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Abstract
Auxiliary density functional theory (ADFT) hybrid calculations are based on the variational fitting of the Coulomb and Fock
potential and, therefore, are free of four-center electron repulsion integrals. So far, ADFT hybrid calculations have been validated
successfully for standard enthalpies of formation. In this work the accuracy of ADFT hybrid calculations for the description of
pericyclic reactions was quantitatively validated at the B3LYP/6-31G*/GEN-A2* level of theory. Our comparison with conven-
tional Kohn-Sham density functional theory (DFT) results shows that the DFT and ADFT activation and reaction enthalpies are
practically indistinguishable. A systematic study of various functionals (PBE, B3LYP, PBE0, CAMB3LYP, CAMPBE0 and
HSE06) and basis sets (6-31G*, DZVP-GGA and aug-cc-pVXZ; X =D, Tand Q) revealed that the ADFT HSE06/aug-cc-pVTZ/
GEN-A2* level of theory yields best balanced accuracy for the activation and reaction enthalpies of the studied pericyclic
reactions. With the successfully validate ADFT composite approach consisting of PBE/DZVP-GGA/GEN-A2* structure and
transition state optimizations and single-point HSE06/aug-cc-pVTZ/GEN-A2* energy calculations, an accurate, reliable and
efficient computational approach for the study of pericyclic reactions in systems at the nanometer scale is proposed.
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Introduction

Over the last decade, auxiliary density functional theory
(ADFT) has been established as a computational efficient alter-
native to Kohn-Sham density functional theory (DFT) [1, 2].

ADFT is based on the variational fitting of the Coulomb poten-
tial as proposedbyDunlapet al. [3–5].To further increase com-
putationalperformance, inADFTtheauxiliarydensityobtained
fromthevariational fittingof theCoulombpotential is alsoused
for the calculation of the exchange-correlation energy and po-
tential [6–9]. As a result, already for small systems, the calcu-
lation of theADFTKohn-Shammatrix becomes linear, scaling
with system size [10] because its elements depend only on the
fittingcoefficients andnot on thedensitymatrix.The simplified
structureof theADFTKohn-Sham(KS)matrixcalculationalso
permits the development of efficient parallelization algorithms
[11].However, a severe drawbackof theADFTapproach so far
discussed is representedby its limitation toBpure^density func-
tionals, i.e., functionals that depend only on density and its
derivatives. With the recently developed variational fitting of
the Fock potential [12], this limitation is lifted. As a result,
global [13] and range-separated [14] hybrid functionals can
now also been used with ADFT. So far, the performance and
accuracyofhybrid functionalswithinADFThavebeenvalidat-
ed extensively for standard enthalpies of formation. The results
obtained are in excellent agreement with those from conven-
tionalKS-DFTcalculations, employing four-center electron re-
pulsion integrals (ERIs) and using the Kohn-Sham density for
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the calculation of the exchange-correlation energy and poten-
tial.At the same time, the computational performance ofADFT
hybrid functional calculations is significantly superior to that of
corresponding conventional KS-DFTcalculations.

Whereas ADFT hybrid functional calculations of stan-
dard enthalpies of formation have been already extensively
validated, corresponding validations for activation and reac-
tion enthalpies are less abundant. To the best of our knowl-
edge, attentionhas so far focusedonly on reactions contained
in the HTBH38/08 and NHTBH38/08 databases [15–17].
For these simple reactions, the activation energies obtained
fromADFT hybrid functional calculations compare very fa-
vorably with those from conventional four-center ERI KS
calculations. These results have encouraged us to investigate
the accuracy of ADFT hybrid calculations for the activation
and reaction energies ofmore complex reactions. To this end,
we studied a set of hydrocarbon pericyclic reactions pro-
posed by Houk and co-workers for the benchmarking of
computationalmethods [18].As pointed out by these authors
[18], hydrocarbon pericyclic reactions are particularly well
suited to the validation of computed classical activation bar-
riers. For completeness, we show schematically in Fig. 1 the
reactions considered here. Although our focus is on ADFT
B3LYP results, which we can compare directly with their
four-center ERI counterparts from the literature, in our
ADFT study we also employed various global and range-
separated hybrid functionals in combinationwith several ba-
sis sets. Our focus here is on the accuracy and computational
performance of the different computational methodologies.
We also investigated the accuracy of composite approaches
that combine structure and transition stateoptimizationswith

the generalized gradient approximation (GGA) with single-
point energy calculations employing hybrid functionals. The
accuracies in these studies are judged by the comparison of
the activation and reaction enthalpies with recommended
experimental-theoretical data from the literature [18].

