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Abstract

Hierarchical matrices can be used to construct efficient preconditioners for partial differential and integral equations by taking
advantage of low-rank structures in triangular factorizations and inverses of the corresponding stiffness matrices. The setup
phase of these preconditioners relies heavily on low-rank updates that are responsible for a large part of the algorithm’s
total run-time, particularly for matrices resulting from three-dimensional problems. This article presents a new algorithm that
significantly reduces the number of low-rank updates and can shorten the setup time by 50% or more.

1 Introduction

Hierarchical matrices [15,22,23] (frequently abbreviated as
‘H-matrices) employ the special structure of integral opera-
tors and solution operators arising in the context of elliptic
partial differential equations to approximate the correspond-
ing matrices efficiently. The central idea is to exploit the
low numerical ranks of suitably chosen submatrices to obtain
efficient factorized representations that significantly reduce
storage requirements and the computational cost of evaluat-
ing the resulting matrix approximation.

Compared to similar approximation techniques like panel
clustering [24,27], fast multipole algorithms [20,21,26], or
the Ewald fast summation method [10], hierarchical matrices
offer a significant advantage: it is possible to formulate algo-
rithms for carrying out (approximate) arithmetic operations
like multiplication, inversion, or factorization of hierarchi-
cal matrices that work in almost linear complexity. These
algorithms allow us to construct fairly robust and efficient
preconditioners both for partial differential equations and
integral equations.

Most of the required arithmetic operations can be reduced
to the matrix multiplication, i.e., the task of updating Z <«
Z +aXY,where X, Y, and Z are hierarchical matrices and
« is a scaling factor. Once we have an efficient algorithm for
the multiplication, algorithms for the inversion, various tri-
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angular factorizations, and even the approximation of matrix
functions like the matrix exponential can be derived easily
[1,12-14,16,19].

The ‘H-matrix multiplication in turn can be reduced to
two basic operations: the multiplication of an H-matrix by
a thin dense matrix, equivalent to multiple parallel matrix-
vector multiplications, and low-rank updates of the form
Z < Z + AB*, where A and B are thin dense matrices with
only a small number of columns. Since the result Z has to be
an H-matrix again, these low-rank updates are always com-
bined with an approximation step that aims to reduce the rank
of the result. The corresponding rank-revealing factorizations
(e.g., the singular value decomposition) are responsible for a
large part of the computational work of the H-matrix multi-
plication and, consequently, also inversion and factorization.

The present paper investigates a modification of the stan-
dard H-matrix multiplication algorithm that draws upon
inspiration from the matrix backward transformation
employed in the context of H>-matrices [4,6]: instead of
applying each low-rank update immediately to an H-matrix,
multiple updates are accumulated in an auxiliary low-rank
matrix, and this auxiliary matrix is propagated as the algo-
rithm traverses the hierarchical structure underlying the
‘H-matrix. Compared to the standard algorithm, this approach
reduces the work for low-rank updates from O (nk?log? n)
to O(nk*logn).

Due to the fact that the H-matrix-vector multiplica-
tions appearing in the multiplication algorithm still require
O(nk? log® n) operations, the new approach cannot improve
the asymptotic order of the entire algorithm. It can, however,
significantly reduce the total runtime, since it reduces the
number of low-rank updates that are responsible for a large
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part of the overall computational work. Numerical experi-
ments indicate that the new algorithm can reduce the runtime
by 50% or more, particularly for very large matrices.

The article starts with a brief recollection of the structure
of H-matrices in Sect. 2. Section 3 describes the funda-
mental algorithms for the matrix-vector multiplication and
low-rank approximation and provides us with the complex-
ity estimates required for the analysis of the new algorithm.
Section 4 introduces a new algorithm for computing the H-
matrix product using accumulated updates based on the three
basic operations “addproduct”, that adds a product to an accu-
mulator, “split”, that creates accumulators for submatrices,
and “flush”, that adds the content of an accumulator to an
‘H-matrix. Section 5 is devoted to the analysis of the cor-
responding computational work, in particular to the proof
of an estimate for the number of operations that shows that
the rank-revealing factorizations require only O(nk>logn)
operations in the new algorithm compared to O (nk? log? n)
for the standard approach. Section 6 illustrates how accu-
mulators can be incorporated into higher-level operations
like inversion or factorization. Section 7 presents numeri-
cal experiments for boundary integral operators that indicate
that the new algorithm can significantly reduce the runtime
for the H-LR and the H-Cholesky factorization.

2 Hierarchical matrices

Let Z and J be finite index sets.

In order to approximate a given matrix G € RZ*7 by
a hierarchical matrix, we use a partition of the correspond-
ing index set Z x J. This partition is constructed based on
hierarchical decompositions of the index sets Z and 7.

Definition 1 (Clustertree) Let T be alabeled tree, and denote

the label of a node ¢ € 7 by 7. We call 7 a cluster tree for
the index set Z if

— the root r = root(7) is labeled with 7 = Z,
— for t € 7 with sons(¢) # @ we have

f= U ', and

t'esons(t)

— fort € 7 and 11,1, € sons(¢t) with 71 # t» we have
fl N fz = 0.

A cluster tree for 7 is usually denoted by 77, its nodes are
called clusters, and its set of leaves is denoted by

L1 :={t € Tr : sons(t) = ¥}.
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Let 77 and 77 be cluster trees for Z and 7. A pairt € 7,
s € Tz corresponds to a subset 7 x § of Z x 7, i.e., to a
submatrix of G. We organize these subsets in a tree.

