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Abstract
The impact of inert particles located at the surface of mixed ionically/electronically conducting oxide ceramics on the oxygen
exchange properties has been studied by numerical modeling of the underlying transport processes. In particular, the phenom-
enological transport equations have been solved by application of the finite element method. Relaxation curves of the total
amount of exchanged oxygen upon an instantaneous change of the oxygen activity in the surrounding atmosphere have been
simulated as a function of surface coverage as well as particle size. Both thick samples (thickness, 0.05 cm) and thin samples
(thickness, 5 μm) have been investigated. Apparent kinetic parameters, viz. chemical diffusion coefficient and chemical surface
exchange coefficient, have been extracted from the simulated relaxation curves by means of nonlinear least squares fitting of
appropriate analytical solutions. Basically, the surface exchange reaction is blocked by the inert surface particles, leading to
pronounced flux constriction effects. Moreover, in the case of thin samples, relaxation curves can be found which consist of two
separate relaxation times. The first time constant is related to the fast relaxation process at free (uncovered) surface regions
(usually surface reaction controlled kinetics), while the second relaxation time is caused by two-dimensional diffusion in the thin
sample underneath the blocking surface particles.
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Introduction

The reaction of oxygen in the gas phase with oxide ceramics
gives rise to an alteration of the oxygen content
(nonstoichiometry) of the mixed ionically/electronically
conducting solid phase. Apart from transport processes in
the gas phase which are usually negligibly fast, the kinetics
of this oxygen exchange process is determined by the surface
reaction as well as the diffusion of oxygen in the solid oxide
[1–4]. Basically, the transport properties of electroceramicma-
terials are strongly affected by the incorporation of oxygen
into the solid oxide during sintering and/or annealing process-
es. Especially, the electrical properties of interfacially

controlled electroceramics, such as BaTiO3-based PTCR (pos-
itive temperature coefficient of resistivity) thermistors and
ZnO-based varistors, can be tailored by reoxidation during
an appropriate thermal treatment [5]. In addition, the polariza-
tion resistance of various mixed conducting cathode materials
for solid oxide fuel cells (SOFCs) can be correlated with the
kinetic parameters, viz. chemical diffusion and surface ex-
change coefficient, associated with the incorporation of oxy-
gen into the lattice of these materials [6, 7].

Among others, conductivity relaxation experiments are a
powerful tool in order to determine the chemical diffusion

coefficient ~D and chemical surface exchange coefficient ~k of
mixed conducting oxide ceramics [8–13]. Moreover, it should
be mentioned that a few reports on modeling of conductivity
relaxation, including statistical analyses for the determination

of ~k and ~D, can be found in literature (see, e.g., Refs. [3,
14–20]). Furthermore, some recent reports are devoted to
long-term measurements of chemical diffusion and surface
exchange coefficients in various atmospheres. The reaction
of gaseous pollutants with mixed conducting cathode mate-
rials might lead to the formation of particles (consisting of,
e.g., silicates, sulfates, or carbonates) on the surface, blocking
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the surface exchange reaction owing to their inert behavior
[21, 22].

It is the aim of this work to investigate the effect of inert
surface particles on relaxation curves of the total amount of
exchanged oxygen by application of finite element modeling.
Basically, two different models have been developed. The first
model contains only one blocking particle on the surface
which, however, corresponds to an infinitely large active sur-
face area (cross-section) owing to adequate symmetry bound-
ary conditions. The second model is an array of 25 × 25 sur-
face particles on a surface with an area (cross-section) of 0.5 ×
0.5 cm2. The relation between particle size and surface cover-
age is identical for bothmodeling approaches.Mass relaxation
curves (time dependence of the total amount of exchanged
oxygen), caused by an instantaneous change of the oxygen
activity in the ambient atmosphere, have been calculated as
a function of surface coverage. Basically, apparent kinetic
parameters can be extracted from the simulated relaxation
curves which are interpreted in terms of flux constriction ef-
fects [23]. Especially, in the case of thin samples (thickness,
5μm), the overall re-equilibration process shows two different
relaxation times. A fast re-equilibration (usually surface reac-
tion controlled) of uncovered active surface regions and a
second sluggish relaxation can be distinguished. The second
relaxation process can be attributed to slow diffusion under-
neath the blocking particles.

