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Abstract Subject of this analytical investigation is a rotating
two-layered hollow cylinder under generalized plane strain
subject to an elevated temperature at the inner surface or to
internal pressure. It is presupposed that the inner cylindrical
layer consists of the heavier material, whereas the outer layer
is made of a material with lower density, like for example in
a steel/aluminum tube. Criterion for the maximum permissi-
ble stress is the yield criterion by von Mises, and the device
is optimized with respect to its weight. It is found that plas-
ticization may start at different radii, and the study provides
not only a comprehensive overview of the elastic limits of
composite tubes of the above type but also a straightforward
procedure for determining the optimum composition.

Keywords Layered hollow cylinder · Rotation ·
Temperature field · Pressure · Optimization

Zur optimalen Auslegung von rotierenden zylindrischen
Zweischicht-Behältern unter interner Erhitzung oder
Innendruck

Zusammenfassung Es werden rotierende zweischichtige
Hohlzylinder unter verallgemeinerter ebener Verzerrung und
erhöhter Temperatur der Innenwand oder Innendruck auf
analytischem Wege untersucht. Es wird vorausgesetzt, daß
die innere Schicht aus schwererem und die äußere aus le-
ichterem Material besteht, wie etwa in Stahl/Aluminium-
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Behältern. Die maximal zulässige Spannung wird durch das
Fließkriterium nach von Mises bestimmt, und die Behäl-
ter werden bezüglich ihres Gewichts optimiert. Wie gezeigt
wird, kann die Fließgrenze an unterschiedlichen Radien er-
reicht werden, und es werden in dieser Studie sowohl die
elastischen Grenzlasten umfassend diskutiert als auch Fluss-
diagramme zur direkten Bestimmung des jeweiligen opti-
malen Radienverhältnisses angegeben.

List of Symbols

a Inner surface radius of the tube
b Interface radius between the layers
c Outer surface radius of the tube
A, B, Cki Constants of integration
Ei Young’s modulus of material i

ki Thermal conductivity of material i

p Non-dimensional internal pressure
P Internal pressure
r Radius
si , t Boundaries of integrals
T Difference of absolute and reference

temperature
T0 Inner surface temperature
u Displacement in radial direction
( ) Non-dimensional quantity
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Greek Symbols
αi Coefficient of thermal expansion of

material i

δ Thickness of a layer very thin as
compared to the wall-thickness

εr , εθ , εz (= ε0) Strain in radial, circumferential, and
axial direction, respectively

ν Poisson’s ratio
ρi Density of material i

σM Equivalent stress according to von
Mises

σr , σθ , σz Stress in radial, circumferential, and
axial direction, respectively

σy,i Uniaxial yield limit of material i

ω Angular speed
Ω Non-dimensional angular speed

1 Introduction

Thick-walled long hollow cylinders are structural elements
found frequently in various industrial fields like power en-
gineering and chemical engineering, where pressure vessels,
fluid conveying tubes or centrifuges, e.g., are widely used
devices; another example are flywheels. Typically, these el-
ements are loaded by rotation, by a radial temperature gradi-
ent or by internal pressure, and often also by a combination
thereof. In some cases, it is advantageous not to use a homo-
geneous tube, but a layered one consisting of two or more
materials; reasons for this might be, among others, different
chemical and/or thermal requirements at the inner and outer
surface, improved strength or the demand for a reduction of
the weight of the device.

Hence, composite circular hollow cylinders under var-
ious loading conditions have been the subject of continu-
ing research interest, for both elastic and inelastic behav-
ior; an early numerical study on the latter was performed
by Yalch and McConnelee [1]. Later on, thermal stresses in
composite tubes were investigated for a variety of materials,
boundary/end conditions and temperature fields by Takeuti
et al. [2], Yang and Chen [3], Suhir and Sullivan [4], Ootao
et al. [5], Tutuncu and Winckler [6], Tzeng and Chien [7],
Vasilenko and Pankratova [8], Katsuo et al. [9], Kim et al.
[10], Lee et al. [11], and Huang et al. [12]; some of these au-
thors also took a pressure difference between inner and outer
surface into account. The special case of heat generation in
the structure itself was the subject of papers by Goshima and
Miyao [13], Eraslan [14], and Eraslan et al. [15], and rotating
composite/layered tubes were considered by Tutuncu [16]
and Tzeng [17]. Furthermore, a particular investigation of
advanced composite pressure vessels was performed by Un-
derwood et al. [18]. Quite recently, layered tubular structures
with special components like filament-wound cylinders [19]

or carbon nano-tube reinforced cylinders [20] were studied,
and there are applications even in the field of biomechanics
[21].

