconvex domain in C". By PSH () (resp. PSH™(R2)), we denote the
cone of plurisubharmonic functions (resp. negative plurisubharmonic functions) on 2. In
[15], the authors introduced and investigated the notion of local class as follows. A class
J(Q) ¢ PSH™(R) is said to be a local class if ¢ € J(2) then ¢ € J (D) for all hyper-
convex domains D € Q and if ¢ € PSH™(Q), ¢lo, € T () Vi € I with Q = J;¢; @
then ¢ € J(2). As is well known, Btocki (see [8]) proved the class £(2) introduced
and investigated by Cegrell in [10], is a local class. Moreover, in [10], Cegrell has proved
this class is the biggest on which the complex Monge—Ampere operator (dd€.)" is well
defined as a Radon measure, and it is continuous under decreasing sequences. On the other
hand, another weighted energy class &£, (€2) which extends the classes £,(€2) and F ()
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604 V. V. Hung

in [9] and [10] introduced and investigated recently by Benelkourchi et al. [4] is as follows.
Let x :R™ —> R bea decreasing function. Then, as in [4], we define
E Q) = {fp € PSH™ () : 385 () 2 ¢j \ ¢, surffgx(wj)(ddcwj)” <400y,
iz

where &y(2) is the cone of bounded plurisubharmonic functions ¢ defined on Q with
finite total Monge—Ampere mass and lim, ¢ ¢(z) = O for all £ € 9. Note that from
Corollary 4.4 in [3], it follows that if ¢ € &, () then lim,_,¢ ¢(z) = 0 for all £ € Q.
Hence, if ¢ € £,(Q), then ¢ ¢ £, (D) with D a relatively compact hyperconvex domain
in Q. Thus, the class &£, (€2) is not a “local” one. In this paper, by relying on ideas from the
paper of Benelkourchi et al. [4] and on Cegrell classes of m-subharmonic functions intro-
duced and studied recently in [12], we introduce weighted energy classes of m-subharmonic
functions F,, , (2) and &, , (€2). Under slight hypotheses for weights x, we achieve that
the class F, , (2) is a convex cone (see Proposition 2 below). We also show that the com-
plex Hessian operator Hy, (1) = (ddu)™ A "~ is well defined on the class &, , (2)
where B = dd€||z||? denotes the canonical Kihler form of C”. Furthermore, we prove that
the class &, (€2) is a local class (see Theorem 1 in Section 4 below). In this article, we
prove the following main result.

Theorem 1 Let Q be a hyperconvex domain in C"* and m be an integer with 1 <m < n.
Assume that u € SH, (Q) and x € K such that x"(t) > 0Vt < 0. Then the following
statements are equivalent.

a) u €&y y(Q).
b) Forall K € K, there exists a sequence {u;} C 5,9, () NC(R), uj \  u on K such that

Sup/ X u)ujP(ddu;)" =P A B < 00

i JK
foreveryp=0,...,m.

c) Forevery W @ Q such that W is a hyperconvex domain, we have ulw € Ep 5 (W).

d) For every z € S, there exists a hyperconvex domain V, € Q such that z € V,; and
M'VZ € gm,)((vz)-

Finally, using the main results above, we prove an interesting corollary. Namely, we have

Corollary 1 Assume that Q is a bounded hyperconvex domain, and y € K satisfies all
hypotheses of Theorem 1. Then Ey () C En—1,5 ().

The paper is organized as follows. Beside the introduction, the paper has three sections.
In Section 2, we recall the definitions and results concerning to m-subharmonic functions
which were introduced and investigated intensively in recent years by many authors, see
[5, 13, 21]. We also recall the Cegrell classes of m-subharmonic functions JF;,(2) and
En (L) introduced and studied in [12]. In Section 3, we introduce two new weighted energy
classes of m-subharmonic functions F,, , () and &, , (€2). Section 4 is devoted to the
proof of the local property of the class &, , (€2) under some extra assumptions on weights
x. To show this property of the class &, , (€2), we need a result about subextension for the
class Fp, , (2) (see Lemma 5 below) which is of independent interest. Finally, by relying on
the local property of the class &, , (€2), we prove a corollary for this class.
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Local Property of a Class of m-Subharmonic Functions 605

2 Preliminaries

Some elements of pluripotential theory that will be used throughout the paper can be found
in [1, 17, 18, 20], while elements of the theory of m-subharmonic functions and the com-
plex Hessian operator can be found in [5, 13, 21]. Now, we recall the definition of some
Cegrell classes of plurisubharmonic functions (see [9] and [10]), as well as the class of
m-subharmonic functions introduced by Blocki in [5] and the classes 5,?1 (R) and F,,,(2)
introduced and investigated by Chinh in [12] recently. Let Q be an open subset in C”".
By g = dd€|z||?, we denote the canonical Kihler form of C" with the volume element

dV, = 1p" whered = 9 + 9 and d° = 22, hence dd° = 0.
2.1 The Cegrell Classes

As in [9, 10], we define the classes £y(£2) and F(£2) as follows. Let Q2 be a bounded hyper-
convex domain. That means that €2 is a connected, bounded open subset, and there exists a
negative plurisubharmonic function o such that for all ¢ < O the set Q. = {z € Q : 0(2) <
c} € Q. Set

Eo=E(Q) = {(p € PSH™(Q)NL>®(RQ) : linyp(z) =0VE €99, /.(ddcgo)” < oo}
z—> Q

and

F=FQ) = {(p € PSH™(Q):3% 3 ¢j \L o, sup/ (ddp))" < oo}
i Je

2.2 m-Subharmonic Functions

We recall the class of m-subharmonic functions introduced and investigated in [5] recently.
For 1 < m < n, we define

-~

sz{nE(C(lyl)Zn/\,Bn_l ZO,...,nm/\,Bn_mZO},

where C(j,1) denotes the space of (1, 1)-forms with constant coefficients.