Theoretical considerations

The description of the macroscopic transport process of oxy-
gen through the mixed ionically–electronically conducting ce-
ramic sample is based on the diffusion equation as follows:

∂c
∂t

¼ ~D∇2c ð1Þ

with c and ~D denoting the diffusant concentration (oxygen
nonstoichiometry) and chemical diffusion coefficient, respec-
tively. Assuming small deviations from equilibrium (small
oxygen partial pressure steps), the boundary condition for
the surface exchange reaction can be written as [24, 25]:

~D
∂c
∂n

¼ ~k c−c∞ð Þ; ð2Þ

where ~k and c∞ are the chemical surface exchange co-
efficient and the new equilibrium concentration of the
diffusing species (oxygen nonstoichiometry) at the end
of the relaxation process, respectively. The operator ∂/∂n
refers to differentiation along the normal of the surface.
The basic geometry of a sample with inert particles on
its surface is sketched in Fig. 1. Oxygen exchange is
assumed to occur exclusively at the upper surface

covered by inert particles. The remaining surfaces of
the specimen may be blocking for the oxygen exchange
reaction, i.e., vanishing fluxes:

∂c
∂n

¼ 0 ð3Þ

Due to the inert nature of the surface particles, the boundary
condition (3) is fulfilled at all surfaces of the inert particle (the
chemical diffusion coefficient and surface exchange coeffi-

cient of the particles are extremely small: ~Dp→0; ~kp→0 ). In
addition, the interface between the inert particle and the spec-
imen may likewise be blocking for the oxygen transport:

~D
∂c
∂n

¼ ~Dp
∂cp
∂n

¼ k
0
c
0
−c

0
p

� �
¼ 0 ð4Þ

with ~Dp, cp, k′→ 0, c′, and cp′ corresponding to the chemical
diffusivity as well as concentration of the diffusing species of
the inert particle, the mass transfer coefficient for transport
across the interface, and the diffusant concentrations of the

(a)

(b)

Mixed conducting sample
Inert particle

Fig. 1 a Model 1: mixed conducting sample with surface area (cross-
section) of 0.02 × 0.02 cm2 and variable thickness (here 5 μm); one inert
particle is located at the surface, blocking the surface exchange reaction,
with a thickness of 5 μm and variable cross-section (here, 0.01 × 0.01 cm2

corresponding to a surface coverage of 25%). The faces of the mixed
conducting sample perpendicular to the upper (active) surface are blocking
for the oxygen exchange reaction (zero flux) corresponding to symmetry
boundary conditions, i.e., infinite active surface area. b Model 2: mixed
conducting sample with surface area (cross-section) of 0.5 × 0.5 cm2 and a
thickness of 5 μm. An array of 25 × 25 inert particles is located at the
surface with a thickness of 5 μm and variable size (cross-section) (here,
0.01 × 0.01 cm2 corresponding to a surface coverage of 25%)
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blocking boundary layer (negligibly small thickness) in con-
tact with the sample and inert particle, respectively.