The paper is organized as follows. The next section de-
scribes the computational methodology. The ADFTactivation
and reaction enthalpies for the studied pericyclic reactions are
presented in BResults and Discussion^ and compared to cor-
responding four-center ERI KS results and experimental data.
The paper finishes with final Conclusions.

Computational methods

All calculations were performed with a development version
of the quantum chemistry code deMon2k [19]. For the linear
combination of Gaussian type orbital (LCGTO) expansions,
Hartree-Fock-optimized 6-31G* [20], DFT-optimized DZVP-
GGA [21] and the correlation consistent aug-cc-pVXZ (X =
D, T and Q) [22] basis sets were used. The calculation of four-
center ERIs was avoided by the variational fitting of the
Coulomb and Fock potential. For the expansion of the auxil-
iary density and orbital product densities the automatically
generated GEN-A2* auxiliary function set [21] was used. It
contains s, p, d, f and g auxiliary functions that are grouped
together into sets with common exponents. The auxiliary den-
sity was also used to calculate the exchange-correlation ener-
gy and potential, i.e., the ADFT approach was employed. As
exchange-correlation functionals, we used PBE [23] as typical
example of the generalized gradient approximation, B3LYP

Fig. 1 Reaction schemes of the
pericyclic reactions used for
auxiliary density functional
theory (ADFT) benchmarking
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[24] and PBE0 [25] as examples of global hybrid functionals,
and CAMB3LYP [26], CAMPBE0 [27] and HSE06 [28] as
examples of range-separated hybrid functionals. For all other
keywords, the deMon2k default options were used.

All reactant and product structures were fully optimized
without symmetry constraints with the B3LYP/6-31G*/GEN-
A2*andPBE/DZVP-GGA/GEN-A2*methodologies.Theob-
tained minimum structures were characterized by frequency
analyses. For the transition state search, a hierarchically two
step procedure [29] was used. First, double-ended saddle inter-
polationsstartingwith theoptimized reactantandproduct struc-
tureswere employed inorder to find appropriate start structures
for the local transition state optimizations. In a second step, the
transitionstateswereoptimizedbyanuphill trust regionmethod
[30, 31]. For the local quasi-Newton transition state optimiza-
tions, the start Hessianmatriceswere calculated. Once the tran-
sition state structures were optimized, they were characterized
by frequency analyses. To ensure that the obtained transition
states indeedconnect the reactants andproducts initiallyused in
the double-ended saddle interpolation, the intrinsic reaction co-
ordinates (IRCs) were calculated [32]. We note that the ap-
proach described here for the optimization of transition states
is general, but also applicable to multi-step reactions with non-
intuitive transition state structures [33].

For the calculation of activation and reaction enthalpies of
the reactions depicted schematically in Fig. 1, the following
comments are in order. In reaction 1 butadiene is calculated in
trans configuration for the product energy. The reactant in reac-
tion 2 is calculated as cis-hexa-1,3,5-triene. The reactants and
products of reaction 4 and 6 are cis-1,3-pentadiene and 1,5-
hexadiene, respectively. The reactants for the cycloaddition re-
actions 7, 8 and 9 are calculated separately for the correspond-
ing energies. In reaction 7, butadiene is calculated in trans con-
figuration. For reaction 9, the endo reaction path is considered.