For completeness, it shall be mentioned that similar inves-
tigations for functionally graded hollow cylinders are avail-
able, too: a recent paper on this topic is the one by Sharma and
Yadav [22]. Moreover, the related problem of solid cylinders
composed of different materials was a subject of investiga-
tions also; for example, Pardo et al. [23] considered a two-
layered cylinder subject to a thermal shock, and Ozturk and
Gulgec [24] studied a heat-generating compound cylinder.

Whereas there exist many investigations for the calcula-
tion of the stress fields in layered tubes for given material data
and geometry, in particular for given ratios of the thicknesses
of the layers, the problem of finding the optimum composi-
tion for given (maximum) load was rarely addressed, how-
ever (e.g. [12], for FGM-materials, and the related studies of
shrink-fitted multi-layer cylinders without rotation by Jahed
et al. [25] andYuan et al. [26]). Indeed, not only various opti-
mality criteria may be defined (e.g. maximum thermal and/or
chemical resistance, minimum weight, minimum production
costs, etc.), but also a large—and theoretically even infinite -
variety of materials, layer thicknesses and number of layers
may be combined, so that developing a quite general opti-
mization algorithm seems not feasible.

Nevertheless, if two-layered tubes are presupposed and
some restrictions on the materials to be used are imposed, it
is possible to give a concise procedure for determining the
optimum radii ratio for minimizing the weight of the device
under a certain (maximum) load. This objective becomes in-
creasingly important in engineering design, and it can be
reached in an easy-to-implement way for a wide class of
loading conditions. In particular, topic of the present study
is a two-layered circular tube under generalized plane strain
subject not only to rotation but also to either an elevated
temperature at the inner surface (corresponding to the con-
veyance of a hot medium; Arslan et al. [27]) or to internal
pressure. Since the centrifugal forces are proportional to ma-
terial density and radius, it is presupposed that the inner cylin-
drical layer consists of the heavier material, while the outer
layer is made of a material with lower density (compare also,
e.g., the FGM-study by Arslan and Mack [28]). Specifically,
the problem will be studied for a steel/aluminum composite
hollow cylinder, but the procedure is applicable for any ma-
terial combination with similar ratio of the material data, of
course. Although in some applications partial plasticization
of a structure is admissible (and was discussed for homo-
geneous rotating tubes, e.g., by Mack [29–30], and Eraslan
and Mack [31]), plasticization should be avoided in general:
as criterion for the maximum permissible stresses the yield
criterion by von Mises is considered. (Since a thick-walled
structure is treated, possible instability phenomena remain
out of the scope of this study.) Thus, the present investi-
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Fig. 1 Sketch of the composite tube

gation not only provides a comprehensive overview of the
elastic limits of composite tubes of the above type but also
gives flow charts for the optimum design, which allow the
practicing engineer a fast and straightforward choice of the
radii ratio.

The paper is organized as follows: in Sect. 2, the mathe-
matical statement of the problem is given, and the governing
equations are derived. In Sect. 3, the stress distribution is
studied, and particularly the elastic limits and the procedure
for optimum design are discussed. Finally, some concluding
remarks are made in Sect. 4.

2 Statement of the problem, temperature field, and
governing equations

2.1 Statement of the problem

The mathematical formulation of the problem is as follows:
subject of the investigation is a thick-walled tube composed
of two perfectly bonded hollow cylinders of different (metal-
lic) materials with (slowly varying) angular speed ω. The in-
ner surface radius is a, the interface radius is b, and the outer
surface radius is c (see Fig. 1); here and in the following, the
inner cylinder is denoted by the index 1, the outer one by the
index 2. If at the inner surface there acts a pressure P and
the outer surface is stress-free, then

σr ,1 (a) = −P , (1)

σr ,2 (c) = 0. (2)

At the interface radius the radial displacement u and the radial
stress must be continuous,

u1 (b) = u2 (b) , (3)

σr ,1 (b) = σr ,2 (b) . (4)

Moreover, the tube is presupposed to be in a state of gener-
alized plane strain, i.e. εz = ε0 with

2π

∫ b

a

σz,1 (r) rdr + 2π

∫ c

b

σz,2 (r) rdr = 0; (5)

note that the axial strain ε0 depends on the temperature field,
the pressure, and the angular speed, of course. Since cylindri-
cal symmetry is presumed, the principal directions of stress
and strain are the radial, circumferential, and axial direc-
tions. The stresses are subject to the equation of motion for
the radial direction,

dσr

dr
+ σr − σθ

r
= −ρi ω2r (6)

with i = 1, 2. As the treatment is restricted to small defor-
mations, the geometric relations read

εr = du

dr
, εθ = u

r
. (7)

Furthermore, the generalized Hooke’s law,

εr ,i = 1

Ei

[
σr − ν (σθ + σz)

] + αiT , (8)

εθ ,i = 1

Ei

[
σθ − ν (σz + σr)

] + αiT , (9)

εz,i = ε0 = 1

Ei

[
σz − ν (σr + σθ )

] + αiT , (10)

with i = 1, 2, holds for both of the components; T denotes
the difference of absolute and reference temperature.