The effect of inert surface particles on the oxygen exchange
process is investigated by means of finite element models in
order to solve numerically the diffusion Eq. (1) with boundary
conditions (2)–(4). The finite element simulations were per-
formed by application of COMSOL Multiphysics 5.3a©.
Figure 1a shows model 1 where one inert particle is located
on the surface. As the sample surfaces perpendicular to the
active surface are diffusion barriers (symmetry boundary con-
ditions), this geometry resembles a sample with an infinite
large surface area (cross-section). Usually, the thickness of
the surface particles is confined to 5 μm (except for the case
of a particle size of 1 μm where cubic particles were used).
The surface coverage was altered for a constant particle size
(constant side length) by variation of the sample side length.
In the case of variable particle size, the particle side length was
varied, while the sample side length was maintained constant
(e.g., 0.02 cm). Both thin and thick sample geometries were
studied by variation of the sample thickness, i.e., L = 5μmand
0.05 cm, respectively. Furthermore, Fig. 1b shows model 2
comprising a thin sample (thickness, 5 μm) with a side length
of 0.5 cm (cross-section, 0.25 cm2) covered by an array of
25 × 25 identical particles. Again, the particle thickness was
confined to 5 μm (with cubic particles in the case of a particle
size of 1 μm), and the surface coverage was varied by a sys-
tematic variation of the particle side length. The relationship
between side length of the inert surface particles and the sur-
face coverage for both models is depicted in Fig. 2. It is worth
mentioning that typically the mesh for model 1 consists of
more than 105 tetrahedral elements, while model 2 is com-
posed of more than 106 tetrahedral elements (further details
can be found in the supplementary material). In both cases, a
parallel sparse direct solver (MUMPS implemented in
COMSOL Multiphysics©) has been utilized for solving the
diffusion equations.

The total amount of exchanged oxygen can be obtained
from the volume integral of the normalized diffusant concen-
tration (oxygen nonstoichiometry):

m tð Þ
m ∞ð Þ ¼

1

V
∫VcnormdV; cnorm ¼ c−c0

c∞−c0
ð5Þ

with c0 and c∞ denoting the initial and final diffusant concen-
trations for t = 0 and t→∞, respectively, and V corresponds to
the sample volume.

Results and discussion

A typical result for the finite element simulation of the oxygen
exchange process employing model 1 for a sample with a
thickness of 0.05 cm and a surface coverage of 75% (side

length of inert particle: 0.01732 cm; side length of the upper
(active) surface of the sample, 0.02 cm) is illustrated in Fig. 3.
The slice plot for the normalized diffusant concentration in
Fig. 3 clearly indicates the hindrance of the oxygen exchange
at the surface by the inert particle. The transport process is no
longer one-dimensional owing to flux constriction effects [23]
caused by the blocking surface particle. Nonetheless, apparent
~k and ~D values can be extracted from the simulated relaxation
curves (based on Eq. (5)) by nonlinear least squares fitting of
the one-dimensional analytical solution [25–28]. If the trans-
port process was one-dimensional, a linear relation between
the apparent surface exchange coefficient and the surface cov-
erage of inert particles would be expected, viz.
~k ¼ ~k input 1−gð Þ, g denotes the surface coverage. However,
flux constriction effects give rise to a nontrivial relationship

between the apparent kinetic parameters (~k and ~D ) and the
surface coverage, as can be seen in Fig. 4. The dashed line in
Fig. 4a corresponds to the linear correlation between the sur-
face exchange coefficient and the surface coverage of
blocking particles. The results of the finite element simula-
tions for the free sample surface (zero coverage) deviate some-

what from the input parameter ~k input ¼ 5� 10−4 cm s−1 be-
cause of small numerical inaccuracies (the numerical uncer-
tainty is around 7%). However, in the case of surface reaction

controlled kinetics, i.e., ~kL=~D < 0:3, a linear relationship be-
tween the apparent surface exchange coefficient, extracted
from simulated relaxation curves, and the surface coverage
can be observed. Figure 4a reveals that in the case of diffusion
controlled or mixed surface reaction/diffusion-controlled ki-
netics of the oxygen exchange process significant deviations
between the linear relationship (dashed line) and the simulated
results can be found. The deviations increase with decreasing
~Dinput values owing to enhanced flux constriction effects. On

0.001 0.01 0.1 1 10 100

1

10

100

l

surface coverage / %

Fig. 2 Variation of side length (size) of inert surface particles with surface
coverage for both finite element models
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the contrary, the apparent diffusion coefficients are indepen-
dent of the surface coverage and agree closely with the

pertinent input parameters, as can be seen in Fig. 4b. It should
be noted that similar results have been reported inRef. [23], where
flux constriction effects have been modeled with respect to active
surface sites, such as catalytically active porous Pt electrodes on
mixed conducting or ionically conducting oxide ceramics.