Definition 2 (Block tree) Let T be a labeled tree, and denote
the label of a node b € 7 by b. We call 7 a block tree for
the cluster trees 77 and 7 7 if

— for each node b € 7 there are t € 77 and s € 77 such
that b = (¢, s),

— the root consists of the roots of 77 and 77, ie., r =
root(7) has the form r = (root(77), root(7 7)),

— forb = (,s) € T the label is given by b = 7 x §, and

— forb = (¢, s) € T with sons(b) # @, we have sons(b) =
sons(t) x sons(s).

A block tree for 77 and 77 is usually denoted by 77 7, its
nodes are called blocks, and its set of leaves is denoted by
Lrxg :=1{b € T1.g : sons(b) = @}.

For b = (t,s) € Tz« 7, we call t the row cluster and s the
column cluster.

Our definition implies that a block tree 77, 7 is also a
cluster tree for the index set Z x J. The index sets corre-
sponding to the leaves of a block tree 77, 7 form a disjoint
partition

(b=1x§:b=(t,5) € L1x7)

of the index set Z x 7, i.e., a matrix G € RZ* is uniquely
determined by its submatrices G| forallb € L1 7.

Most algorithms for hierarchical matrices traverse the
cluster or block trees recursively. In order to be able to
derive rigorous complexity estimates for these algorithms,
we require a notation for subtrees.

Definition 3 (Subtree) For a cluster tree 77 and one of its
clusters t € 77, we denote the subtree of 77 rooted in ¢ by
7;. It is a cluster tree for the index set 7, and we denote its set
of leaves by L;.

For a block tree 774 7 and one of its blocks b = (¢, s) €
T« 7, we denote the subtree of 77 7 rooted in b by 7. It
is a block tree for the cluster trees 7, and 7y, and we denote
its set of leaves by L.

Theoretically, a hierarchical matrix for a given block tree
T7x 7 can be defined as a matrix such that G| has at most
rank k € Ny. In practice, we have to take the representation
of low-rank matrices into account: if the cardinalities #f and
#5 are larger than k, a low-rank matrix can be efficiently
represented in factorized form

Gl; = ApB} with A, € R™K| By, e RY %K,
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since this representation requires only (#f + #5)k units of
storage For small matrices, however, it is usually far more
; as a standard two-dimensional array.
To represent the d1fferent ways submatrices are handled,
we split the set of leaves L7 7 into the admissible leaves
E%'X 7 that are represented in factorized form and the inad-

missible leaves L7 7 that are represented in standard form.

Definition 4 (Hierarchical matrix) Let G € RT*7 | and let
T7 7 be ablock tree for 77 and 77 with the sets C“ZLX 7 and
fo 7 of admissible and inadmissible leaves. Let k € Nj.
We call G a hierarchical matrix (or H-matrix) of local
rank k if for each admissible leaf b = (¢, s) € 'CIx 7 there

are A, € Rk and B, € R¥** such that
Glis = ApBj. ey

Together with the nearfield matrices given by Nj, := G|;,;
for each inadmissible leaf b = (¢,s5) € E%X 7 the
matrix G is uniquely determined by the triple ((Ap) ¢ ok
(Bb)b€L§xJ’ (Nb)beﬁij
representation.

The set of all hierarchical matrices for the block tree 77 7
and the local rank k is denoted by H (77« 7, k).

), called its hierarchical matrix

Intypical applications, hierarchical matrix representations
require O (nk log n) units of storage [3,5,11,15].

3 Basic arithmetic operations

If the block tree is constructed by standard algorithms [15],
stiffness matrices corresponding to the discretization of a
partial differential operator are hierarchical matrices of local
rank zero, while integral operators can be approximated by
hierarchical matrices of low rank [2,7-9].

In order to obtain an efficient preconditioner, we approxi-
mate the inverse [15,23] or the LR or Cholesky factorization
[23, Section 7.6] of a hierarchical matrix. This task is
typically handled by using rank-truncated arithmetic oper-
ations [15,22]. For partial differential operators, domain-
decomposition clustering strategies have been demonstrated
to significantly improve the performance of hierarchical
matrix preconditioners [17,18], since they lead to a large
number of submatrices of rank zero.

We briefly recall four fundamental algorithms: multiply-
ing an H-matrix by one or multiple vectors, approximately
adding low-rank matrices, approximately merging low-rank
block matrices to form larger low-rank matrices, and approx-
imately adding a low-rank matrix to an H{-matrix.

Matrix-vector multiplication Let G be a hierarchical matrix,
b= (t,s) € Trx7, a € R, and let arbitrary matrices X €

procedure addeval(t, s, a, G, X, var Y);
if b= (t,s) € LI, 7 then

Y —Y 4+ aN X
else if b= (t,s) € E%XJ then begin

Z —aBiX; Y —Y+AZ
end else
for b’ = (t,s’) € sons(b) do

addeval(t’,
end

s, 0, G, Xlaxr, Yiix)

procedure addevaltrans(t, s, o, G, Y, var X);
if b= (t,s) € L7, ; then

XY+ ozNg‘X
else if b= (t,s) € L}XJ then begin

Z —aAlY; X —X+ByZ
end else

for b’ = (t,s’) € sons(b) do

addevaltrans(t’, s’, a, G, Vi i, X|sxk)

end

Fig.1 Multiplication Y < Y + aG|; ;X or X < X + aGl;fng

R&>K and ¥ € R7K be given, where /C is an arbitrary index
set. We are interested in performing the operations

Y <Y +aGl; X, X <« X+oeG|:fX§Y

If b is an inadmissible leaf, i.e., if b = (¢, 5) € Eij holds,
we have the nearfield matrix Ny = G|z, ; at our disposal and
can use the standard matrix multiplication.