Results and discussion

Validation of ADFT B3LYP hybrid calculations

To validate ADFT B3LYP activation and reaction enthalpies
for pericyclic reactions, we followed the approach of Houk
and co-workers [18]. They studied the first nine reactions from
Fig. 1 at the B3LYP/6-31G* level of theory with a conven-
tional four-center ERI KS approach and compared the obtain-

ed activation, ΔH‡
0K, and reaction, ΔH

rxn
0K , enthalpies with care-

fully selected experimental data adjusted to 0 K. Reactions 10
and 11 from Fig. 1 were omitted because of the large

Table 2 Mean absolute deviation (MAD) of ADFT activation enthalpies from single-point energy calculations with different density functionals and
basis sets employing B3LYP/6-31G*/GEN-A2* optimized reactant, transition state and product structures. All values are in kcal mol−1

Functional PBE B3LYP PBE0 CAMB3LYP CAMPBE0 HSE06
Basis

6-31G* 4.2 2.2 4.1 4.9 7.5 3.5

DZVP-GGA 4.0 2.6 3.5 5.1 7.1 2.7

aug-cc-pVDZ 4.0 2.2 3.3 4.5 6.8 2.7

aug-cc-pVTZ 4.1 3.4 2.8 5.5 6.4 2.7

aug-cc-pVQZ 4.1 3.3 2.7 5.4 6.5 2.7

Table 1 Comparison of auxiliary density functional theory (ADFT) B3LYP/6-31G*/GEN-A2*ΔH‡
0K andΔHrxn

0K with correspondingKohn-Sham (KS)
B3LYP/6-31G* results from the literature and experimental data [18]. All values are in kcal mol−1

Reaction ADFT B3LYP/6-31G*/GEN-A2* KS B3LYP/6-31G* Experimental

ΔH‡
0K ΔHrxn

0K ΔH‡
0K ΔHrxn

0K ΔH‡
0K ΔHrxn

0K

1 34.1 −12.5 33.9 −12.7 31.9 −10.6
2 30.0 −12.9 30.1 −12.5 30.2 −15.3
3 27.1 −14.6 27.3 −14.1 29.1 −10.5
4 36.7 0.0 36.6 0.0 36.7 0.0

5 27.0 0.0 26.6 0.0 23.7 0.0

6 34.0 0.0 34.1 0.0 34.5 0.0

7 24.8 −36.9 24.9 −36.6 23.3 −39.6
8 22.3 −19.0 22.2 −18.6 21.6 −23.2
9 21.1 −11.5 21.1 −11.1 15.1 −19.7
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uncertainties in the experimental reference data. For the con-
ventional KS B3LYP/6-31G* level of theory, the correspond-
ing ADFT level of theory is B3LYP/6-31G*/GEN-A2*.
Therefore, we optimized the reactants, transition states and
products at this level of theory employing ADFT. Table 1

compares the ADFT ΔH‡
0K and ΔHrxn

0K from this work with
those from [18] and the corresponding experimental data.
For the zero point energy correction we scaled the ADFT
B3LYP/6-31G*/GEN-A2* zero point energies by a factor of
0.9804 according to the literature [18]. As Table 1 shows, the
ADFT and conventional KS activation enthalpies differ usu-
ally by 0.1 to 0.2 kcal mol−1. The largest deviation of
0.4 kcal mol−1 is found for reaction 5, the [1,5]-sigmatropic
shift of hydrogen in cyclopentadiene. For the corresponding
reaction enthalpies, slightly larger differences are observed.
They are, however, all below or equal to 0.5 kcal mol−1.
Taking into account that these results were obtained from
two different programs using default settings, the agreement
between ADFT and conventional KS activation and reaction
enthalpies for the studied pericyclic reactions can be consid-
ered quantitative.

For most reactions, the comparison to experimental data
was also very satisfying. Notable exceptions are reaction 5
and 9. For reaction 5, the [1,5]-sigmatropic shift of hydrogen
in cyclopentadiene, the basis set used is not optimal because
the hydrogen atom has no polarization functions. Adding p
polarization functions to the hydrogen basis, i.e., using the 6-
31G** basis, reduces the activation enthalpy from 27.0 to
25.8 kcal mol−1. This value is still above the experimental
value (23.7 kcal mol−1) but is now in a similar error range as
for other reactions in Table 2. For reaction 9, we find best
agreement with experiment with the PBE functional (PBE/6-
31G*/GEN-A2*). The PBE activation and reaction enthalpies
are 11.0 kcal mol−1 and −18.9 kcal mol−1, respectively. All
hybrid functionals deviate significantly from these results.
The mean absolute deviation (MAD) for the activation ener-

gies, ΔH‡
0K, with respect to experiment was reported to be

1.7 kcal mol−1 for the conventional KS approach. The corre-
sponding ADFT MAD is 1.8 kcal mol−1. For the six reactions
with non-zero reaction enthalpies in Table 1, the MADs from
the experimental data are 4.1 kcal mol−1 and 3.9 kcal mol−1 for
the conventional KS approach and for ADFT, respectively.