In the above equations, different values of density ρ,
Young’s modulus E, and the coefficient of thermal expan-
sion α for both materials are taken into account, whereas
Poisson’s ratio ν does not differ too much for the most usual
metals, and therefore a single value is assumed. Moreover,
the influence of an elevated temperature on the material prop-
erties is disregarded, since their variation with temperature
for the common operating conditions under consideration is
small [32].

2.2 Temperature field

If conveyance of a hot medium is considered, the tube is
presumed to have attained a steady state with the boundary
and interface conditions

T1(a) = T0, T2(c) = 0, (11)
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T1(b) = T2(b), k1
∂T1(r)

∂r
|r=b = k2

∂T2(r)

∂r
|r=b (12)

where the ki denote the thermal conductivities. The general
expression for a radially symmetric steady-state temperature
field in the cylindrical coordinate system is [33]

T (r) = A ln (r) + B (13)

with constants A and B, and applying Eqs.(11) and (12) one
obtains

T1(r) = T0
k2 ln (r/b) + k1 ln (b/c)

k2 ln (a/b) + k1 ln (b/c)
, a ≤ r ≤ b, (14)

T2(r) = T0
k1 ln (r/c)

k2 ln (a/b) + k1 ln (b/c)
, b ≤ r ≤ c. (15)

The integrals occurring in the subsequent Subsection can be
given in closed form and read
∫ t

s

ξT1 (ξ) dξ = T0

4

2k1
(
t2−s2

)
ln (b/c)+k2

[
s2 (1−2 ln (s/b))−t2(1−2 ln (t/b))

]
k2 ln (a/b) + k1 ln (b/c)

,

(16)

∫ t

s

ξT2 (ξ) dξ =

T0

4

k1
[
s2 (1 − 2 ln (s/c)) − t2 (1 − 2 ln (t/c))

]
k2 ln (a/b) + k1 ln (b/c)

. (17)

2.3 Governing equations

From Eqs. (6)–(10) there follows a differential equation for
the displacement in each of the components (that is, i = 1, 2)

r2u′′
i + ru′

i − ui = −1 + ν

1 − ν

[
(1 − 2ν)

Ei

ρiω
2r3 − αir

2T ′
i

]

(18)

where a prime denotes a derivative with respect to r . Its so-
lution reads

ui (r) = C1i

r
+ C2i r − (1 + ν) (1 − 2ν) ρiω

2

8 (1 − ν) Ei

r3

+ αi (1 + ν)

r (1 − ν)

∫ r

si

ξTi (ξ) dξ , (19)

and therefrom one obtains

σr ,i (r) = Ei

(1 + ν) (1 − 2ν)

(
νε0 − C1i (1 − 2ν)

r2
+ C2i

)

−ρi (3 − 2ν) ω2

8 (1 − ν)
r2 − Eiαi

r2 (1 − ν)

∫ r

si

ξTi (ξ) dξ , (20)

σθ ,i (r) = Ei

(1 + ν) (1 − 2ν)

(
νε0 + C1i (1 − 2ν)

r2
+ C2i

)

−ρi (1 + 2ν) ω2

8 (1 − ν)
r2 − Eiαi

r2 (1 − ν)(
r2Ti (r) −

∫ r

si

ξTi (ξ) dξ

)
.

(21)

For Ti = 0 the corresponding expressions in [29] are recov-
ered, and the terms containing the temperature coincide with
those in [34], e.g., thus validating the derivations.

In the above equations, C1i and C2i denote constants of
integration, and the lower boundaries of the integrals are
s1 = a, s2 = b. Finally, the axial stress follows from Eq. (10),

σz,i = Eiε0 + ν
(
σr ,i + σθ ,i

) − EiαiTi . (22)

In the governing equations, the four constants of integra-
tion and the axial strain must be determined. For the cal-
culation of these unknowns, the conditions (1)–(4) and the
relation (5) are available. Since the equations are linear in
the unknowns, the latter can be given in explicit form; for a
tube loaded by rotation and internal pressure the expressions
are given in the Appendix, in case of an internally heated
rotating tube they are quite lengthy and omitted here.

