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Abstract
Gear tooth failure due to tooth root bending fatigue is one of the most dangerous failure modes in gears. Therefore, the
precise definition of gear bending fatigue strength is a key aspect. Furthermore, in order to calculate the service life of
a gear component, an accurate estimation of the S-N curve is required. This curve must properly account for the slope
of the fatigue strength region, the slope of the region ahead the fatigue knee, as well as the position of the knee itself.
Hence, in order obtain a curve at different reliability levels, a proper estimation of the dispersion associated with the
experimental points is required. Usually, Single Tooth Bending Fatigue (STBF) tests are used to investigate the gear load
carrying capacity with respect to the bending failure mode. Then, starting from the gear specimen test data, the S-N curve
that has to be used in the rating method has to be determined. Maximum Likelihood Estimation (MLE), a statistical tool
capable of considering also interrupted tests (e.g. runouts) has been used to estimate, in the most reliable way, the S-N
curve from experimental points. Furthermore, if the STBF test is performed in a symmetrical configuration, i.e. two teeth
loaded at the same time, also the survival of one of the two teeth represents an information that can be taken into account
thanks to MLE.
Moreover, additional effects must be considered to obtain the S-N curve of a real component starting from STBF tests. In
reality, the load history and the statistical behaviour are different, since in a meshing gear the strength is determined by
its weakest tooth, while in a STBF test the failing tooth is predetermined. The latter effect is considered by means of the
statistic of extremes, which enables the estimation of the strength of the weakest tooth and therefore of the gear. This paper
describes in detail the proposed calculation method and explains its application to determine the S-N curve in practical
cases.
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Zahnfußbiegefestigkeit: Statistische Behandlung der Ergebnisse von den STBF-Versuchen

Zusammenfassung
Versagen von Verzahnungen aufgrund von Zahnfußbiegeermüdung ist eine der gefährlichsten Versagensarten von Zahn-
rädern. Daher ist die genaue Definition der Biegewechselfestigkeit von Getrieben ein wichtiger Aspekt. Zur Berechnung
der Lebensdauer einer Komponente eines Getriebes ist die genaue Schätzung der Wöhlerkurve erforderlich. Diese Kurve
muss die Neigung des Ermüdungsfestigkeitsbereichs, die Neigung des Bereichs der Ermüdungsknie sowie die Position des
Knies selbst richtig berücksichtigen. Um eine Kurve mit unterschiedlichen Zuverlässigkeitsniveaus zu erhalten, ist daher
eine zuverlässige Schätzung der Streuung in Verbindung mit den experimentellen Punkten erforderlich. Üblicherweise
werden Single-Tooth Bending-Fatigue(STBF)-Versuche verwendet, um die Getriebetragfähigkeit in Bezug auf den Biege-
versagensmodus zu untersuchen. Ausgehend von den Prüfdaten des Zahnradmusters muss dann die Wöhlerkurve bestimmt
werden, die im Bewertungsverfahren verwendet werden muss. Die Maximum-Likelihood-Schätzung (MLE), ein statisti-
sches Werkzeug, das auch unterbrochene Tests verwaltet: wird der STBF-Versuch in einer symmetrischen Konfiguration
durchgeführt, d.h. zwei Zähne gleichzeitig belastet, stellt auch das Überleben eines der beiden Zähne eine Information dar,
die dank der MLE berücksichtigt werden kann.
Darüber hinaus müssen zusätzliche Effekte berücksichtigt werden, um ausgehend von STBF-Versuche die Wöhlerlinie
eines realen Bauteils zu erhalten. In Wirklichkeit sind die Belastungshistorie und das statistische Verhalten unterschiedlich,
da bei einem Zahnrad die Festigkeit durch den schwächsten Zahn bestimmt wird, während bei einem STBF-Versuch der
ausfallende Zahn vorgegeben wird. Letzterer Effekt wird durch die Extremwertstatistik berücksichtigt, die eine Abschätzung
der Festigkeit des schwächsten Zahnes und damit des Zahnrades ermöglicht. Dieses Veröffentlichung beschreibt ausführlich
das vorgeschlagene Berechnungsverfahren und erläutert seine Anwendung zur Bestimmung der Wöhlerlinie in praktischen
Fällen.