If b is an admissible leaf, i.e.,if b = (¢, s) € £+ holds
we have G|z, s = Ap By, and can first compute Z:= aB*X
and then update Y <« Y + AbZ for the first operation or use
7 = =aApY and X < X + BbZ for the second operation.

If b is not a leaf, we consider all its sons b’ = (¢/,s') €
sons(b) and perform the updates for the matrices G|, , ¢ and
the submatrices X |z, xc and Y|;, x recursively. Both algo-
rithms are summarized in Fig. 1.

Truncation Let b = (t,s) € T7x7,and let R € RS be a
matrix of rank at most £ < min{#7, #5}. Assume that R is
given in factorized form

R=AB*, AeR* BecR*

and let k € [0 : £]. Our goal is to find the best rank-k
approximation of R. We can take advantage of the factor-

ized representation to efficiently obtain a thin singular value
decomposition of R: let

B = QOpRp

be a thin QR factorization of B with an orthogonal matrix
Qg € R**¢ and an upper triangular matrix R € R®*¢. We
introduce the matrix
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procedure rkadd(a, R1, var Ro);

{ Ry = AB*, R, =CD* }

Find thin QR factorization QpRp = (B D);

A — (aA C) Rg;

Find thin singular value decomposition UZV* = ;4\;
Choose new rank k;

S X1k,
C—U(,1:k); D—QpVX*
end

Fig.2 Truncated addition R, <« trunc(R, + o R})

A= AR}y € Rix¢

and compute its thin singular value decomposition

A=UzV*

with orthogonal matrices U € R*€ and V e RO and
o1

Y = .

o
A thin SVD of the original matrix R is given by

R=AB*= AR%Q% = AQ%
—UZV* Qy =US(QpV) =UZV*

withV := QOp V. The best rank-k approximation with respect
to the spectral and the Frobenius norm is obtained by replac-
ing the smallest singular values ok1, ..., o¢ in X' by zero.

Truncated addition Let b = (t,s) € Tz« . andlet R(, Ry €
R*5 be matrices of ranks at most ki, ko < min{#f, #5},
respectively. Assume that these matrices are given in factor-
ized form

A] € Rkal B] € foh
A2 c RIAsz B2 c R§Xk2

Ry = A1 By,
Ry = AQBEF,

and let £ := k1 + kp and k € [0 : £]. Our goal is to find the
best rank-k approximation of the sum R := Rj + R». Due to

R=Ry+ Ry = A\Bf + A2B} = (A Ay) (B1 By)" .

this task reduces to computing the best rank-k approximation
of a rank-¢ matrix in factorized representation, and we have
already seen that we can use a thin SVD to obtain the solution.
The resulting algorithm is summarized in Fig. 2.

Low-rank update During the course of the standard H-matrix
multiplication algorithm, we frequently have to add a low-
rank matrix R = AB* with A € R>K B ¢ R™>K and
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procedure rkupdate(t, s, a, R, var G);
{R=AB*}
if b= (t,s) € L7, ; then

Ny «+— Ny + AB*
else if b= (t,s) € LI, ; then

{ Glivs = R’ }

rkadd(a, R, R')
else

for v/ = (¢,

rkupdate(t’,

end

) € sons(b) do
s’y a, R‘{’Xs” G)

Fig.3 Truncated update G|;, ; < blocktrunc(G|;,; + R)

(t,s) € Izxg to an H-submatrix G|;,;. For any subsets
t' C tand s’ C §, we have

Rlpwy = AlpyxcBl3 e

so any submatrix of the low-rank matrix R is again alow-rank
matrix, and a factorized representation of R gives rise to a
factorized representation of the submatrix without additional
arithmetic operations. This leads to the simple recursive
algorithm summarized in Fig. 3 for approximately adding
a low-rank matrix to an H-submatrix.

Splitting and merging In order to be able to handle general
block trees, it is convenient to be able to split a low-rank
matrix into submatrices and merge low-rank submatrices into
a larger low-rank submatrix.

Splitting a low-rank matrix is straightforward: if b =
(t,s) € E}XJ is an admissible leaf, we have G|;, ; = A;,BZ‘
and Glpyy = AplpygBpll,, for all ¢ € sons(r) and
s’ € sons(s), i.e., we immediately find factorized low-rank
representations for submatrices.

Merging submatrices directly would typically lead to an
increased rank, so we once again apply truncation: if we
have Ry = A1B? and Ry = A2B} with Ay, Ay € R,
By € RSk and By € R%2%k we can again use thin QR
factorizations

B = Q1R), By=0OR»

with Ry, Ry € R¥*K to find

(R1 R2) = (AlB AzB ) (AlR*Q* AZR*Qz)
( ]Riﬁ AR ) ( *> .
I ce— 2
(A

~
=0

The matrix A has only 2k columns, so we can compute its
singular value decomposition efficiently, and multiplying the
resulting right singular vectors by Q yields the singular value
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procedure rowmerge(R1,..., Rp, var R); forallt e TI and
{R; =A;B}, R=AB" }
for j =1 to pdo
Find thin QR factorization B; = QB jRB,;; #Hrelr : (t,5) € TIXJ} = Csp (2¢)

A= (A1R*B’1 APRE,;;)§ R R
Find thin singular value decomposition UXV™* = A;
Choose new rank k;

Z— X0k,
QB
A—U(:1:k); B+~ Ve
QB,p
end

procedure rkmerge((Rij)ic[1:p],j€] var R);

for j =1 to q do

1:q]»

rowmerge(R7;, ..., Iy, Rj);
rowmerge(R7, ..., Ry, R)
end

Fig.4 Merging low-rank matrices

decomposition of the block matrix. We can proceed as in the
algorithm “rkadd” to obtain a low-rank approximation.