Fig. 2 ADFT B3LYP/6-31G*/GEN-A2* reaction profiles for the first nine pericyclic reactions
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Fig. 3 ADFT B3LYP/6-31G*/
GEN-A2* optimized transition
state structures for the first nine
pericyclic reactions. Dashed lines
are inserted to guide the eye

Fig. 4 ADFT B3LYP/6-31G*/
GEN-A2* reaction profiles and
transition states for reaction 10
and 11
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The ADFT B3LYP/6-31G*/GEN-A2* reaction profiles of
the nine pericyclic reactions discussed here are depicted in
Fig. 2. Note that for the calculation of these reaction profiles,
the reactants in the bimolecular reactions 7, 8 and 9 are opti-
mized together to form a pre-reaction complex. The calculated
IRCs confirm that only reaction 1 and 7 show intermediates
according to the cis-trans isomerization of butadiene. These in-
termediates are directly accessible by the hierarchical two-step
transition state search approach employed. The ADFT B3LYP/
6-31G*/GEN-A2* optimized transition state structures of the
nine pericyclic reactions are depicted in Fig. 3. Their optimized
Cartesian coordinates, together with those of the reactants and
products, are listed in the Supplementary Information (SI).

Study of functionals and basis sets

After the ADFT B3LYP/6-31G*/GEN-A2* approach had
been validated successfully for calculation of pericyclic reac-
tions, we next extended our study to other functionals and
basis sets. To this end, we performed single-point energy cal-
culations employing the B3LYP/6-31G*/GEN-A2* opti-
mized reactant, transition state and product structures. We also
extended the test set with reaction 10 and 11. The IRCs and
transition state structures for these two reactions are depicted
in Fig. 4. As reference for the comparison of our ADFT cal-
culated activation and reaction enthalpies, we used the recom-
mended values from [18].

Tables 2 and 3 report the MADs of the ADFT-calculated
activation and reaction enthalpies with respect to the recom-
mended referencevalues employing thePBE,B3LYP,PBE0,
CAMB3LYP, CAMPBE0 and HSE06 functionals in

combination with the 6-31G*, DZVP-GGA and aug-cc-
pVXZ (X = D, T and Q) basis sets. As can be seen from
Table 2, B3LYP/6-31G*/GEN-A2* yields one of the
smallest MADs for activation energies. We note that the
2.2 kcal mol−1 MAD with ADFT obtained here is in perfect
agreement with the corresponding KSMAD found by Houk
and co-workers [18]. The good performance of B3LYP/6-
31G*/GEN-A2* is due, at least partially, to the used opti-
mized structures from the same level of theory. From the
other functionals, only PBE0 and HSE06 reached compara-
ble accuracies for activation energy MADs. The PBE0 acti-
vation energyMADs of the pericyclic reactions studied here
show a very systematic improvement with basis set size.
Convergence is nearly reached with the aug-cc-pVTZ basis
with a MAD of 2.8 kcal mol−1. Further increase of the basis
set to aug-cc-pVQZ improves the MAD only marginally to
2.7 kcal mol−1. With the HSE06 functional, this MAD is
already reached with the DFT optimized DZVP-GGA basis
set. On the other hand, the range-separated CAMB3LYP and
CAMPBE0 functionals perform rather poorly for the activa-
tion energies of the reactions studied here.