The aim of the treatment is not the general solution, how-
ever, but the optimum design. This means an additional re-
quirement, and, as a consequence, one of the parameters be-
comes an unknown variable. If a and c and the (maximum)
values of the load parameters are kept fixed, this variable is
the interface radius b. Thus, since the material of the inner
layer is the one with higher density, the additional require-
ment is finding the minimum permissible value bmin so that
plasticization is avoided; the latter occurs if at some radius
the equivalent stress according to von Mises reaches the yield
limit [35], i.e., σM (r) = σy,i with

σM (r) =
√

1

2

[
(σr − σθ )

2 + (σr − σz)
2 + (σz − σθ )

2
]
(23)

where σy,i denotes the uniaxial yield limit of material i

(i = 1, 2). While for moderate load the composite tube be-
haves elastically for any value of b and hence the inner layer
can be chosen arbitrarily thin, one finds in a certain higher
range of the load one or two solutions for b so that the yield
condition is fulfilled at some radius. In the case of two so-
lutions, the smaller value of b is bmin sought for, of course.
Above this load range, no solution exists for the chosen ma-
terial combination; all these cases are discussed comprehen-
sively in the next Section.
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For a tube subject to rotation and an elevated temperature
of the inner surface the equivalent stress reads

σM ,i (r) = 1

8

(
7r4 (1 − 2ν)2 ρ2

i ω
4

(ν − 1)2 + 192E2
i C

2
1i

r4 (1 + ν)2

+64E2
i (C2i − ε0)

2

(1 + ν)2 + 48EiC1i

r4
(
ν2 − 1

)
(
r4 (2ν − 1) ρiω

2−8Eiαi

∫ r

si

ξTi (ξ) dξ+4Eiαir
2Ti (r)

)

−32Ei (C2i − ε0)
(
r2 (2ν − 1) ρiω

2 + 2EiαiTi (r)
)

ν2 − 1

+
64E2

i α
2
i

(
3

(∫ r

si
ξT1 (ξ) dξ

)2 − 3r2Ti (r)
∫ r

si
ξTi (ξ) dξ

r4 (ν − 1)2

+r4T 2
i (r)

)

+
8Eiαi (2ν − 1)

(
5r2Ti (r)−6

∫ r

si
ξTi (ξ)dξ

)
ρiω

2

(ν − 1)2

⎞
⎠

1/2

(24)

with i = 1, 2 and s1 = a, s2 = b. Analogously, one obtains
for loading by rotation and internal pressure

σM ,i (r) = 1

8

(
64E2

i

3C2
1i + (C2i − ε0)

2 r4

r4 (1 + ν)2

+7
(2ν − 1)2 ρ2

i ω
4

(ν − 1)2 r4 + 16Ei

(2ν − 1)
(
3C1i − 2r2 (C2i − ε0)

)
ν2 − 1

ρiω
2

)1/2

(25)

with i = 1, 2, again.

3 Stress distribution, elastic limit loads, and optimum
design

Prior to a discussion of the stress distribution and the opti-
mization procedure it is convenient to introduce for the nu-
merical calculations the following non-dimensional quanti-
ties:

p = P

σy,1
, r = r

c
, u = uE1

cσy,1
, (26)

α = α1E1T0

σy,1
, σ i = σi

σy,1
, Ω2 = ρ1ω

2c2

σy,1
. (27)

As was pointed out above, the inner component is presumed
to consist of the material with higher density, and for the
following discussions a layered tube of steel and aluminum

Table 1 Material parameters of the layers

is considered in particular; the parameter values for these
materials are given in Table 1 [36].

Case A: Rotation and elevated temperature of the inner
surface

First, Fig. 2 provides three examples of the stress distribu-
tion and the displacement in a rotating tube with a/c = 0.6
and elevated inner surface temperature (in the following, the
latter will be denominated shortly as ‘temperature’). As one
can see, the dominating stress essentially is the circumferen-
tial stress in the steel layer. However, since the yield limits
are different in steel and aluminum, for the onset of plasti-
cization not merely the equivalent stress is decisive, but the
ratio σM ,i/σy,i which is also plotted in Fig. 2. Therefrom, one
observes that for the chosen parameter values and load com-
binations - depending on the relative layer thicknesses - three
different cases may occur: the equivalent stress may reach the
yield limit either in the steel layer at the inner surface (case
1 , like in homogeneous tubes, see [29], where Tresca’s yield