1 Introduction

Tooth root bending fatigue is considered as one of the most
dangerous gear failure mode because, typically, such kind
of a failure results in the interruption of the power flow
within the gearbox. Standards, such as ISO 6336-3 [1] and
ANSI/AGMA 2001 [2], provide designers with an analyt-
ical framework, to assess a gear train, in respect to this
failure mode, by comparing the maximum tooth root stress
with the limit value of the gear itself. Data of several typ-
ical materials are present within the standards (e.g. [2, 3]).
Both ISO 6336-3 [1] and ANSI/AGMA 2001 [2] present
indication about the complete S-N curve, with the slopes
associated to both, the limited life region and the long life
one. Those curves are defined at 1% gear failure proba-
bility (or 99% reliability) for tooth root bending fatigue.
ANSI/AGMA 2001 [2] presents corrective coefficients to
“shift” the S-N curve so that it assures a certain reliability
level, different from the typical. Designers working with the
ISO 6336 series standard can rely on the work of Hein et al.
[4] where a corrective coefficient YZ has been proposed to
assess toot root bending fatigue at different reliability lev-
els; a coefficient ZZ has been proposed for the phenomenon
of pitting.

However, assuring a certain reliability requires two dif-
ferent things. On the one hand, it requires a proper esti-
mation of the load; topic coved by standards such as ISO
6336-6 [5]. On the other hand, it also requires an accurate
definition of the complete gear S-N curve, both in term of

the slope of the limited life region and the long life region,
as well as the associated dispersions [6]. Here, it would be
better to rely on data specific to the current industrial sce-
nario rather than relying on standardized data as they are
not representative of the gears investigated. Therefore, ex-
tensive gear testing is needed even more when it is required
to assure a certain reliability level after a given service life.

The available testing methodologies for the tooth root
bending fatigue strength are running gears tests (e.g. [7, 8]),
Single Tooth Bending Fatigue (STBF) tests (e.g. [9–15]),
and tests on notched specimens (e.g. ISO 6336-3 annex A
[1, 16–18]). Amongst them, due to its higher efficiency and
capability to directly work with gears, STBF tests are the
most adopted.

However, STBF tests results cannot be directly applied
to assess a gear pair. Indeed, as there is no rolling/sliding
contact between gears, therefore, the loading condition of
an STBF test rig is not representative of the real case.

Two different approaches for the treatment of STBF test
data exist, so that they can be used within the existing cal-
culation methods. They are proposed within FVA report no.
304 [9] and within the works of Rao and Mc Pherson [8,
11]. Both the authors highlight two main issues that must
be considered in order to treat STBF test data:

1. The testing and service loading conditions are different.
In the real case, the force varies both, the application
point, and its magnitude, while in STBF the force is a si-
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Fig. 1 STBF apparatus

nusoidal load whit a fixed amplitude and a given applica-
tion point.

2. The testing and service failures are different. In STBF
test, a failed test corresponds to the breakage of some
tested teeth, while in the meshing case, the failure of the
specimen (i.e. the gear itself) corresponds to the failure
of the weakest tooth.

While a paper by the authors investigates the effect of
different loading conditions by means of an high cycle mul-
tiaxial fatigue criteria [19], this paper aims to shed more
light on this latter aspect.