Applying this procedure to adjoint matrices (simply using
BA* instead of AB*), we can also merge block columns.
Merging first columns and then rows lead to the algorithm
“rkmerge” summarized in Fig. 4.

Complexity Now let us consider the complexity of the basic
algorithms introduced so far. We make the following standard
assumptions:

— finding and applying a Householder projection in R”
takes not more than Cqn operations, where Cy; is an
absolute constant. This implies that the thin QR fac-
torization of a matrix X € R™™ can be computed
in Cgrnm min{n, m} operations and that applying the
factor Q to a matrix ¥ € R"* takes not more than
Cyrnl min{n, m} operations.

— the thin singular value decomposition of a matrix X €
R™ ™ can be computed (up to machine accuracy) in
not more than Cgynm min{n, m} operations, where Csy
is again an absolute constant.

— the block tree is admissible, i.e., for all inadmissible
leaves b = (t,s) € EEX 7 the row cluster ¢ or the col-
umn cluster s are leaves, so we have

(t,s)eE}Xj:MeL‘IVSeﬁj (2a)
forallb = (t,5) € T7x 7.
— the block tree is sparse [15], i.e., there is a constant Cs, €

R- ¢ such that

#{s € Tj s (t,s) €Iz g) < Csp (2b)

foralls € 77.
— there is an upper bound C,, for the number of a cluster’s
sons, i.e.,

#sons(t) < Cen, #sons(s) < Cep (2d)
forallt € 7z and s € 7.

— all ranks are bounded by the constant £ € N, i.e., in
addition to (1), we also have
#f <k, #5<k (2e)
for all leaves t € L7,s5 € L 7.

We also introduce the short notation

c 1 eI},
ZSETJ},

pr := max{level(z)
p7 = max{level(s)
prxg = max{level(b) : b € T1y 7}

for the depths of the trees involved in our algorithms.

The combination of (2a) and (2e) ensures that the ranks of
all submatrices G|;, ; corresponding to leaves b = (¢, s) €
L7 7 of the block tree are bounded by k.

We will apply the algorithms only to index sets K satisfy-
ing #/C < k, and we use this inequality to keep the following
estimates simple.

We first consider the algorithm “addeval”. If b = (¢, s) €
L, 7> We multiply N;, directly by X. This takes not more
than (#7)(2#5 — 1)(#K) operations, and adding the result to
Y takes (#7)(#/KC) operations, for a total of 2(#7)(#5)(#K)
operations. Scaling by « can be applied either to X or to
the result, leading to additional min{#7, #5} (#K) operations.
Due to (2a), we have t € L7 or s € L 7, and due to (2e), we
find #f < k or #§ < k. This yields the simple bound

2k(HE + #5)(#K) < 2k>(#i + #5)

for the number of operations.

Ifb = (t,5) € L}, ;,computing Z takes k(2#5 — 1) (#K)
operations, and scaling the result by « takes k(#K) opera-
tions. Adding the product Abf to Y then takes 2(#)k(#K)

operations, for a total of

2k (HE + #5) HK) < 2k(#T + #5)#HK) < 2k>(#HT + #5)
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operations. Due to the recursive structure of the algorithm,
we find that

2k2(#E + #5)
Z(l’,S’)Esons(b) Wey (1, 87)

. if sons(z, s) = @,
Wey (1, 5) = { otherwise
forallb = (t,s) € Tz 7. is a bound for the total number of
operations. Due to symmetry, we obtain a similar result for
the algorithm “addevaltrans”.
A straightforward induction yields

Wey(t, 5) < 2k*

doo#+ > # 3)

(t'.5)eTp (t'.s)€Tp

for all b = (¢, s) € Trx 7. Since the definition of the block
tree implies level(?), level(s) < level(d) for all blocks b =
(t,s) € Trx 7, we can use (2b) and the fact that clusters on
the same level are disjoint to find

Yooo#i= Y > #

b=(I,S)€TIXJ IETZ SETJ
level()<pzxg (t,5)€T1x 7

Z#f

ZETI
level(t) <pzx 7

PIxT

=Cyp Y. Y #

=0 rteT7
level(t)=¢

PIxTJ
U 7

=Cop ) #
=0 teTr

level(t)=¢
< Cop(pzxg + D#I. (4a)

= Csp

Repeating the same argument with (2c) yields

Y. # < Cylprg + DHJ. (4b)
b:(t,S)ETIXj

Applying these estimates to the subtree 7}, instead of 77 7
gives us the final estimate

Wey(t, 5) < 2Cspk* (P 7 + D# + #5) ®)

forall b = (1, s) € T1x 7. Now let us take a look at the trun-
cated addition algorithm “rkadd”. Let k{, k € Ny denote
the number of columns of R; and R,. We will only apply
the algorithm with k1, ko < k, and we use this property to
keep the estimates simple. By our assumption, the thin QR
factorization requires not more than Cq (#5)(k; + k)2 <
4Cqrk>#3 operations. Setting up A takes (#7)k, < k#f oper-
ations to scale A and not more than 2(#)(k; + k2)? <
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8k2#t operations to multiply by R} By our assumption, the
thin singular value decomposition requires not more than
Cyy (#1) (k1 +k2)? < 4Cg k>#f operations. The new rank k is
bounded by k1 + k> < 2k, so scaling V takes not more than
(k1 +k2)* < 4k? operations and applying Q3 to V takes not
more than Cq; (#5) (k1 + k)% < 4quk2#§. The total number
of operations is bounded by

4C ok #5 + k#T + 8K*#1 + 4C k*#i + 4K
+ 4C o k5 < Coaak® (# + #5)

with Cyq := max{8Cqy, 4Csy + 9}.
The algorithm “rkmerge” can be handled in the same way
to show that not more than

q
D7 (2Cark 7 + Cou (Conk) M5 ) + 2Cqrk™#5 + Coy (Cnk 4
j=1

operations are required to merge low-rank submatrices of
Gl75» Where the constantis given by Cryg := max{2Cs; Cyr+
C2,Cyy. C3.Coy + 2Cqc}.