In addition, the effect of blocking surface particles on the
oxygen exchange kinetics of a thin sample with a thickness of
5 μm has been investigated by application of both model 1 and
model 2. A typical simulation result using model 2 is depicted in
Fig. 5. Although the oxygen exchange kinetics is surface reaction
controlled (thin sample), the transport process is no longer one-
dimensional. Basically, the regions at the free (uncovered) sur-
face show fast (surface reaction controlled) equilibration, where-
as slow lateral transport occurs underneath the blocking surface
particles especially in the case of fairly small diffusion coeffi-
cients (see, Fig. 5). These transport processes may give rise to
relaxation curves with two different relaxation times. From
Fig. 6a, one can deduce that relaxation curves for the total
amount of exchanged oxygen, consisting of two separate time
constants, can be found for surface coverages of 25 and 75%,
respectively. The fairly fast equilibration of a thin sample with
only 0.068% coverage of blocking particles shows one relaxation
time. The two different relaxation times are even better visible in
the semilogarithmic plots provided in Fig. 6b, where the slope of
linear regions corresponds to the pertinent relaxation time, τ, viz.
d ln[1 – m(t)/m(∞)]/d t =−1/τ. Basically, the first relaxation can
be related to the fast re-equilibration of the free surface regions:

τ1≈
L

~k input
ð6Þ

(a) (b) 
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Fig. 4 a Variation of apparent chemical surface exchange coefficient,
extracted from simulated relaxation curves by fitting the one-
dimensional analytical solution, with surface coverage. b Variation of
apparent chemical diffusion coefficient, extracted from simulated
relaxation curves by fitting the one-dimensional analytical solution, with

surface coverage. Finite element simulations are based on model 1: sam-
ple thickness, 0.05 cm; cross-section, 0.02 × 0.02 cm2;
~k input ¼ 5� 10−4 cm s−1

cnorm
t = 1000 s

Fig. 3 Slice plot of normalized diffusant concentration after a relaxation
time of 1000 s using model 1. Sample thickness, 0.05 cm; cross-section,
0.02 × 0.02 cm2; particle size, 0.017321 cm (surface coverage, 75%);
~k input ¼ 5� 10−4 cm s−1; ~Dinput ¼ 10−7 cm2 s−1
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where L refers to the sample thickness. The second relaxation
time is caused by the lateral two-dimensional diffusion process
underneath the surface particles:

τ2≈
l2

2~Dinputπ2
ð7Þ

with l being the length of the surface particle (the correlation
between particle length and surface coverage for both model 1
and 2 is plotted in Fig. 2). Obviously, these two relaxation
processes can only be observed, if the difference between
the time constants is large enough, i.e., τ1 ≪ τ2. Hence, a con-
dition for the occurrence of two separate relaxation processes
in the case of thin samples covered by blocking surface parti-
cles can be derived as follows:

l2≫
2~Dinputπ2

~k input
L ð8Þ

or more roughly: l2≫~DinputL=~k input. In the case of somewhat
higher diffusivities or a small particle size (small l), the two
different relaxation processes will still occur. However, a clear
separation is not possible because relation (8) is no longer

fulfilled. Examples for relaxation curves consisting of only
one relaxation time are shown in Fig. 7. In this case, apparent
kinetic parameters can be obtained by fitting the one-
dimensional analytical solution [25–28] to the simulated relax-
ation curves. A more detailed description of re-equilibration
involving two separate relaxation processes can be found in
the Appendix.