Stahl and Rao faced the problem with two different ap-
proaches. On the one hand, Stahl, K [9]. proposed several
coefficients, based on experimental evidence: two coeffi-
cients (i.e. fp!Z and fZ!ZR) to translate STBF results to
the case of a meshing gear, and a further one (i.e. f1%ZR)
to reach the desired reliability level, which in this case is
R= 99% (i.e. a probability of failure of 1%); a further co-
efficient fkorr based on Rettig experimental evidence [20] is
used to deal with the different loading conditions. On the
other hand, Rao and Mc Pherson [8, 11] define a simple
statistical relation between the teeth and the gear, and by
means of a ‘fit by eye’, they translate STBF test data, cor-
rected to the real case load, to the desired reliability level.
Allowable Stress Range (ASR) diagrams are used to deal
with the different loading conditions.

In order to reduce the need of predetermined experimen-
tal factors, an approach based on the Maximum Likelihood
Estimation (MLE) and the statistic of extremes is proposed
in this paper. MLE is an estimation technique typically ap-
plied in the determination of the S-N curve, as it has great
advantages of being able to consider, at the same time,
different typology of data. Exact data (e.g. failures) and
censored points are considered together, within the same

Table 1 Main gear geometry data

z Mn ˛n b “ da db df �fp X

– Mm ° Mm ° Mm Mm Mm Mm Mm

30 2.2 17 20 0 73 59.743 63.116 0.810 0.55

calculation procedure. The latter are points of which the
exact value is unknown; still, it is possible to say that their
exact value would be greater (right censored, e.g. runouts)
than a certain value, smaller (left censored, e.g. a failure
occurred before the inspection), or between two values (in-
terval censored, e.g. a failure occurred between two inspec-
tions) [6, 21, 22]. Indeed, MLE is a flexible tool; e.g., as
its calculation procedure is independent from the test se-
quence, MLE allows to find endurance limits also where
the staircase method cannot be used optimally for some
reasons. MLE has been applied for the estimation of the
S-N curve of specimens (e.g. [23–26]) as well as in other
components, e.g. welded structures (e.g. [27, 28]). Regard-
ing gears, Krantz, T. [29] applied MLE for the estimation
of the pitting S-N curve.

Within this work, MLE is applied to estimate the ex-
perimental S-N curve, that is the S-N curve of the teeth,
and its associated dispersion. Implementing the statistic of
extremes, this first curve is then rearranged, by means of
a mathematical passage, to estimate the gear S-N curve.
In other words, MLE is used to estimate the teeth distri-
bution (i.e. the parent distribution), which is then used to
estimate the gear distribution by defining the distribution of
the weakest tooth among the z gear teeth. Different curves,
at different reliability levels, can be estimated by simply
calculating the corresponding percentile.

2 Experimental procedure

In the previous years, the authors have investigated the tooth
root load carrying capacity of several types of gears via the
STBF approach. Some examples include: gears for aeronau-
tical applications [30, 31], small planetary gearboxes [32],
wind turbine gearboxes [33, 34], generic applications [35]
as well as additively manufactured gears [36, 37]. All the
aforementioned tests have been performed on a mechanical
resonance pulsator, equipped for each experimental cam-
paign with a specific fixture for the gear specimen. Fig. 1
shows the equipment scheme adopted for the experimental
campaign that has been taken as an example in this article.
The equipment consists of two anvils, a fork and a centering
pin. The anvils are the component that, during testing, are
responsible of transmitting the load to the gear teeth and,
due to the same principle involved within the Wildhaber
measurements, they load the teeth in a symmetric way. That
is, the contact between the anvils and the teeth occurs at the
same diameter for both the spanned teeth. The last two com-
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ponents (i.e. fork and centering pin) are responsible for the
correct positioning of the gear between the anvils during
the preliminary mounting phase. During the test, the pin
is removed, and a minimum compressive load is kept on
the teeth to avoid undesired displacements; all the tests are
performed at a load ratio R= 0.1. The experimental proce-
dure is described in detail in the aforementioned papers (i.e.
[30–37]).