The algorithm “rkupdate” applies “rkadd” in admissi-
ble leaves and directly multiplies A and B* in inadmissible
leaves. In the latter case, the row cluster ¢ € 77 or the column
cluster s € 77 has to be a leaf of the cluster tree due to (2a)
and we can bound the number of operations by

D2(HD) #S)HIC) < 2k(H + #5)k < Cagk® HT + #5).

Asinthe case of “addeval”, a straightforward induction yields
that the total number of operations is bounded by

Caak> (#1 + #5)
(t',s")esons(t,s) WUP (t/’ S/)

. if sons(t,s) = @,
Wap(t, 5) := = otherwise
forall b = (¢, s) € Tr 7. We can proceed as before to find
Wap(t, 8) < CaaCopk® (prc 7 + 1T + #3) (6)

forallb = (t,5) € Tz 7.

4 Matrix multiplication with accumulated
updates

Let us now consider the multiplication of two 7{-matrices.
This operation is central to the entire field of 7{-matrix arith-
metics, since it allows us to approximate the inverse, the LR
or Cholesky factorization, and even matrix functions.

Following the lead of the well-known BLAS package, we
write the matrix multiplication as an update

Z < blocktrunc(Z + aXY),
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where X, Y, Z are H-matrices for blocktrees 774 7, T7xx,
and 77, corresponding to cluster trees 77, 77, and i,
respectively, « € R is a scaling factor, and “blocktrunc”
denotes a suitable blockwise truncation. Given that H-
matrices are defined recursively, it is straightforward to define
the matrix multiplication recursively as well, so we consider
local updates

Z|;y; < blocktrunc(Z |z, ; +aX|p Y 5x7)

with (¢,5) € Trx7 and (s,r) € T7xx. The key to an
efficient approximate H-matrix multiplication is to take
advantage of the low-rank properties of the factors X|;, ;
and Y ;5.

If(s,r) € E} «jc» our assumption (2a) yields thats € £ 7
or r € Lx holds. In the first case, we have #5 < k due to
(2e) and obtain a factorized low-rank representation
XlzxsYlsxi = Xlpus DNs,ry = AB*
with A := Xl;ys! and B := Ns,ry. In the second case, we
have #7 < k due to (2¢) and can simply use
XlpxsYlsxr =

rxs

(X|[><5 S, r)I = AB*

with A := X|pysNs,r and B := I € R™_ In both cases,
A can be computed using the “addeval” algorithm, and the
low-rank representation AB* of the product can be added to
Z|;+; using the “rkupdate” algorithm.

If (s,r) e ﬁjxlC’ we have

Y|§><f = A(s,r)B;;,,)
and find

Xlpxs¥ It = XlixsAs. B,y = AB*
with A := X|;y3A(s,r and B = B(s,r). Once again, the
matrix A can be computed using “addeval”.

If (t,s) € Lzx7 holds, we can follow a similar
approach to obtain low-rank representations for the product
X|;43Y l3x7, replacing “addeval” by “addevaltrans”.

If (t,s) ¢ L7« 7 and (s,r) ¢ Lgxx, the definition of
the block tree implies that ¢, s, and r cannot be leaves of the
corresponding cluster trees. In this case, we split the product
into
Z|py o <= blocktrunc(Z |y o + o X|p oo Y 5 <77)
for all ' € sons(t), s’ € sons(s), r’ € sons(r) and handle
these updates by recursion.

If (t,r) € Lyyxcoreven (t,r) ¢ Tryx, the blocks (', r')
required by the recursion are not contained in the block tree

T7«ic- In this case, we create these sub-blocks temporarily,
carry out the recursion, and use the algorithm “rkmerge” to
merge the results into a new low-rank matrix if necessary.

The standard version of the multiplication algorithm con-
structs the low-rank matrices A B* and directly adds them to
the corresponding submatrix of Z using “rkupdate”. This
approach can involve a significant number of operations:
entire subtrees of 77, have to be traversed, and each of
the admissible leaves requires us to compute a QR factoriza-
tion and a singular value decomposition.

Accumulated updates. In order to reduce the computational
work, we can use a variation of the algorithm that is inspired
by the matrix backward transformation for H2-matrices [4]:
instead of directly adding the low-rank matrices to the H-
matrix, we accumulate them in auxiliary low-rank matrices
I/Q\,,r associated with all blocks (¢,7) € T7y.x. After all
products have been treated, these low-rank matrices can be
“flushed” to the leaves of the final result: starting with the root
of TIXK:’ for each block (¢,r) € Tlec\l:lec, the matri-
ces R, » are split into submatrices and added to R,/ ~ for all
t' € sons(t) and r’ € sons(r).

This approach ensures that each block (¢, r) € Tr4x is
propagated only once to its sons and that each leaf (¢,7) €
L7«x is only updated once, so the number of low-rank
updates can be significantly reduced.