The variation of the apparent surface exchange coefficient
with surface coverage is depicted in Fig. 8a, and the apparent
diffusion coefficient is plotted as a function of surface coverage
in Fig. 8b. The gray solid line in Fig. 8a (logarithmic x-axis for
better visibility of small coverages) indicates the linear relation-

ship between ~k and the surface coverage, ~k ¼ ~k input 1−gð Þ, with
g referring to the surface coverage. In the case of a fairly small
particle size (l= 1 μm), the finite element simulations show only

one relaxation time and the extracted ~k values are in close agree-
ment with the linear relationship (see, Fig. 8a). Moreover, the

apparent ~D values are independent of the surface coverage and
concur well with the corresponding input parameter. In the case
of larger particles (l = 5 μm), exclusively small (almost negligi-
ble) surface coverage resulted in relaxation curves with only one
relaxation time. Furthermore, the particle size has been varied

Fig. 6 Relaxation curves for the
total amount of exchanged
oxygen as a function of surface
coverage. b Semilogarithmic plot
of ln[1 – m(t)/m(∞)] versus time
for various surface coverages.
The finite element simulations are
based on model 1: sample
thickness, 5 μm; cross-section,
0.02 × 0.02 cm2;
~k input ¼ 5� 10−4 cm s−1;
~Dinput ¼ 10−7 cm2 s−1

(a) (b)

cnorm

t = 60 sFig. 5 Finite element simulation
usingmodel 2:magnified detail of
normalized diffusant
concentration after a relaxation
time of 60 s. Sample thickness,
5 μm; cross-section, 0.5 ×
0.5 cm2; particle size, 0.01 cm
(surface coverage, 25%);
~k input ¼ 5� 10−4 cm s−1;
~Dinput ¼ 10−7 cm2 s−1. a Surface
plot; b slice plot
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systematically (the relation between particle size and surface
coverage can be seen in Fig. 2 for model 1 as well as model 2).
The relaxation curves (see, Fig. 7) are composed of one relaxa-
tion time, such that apparent kinetic parameters could be obtain-

ed. According to Fig. 8a, the apparent ~k values deviate signifi-
cantly from the linear relationship. Interestingly, the apparent
surface exchange coefficients are too high. Figure 8b reveals that

the apparent ~D values are lower than the pertinent input param-
eter by almost two orders of magnitude. Thus, the relaxation
process seems to be mixed controlled instead of k controlled as
expected from the input parameters. Relaxation curves for a sur-
face coverage of 75% using model 1 (particle size l = 173.2 μm)
are shown in Fig. 9a for various input parameters of the chemical
diffusion coefficient. Two different transport processes can clear-

ly be observed with regard to ~Dinput ¼ 10−7 cm2 s−1. When the
chemical diffusivity is increased, the two separate relaxation
times will merge into one effective time constant. However, the
interpretation of this effective relaxation process is only mean-

ingful, if the condition τeff ≫ τ2 is valid with τ eff ¼ L=

~k input 1−gð Þ� �
and τ2 ¼ l2= 2~Dinputπ2

� �
. Hence, the condition

for a linear behavior of the apparent surface exchange coefficient
as a function of the surface coverage reads as follows:

l2≪
2~Dinputπ2

~k input 1−gð Þ
L ð9Þ

which can be simplified to l2≪~DinputL= ~k input 1−gð Þ� �
. Condition

(9) is certainly valid with regard to ~Dinput ¼ 10−4 cm2 s−1 in
Fig. 9. Thus, the apparent k values extracted from the simulated
relaxation curves decrease linearly with decreasing surface cov-
erage, as can be seen in Fig. 10. It should be noted that in the case
of D-controlled kinetics, two distinct time regimes can be ob-

served. The short-time regime is characterized by m tð Þ=m ∞ð Þ∝ffiffi
t

p
(square-root behavior of the diffusion process), while the

long-time regime is consistent with

ln 1−m tð Þ=m ∞ð Þ½ �∝−~Dπ2t=L2, where the intercept at the y-axis
of the semilogarithmic plot ln[1 −m(t)/m(∞)] versus time is given
by ln(8/π2) = − 0.21. In the case of k-controlled kinetics, the