Definition 1 Let u be a subharmonic function on an open subset 2 C C". u is said to be a
m-subharmonic function on €2 if for every 71, ..., n,—1 in I';, the inequality

ddcu A i ARRRVAN Nm—1 A ﬂn—m > 0

holds in the sense of currents.

By SH,,(2) (resp. SH,, (2)), we denote the cone of m-subharmonic functions (resp.
negative m-subharmonic functions) on 2. Before formulating the basic properties of m-
subharmonic functions, we recall the following (see [5]).

For A= (\1,...,Ay) € R"and 1 < m < n, define

Sy =" D Ajh,

I<ji<<jm=n

Set
Cp={S1>20}N{S$>0}N---N{S, > 0}.
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606 V. V. Hung

By H, we denote the vector space of complex hermitian n x n matrices over R. For A €
H,let A(A) = (A1, ..., Ay) € R" be the eigenvalues of A. Set

Sn(A) = Spu(n(A)).
As in [14], we define
Tn={AcH:MA) ey} ={S 20}n---N{S, >0}.

Now, we list the basic properties of m-subharmonic functions whose proofs repeat
analogous reasonings for plurisubharmonic functions, hence we omit them.

Proposition 1 Ler Q2 be an open set in C". Then we have

a) PSH(Q)=SH,(RQ) C SH,—1(R2) C --- C SH1(Q)=SH(K2). Hence, u € SH,,(R2),
1 <m <n,thenu € SH,(2) foreveryl <r < m.

b) IfuisC 2 smooth then it is m-subharmonic if and only if the form dd‘u is pointwise
inTy,.

¢) Ifu,ve SH,(Q) anda, B > 0then au + v € SH,,; ().

d) Ifu,v € SH,(Q2) then so is max{u, v}.

e) If{uj};?ozl is a family of m-subharmonic functions, u =sup; uj <+00 and u is upper
semicontinuous then u is a m-subharmonic function.

f) If {u_i}‘j?il is a decreasing sequence of m-subharmonic functions then so is u =
hmj%Jroo Uuj.

g) Let p > 0 be a smooth radial function in C"* vanishing outside the unit ball and satis-
fying f(C" pdV, =1, where dV,, denotes the Lebesgue measure of C*. Foru e SH,, (),
we define

Ue(2) = <u*pg)<z)=/ U(z — E)pe(E)dVa(E) Yz € D,

B(0,¢)
where pg(z) 1= ﬁp(z/e) and Q¢ = {z € Q:d(z,0R) > ¢}. Then u, € SH,,,;(22¢) N
C®(Q)andug, L uase | 0.
h) Letuy,...,u, € SH;,(R2) and x : R? — R be a convex function which is non decrea-

sing in each variable. If x is extended by continuity to a function [—o0o, +00)’ —
[—00, 00), then x(uy, ..., up) € SHy(L2).

Example 1 Let u(z1, 22, z3) = 5|z11* + 4|z2|* — |z3/%. By using (b) of Proposition 1, it is
easy to see thatu € SHy (C3). However, u is not a plurisubharmonic function in C3 because
the restriction of u on the line (0, 0, z3) is not subharmonic.

Now, as in [5, 13], we define the complex Hessian operator of locally bounded m-subhar-
monic functions as follows.

Definition 2 Assume that uy,...,u, € SH,(2) N L}, (S2). Then the complex Hessian
operator Hy, (u1, ..., up) is defined inductively by

ddup A+ Addur A BT = dd° (u,,ddcu,,q A Addur A ,8"_'") .

From the definition of m-subharmonic functions and using arguments as in the proof of
Theorem 2.1 in [1], we note that H,, (uy, ..., up) is a closed positive current of bidegree
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Local Property of a Class of m-Subharmonic Functions 607

(n —m+ p,n —m + p), and this operator is continuous under decreasing sequences of
locally bounded m-subharmonic functions. Hence, for p = m, dduj A+ - - Add um, A"
is a nonnegative Borel measure. In particular, when u=u;=---=u, € SH, (2) N L?;’C(Q),
the Borel measure

Hy (1) = (dd°u)”™ A """

is well defined and is called the complex Hessian of u.
2.3 m-Maximal Functions

Similarly in pluripotential theory now we recall a class of m-maximal functions introduced
and investigated in [5] recently.

Definition 3 A m-subharmonic function u € SH,,(<2) is called m-maximal if every v €
SH,,(2), v < u outside a compact subset of 2 implies that v < u on .

By MSH,,(2) we denote the set of m-maximal functions on 2. Theorem 3.6 in [5]
claims that a locally bounded m-subharmonic function # on a bounded domain 2 C C"
belongs to M S H,, (£2) if and only if it solves the homogeneous Hessian equation H,, (1) =
ddu)™ A g = 0.