Storing the matrices I/?\,,, for all blocks (¢,r) € Trxxc
would significantly increase the storage requirements of
the algorithm. Fortunately, we can avoid this disadvantage
by rearranging the arithmetic operations: for each (¢,r) €
Trxx, we define an accumulator consisting of the matrix
R\,,, and a set P, of triples (o, 5, X,Y) € R x 77 x
H(T¢ 5y, k) x H(Z(s,r, k) of pending products aXY. A
product is considered pending if (t,s) € Tz« 7\Lzx 7 and
(s,r) € Trxx\L 7K, i.e., if the product cannot be imme-
diately reduced to low-rank form but has to be treated in the
sons of (¢, r).

Apart from constructors and destructors, we define three
operations for accumulators:

— the addproduct operation adds a product ¢ XY with o €
R, X € H(7¢.5), k), Y € H(Zs,r), k) to an accumulator
for (t,r) € Truxc. If (¢, 5) or (s, r) is a leaf, the product
is evaluated and added to I/?\t,r. Otherwise, it is added to
the set P; , or pending products.

— the split operation takes an accumulator for (¢,7) €
T7 x Tic and creates accumulators for the sons (¢, r') €
sons(¢) x sons(r) that inherit the already assembled
matrix I/i’\,,,|;,x;,. If (o, s, X, Y) € P, satisfies (t,s") €
Lrxgor(s',r) e Lyyx fors’ € sons(s), the product
is evaluated and its low-rank representation is added to
Rt/ +. Otherwise (e, ', Xy ¢, Ys7x) is added to the
set Py, of pending products for the son.
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— the flush operation adds all products contained in an accu-
mulator to an H-matrix.

Instead of adding the product of H-matrices to another H-
matrix, we create an accumulator and use the “addproduct”
operation to turn handling the product over to it. If we only
want to compute the product, we can use the “flush” operation
directly. If we want to perform more complicated operations
like inverting a matrix, we can use the “split” operation to
switch to submatrices and defer flushing the accumulator
until the results are actually needed.

An efficient implementation of the “flush” operation can
use “split” to shift the responsibility for the accumulated
products to the sons and then “flush” the sons’ accumulators
recursively. If the sons’ accumulators are deleted afterwards,
the algorithm only has to store accumulators for siblings
along one branch of the block tree at a time instead of for
the entire block tree, and the storage requirements can be
significantly reduced.

The “flush” operation can be formulated using the “split”
operation, that in turn can be formulated using the “addprod-
uct” operation. The “addproduct” operation can be realized
as described before: if (¢, s) or (s, r) are leaves, a factorized
low-rank representation of the product can be obtained using
the “addeval” and “addevaltrans” algorithms. If both (¢, s)
and (s, r) are not leaves, the product has to be added to the
list of pending products. The resulting algorithm is given in
Fig. 5.

Using the “addproduct” algorithm, splitting an accumula-
tor to create accumulators for son blocks is straightforward:
if R, = AB*, we have Riloy s = Alyo i Bliy and can
initialize the matrices ﬁ,/‘,/ for the sons ¢’ € sons(z) andr’ €
sons(r) accordingly. The pending products (e, s, X, Y) €
P; , canbe handled using “addproduct”: since (¢, s) and (s, r)
are not leaves, Definition 2 implies sons(s) # @, so we can
simply add the products a X |;/, Y |« for all s € sons(s)
to either I/e\,/,r/ or Py, using “addproduct”. The procedure is
given in Fig. 6.

The “flush” operation can now be realized using the “rkup-
date” algorithm if there are no more pending products, i.e.,
if only the low-rank matrix ﬁ,,, contains information that
needs to be processed, and using the “split” algorithm oth-
erwise to move the contents of the accumulator to the sons
of the current block so that they can be handled by recur-
sive calls to “flush”. If there are pending products but (z, )
has no sons, we split Z into temporary matrices Z,/,r/ for all
t' € sons(t) and r’ € sons(r) and proceed as before. If (¢, r)
is an inadmissible leaf or the descendant of an inadmissible
leaf, Z and the matrices Z’, » are given in standard represen-
tation, so we can copy the submatrices Z’, » directly back
into Z. Otherwise Z is a low-rank matrix and we have to use
the “rkmerge” algorithm to combine the low-rank matrices
Z/,r/ into the result. The algorithm is summarized in Fig. 7.
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procedure addproduct(a, s, X, Y, var ﬁt,r, Py );
if (t,s) € L7, ;7 then begin
if #t < #5 then begin
KHIER’ng; EHOGRFX&

addevaltrans(s, 7, 1, Y, N (t,8) B)
end else begin

A<—NX,(t,s); §<—OE]R’A“X§;
addevaltrans(s, r, 1, Y, I, B)
end;

rkadd(c, AB*, Ry )
end else if (s,7) € L, then begin
if #7 < #35 then begin
B TeR™" A (0ecRiX"
addeval(t, s, a, X, Ny, (s,r), X)
end else begin

B Nj (o, Ae0eRS
addeval(t, s, 1, X, I, 2)
end;

rkadd (e, A\ﬁ*, ﬁtgr‘)

end else if (¢,s) € £}rx\7 then begin
/T<—Axﬂ(tﬁs); §<—0€R’2Xk;
addevaltragli(s, r, LY, Bx (1,5, E),
rkadd(a, AB*, Ry,,)

end else if (s,7) € [’}xlc then begin
BHBY,(s,rﬁ EHOERfik;
addeval(t,As/,\l, )A(, Ay, (s,r) A);
rkadd(a, AB*, Ry )

end else
Pt,'r‘ — Pt,T @] {(Oé7 8,)(7 Y)}

end

Fig.5 Adding a product to an accumulator (Ri.r. P )

procedure split(ﬁtﬁr, Py, var (}%t/’,.r,Pt/‘,.,)t,m/);
for t’ € sons(t), v’ € sons(r) do begin
Ry — Rt,’rl{/ XA
Pt’,'r" — (Zk
for (o, s, X,Y) € P, do
for s’ € sons(s) do

addproduct(a, s’, X|; Yls s, EW,TU Py )

X 8"
end

Fig. 6 Splitting an accumulator into accumulators for son blocks
(t',r") € sons(t) x sons(r)

5 Complexity analysis

If we use the algorithms “addproduct” and “flush” to compute
the approximated update

Z| < blocktrunc(Z|;,; + a X7 : Y |5x7),

tx7
most of the work takes place in the “addproduct” algorithm.
In fact, if we eliminate the first case in the “flush” algorithm
(cf. Fig. 7), we obtain an algorithm that performs all of its
work in “addproduct”.