criterion was applied however) or in the aluminum layer at
the interface (case 2 ), or plasticization even may start in
the aluminum layer at the outer surface (case 3 ). Extensive
numerical calculations revealed that these three cases are the
only ones which may occur in the subsequently considered
range of a/c and temperature, and a comprehensive overview
of the elastic limit loads for four different wall-thicknesses in
the range 0.25 ≤ a/c ≤ 0.70 and temperatures up to 90◦C
is given in Fig. 3. Prior to a discussion of these limit loads,
three remarks are appropriate: Firstly, since—for the oper-
ating conditions under consideration—the effects of using
a composite tube are especially pronounced for thick- to
medium-walled tubes, the upper limit of a/c is chosen as
0.70. Secondly, as a composite hollow cylinder is presumed
and the governing system of equations has been derived for
such a cylinder, the cases of a homogeneous tube of pure
aluminum or pure steel are excluded, and the dashed lines at
a/c and 1 are to be understood as limits for very thin layers of
steel and aluminum, respectively. Thirdly, at the intersections
of the surfaces the elastic limits are reached with prescribed
temperature and increasing angular speed at two radii simul-
taneously, of course, and although these singular cases will
not be discussed specifically, they also can be treated by the
procedure given below. Bearing these remarks in mind, one
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Fig. 2 Stresses and displacement for a/c = 0.60 and different combinations of b/c, T0 and Ω: elastic limit reached at a inner surface (case 1 );

b interface (case 2 ); c outer surface (case 3 )

can draw several conclusions from the inspection of Fig. 3
(note the different Ω− scales!).

To begin with, it reveals that above a critical temperature
T ∗

0 of about 60◦C − 70◦C a steel layer with a certain thick-
ness is necessary even without rotation. A most remarkable
fact is that for temperatures T0 > T ∗

0 and Ω = 0 yielding
would start at the interface in the aluminum (line I corre-
sponds to case 2 ), but that in very thick-walled tubes ro-
tation at moderate angular speeds diminishes the von Mises
equivalent stress at the interface whereas at a certain higher
angular speed it reaches the yield limit at the interface again.
This behavior can be seen clearly from Fig. 4 (the stresses
in the outer part of the aluminum layer remain far below
the yield limit). However, while in such tubes the yield limit
is reached with increasing angular speed at the same radius
again, the behavior is different for tubes with smaller wall-
thickness: Fig. 5 demonstrates that in such tubes after an
intermediate decrease of the equivalent stress the yield limit
then is reached at the outer surface (case 3 ).

Moreover, one recognizes from Fig. 3 that in thick-walled
tubes only cases 1 and 2 occur, that is, the yield limit is
reached either at the inner surface or at the interface, whereas
for smaller wall-thickness an onset of plasticization at the
outer surface (case 3 ) can occur, too.

Here, a remark on the (almost straight) line I in Fig. 3
is appropriate. Since a purely elastically designed tube must
not pass the yield limit at stand-still, of course, the necessary
minimum interface radius is given by this line, even if at low
angular speed then the equivalent stress remains below the
yield limit. Hence, line I defines a vertical (limit) surface 4 ,
the upper boundary of which is given by the intersection with
surface 2 or 3 . It should be emphasized that a parameter

combination corresponding to an arbitrary point of surface
4 does not mean beginning of yield contrarily to points on

surfaces 1 , 2 , and 3 . Left of surface 4 , i.e. for T0 ≤ T ∗
0 ,

for not too high angular speeds the interface radius is limited
only by the fact that at least an arbitrarily thin steel layer is
presupposed (vertical plane 5 ).

Generally, it can be observed from Fig. 3 that—roughly
speaking—the dependence of the elastic limit on the inter-
face radius in tubes with moderate wall-thickness is less pro-
nounced than in very thick-walled tubes, and on the whole in
case of temperature and rotation somewhat less pronounced
than in case of internal pressure and rotation (see the next
Subsection).

To obtain now the optimum interface radius, one can pro-
ceed as sketched schematically in Fig. 6. That is, for given
wall-thickness and given (maximum) temperature and (max-
imum) angular speed, one has to find the intersection point of
load line h with the elastic limit surfaces or the vertical sur-
faces defined above; as a matter of course, it is presumed that
the angular speed increases from stand-still. In case that there
exist two intersection points, the first one has to be taken,
since the smaller value of b is associated with the smaller
percentage of steel. The corresponding flow chart is given in
Table 2, and it allows a straightforward calculation of the op-
timum interface radius bopt . Nevertheless, a remark must be
made on this flow chart: Since a layered tube is presupposed,
the cases of homogeneous tubes of either pure steel or pure
aluminum are - as already mentioned above—not included,
and hence the admissible interval for b is a + δ ≤ b ≤ c − δ

where δ denotes the (chosen) thickness of a layer very thin
as compared to the wall-thickness.
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Fig. 3 Elastic limits for rotating composite tubes with elevated temperature of the inner surface (in ◦C) ; a a/c = 0.25; b a/c = 0.40; c a/c = 0.60;
d a/c = 0.70