The experimental campaign taken as example for the sta-
tistical elaboration of STBF test results has been performed
on case hardened gears made of 20MnCr5 (additional in-
formation can be found in [38]); no mechanical surface
treatment has been applied. A total number of 34 experi-
mental points have been collected, 9 runouts at 5 million
cycles have been observed. Table 1 summarizes the spur
gear main data. If the results of the aforementioned exper-
imental campaign have to be used to design/assess a gear
pair with a different module, the size factor Yx must be taken
into account. Yx typical values can be found in [1, 39, 40].

Method B of ISO 6336-3 [1] has been used to calculate
the relationship between the pulsator applied load, FP and
the tooth root bending stress. As the standards always con-
sider two meshing gears, the force/stress relationship has
been calculated starting from a gear pair, defined in a way
such as, for the gear specimen, the outer point of single
contact is the pulsator point of load application. In other
words, the outer single contact diameter den corresponds to
the diameter at which the designed anvil/teeth contact oc-
curs (as shown in Fig. 1, den = 70.150mm). For the sake
of brevity, details and brief information on the whole pro-
cedure can be found in the papers cited at the beginning of
this section (i.e. [30–37]). A correction factor fkorr = 0.9
has been used to translate stress data from the STBF test
loading condition to the one of the meshing gear case [9,
20].

3 Maximum Likelihood: estimation of the
tooth S-N curve

Several models have been developed to describe the S-N
curve of a specimen (or of a component). They have dif-
ferent levels of complexity, from the more common ones,
such as the ones described in [23, 24], to the more complex
models, such as the decoupled model [25] and the random
fatigue limit model [26]. Due to its simplicity, the model
proposed by Spindel et al. [23] has been selected. As per
this model, the S-N curve can be described as:

log

�
N

Ne

�
=
1

2
.k + k1/ log

�
S

Se

�
+
1

2
.k − k1/

ˇ̌̌
ˇlog

�
S

Se

�ˇ̌̌
ˇ

(1)

where N is the number of cycles, S is the applied load,
Ne and Se represent the knee position, k is the slope of the
limited life region and k1 is the slope of the long-life region.
An easy way to fit Eq. 1 to the experimental data is to
consider S, or directly log .S/, as the independent variable
and N, or log .N /, as the dependent variable and then fit
the data by using rearranging Eq. 1 as:
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However, to fit such a curve to experimental data, runouts
must be considered as a point with the same meaning of
a failure. That is, we are losing the information that such
experimental points do not represent a failure, but a point
which has survived to Ni cycle under a certain load Si. To
avoid loss of such information, the parameters of Eq. 1
can be estimated via MLE. For this, it is assumed that ex-
perimental points are log-normally distributed, that is the
logarithmic to the base 10 of the points follow a normal
distribution, of which the PDF f(x) and CDF F(x) are de-
scribed as:
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where erf is the error function.
MLE is based on finding the distribution parameters, in

this case μ and σ, which are more likely to represent the
experimental points. In other words, MLE estimates the
distribution parameters that maximize the likelihood L [6].

The case examined in this paper presents two kinds of
data. The first ones are observed values, that are repre-
sented by specimens whose lifetime, at a certain load level,
is known (i.e. a failure). The second ones are right-side cen-
sored data, that are represented by points whose lifetime, at
a certain load level, is greater than a certain level, because
the specimen was not broken (f.i. a runout). Therefore, L
can be defined as:

L =
nY

i=1

�
fxi I�;�dx

�ıi �
nY

i=1

�
1 − Fxi I�;�

�1−ıi (4)

where δi is a constant equal to 1 when the ith observation
is an observed value, and null in the case of a right-side
censored data. To simplify the estimation procedure, the
natural logarithm of L is considered:
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Fig. 2 Teeth S-N curve estimation comparison
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where ` is the so-called log-likelihood, lnfxi
represents

exact data (failures), and ln
�
1 − Fxi

�
right censored data

(runouts).
Pn

i=1ıi nln .dx/ is no more considered as it is
a constant term and, therefore, it does not affect the maxi-
mization procedure. Anyhow, as only minimization proce-
dures are included in the usual calculation software, distri-
bution parameters are estimated by minimizing −`.