2.4 The 8,9, () and F,, (R2) Classes

Next, we recall the classes 5,2 () and F, (R2) introduced and investigated in [12]. First, we
give the following.

Let © be a bounded domain in C". Q is said to be m-hyperconvex if there exists a
continuous m-subharmonic function u : & — R~ such that Q. = {u < ¢} € Q for
every ¢ < 0. As above, every plurisubharmonic function is m-subharmonic with m > 1
then every hyperconvex domain in C" is m-hyperconvex. Let 2 C C” be a m-hyperconvex
domain. Set

E =& = {u € SH, () NL*(Q): lim u(z) =0, f Hyp (1) < oo},
7= Q

Fm = Fn(Q) = [u € SH, () :3E2 s u; \ u, sup/ Hy(uj) < oo},
i Ja
and

En=En(Q) = {u € SH, () : Vzo € Q, 3 a neighborhood w > zp, and

8,?1 Suj; \(u on a),sup/ Hy(uj) <oo},
i Je

where H,, (1) = (ddu)™ A B~ denotes the Hessian measure of u € SH,, (2) N L*°(2).
From Theorem 3.14 in [12], it follows that if u € &,,(2), the complex Hessian H,,(u) =
(ddu)™ A "™ is well defined and is a Radon measure on 2. On the other hand, by
Remark 3.6 in [12], we may give the following description of the class &, (2):

Em=Sm(S2)={uGSH,;(Q):VU@Q,EIve}'m(Q), v=u on U}.
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608 V. V. Hung

2.5 m-Capacity
We recall the notion of m-capacity introduced in [12].

Definition 4 Let E C 2 be a Borel subset. The m-capacity of E with respect to € is de-
fined by

Cn(E) = Cp(E, Q) = sup {f ddW" AB"T" iue SHy(R), -1 <u< O} .
E
Proposition 2.10 in [12] gives some elementary properties of the m-capacity similar as

the capacity presented in [1]. Namely, we have

a) Cp (U;‘il Ej) < 2521 Cn(E)).
b) IfE; / E then Cp(Ej) /' Cu(E).

We need the following lemma which is used in the proof for the convexity of the class

Em,x ().

Lemma 1 Assume that ¢ € £0(SQ). Then
dd°p)" AB" " ({p < —t}) < t"Cn({p < —1})

and
" Cn({p < =2t}) < (ddp) A B" " ({p < —1}).

Proof Letv € SH,,(2), —1 < v < 0. For all t > 0, we have the following inclusion:
{(p<—2t}C[?<v—1]C{(p<—t}.

By the comparison principle (Theorem 1.4 in [13]), we get

/ (ddcv)m /\ﬂn—m S / (ddcv)m /\ﬂn—m
lp<=21}

{%<v—l}
1 c m n—m
< —(dd"p)" N B
{£<v—1) 1"
1
< — (ddp)" A B" .
7 Np<—1)

Hence, taking the supremum over all v, we obtain
" Cn(fp < —2t}) < (dd9)" A B" " ({p < —t}).

By similar arguments as in the proof of Proposition 3.4 in [11], it follows that

dd“p)" AB"" (e < —t}) = /{ }(ddcso)"’ AP =" Cn(lp < —t}).
p<—t

The proof is complete. O
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Local Property of a Class of m-Subharmonic Functions 609

3 The Classes Fy,;, x (2), Em, 4 ()

In what follows, we assume that 2 is a bounded hyperconvex domain in C". Now, we
introduce two weighted pluricomplex energy classes of m-subharmonic functions defined
as follows.

Definition 5 Let x : R~ IgR™ be a decreasing function and 1 < m < n. We define

Fny () = {u € SH, (Q) : 3u;} € E2(RQ), u; \(u on

sup/ xu)ddup)™ Ap"" < +oo
i Jea

and &, () ={u € SH,;(Q) : VK € Q,3v € Fpp (), v =u on K}.

Remark 1 (a) From the above definitions of the two classes Fp, , () and &, , (), we
note that in the case x (#) = 1 for all 1 < 0 we get the pluricomplex energy classes
Fm () and &, () introduced and investigated in [12].

(b) In the case m = n, the class J;, , () coincides with the class of plurisubhar-
monic functions with weak singularities £_, (Q) erase early introduced and investi-
gated in [4].

(c) Inthecase m=nand x(t)=1 for all <0, the classes F () and &, , () coincide
with the classes F(£2) and £(2) in [10].

We need the following lemma.

Lemma 2 Let x : R~ — R be a decreasing function such that x (2t) < ax (t) with some
a> 1. Assume that1 <m <nandu,v € EBL (R2). Then the following hold:

(@) Ifu <w,then

/ x()(ddv)" A BT < 2" max(a, 2)/ x @) ddu)™ A B*™.
Q Q
(b) Forevery(Q <X <1, we have
/ xu+ (1 —=0)v)(ddOu+ (1 —2)v)" A g™
Q

< 2" max(a, 2) (/ x @) ddu)™ A g"" —l—/ x ) (dd V)™ A ,B"_m> )
Q Q

Proof (a) First, we assume that x (0) = 0. Set

(1—¢")
xj (@) = x@)+ T t <0.
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610 V. V. Hung