Fig. 7 a Relaxation curves for the
total amount of exchanged
oxygen as a function of surface
coverage. b Semilogarithmic plot
of ln[1 – m(t)/m(∞)] versus time
for various surface coverages.
The finite element simulations are
based on model 1: sample
thickness, 5 μm; cross-section,
0.02 × 0.02 cm2;
~k input ¼ 5� 10−4 cm s−1;
~Dinput ¼ 10−5 cm2 s−1

Fig. 8 a Apparent chemical surface exchange coefficient plotted as a
function of surface coverage. b Apparent chemical diffusion coefficient
plotted as a function of surface coverage. The apparent kinetic parameters
are obtained from fitting the one-dimensional analytical solution to the

simulated relaxation curves based on both model 1 and 2. The surface
coverage has been varied for constant particle size (model 1) as well as

variable particle size (models 1 and 2); ~k input ¼ 5� 10−4 cm s−1
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semilogarithmic plot ln[1 −m(t)/m(∞)] versus time shows a lin-
ear behavior with ln 1−m tð Þ=m ∞ð Þ½ �∝−~kt=L and the intercept at
the y-axis is zero, i.e., short- and long-time regimes can no longer
be distinguished. The situation for mixed k- and D-controlled
kinetics is in between. A more detailed discussion can be found

elsewhere [26, 27]. The increase of ~Dinput leads to gradual
vanishing of the intercept at the y-axis (see, Fig. 9b), such that
the simulated relaxation curves would erroneously reflect mixed
controlled oxygen exchange kinetics although the overall trans-
port process is composed of two different relaxation processes
which cannot be deconvoluted properly. The input parameter
~Dinput ¼ 10−5 cm2 s−1 refers to the latter situation, yielding

wrong apparent ~k and ~D values illustrated in Figs. 8 and 10.
Finally, it is worthwhile mentioning that in accordance with

Fig. 8, the simulation results obtained frommodels 1 and 2 are in
close agreement. Additionally, it should be noted that both
models 1 and 2 are characterized by an identical relationship
between surface particle size and surface coverage shown in
Fig. 2. As model 1 corresponds to a sample with an infinite
active surface area (because of the symmetry boundary condi-
tions), it can be concluded that even an array of 25 × 25 inert

particles on a surface with an area (cross-section) of 0.5 ×
0.5 cm2 is sufficient for a proper calculation of the oxygen ex-
change process applying finite element models. Moreover, it
should be mentioned that model 2 would provide the basis for
further studies concerning the effect of different distributions of
particle size and shape on the oxygen exchange kinetics.

Summary

The effect of inert surface particles on the oxygen ex-
change kinetics of mixed ionically/electronically
conducting oxide ceramics has been investigated by ap-
plication of finite element modeling. Two types of finite
element models have been created. The first model con-
sists of one surface particle on a surface of 0.02 ×
0.02 cm2 and is based on symmetry boundary conditions,
such that the area (cross-section) of the active surface is
infinitely large. The second model comprises an array of
25 × 25 particles on a surface with a cross-section of 0.5 ×
0.5 cm2. It should be mentioned that the variation of the