For this reason, it makes sense to investigate how often
“addproduct” is called during the “flush” algorithm and for
which triplets (¢, s, r) these calls occur. Since “flush” is a
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procedure flush(var R; ., Pi ., Z); A simple induction yields
if P, =0 do
rkupdate(¢, 7, 1, ﬁt,m Z)
else if sons(t,r) # 0 do begin (t,5.1) € TrxgxK
split(R¢,r, Pt r, (Rer v, Pt v ) s or); = (1,5) € 7_7Z><\7 A(s, 1) € TJXIC (7)

for t' € sons(t), r’ € sons(r) do
ﬁush(Rt«,T/, Pt/7f,‘/, Zlf’xé’); R
Delete temporary accumulators (R, Py )
else begin
Create temporary matrices Zy . «— Z|;
for all t’ € sons(t), v’ € sons(r)
split(Re,ry Pr,ry (Rer vy Pogr)er )
for ¢’ € sons(t), r’ € sons(r) do
ﬂuSh(Rt’,r’y Pt’,'r"a Zt’,'r"); .
Delete temporary accumulators (R¢ , Py )
if Z is in standard representation then
Zpr o < Ly oo for all t € sons(t), r’ € sons(r)
else
tkmerge((Zyr ) s Z)
Delete temporary matrices Zg/
end
Rt 0O

X 7!

X7
>

Pt,r<_(z)

Fig.7 Flush an accumulator into an H-matrix Z

recursive algorithm, it makes sense to describe its behaviour
by a “call tree” that contains a node for each call to “addprod-
uct”. Since “addproduct” is only called for a triplet (¢, s, r)
if (¢, s) and (s, r) are not leaves of 77, 7 and 7 7 i, respec-
tively, we arrive at the following structure.

Definition 5 (Product tree) Let T7y 7 and 77, be block
trees for cluster trees 77 and 77, and 77 and 7, respec-
tively.

Let 7 be a labeled tree, and denote the label of a node
¢ € T by ¢. We call T a product tree for the block trees
T1w 7 and Tz c if

— foreachnotec € 7 therearet € 77,5 € 77 andr € T
such that ¢ = (¢, s, r),

— the root r = root(7") of the product tree has the form
r = (root(77), root(77), root(7x)),

— forc = (t,s,r) € T thelabel is givenby ¢ =7 x § x 7,
and

— we have

sons(c)

|9 if(t,5) € Lzxgor(s,r) € Laxk,
| sons(#) xsons(s) xsons(r) otherwise

forallec = (¢t,s,r) € 7.

A product tree for 774 7 and 774 is usually denoted by
TTx 7xIC- its nodes are called products.

Let 774 7xx be a product tree for the block trees 77, 7
and 77y x.

forallt € 77, s € 77, r € T due to our Definition 2 of
block trees.

We can also see that 77, 7« is a special cluster tree for
the index set Z x J x K.

If we call the procedure “addproduct” with the root triplet
root(77x 7xx) and use “flush”, the algorithm “addproduct”
will be applied to all triplets (¢, s, r) € Ty 7xxc. If (¢, 5) or
(s, r)is aleaf, the algorithm uses “addeval” or “addevaltrans”
to obtain a factorized low-rank representation of the product
X|;y:Y l5%7 and “rkadd” to add it to the accumulator. The
first part takes either Wey (2, s) or Wey (s, r) operations, the
second part takes not more than C 2k HE + #7) operations,
for a total of

Wey (£, 5) + Wey(s, 7) + Caak>(#T + #7)

operations. If (¢,r) ¢ T7.xc\Lzxx holds for (z,s,r) €
T« 7xic» we also have to merge submatrices, and this takes
not more than Cmgk2 (#f + #7') operations.

Theorem 1 (Complexity) The new algorithm for the H-
matrix-multiplication with accumulated updates (i.e., using
“addproduct” for the root of the product tree Tz 7, fol-
lowed by “flush”) takes not more than

ComCopk® max{pr. 7 + 1, p7xic + 1, prokc + 17
(#Z + #J + #K) operations,

where Cym := 3Cad + Cmg + 2.

Proof Except for the final calls to “rkupdate”, the number of
operations for “flush” can be bounded by

D Welt,s) + Wey(s,r)
(I’Syr)eTIxJXIC

+ (Cad + Cong) K> (HT + #7).