As proposed by Nelson [22], it is possible to use MLE for
curve fitting, independently of the chosen PDF, by consider-
ing the location parameter as a function of the independent
variable; also dependency of the scale parameter on the in-
dependent variable can be considered too. In our case, we
set the mean value μ equal to Eq. 2. In [23], Spindel et al.
propose a constant standard deviation in the log .�F 0/ di-
rection. Considering that the developed model uses N as the
dependent variable, and that the model presents 2 different
slopes, the standard deviation in the log .�F 0/ direction is
“rotated” in the log .N / direction. Therefore, two different
standard deviations in the log .N / directions (i.e., �1;log.N /

and �2;log.N /) are obtained by multiplying �log.�F 0/ by the
absolute value of k (or k1).

However, one information obtained from the test has not
been yet considered. As described in Sect. 2, the adopted
STBF test configuration is symmetric. That is, the tested
teeth are loaded at the same diameter, sharing the same ap-
plied load, resulting in the same nominal tooth root bend-
ing stress. Indeed, each experimental point (i.e., failure or
runout) ‘hides’ an information about the survival of the
other loaded tooth. In other words, due to the test configu-
ration, each test interrupted by the failure of one of the two
teeth is a failure and a survival at that number of cycles,

Fig. 3 Estimated gear S-N curve

at which the failure of the weakest tooth (among the tested
pair) occurs. On the other hand, the case of a runout repre-
sents two runouts. In the case of a failure, an observed value
and a right-side censored data are present (instead of a sin-
gle observed value), while, in the case of a runout, two right-
side censored data are present. The case of a test stopped
due to the failure of both the loaded teeth will simply be
considered as the failure of two teeth. Anyhow, as it implies
that both teeth have the same lifetime, it is a very rare case,
so it is not discussed in the below mathematical develop-
ment. Other authors, like Wallin, K. [27] and Marquis, G.
and Mikkola, T. [28], deal with the same problem of this
topic in the field of welded joints. As in the adopted STBF
test configuration, more than one possible failure point is
present in their tested welded structure. Also, those authors
solved the issue of having several specimens under testing
at the same time and under the same load by adopting sim-
ilar considerations. To consider this information, a further
term, representing right censored data, is added to Eq. 5:
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in this way, it is possible to consider that a right-censored
term (the “second” tooth) is always present.

Fig. 2 shows a comparison of the three different pro-
cedures to estimate the S-N curve. The curve obtained by
curve fitting (i.e., fitting) and those estimated by mean of
MLE as in Eq. 5 (i.e., MLE and MLE—2 teeth), in the re-
gion before the knee, estimate a similar slope; indeed, both
are estimating a line intercepting a comparable set of points.
However, as the fitting does not consider the physical mean-
ing of runouts, the slope associated to the region ahead of
the knee is not comparable. This results in a different es-
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Fig. 4 Estimated S-N curves

timation of the knee. Furthermore, the curve obtained with
Eq. 6 likelihood formulation results to be shifted upwards
due to the consideration of the survived teeth.

4 Statistic of extremes: from tooth to gear

Once the S-N curve of the teeth has been estimated (and
therefore, the CDF), STBF result elaboration is necessary to
make it representative of the gear. To do this, it is necessary
to consider that, in the real case scenario, where gears are
meshing and rotating, gear failure due to tooth root bend-
ing fatigue corresponds to the failure of the weakest gear
tooth [8, 11, 20]. Therefore, starting from the estimated
teeth S-N curve, the gear S-N curve is defined as the one
describing the weakest tooth amongst the z gear teeth. In
other words, the CDF of the teeth has to be elaborated in
order to define the gear CDF, that is the CDF of the weakest
tooth among the z gear teeth. It is worth underlying that in
1987, when Rettig studied the effect of the different load-
ing conditions between STBF tests and running gears, he
adopted the statistic of extreme in order to translate STBF/
teeth results to the gear [20].