Fig. 9 a Relaxation curves for the
total amount of exchanged
oxygen for various input
parameters of the chemical
diffusion coefficient (surface
coverage, 75%, model 1). b
Semilogarithmic plot of ln[1 –
m(t)/m(∞)] versus time for
various input parameters of the
chemical diffusion coefficient
(surface coverage, 75%,model 1).
Sample thickness, 5 μm; cross-
section, 0.02 × 0.02 cm2;
~k input ¼ 5� 10−4 cm s−1
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Fig. 10 Plot of apparent chemical
surface exchange coefficient
versus surface coverage for
various input parameters of the
chemical diffusion coefficient
using model 1. Sample thickness,
5 μm; cross-section, 0.02 ×
0.02 cm2;
~k input ¼ 5� 10−4 cm s−1
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particle size with surface coverage is virtually identical
for both models. Basically, the simulation results are in
close agreement for both models. Moreover, the effect
of inert surface particles on the transport processes have
been studied on a thick sample (thickness, 0.05 cm) as
well as a thin specimen (thickness, 5 μm). In the former
case, a linear relationship between apparent surface ex-
change coefficients, extracted from simulated relaxation
curves by fitting the analytical solution for one-
dimensional transport, and the surface coverage has
been found exclusively with regard to k-controlled ki-
netics for the oxygen exchange process. If, in turn, the
oxygen exchange process is D-controlled or mixed k-
and D-controlled, the decrease of the apparent surface
exchange coefficient with increasing surface coverage of
blocking particles is no longer linear which can be

attributed to nontrivial flux constriction effects. In the
case of a thin sample, the situation is even more com-
plicated, as two different transport processes may occur.
A fast relaxation process is caused by usually k-con-
trolled re-equilibration of free (uncovered) surface re-
gions, whereas the additional lateral (two-dimensional)
diffusion underneath the blocking surface particles gives
rise to a second (sluggish) relaxation process. This pe-
culiar behavior will vanish and relaxation curves with
only one effective time constant will be found, if the
diffusivity is large and/or the particle size as well as
surface coverage are small. In this case, the apparent
(effective) surface exchange coefficients associated with
the effective relaxation times show a linear dependence
on the surface coverage as expected for one-dimensional
k-controlled relaxation kinetics.

Appendix

The oxygen exchange of thin samples can be described by the
analytical approximation for the total amount of exchanged
oxygen involving two separate relaxation processes:

m tð Þ
m ∞ð Þ ¼ 1−g

8

π2

	 
2

∑
∞

m¼1
∑
∞

n¼1

exp −~D 2m−1ð Þ2π2t=l21
h i

2m−1ð Þ2 �
exp −~D 2n−1ð Þ2π2t=l22
h i

2n−1ð Þ2 −

−2 1−gð Þ
~k

~D

 !2

∑
∞

i¼1

exp −α2
i
~Dt

� �
α2
i

~k
2
L2=~D

2
þ ~kL=~Dþ L2α2

i

	 
 ðA1Þ

where the parameters αi are the roots of the transcendental
equation:

αitan αiLð Þ ¼
~k

~D
ðA2Þ

and g denotes the surface coverage. In the case of square-
shaped surface particles, as employed in the present finite
element model, l1 equals l2, i.e. l1 = l2 = l. The two separate
time constants can be written as follows:

τ1 ¼ 1

α2
1
~D

ðA3Þ

and

τ2 ¼ l21l
2
2

l21 þ l22
� �

~Dπ2
ðA4Þ

which are consistent with Eqs. (6) and (7) in the case of k-con-
trolled kinetics at the free (uncovered) surface regions and l1 =
l2 = l (square-shaped surface particles). It is important to note that
Eq. (A1) is only valid, if τ1≪ τ2 is fulfilled. Figure 11 illustrates
relaxation curves for a sample with a thickness of L = 1μmusing
model 1 (~D ¼ 10−8cm2s−1; ~k ¼ 5� 10−4cm s−1 ), where the
numerical simulations coincide almost perfectly with the analyt-
ical approximation (A1).
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Fig. 11 aRelaxation curves for the total amount of exchanged oxygen for
two different surface coverages g. b Semi-logarithmic plot of ln[1 – m(t)/
m(∞)] versus time for two different surface coverages g. Solid lines, finite
element simulations (model 1); dashed lines, analytical approximation

(Eq. (A1)). Sample thickness, 1 μm; cross-section of sample, 0.02 ×
0.02 cm2; thickness of surface particle, 1 μm;
~k input ¼ 5� 10−4 cm s−1; ~Dinput ¼ 10−8 cm2 s−1
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