Then yx; is a strictly decreasing function, ¥ < x; < x +} and x;(2¢t) <max(a, 2)- x(¢) for
every t <(. Moreover, since {v < —t} C {u < —t} forevery ¢ > 0 so by Lemma 1, we have

+o00
AXNMM%WAﬂ“mz—A X} (—0@dv)" A BT (o < —t})de

IA

+0o0
—/ "X (=) Cn(fv < —t})dt
0

IA

+00
[ Gt < ~iar
0

IA

+00
—me X (=D(dd“w™ A B"" ({u < —1/2})d1
0

/QX,'(ZM)(ddC(Zu))m ABTT

IA

2™ max(a, 2)/ X @) dduw)™ A g
Q
2™ max(a, 2) (/ (X(u) + l) ddu)™ A ,3"””) .
Q J
Letting j — oo, we get

/ x W) (dd V)™ A B"7" < 2™ max(a, 2)/ x () (ddu)™ A BT
Q Q

IA

In the general case, we set @ (t) = min(x (¢); —jt). Then ®; are decreasing functions such
that ®;(0) =0and ®;  x on (—oo, 0). By the first case, we have

f ®; (v)(ddv)" A B"" < 2" max(a, 2)/ @ (u)(ddu)" A B
Q Q

Letting j — oo, we obtain

/ x ) ddv)" A BT < 2" max(a, 2)/ x @) dduw)™ A B
Q Q

(b) As in the proof of (a), we can assume that x (0) = 0. Since {Au 4+ (1 — L)v < —t} C
{u < —t}U{v < —t}, so we have

/ Y Ot 4 (1 = D))dd O + (1 — W)™ A B
Q
< / X O+ (1= ) v)(dd e+ (1 — A)))™ A "
Q

+00 +oo
< —/ "X (=) Cp(fu < —1})dt —f " (=) Cp(fv < —t)dt
0 0

< 2" max(a, 2) (/ (x(u) + l) ddu)™ A B"™" + / (x(v) + l) (ddv)™ A /3”_’"> .
Q J Q J

Letting j — oo, we get

/ x4+ (1 = 2)v)(dd(Au + (1 = 2)v)" A B+
Q

< 2™ max(a, 2) (/ x @) (ddu)™ A B —|—/ x ()(ddv)" A ﬂ"_m> .
Q Q
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Local Property of a Class of m-Subharmonic Functions 611

Proposition 2 Let x : R~ — R™ be a decreasing function such that x (2t) < ax (t) with
some a > 1. Then the following hold:

@ Ifu € Finy(RQ) (resp. Em,x(RQ)) and v € SH, (Q) withu < v then v € Fp 5 ()
(resp. Epm,x ().

) Ifu,v e Fpy(Q) (resp. En () and o,y = 0 then au + yv € Fpp 5 (Q) (resp.
Em.x(Q)).

Proof (a) It suffices to prove that the conclusion holds for the class F;, , (£2). Assume
thatu € F, , (Q)andu < v,v € SH,, (). From Definition 5, there exists a sequence
{uj} C EV(Q), uj \ uon L with

sup/ xwp)(ddu;))" AR < o0.
i Ja

Setv; = max(u;, v) € 52(9)’ v; \yvonQandu; < v;. By Lemma 2, we have
sup/ x () ddvp)™ AB"T" <2™ max(a, 2) sup/ X )ddup)" A" " < 400.
i JQ i JQ

Hence, v € F, ().
(b) First, we prove that if u € F,, ,(2) then au € F, , (). Indeed, let k € N* with
2k > o and let {u;} C E(), u; \  u on Q with

sup/ x)ddup)" A" < oco.
Jj /R

Itis clear that {oru } Cg,g (£2), auj  au on 2. Moreover, since x (au ;) < X(Zkuj) <
k .
a®x(uj) so

sup/ x(ouj)(ddoui)™ A" < aka™ sup/ x)(ddup)" A BT < o0,
i Ja i Jea

Hence, au € Fp,, (). By the above proof, we can assume that o + y = 1. Let {u},
{vj}C 5,9[(9), uj N\ uong2, v; N\ uonf2, sup; fQ xW;)(ddu;)™ AB"~™ < oo and
sup; fQ x(;)(ddu;)™ A "™ <oo. By Lemma 2, we have

sup/ x(auj +yv)dd(auj +yv)" Ap""
i Jea

< 2" max(a, 2) <supf xw)ddu)™ Ap" + sup/ X)) (dduj)™ A ﬂ””’)
j JQ j JQ

< Q.

Hence, the desired conclusion follows.
O

Proposition 3 Let x : R~ —> R™ be a decreasing function such that x (2t) < ax(t) for
all t < 0 with some a > 1. Then for every u € Fy, (2), there exists a sequence {uj} C

5,?1 () N C(R) such that uj \, u and

sup/ xu)ddup)™ A B"T" < oo.
i Ja
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612 V. V. Hung

Proof Let Q; € Q11 € 2 be such that @ = (J72, ©; and let {v;} C E2 () be such that
v; N\ u and
sup/ x)ddu)™ A BT < o0.
i Ja

Theorem 3.1 in [12] implies that there exists a sequence {w;} C 5,?1 (2)NC() such that
w; N\ u. Set

j—1
uj=sup{<p€SH,;(Q):g0§ji,wjoan].
J

It is easy to see that u; \, u on 2. By Theorem 1.2.7 in [6] and Proposition 3.2 in [5], we
get u; € C(S2). Moreover, since w; < uj sou; € E%(Q) N C(RQ). Now, since vj \ U as
J — oo and u < wy so there exists jo such that vj, < %wk on . Therefore, vj, < uy
on 2. Lemma 2 implies that

IA

Ax(uk)(ddcuk)m A BT < 2™ max(a, 2) /ﬁ; x (i) ddvj)"™ A BT

IA

2™ max(a, 2) sup/ xpHdvp)™ A g™,
i Ja

Thus,
sup/ x (up)ddu)™ A B < 2" max(a, 2) sup/ xWp)dvp)" AB"™ < oo.
K Ja i Ja
O

The following proposition shows that the Hessian operator is well defined on the class
Em,x ().