Table 3 lists the MADs for the reaction enthalpies of the 11
studied reactions. Surprisingly, B3LYP/6-31G*/GEN-A2*
does not perform best for the reaction enthalpies despite the
fact that the structures were optimized at this level of theory.
Even more disturbing is the fact that the ADFT B3LYP reac-
tion enthalpies deteriorate significantly with increasing basis
set size. We note that this observation is in qualitative agree-
ment with results from Houk and co-workers employing con-
ventional KS methodology. A similar trend can also be seen
for the activation energies in Table 2, albeit much less

Table 3 MADs of ADFT
reaction enthalpies from single-
point energy calculations with
different density functionals and
basis sets employing B3LYP/6-
31G*/GEN-A2* optimized
reactant, transition state and
product structures. All values are
in kcal mol−1

Functional PBE B3LYP PBE0 CAMB3LYP CAMPBE0 HSE06
Basis

6-31G* 2.8 3.0 6.0 2.4 15.0 4.1

DZVP-GGA 2.1 4.3 4.4 1.4 13.4 2.7

aug-cc-pVDZ 1.9 4.7 4.1 1.5 12.7 2.6

aug-cc-pVTZ 3.0 7.1 2.5 3.3 10.8 2.4

aug-cc-pVQZ 3.0 7.2 2.3 3.2 10.8 2.6

Table 4 MADs of ADFT
activation enthalpies from single-
point energy calculations with
different density functionals and
basis sets employing PBE/DZVP-
GGA/GEN-A2* optimized
reactant, transition state and
product structures. All values are
in kcal mol−1

Functional PBE B3LYP PBE0 CAMB3LYP CAMPBE0 HSE06
Basis

6-31G* 4.4 2.2 4.4 5.0 7.8 3.7

DZVP-GGA 4.1 2.5 3.7 4.9 7.3 2.9

aug-cc-pVDZ 4.0 2.1 3.6 4.4 7.1 2.9

aug-cc-pVTZ 3.9 3.0 3.0 5.2 6.8 2.6

aug-cc-pVQZ 4.0 2.9 3.0 5.2 6.8 2.7
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pronounced. On the other hand, PBE0 and HSE06 show sys-
tematic improvements in the reaction energy MADs with in-
creasing basis set quality. As for the activation energies near
basis set convergence is reached for PBE0 and HSE06 with
the aug-cc-pVTZ basis with MADs of 2.5 kcal mol−1 and
2.4 kcal mol−1, respectively. In view of the rather disappoint-
ing performance of range-separated Coulomb-attenuating
method (CAM) hybrid functionals for activation energies it
is surprising that CAMB3LYP performs best for the reaction
energies of the 11 pericyclic reactions with a MAD of
1.4 kcal mol−1 employing the CAMB3LYP/DZVP-GGA/
GEN-A2* level of theory. Altogether, this study suggests that
the ADFT approaches PBE0/aug-cc-pVXZ/GEN-A2* (X = T
and Q) and HSE06/aug-cc-pVTZ/GEN-A2* are best suited
for the overall description of the studied pericyclic reactions.

To investigate the effect of structure optimization on the
MADs for the activation and reaction enthalpies of the studied
pericyclic reactions, we have also optimized all structures at
the HSE06/aug-cc-pVTZ/GEN-A2* level of theory. In this
approach, the MAD of the activation energy reduces by
0.4 kcal mol−1 to 2.3 kcal mol−1, and the MAD of the reaction
enthalpy remains the same. Thus, HSE06/aug-cc-pVTZ/
GEN-A2* outperforms B3LYP/6-31G*/GEN-A2* in terms
of accuracy. In this context it is worth mentioning that larger
basis sets in hybrid ADFTcalculations are much less problem-
atic than in conventional hybrid KS calculations because the
N4scaling,N being the number of basis functions, with respect
to the basis set size, is avoided.