Eventually, the upper part of Table 3 provides several ex-
amples for the optimum interface radii of tubes subject to ro-
tation and internal heating, determined by applying the above
flow chart; as a matter of course, the values of bopt thus found
coincide with the ones that can be seen from Fig. 3.

Case B: rotation and internal pressure

This case is less intricate than the previous one. Fig. 7 shows
two examples of the stress distribution and the displacement
in a rotating tube with a/c = 0.6 subject to internal pressure.
As one observes, here the dominating stresses are the circum-
ferential and the radial stresses near the inner surface. From
the ratio σM ,i/σy,i one can see that for the wall-thickness and
load combinations under consideration two cases may occur
for different compositions of the tube: the equivalent stress
may reach the yield limit either at the inner steel surface
(case 1 ) or in the aluminum layer at the interface (case 2 ).

Again, comprehensive numerical calculations showed that
in the parameter range under consideration this are the only
cases which may occur, and Fig. 8 provides an overview
of the elastic limit loads for different wall-thicknesses. Of
course, the remark in the previous Subsection on the dashed
lines at a/c and 1 applies here, too.

As one can see, above a certain value of the internal pres-
sure a steel layer of considerable thickness is necessary even
at stand-still, and rotation further increases the necessary per-
centage of steel. On the other hand, in a certain range of small
values of (maximum) pressure and (maximum) angular speed
this layer may be arbitrarily small (plane 5 like in case A).

Table 4 provides the flow chart for finding the optimum
interface radius bopt in the load case under consideration
(the remark on the interval for b in the previous Subsection
should be kept in mind here, too). Finally, in the lower part
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Fig. 4 Stresses in the inner part of a thick-walled composite tube with a/c = 0.25 and b/c = 0.266 at T0 = 80◦C and a Ω = 0 (stand-still); b
Ω = 0.5; c Ω = 0.970

Fig. 5 Stresses in a composite tube with a/c = 0.70 and b/c = 0.708 at T0 = 90◦C and a Ω = 0 (stand-still); b Ω = 0.5; c Ω = 0.612 (note the
different abscissa scales)

of Table 3 several examples for the optimum interface radii
of tubes subject to rotation and internal pressure calculated
by application of this flow chart can be found.

4 Concluding remarks

In the above, a rotating two-layered composite hollow cylin-
der subject to an elevated inner surface temperature or to
internal pressure has been investigated, and special attention
has been given to the optimum composition with respect to
minimum weight at a certain maximum load; as criterion

for the maximum permissible stresses the yield criterion of
von Mises has been applied. In particular, the elastic limits
and the procedure for finding the optimum composition for
steel/aluminum tubes have been discussed in detail, and the
most relevant features for this case can be summarized as
follows:

(i) Depending on the composition and the combinations
of the loads the equivalent stresses may reach the yield limit
either at the inner surface or at the interface radius in the outer
layer or at the outer surface (or simultaneously at two of these
radii), thus showing a comparatively complex behavior.
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Table 2 Flow chart for finding the optimum interface radius bopt for rotating composite tubes with elevated temperature of the inner surface
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Fig. 6 Schematic of finding the optimum composition of the tube

Table 3 Examples of the optimum composition of rotating tubes with
elevated inner surface temperature or internal pressure

(ii) In case of rotation and internal pressure the depen-
dence of the maximum permissible load on the relative thick-
nesses of the layers is generally more pronounced than in case
of rotation and elevated inner surface temperature. Moreover,
in both cases it is found that particularly for higher angular
speeds there may exist two different compositions of the tube
for which it reaches the yield limit at the same load.

(iii) Although in an internally heated tube which is at
stand–still just at the yield limit an intermediate decrease
of the equivalent stress with increasing angular speed can
be observed, the minimum permissible interface radius is
nevertheless the one determined at stand-still, of course.

(iv) For all loads and wall-thicknesses in the consid-
ered parameter range flow charts can be given which allow a
straightforward calculation of the optimum composition of
the tube, based on analytical expressions. Furthermore, the
values of the respective optimum interface radii for several
cases are provided explicitly.