By means of a mathematical passage [6], statistic of ex-
tremes allows to define the CDF of the minimum value
X(1)(x) over n extractions of X (the distribution of which is
known) as:

FX.1/.x/
= 1 −

�
1 − FX.x/

�n
(7)

where FX(x) is the parent CDF and FX.1/.x/
is the extreme

CDF. In other words, Eq. 7 expresses the distribution of the
smallest value obtained from n extractions from a popula-
tion described by the parent distribution. In the case of gear
tooth root bending fatigue, we aim to estimate the distribu-

tion of the tooth with the smallest resistance (i.e., the gear
CDF Fgear) over z gear teeth. For the sake of simplicity, in
the case of tooth root bending fatigue, Eq. 7 can be seen as:

Fgear = 1 − .1 − Ftooth/
z (8)

The above equation implies that the gear load carrying
capacity depends on z. Thus, considering CDF/PDF proper-
ties and typical shapes, under the assumption that the teeth
statistical parameters do not depend on z, Eq. 8 implies
that the difference between the SN curves for two gears
with different teeth numbers, is almost proportional to the
logarithm of z.

According to ISO 6336-5 [3], the typical failure proba-
bility for gear failure due to tooth root bending fatigue is
1% (i.e. a reliability of 99%), hence it is required to define
the curve at the required reliability level. In other words, it
is required to estimate the load carrying capacity with the
99% percent probability of being exceeded of the weakest
tooth over z teeth. In order to do so, the corresponding per-
centile is calculated for different stress levels, i.e., finding
for a given stress level, the N value that allows Fgear to be
equal to the desired failure probability.

Fig. 3 reports the estimated S-N curve at different reli-
ability levels. The final curve (i.e., the curve at 1% failure
probability for the gear) is calculated as the 1% percentile
of the gear PDF. For comparison, the 50% percentile gear
curve, as well as the initial 50% percentile teeth curve are
included. 95% bilateral confidence intervals have been cal-
culated using the quadratic approximation [6, 22].

It is worth underlining that the estimated fatigue knee is
around 120,000 cycles, a number of cycles different than
the one proposed by ISO 6336-3 (i.e., 3 million of cycles).
There are two reasons behind such a difference. Firstly, the
knee estimated here is simply an intersection between the
two lines defined in Eq. 1; in other words, it is a curve pa-
rameter. It does not have the same meaning of the fatigue
knee obtained looking also at the fatigue limit because the
fatigue limit has statistical meanings that are not included
within the Spindel model. Secondly, ISO 6336-3 describes
general gear material properties, and it is reasonable to as-
sume that certain gear will show a different position of the
fatigue knee; indeed, [8, 9, 11, 20] show fatigue knee posi-
tions different from the one proposed by ISO.

5 Results and conclusion

Even if ISO 6336-3 [1] and ISO 6336-5 [5] allow to esti-
mate the gear tooth root bending fatigue strength by means
of STBF tests, they do not give all the details to elaborate
STBF test results. Here, a statistical framework through
which analyse STBF test data in order to translate them to
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the gear specimens, in meshing condition, has been pro-
posed. With this methodology, the data elaboration is based
only on the experimental data and does not require prede-
fined coefficients.

Fig. 4 show the estimated percentiles for the teeth as well
as the gear. As can be seen, not considering the effect of
the different failure conditions (i.e. predetermined for STBF
and weakest for meshing gears) implies an overestimation
of the tooth root bending fatigue curve. The curve referred
to the gear shows a lower carrying capacity than the one
referred to the teeth. Furthermore, meshing gear percentiles,
shown in Fig. 4, are closer to each other rather than those
of STBF. Indeed, extreme value PDFs are narrower than
the parent one [6].

6 Nomenclature

The nomenclature is shown in Table 2.
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