Proposition 4 Let y : R~ — R be a decreasing function such that x # 0 and x (2t) <
ax(t) forallt < O with some a > 1. Then &, () C £, (), and hence, the Hessian
H,, (u) = (ddu)™ A B"~™ is well defined as a positive Radon measure on <.

Proof Without loss of generality, we can assume that x (¢) > O for every t < 0. Let u €
Em,x(R) and zp € Q. Take a neighborhood w € 2 of zg and a sequence {u;} C 52(9)
such that supz;u; < 0, u;  # on w and

sup/ X j)Hy(uj) < oo.
j JQ
For each j > 1, set
uj=supf{u € SH, (Q) : ttlo < ujlo}

Then u; < iZj on Q and u; = ﬁj on w and, by using arguments as in [7], we arrive at
#; € MSH, (2 \ @). This yields that %; € £(Q) and Hy,(#;) = 0 on Q \ @. More-
over, it is easy to see that u i\ 7 on €. On the other hand, as in the proof of Lemma 2,
we have

sup/x(ﬂ,;)Hm(ﬂ,-) < 00.

’a
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Local Property of a Class of m-Subharmonic Functions 613

Moreover, we may assume that infg x (]) = ¢; > 0. Then

c1 sup/ Hy,@ij) = ci sup/ H,, (it })
j JQ j Jao

IA

Supﬁx(ﬂl)Hm(ﬁ,/) < Supfszx(ij)Hm('lij) < oo.
J

J w

Hence,
supf H, (ij) < o0
i Ja

and it follows that # € JF,,(2). It is easy to see that # = u on w, and this yields that u €
En (). Theorem 3.14 in [12] implies that H,, («) is a positive Radon measure on 2. The
proof is complete. O

Now we prove our main result about the local property of the class &, , (€2).

4 The Local Property of the Class £, , ()

First, we give the following definition which is similar as in [15] for plurisubharmonic
functions.

Definition 6 A class J(Q2) C SH,, () is said to be a local class if ¢ € J(S2) then ¢ €
J (D) for all hyperconvex domains D € Q and if ¢ € SH,, (), ple; € J)Vjel
with Q = Ujel Qj, then ¢ € J(Q).

In [15], the authors introduced the class £y j,c(2) and established the local property for
this class. This section is devoted to study the local property of the class £, , ().

In the sequel of the paper, we will use the following notation. We will write “A < B” if
there exists a constant C such that A < CB.

Proposition 5 Set
K={x:R™ — RT, xisdecreasing and — 1*x" (1) <tx'(t) < x(t) Vt < 0}.
Then the class KC has the following properties.
(@) Ifx1,x2o€Kanday,ap > 0thenayy) +axxs € K.
(®) Ifx1, x2 € Kthen x1 - x2 € K.

©) Ifx € Kthen x? € K forall p > 0.
d) Ifx € K, then (=) x(t) € K. More generally |t*|x(t) € K forallk =0,1,2, .. ..

Proof The proof is standard hence we omit it. O

Remark 2 If x € IC, then x (2r) < ay(t) Vt < 0 with some a > 1. Indeed, by hypothesis
tx'(t) < Cx(t),C = constant > 0. We set s(t) = ({(f)’C. Then s'(f) > 0 V¢ < 0, hence
s(t) is an increasing function. This implies that s(2¢) < s(¢), and we have x (2t) < 2C % ().

The following result is necessary for the proof of the local property of the class &, , ().
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Lemma 3 Let u,ve SH,,(Q) NL®(Q) withu<vonQ, xeKand T =dd“p1 A ---A
dd @1 A BT withp; € SH, () NL®(RQ), j=1...,m—1. Then for every p >0, we
have

/ xW)ddvAT < c/ x @) ddu + [u|B) AT,
o @

where Q' € Q" € Q and ¢ is a constant only depending on ', ", Q and x.

Proof Choose ® € C°(R2),0 < ® < l and ®|o = 1, supp ® € Q" € Q". Then, by inte-
gration by parts

/ X(u)ddcv/\T=/ CD)((u)ddcv/\TS/ CDx(u)dd%AT:/ vdd(®x W) AT.
94 o4 Q Q

On the other hand,

dd(@x ) = d(d(®x®)))

x@)dd°® + ®(x' (w)ddu + x" w)du A du) + x' @) dP A du + du A d°D).