Although the numerical results correspond to a
steel/aluminum composite tube, it must be emphasized again
that the equations derived in Sect. 2 are universally valid, and
the procedure for finding the optimum composition given in
Sect. 3 will be applicable to any material combination with
similar ratios of the material data.

Moreover, it shall be pointed out that the above results
could be obtained by purely analytical means, and hence
they may serve as a countercheck for numerical studies on the
same topic, too. Furthermore, the optimum interface radius
determined with the procedures given in this paper also may
provide a sound basis for refined studies by FE-methods if in
engineering applications e.g. end effects or somewhat more
complex geometrical properties shall be taken into account.

Finally, one might ask for possible generalizations
of the present study. On the one hand, tubes with three
or more layers might be considered, of course, but then
straightforward analytical optimization procedures like in
the present paper—at least if all the material properties are
different from layer to layer and a well-proven yield criterion
as the one of von Mises is applied—do not seem readily
achievable; in this case rather an iterative optimization by
numerical methods is to be recommended (compare [25]).
On the other hand, an analytical optimization including
additional details like temperature dependence of material
properties or thermal resistance between the layers [34]
seems feasible, in principle. However, apart from extremely
intricate equations, very pronounced effects thereof are in
the temperature range under consideration not likely.

Appendix

Constants of integration and axial strain for case B: rotation
and internal pressure:
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Fig. 7 Stresses and displacement for a/c = 0.60 and different combinations of b/c, p and Ω: elastic limit reached at a inner surface (case 1 ); b
interface (case 2 )
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Fig. 8 Elastic limits for rotating composite tubes subject to internal pressure; a a/c = 0.25; b a/c = 0.40; c a/c = 0.60; d a/c = 0.70
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Table 4 Flow chart for finding the optimum interface radius bopt for rotating composite tubes with internal pressure

Acknowledgements The authors are indebted to Prof. Dr. Udo Gamer
for many helpful discussions.

References

1. Yalch JP, McConnelee JE (1967) Plane strain creep and plastic
deformation analysis of a composite tube. Nucl Eng Des 5:52–62

2. Takeuti Y, Tanigawa Y, Noda N, Ochi T (1977) Transient ther-
mal stresses in a bonded composite hollow circular cylinder under
symmetrical temperature distribution. Nucl Eng Des 41:335–343

3. Yang Y-C, Chen C-K (1986) Thermoelastic transient response of
an infinitely long annular cylinder composed of two different ma-
terials. Int J Eng Sci 24:569–581

4. Suhir E, Sullivan TM (1990)Analysis of interfacial thermal stresses
and adhesive strength of bi-annular cylinders. Int J Solids Struct
26:581–600



122 T. Apatay, W. Mack

5. Ootao Y, Tanigawa Y, Fukuda T (1991) Axisymmetric transient
thermal stress analysis of a multilayered composite hollow cylin-
der. J Therm Stresses 14:201–213

6. Tutuncu N, Winckler SJ (1993) Stresses and deformations in thick-
walled cylinders subjected to combined loading and a temperature
gradient. J Reinf Plast Comp 12:198–209

7. Tzeng JT, Chien LS (1994) A thermal/mechanical model of axially
loaded thick-walled composite cylinders. Compos Eng 4:219–232

8. Vasilenko AT, Pankratova ND (1995) The thermally stressed state
of a thickwalled hollow composite cylinder. J Math Sci 76:2348–
2351

9. Katsuo M, Sawa T, Kawaguchi K, Kawamura H (1996) Axisym-
metrical thermal stress analysis of laminated composite finite hol-
low cylinders restricted at both ends in steady state. DE-Vol. 92,
ASME

10. Kim B-S, Kim T-W, Byun J-H, Lee W-I (1998) Stress analysis of
composite/ceramic tube subjected to shrink fit, internal pressure
and temperature differences. Key Eng Mat 137:32–39

11. Lee Z-Y, Chen CK, Hung C-I (2001) Transient thermal stress ana-
lysis of multilayered hollow cylinder. Acta Mech 151:75–88

12. Huang J, Lu Y, Shen C (2003) Thermal elastic-plastic limit ana-
lysis and optimal design for composite cylinders of ceramic/metal
functionally graded materials. Mater Sci Forum 423–425:681–686

13. Goshima T, Miyao K (1991) Transient thermal stresses in a com-
posite hollow cylinder subjected to γ -ray heating. Nucl Eng Des
126:413–425

14. Eraslan AN (2003) Thermally induced deformations of composite
tubes subjected to a nonuniform heat source. J Therm Stresses
26:167–193