Our previous analysis clearly demonstrated that hybrid
functionals, here HSE06, are most appropriate for the reliable
calculation of activation and reaction enthalpies. On the other
hand, it is well know that GGA optimized structure parame-
ters are usually in good agreement with experimental data.
Therefore, we also investigated single-point energy calcula-
tions with the functionals studied here and basis sets
employing ADFT PBE/DZVP-GGA/GEN-A2* optimized re-
actants, transition states and products. For the zero point en-
ergy corrections the unscaled ADFT PBE/DZVP-GGA/GEN-
A2* zero point energies were employed. The optimized
Cartesian coordinates are listed in the SI. The ADFT PBE/
DZVP-GGA/GEN-A2* approach is well suited to the

optimization of large molecules on the nanometer length scale
where structure optimization with ADFT hybrid functionals
will become prohibitively time consuming due to their cur-
rently less optimal parallel scaling [14]. Tables 4 and 5 list the
MADs of the ADFT-calculated activation and reaction en-
thalpies with respect to the recommended reference values
employing now PBE/DZVP-GGA/GEN-A2* optimized
structures. For the activation energies, B3LYP again performs
best, either with the 6-31G* or aug-cc-pVDZ basis set. As
comparison of Table 4 with Table 2 shows, the change in the
structure optimization method has only little effect on the
MADs for the activation enthalpies. The same is also true
for the corresponding reaction enthalpy MADs as comparison
of Table 5 with Table 3 reveals. This finding is also supported
by the quantitative comparison of the optimized B3LYP/6-
31G*/GEN-A2* and PBE/DZVP-GGA/GEN-A2* structures
with a mapping algorithm [34]. The similarity indices obtain-
ed, defined on an interval [0, 1] with 1 indicating perfect struc-
ture matches, are usually larger than 0.99. Thus, an ADFT
composite method consisting of GGA structure optimization
(here: PBE/DZVP-GGA/GEN-A2*) and hybrid single-point
energy calculations (here: HSE06/aug-cc-pVTZ/GEN-A2*)
yields activation and reaction enthalpies for pericyclic reac-
tions that are indistinguishable from a pure hybrid approach.
Based on the documented computational performance of
ADFT GGA optimization and frequency analysis calculations
[35] and ADFT hybrid single-point energy calculations [13,
14] it is foreseeable that the composite method proposed here
will permit accurate and reliable calculations of pericyclic
reactions involving nanometric systems in very reasonable
times. Typical examples are the functionalization of fullerenes
and endohedral metal fullerenes by pericyclic reactions [36].

Conclusions

The validation of ADFT B3LYP hybrid calculations for cal-
culation of activation and reaction enthalpies of pericyclic
reactions yields quantitative agreement with corresponding
conventional KS calculations. A systematic study of func-
tionals and basis sets shows that B3LYP/6-31G*/GEN-A2*

Table 5 MADs of ADFT reaction enthalpies from single-point energy calculations with different density functionals and basis sets employing PBE/
DZVP-GGA/GEN-A2* optimized reactant, transition state and product structures. All values are in kcal mol−1

Functional PBE B3LYP PBE0 CAMB3LYP CAM-
PBE0

HSE06
Basis

6-31G* 2.9 2.7 6.4 2.9 15.7 4.4

DZVP-GGA 2.1 4.2 4.6 1.4 13.9 2.9

aug-cc-pVDZ 1.9 4.5 4.2 1.3 13.1 2.7

aug-cc-pVTZ 2.8 6.7 2.8 2.8 11.5 2.2

aug-cc-pVQZ 2.8 6.7 2.7 2.7 11.6 2.2
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activation energies have the smallest MAD of all functionals
but that the corresponding reaction enthalpies are less good.
This, in combination with the deterioration of both activation
and reaction enthalpies with increasing basis set quality, ques-
tions the overall reliability of the B3LYP functional for the
study of pericyclic reactions. As an alternative the range-
separated HSE06 functional in combination with the aug-cc-
pVTZ basis set might be considered. This approach shows
MADs in activation and reaction enthalpies that are more bal-
anced as for B3LYP. Moreover, both enthalpies improve sys-
tematically with improving basis set quality. For pericyclic
reactions involving nanometric systems, a composite ap-
proach in which structure optimization at the PBE/DZVP-
GGA/GEN-A2* level of theory is combined with single-
point energy calculations at the HSE06/aug-cc-pVTZ/GEN-
A2* level of theory is suggested. The accuracy of this com-
posite approach is very similar to that of pure hybrid func-
tionals. In combination with the extraordinary computational
efficiency of ADFT it will allow accurate and reliable pericy-
clic reaction studies of systems on the nanometer scale.
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