Since Vi, d(u +t®) Ad(u +t®) AT > 0, we have
tu(du Nd°® +dd AduU) AT < (du A du+u’dd ANdOYAT
and
X' W) AdPAdU+dun® AT > —x'(u) <ud<l> ANdCD + idu A dcu) AT.
Now, we can choose A > 0 sufficiently large such that dd“® > —Add"||z||2, AP ANdD <
Add®||z||*. Thus, we have the following estimates
dd(®x W) AT > —Ax)dd |z|I> AT + @x'(w)ddu AT + ®x" (w)du Ad°unT
—X/(u)(ud<b/\dc<b+$du/\ du)nT. (1)
In the case x”(u) < 0, we have the following

vdd(®x W) AT < —Aux@)dd|z||> AT +ux'w)dd‘u AT
+umin{x” (), 0}du Adu AT —u’>x'(wW)d® Ad°D® AT
—x' wdu ndunT.

In the case x” () >0, from (1), we note that ®vx” (u)du Adu AT <0, and it is easy to
obtain the above estimates. Now, we have the following estimates

/ xw)ddv AT < A/ —ux(u)dd|z|I> A T—l—/ uy' w)dd‘u nT
Q/ i Q///
+/ umin{x” (), 0}du A du A T+/ —u?x W) dPAd DAT
Q/// ua

+/ —x' wWdundunT.
Q///
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Local Property of a Class of m-Subharmonic Functions 615

On the other hand, by hypothesis about the class /C, we have ux’(u) < c1x(u) and
(—u®)x' () <ci(—u)x W), ux" (u) <ca(—x'(u)). Therefore,

/ x(w)ddvAT < A/ —ux)dd|z|I> AT + ¢ / x(w)dd‘u AT
Q/ /1 Q///
—(cz—i—])/ x (w)ydun dun T+ Ac / x@)dDAdd||z|*A T
Q/// Q///
= A(cq +1)/ |u|)((u)ddc||z||2/\T+c1/ x(w)ddu AT
Q/// Q///

—(cr + 1)/ x' wydu Adu AT.
Q///

Set x1(t) = — [y x (x)dx then

L It

xiO=—x@); x/O=—x"); x(t)IIIZm(t)Zx(z) 5

Now, we choose ¥ € C°, ¥|q» = 1, supp ¥ € R, then we have

—/ X Wdu ANdu nT = —/ dx(u)/\duAdCuATf/ Ydxw) Ndu nT
i " Q

/X(u)dw/\dcu/\T—l—/wx(u)ddcu/\T
Q Q

/X(u)dw/\dcu/\T—i—/ Yxw)ddunT
Q Q//

—f dyrd® x (1) A T+/ Yxwddu AT
Q Q//

/ x1ddy AT +f Yxwddu AT
Q Q'

IA

B/ x(u)|u|dd0||z||2/\T+/ Vxw)ddu NT
Q" Q"

with B > 0 sufficiently large.
Finally, we have

f xw)ddvAT < A(cy + 1)/ lulx (u)dd | zII> AT + ¢ / x(w)ddu AT
Q/ Q/// Q///

+(c2+1)B/ x(u)luldd”llz”z/\T+(cz+1)/ x(w)ddunT
Q/// Q///

IA

c [/ X(ddu AT + /Q x @) luldd®||z))* A T] .
O
The next lemma is a crucial tool for the proof of the local property of the class &, , (€2).
Lemma 4 Let Q be a hyperconvex domain in C" and 1 <m <n. Assume that u € 8,9,(52)
and x € K such that x"(t) > 0Vt < 0. Then for Q' € K, there exists a constant C =C (')

such that the following holds:

/ X@)ulP (dduy"=P A g < C/ x@)(dd“u)" A" < 400, (2)
94 Q
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Furthermore, ifu € JF, , () then
/ x @)|ulP (ddu)™ P A BT < 400
Q/

forallp=1,...,m.

Proof Set xo(t) = x(t) and foreach k > 1, let x;(t)= —fot Xk—1(x)dx. From the hypothesis
x € K, then x(2t) < ax(t) and it is easy to check that x; € K and x (1)(—t)F < xx(t) <
x(O(=0)k.

Now, choose R > 0 large enough such that lzI? < R2on Q. Let ¢ € 8,?1 (R2) and
A > 0such that [|z]|> — R?> > Ag on . Set h = max(||z[|> — R?; Ap) then h € £%(RQ)
and dd°h = dd°|z|?* = B on Q. First, we claim that (2) holds for u € 52 (€2). Indeed,
we have

/ GOl (@dewy™P A (@ddB)? A B < / X GOl (@dd€u)" P A (dd°R)? A B
Q Q
~ / Xp(u)(ddcu)m_p/\(ddch)p/\ﬂn_m.
Q

Integrating by parts, we have

/ Xp W) ddCu)" P A (dd°h)P A BT = / h(ddu)"~PddC x,(u) A (dd°h)P~" A B
Q Q

- / h(dd u)™P [X;j(u)du Adu + X;(u)dd"u}
Q

Add h)P~1 A g

IA

/h)(lg(u)(ddcu)'"_p"'l /\(ddch)p—l /\ﬂn—m
Q

IA

Il / Xpo1 (@dEuwy" P A (ddR)P A B
Q

IA

IA

Al g [ X0 7B < o,

Hence, if we set C = C(Q) = P!”h”zoom) then

400 > Cf X(u)(ddcu)m /\,Bn_m 2/ X(u)|u|p(ddcu)m_p A (ddch)p /\ﬂn—m
Q Q
> f X OlulP (ddeu)y"™P A (dd )P A B
Q/
_ / X GOlulP (@dduy" P A (dd|)zIP)P A B
Q/