15. Eraslan AN, Sener E, Argeso H (2003) Stress distributions in en-
ergy generating two-layer tubes subjected to free and radially con-
strained boundary conditions. Int J Mech Sci 45:469–496

16. Tutuncu N (1995) Radial stresses in composite thick-walled shafts.
J Appl Mech 62:547–549

17. Tzeng JT (2002) Viscoelastic analysis of composite cylinders sub-
jected to rotation. J Compos Mater 36:229–239

18. Underwood JH, Carter RH, Troiano E, Parker AP (2010) Mechan-
ics design models for advanced pressure vessels: autofrettage with
higher strength steel; steel liner-composite jacket configurations;
alternative thermal barrier coatings. Proc. ASME PVP2010–25006

19. Bakaiyan H, Hosseini H,Ameri E (2009)Analysis of multi-layered
filament-wound composite pipes under combined internal pressure
and thermomechanical loading with thermal variations. Compos
Struct 88:532–541

20. Ghorbanpour Arani A, Haghparast E, Khoddami Maraghi Z, Amir
S (2015) Static stress analysis of carbon nano-tube reinforced
composite (CNTRC) cylinder under non-axisymmetric thermo-
mechanical loads and uniform electro-magnetic fields. Compos-
ites: Part B 68:136–145

21. Waffenschmidt T, Menzel A (2014) Extremal states of energy
of a double-layered thick-walled tube - application to residually
stressed arteries. J Mech Behav Biomed Mater 29:635–654

22. Sharma S, Yadav S (2013) Thermo elastic-plastic analysis of ro-
tating functionally graded stainless steel composite cylinder under
internal and external pressure using finite difference method. Adv
Mater Sci Eng 2013:11. Article ID 810508

23. Pardo E, Sanchez Sarmiento G, Laura PAA, Gutierrez RH (1987)
Analytical solution for unsteady thermal stresses in an infinite
cylinder composed of two materials. J Therm Stresses 10:29–43

24. Ozturk A, Gulgec M (2013) Determination of onset of yield due
to material properties in a heat generating two-layered compound
cylinder. Appl Mech Mater 325–326:22–27

25. Jahed H, Farshi B, Karimi M (2006) Optimum autofrettage and
shrink-fit combination in multi-layer cylinders. J PressVessel Tech-
nol 128:196–200

26. Yuan G, Liu H,Wang Z (2010) Optimum design for shrink-fit multi-
layer vessels under ultrahigh pressure using different materials.
Chinese J Mech Eng 23:582–589

27. Arslan E, Mack W, Eraslan AN (2010) The rotating elastic-plastic
hollow shaft conveying a hot medium. Forsch Ingenieurwes 74:27–
39

28. Arslan E, Mack W (2015) Shrink fit with solid inclusion and func-
tionally graded hub. Compos Struct 121:217–224

29. Mack W (1991) Rotating elastic-plastic tube with free ends. Int J
Solids Struct 27:1461–1476

30. Mack W (1992) Entlastung und sekundäres Fließen in rotierenden
elastisch-plastischen Hohlzylindern. Z Angew Math Mech 72:65–
68

31. Eraslan AN, Mack W (2005) A computational procedure for esti-
mating residual stresses and secondary plastic flow limits in nonlin-
early strain hardening rotating shafts. Forsch Ingenieurwes 69:65–
75

32. BlankeW (ed) (1989) Thermophysikalische Stoffgrößen. Springer,
Berlin

33. Carslaw HS, Jaeger JC (1959) Conduction of heat in solids. 2nd ed.
Clarendon Press, Oxford

34. Mack W (1993) Thermal assembly of an elastic-plastic hub and a
solid shaft. Arch Appl Mech 63:42–50

35. Chen WF, Han DJ (1988) Plasticity for structural engineers.
Springer, New York

36. Beer FP, Johnston ER Jr, Dewolf JT, Mazurek DF (2009) Mechan-
ics of materials. 5th ed. McGraw Hill, New York


	On the optimum design of rotating two-layered composite tubes subject to internal heating or pressure
	1 Introduction
	2 Statement of the problem, temperature field, and governing equations
	2.1 Statement of the problem
	2.2 Temperature field
	2.3 Governing equations

	3 Stress distribution, elastic limit loads, and optimum design
	4 Concluding remarks
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Coated FOGRA27 \050ISO 12647-2:2004\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Coated FOGRA27 \050ISO 12647-2:2004\051)
  /PDFXOutputConditionIdentifier (FOGRA27)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on '[SpringerOnline_1003_Acro8]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (Coated FOGRA27 \(ISO 12647-2:2004\))
      /DestinationProfileSelector /WorkingCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