Finally, we prove (2) holds for u € F,, ,(£2). Indeed, we take u; € 52 (Q), uj \(uon
€2 such that
SUP/ xu)ddup)™ A B < +oo.
j=1JQ
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By dominated convergence theorem and (dd“u ;)" 7 A (dd°|z |2)r—m+P s weakly conver-
gent to (ddu)™ P A (dd€||z||®)"~™*P in the sense of currents

—m+p

L e ey
Q/
< lim'inf/ X (uj)lujl? (ddcuj)m_p A (ddC”ZHZ)n—erp
J Q'
= hm‘inf/ Xl |? (ddeu;)" " A (dan)” A (daez012) "
i Ja

< Csup f X)) (ddus)” A (ddlz?)” " < +oo.
i Ja

We also need the following result on subextension for the class F, , (€2).

Lemma 5 Assume that @ € Q and u € Fin,x (). Then there exists U € meX(SNZ) such
that U < u on Q.

Proof We split the proof into three steps.

Step 1.

Step 2.

We prove that if v € C(Q) v <0, suppv € S then ¥:= =sup{w € SH,, (SZ) w <
v on Q} € & (Q) N C(Q) and (ddTY™ A B*™ = 0 on {T < v}. Indeed et
(NS 50 (Q) ﬂC(Q) be such that ¢ < infg v on supp v. Slnce 0 <Tsove& (Q)
Moreover, by Proposmon 3.2in [5], we have ¥ € C(Q) Letw € SH),, ({v < v})
be such that w < ¥ outside a compact subset K of {v < v}. Set

_ max(w V) on {v < v},
wr= on Q\({? < v}).

Since v and v are continuous so ¢ =— supg (v—v) > 0. Choose § € (0, 1) such that
—8infg v < &. We have (1—8)v <v+e <v on K. Hence, (1—8)v + §w; <v on
Q2 and we get (1—8)v+6w; =7v. Thus, w < T)’ on {v < v}. Hence, 7 is m-maximal
in {v<v}. By [5], we get (dd°D)" A B" ™ =0on {V<v}.

Next, we prove thatif u € 50 () NC(R) then there exists u € £ (Q) ddu)™ A
B = 0 on (E\Q) U ([il < u} N Q) and (dd°T)" A B~ < (ddu)™ A g1—™
on {i = u} N Q. Indeed, set

| u ong,
Y710 on &\Q.

It is easy to see that v € C() and suppv C Q2 E Q Hence, we have i =7 €
50 (Q)NC(RQ) and (dd°T)™ A AB"™ =0on{v < VINQ = (Q\Q)U({u < u}ﬁQ)
Let K be a compact set in {# = u} N Q. Then for ¢ > 0, we have K € {t + & >
u} N Q2 so we have

@i ng = [ @@ g
K K
= [ e @ max @+ e )" A
K

< / (dd® max(@ + &, u))™ A "7,
K
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where the equality in the second line follows by using the same arguments as in [2]
(also see the proof of Theorem 3.23 in [12]). However, max (i + ¢, u) N\ u on 2 as
& — 0soby [21] it follows that (dd° max(ii+¢, u))™ AB"~™ is weakly convergent
to (ddu)™ A B"~"™ as ¢ — 0. On the other hand, 1k is upper semicontinuous on
€2 so we can approximate 1x with a decreasing sequence of continuous functions
¢ ;. Hence, we infer that

lim supf 1x (dd® max(u + &, u))" A B
Q

e—0

= lim sup [lim/ @;(dd® max (@ + &, u))"™ A ﬂ”_m]
Q

£—0 J

< limsup (/ @j(dd® max (i + e, u))"™ A ,3”"”)
Q

e—0
5 / gD,(ddcu)m /\ﬂn—m \\/\(ddcu)m /\'Bn—m.
Q K
as j — oo. This yields that (dd“u)™ A B"~™ < (ddu)™ A "™ on {u = u} N Q.
Step 3. Now, letu; € £2(Q) N C(R) be such that u; \, u and

sup/ x () (ddu;)" A B < oo.
i Ja

By Step 2, we have
/ﬁx(ﬁj) (da‘u;)" A" = / x @) (ddup)™ A g

{uj=u;}NQ

S / X(u])(ddc‘u])m A lgn—m
{’le=uj}ﬂQ

= /QX(M/')(ddcuj)m A BT,
Hence,
Su.p/ x ) @duy)™ np" < sup/ x ) (ddup)™ A" < oo.
I i)
Thus, & :=lim;_, oo U € fm,x(ﬁ) and % < u on Q.
O

The following result deals with the local property of the class &, , (€2). Namely, we have
the following.

Theorem 1 Let Q2 be a hyperconvex domain in C" and m be an integer with 1 < m < n.
Assume that u € SH, () and x € K such that x"(t) > 0Vt < 0. Then the following
statements are equivalent.
a) ueby(Q).
b) Forall K € K, there exists a sequence {u;} C 5,(,)1 () NC(R), uj \ u on K such that

sup/ x@pujlP(ddu;)" =P A B < 00

i Jk

foreveryp=0,...,m.
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c) Forevery W € Q such that W is a hyperconvex domain, we have ulw € Ep 5 (W).
d) For every 7 € Q, there exists a hyperconvex domain V, € Q such that z € V, and
’4|VZ € gm,x(vz)-

Proof Let yi be as in Lemma 4.

“a) = b)” Let K € Q be given. Since u € &, (), then there exists v € F, , ()
with v = u on K. By the definition of the class F, , (£2), there exists a sequence {u;} C
EX(Q)NC(K), uj \ v on Q with

SQP/Q xu)ddup)™ AB"™" < oo. (3)
j

Then u; \ u on K. We have to prove

sup/ X ujlP@duy)" =P AB P < 00
J K

for p = 0,1, ..., m. It is obvious that the conclusion holds for p = 0. Assume that 1 <
p < m. Then, by Lemma 4, we get that

Sup/ X pluj|P(ddu)" =" A g < Csup/ X W) ddu;)™ A " < 0o
i JK i o

and the desired conclusion follows.
“b) = ¢)” Let W € Q2 be a hyperconvex domain. Take U € W € Q2 and a sequence
5,?1(9) > uj \ u on W such that
sup/ X @pu;|P(ddu;)" =P AP < 00
jJw ’
forp=0,1,...,m. Set ﬁj =sup{lp € SH,(W): ¢ <ujonU} € Eg(W). Next, choose

UEQ E...EQy, €W.Sinceu; <iij on W and (dd“u;)™ A B~ =0on W\U so by
applying Lemma 3 many times, we atrive at

/ X (@) (dd°i;)" n g = ﬂx(ﬂ» (daiz;)" A g
v U
5/ x(uj)(dduj+ |uj|B) A(ddcgj)m—l N
Q
S / X (u)dd€Tij A (dd“GE;)" 7 A dduj n BT
Q)
+/ X1 (M])|M/|ddcﬂj A (ddcﬂj)m72 A ﬂn7m+1
2
S /Q X(Ltj) (ddcul + |uj|ﬂ) A (ddcﬁj)m_z A ddcu/ A IBnim
2
+/ x1(uj)lujl (dduj + uj|B) A (ddcgj)m—2 A gt
2

5/ X ) [|u,»|2,32 +lujlB A dduj + (ddfu,-)z] A (dd€Ti;)" 2 A g
2

<...

~

m
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Hence,

sup [ x(uj) (dd"'i[j)m A B

J

=

< supx(uj)/ [|uj|m,3m + Iujlm_lda’cuj AR 4 (ddcuj)m] ABT
Jj Q

§sup/ x(uj) [|uj|m,8m+|uj|m_lddcuj/\ ﬁ’”—l 4. ._|_(ddcuj)m] AT
i Jw

Thus, uy,w:=1lim ’IZjEfm’X (W). Since UEW is arbitrary and uy w =u on U sou € &, (W).
“c) = d)” It is obvious.
“d) = a)” Assume that Q'€€Q. Choose z; €2, j=1,2,..., s such that @' e j_, V.,

where V; are hyperconvex domains. Let W, € V,; be such that Q' & U —1 Wz;. Since
ulv IS Sm X(Vz,) so there exists v; € F, x(Vz)) such that v; = u on Wv. By Lemma

5, there exists Uj € JF () such that ¥; < v; on V;. Then by Proposmon 2, we have
V=014 -+ € Fu () and, hence, max (v, u) € fm,x (2). However, max(V, u) = u
on &', then u € &, (2). The proof is complete. O

From the above theorem, we get the following property of the class &, (€2).

Corollary 1 Assume that Q2 is a bounded hyperconvex domain, and x € K satisfies all
hypotheses of Theorem 1. Then &,y (2) CEn—1, ().

Proof Assume that u € &, 4 (2). Let K € Q2. Take a domain Q' with Q' € Q2. By Theorem
1, there exists a sequence {u;} C E%(Q) N C(R) such that uj N\ uonQ and

sup/ X Gup) [l 7 a1 ey A B (ddug)" | A B < oo
j Y

Let h € 50 _1(R) be chosen. For each j >0, take m; >0 such that u; > m;h on Q.
Set v; = max(u;, m;h) € 50 () and v; = u; on Q. Note that v; \, u on Q' and
(ddv;)? A BY = (ddu;j)? A BT on Q2 forl < p<m—1landl <g <n—m-+1. We
may assume that u|¢y < —1. By Hartogs’ lemma (see Theorem 3.2.13 in [16]), we conclude

that vj|or < —1 for j > jo with some jo. Without loss of generality, we may assume that
vjlgr < —1for j > 1. Hence, |v;|" > |vj|m_1 on ' for all j > 1. Now, we have

/, X)) [\uj|mﬁ'”+|u_,-|m*1dd“u_,- AB™ T g (dd“uj)’"*‘ AB+ (ddcuj)mj| A BT

2/ X)) [l ™™ + Juj ™ dduy A B+ .+|uj|(ddcuj)m_1/\,8}/\/3"7'"

/ x ) [l " B™ + v 1"~ 1a'd‘v A BT T [vjl (dd"vj)mfl A ﬂ] AB

/ X<vz>[| 7B g dd 0y A By (dd€u) " ] A g

/ X(Uj)
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Note that v; N\ u on € and

sup / X @) [l B vy "2 d 0y A B (dd )" | AT <00,
joJeY

Moreover, by Theorem 1, we get u € Ep—1,, (). O
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