Since (t,s,r) € Tz 7xx implies (t,s) € Trx 7, we can
use (3) and (2b) to bound the first term by

Z Wey(2, 5)

(t,5.1€TTx TxK

S VDS

(t,5,1)€TTx gxKc (t',5)ET (1 5)

#1 + #5

=2 ) > o ##
(t,9)eTrxg 1€l (el
(s,1eTrxK
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<20pk* > o # o #
(t.89)eTzxg (t'.s)eT (1)
=2Cpk* ) Yoo # 4 #

(t',s"eTzxg (t.5)TTxg
(t's"€T 5

Since a block tree is a special cluster tree, the labels of all
blocks on a given level are disjoint. This implies that any
givenblock (7', s") € 71, 7 canhave at most one predecessor
(t,s) € Trxg with (t',s") € T 5) on each level. Since the
number of levels is bounded by pz. 7 + 1, we find

Yo Wels)

(.5, gxK

<20k (preg +1) Y
(t’,s’)ETIXJ

a0+ #§

and can use (4a) and (4b) to conclude

Yo Wels)

(t,5,1)€TTx TxKC
<2CHK (prxg + DPHI +#T). (8)

For the second sum, we can follow the exact same approach,
replacing (2b) by (2¢), to find the estimate

Do Wels.r)

(f»YJ’)ETIxJXKI

DD D)

(s,r)ETjX/C telr (S’,r’)e']ig,,)
(tsS)ETIxJ

<20k (prak+1 Y
(S’,r’)Ezj)(
< 2CE KA (pgwic + DPHT +#K). ©)

#5' + #/

#5' + #7/

For the third sum, we can again use (2b) and (2c), respec-
tively, to get

Z#f

(t,sar)eTl'xe}C

3D VD M

telr  s€Ty redy
(l,S)ETIXj (SJ)ETJXIC

c, Y, #

IETI
level(t)<pzx g

Z#f

([,S,F)ETIXJX)C

IA
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-y ¥ ¥ o

reTK SETJ tETI
(.r)€T gxxc t.9)€T1x g

<c; D> #R

rET/C
level(r)<p7xic

Since the clusters on the same level of a cluster tree are dis-
joint, we have

PIxT
Yoo o= Y #
teTr (=0 77
level(t)<pzx g level(t)=¢
PIxT
< Y #I=(pzxg + DAL,
=0
PIxK
Yoo o#= ) N #
reTx =0 relx
level(r)<pgxic level(r)=¢
PIxK
< Y #K = (pguk + DHK
£=0

and conclude that the third sum is bounded by

C3(Caa + Cong)k* ((p1x g + DHT + (p7xkc + DHK) .
(10)
Now we have to consider the calls to “rkupdate” in the third
line of the “flush” algorithm. If (¢, r) € 77k, the function
“rkadd” is called for all leaves (¢, r') € L7y descended

from (¢, r), and this takes not more than Cyqk2(#i' + #7')
operations. Using (4a) once again, we obtain the upper bound

D Cuak®#+#) < CaaCopk® (pruic+1) HI+H#K)
(' ,relzxk
for the first case and

Cad Z

(t,s,1)€TTx TxIC

< Cu Csp Z

(l,S)ETIXJ
< CaaComax{prug + 1. p7xi + NHT + #K)

#t+7

#H+ Y #F

(SJ’)GTJXIC

for the second. Combining both estimates yields

2CaaComax{pre g+ 1, pxk + 1, PTxk + 1YHT +#K),
(1)

and adding (8), (9), and (10) while using Cyq > 1 yields the
final result. O
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Remark 1 Without accumulated updates, the call to “rkadd”
in the “addproduct” algorithm would have to be replaced by
a call to “rkupdate”.

Since “rkupdate” has to traverse the entire subtree rooted
in (¢, r), avoiding it in favor of accumulated updates can
significantly reduce the overall work.

Remark 2 (Parallelization) Since the “flush” operations for
different sons of the same block are independent, the new
multiplication algorithm with accumulated updates could be
fairly attractive for parallel implementations of H-matrix
arithmetic algorithms: in a shared-memory system, updates
to disjoint submatrices can be carried out concurrently with-
out the need for locking. In a distributed-memory system, we
can construct lists of submatrices that have to be transmitted
to other nodes during the course of the “addproduct” algo-
rithm and reduce communication to the necessary minimum.

6 Inversion and factorization

In most applications, the H-matrix multiplication is used to
construct a preconditioner for a linear system, i.e., an approx-
imation of the inverse of an 7{-matrix.

When using accumulated updates, the corresponding algo-
rithms have to be slightly modified. As a simple example, we
consider the inversion [15]. More efficient algorithms like
the H-LR or the H-Cholesky factorization can be treated in
a similar way.

For the purposes of our example, we consider an H-matrix
G € H(77x7, k) and assume that it and all of its principal
submatrices are invertible and that diagonal blocks (7, ¢) €
T7«7 With t € 77 are not admissible.

To keep the presentation simple, we also assume that the
cluster tree 77 is a binary tree, i.e., that we have # sons(z) = 2
for all non-leaf clusters t € 77\L7.

We are interested in approximating the inverse of a sub-
matrix G := Glpy; for t € T7. If t is a leaf cluster, the
block (z, t) has to be an inadmissible leaf of 77,7, so G is
stored as a dense matrix in standard representation and we
can compute its inverse directly by standard linear algebra.

If ¢ is not a leaf cluster, we have sons(t) = {t1, 1} for
t,tp € Tz and (¢, 1) € Tz 7 \L7x7- We split G into

Gi1: =Gl Gr2:=Gly ki,

Go1 =Gl yjs G2 = Gliyg,

and get

=~ Gu Gn

G=|~ ~ .
<G21 Gzz)

Due to our assumptions, G, G11 and G, are invertible.

The standard algorithm for inverting an H-matrix can be
derived by a block LR factorization: we have

)(éu G )

1 Gy — G21G1_11G12
é\ll 612

1 N

with the Schur complement § = 622 — 521 @fll G 12 that is
invertible since G is invertible. Inverting the block triangular

matrices yields
G- = Gy —Gp'Gns™! T
s-! ~Gu Gy 1

_ (G +G'G1S GGy —Gy/Grs!
—871Gy1 Gy} s '

~ 1
G=|~ ~_
<G21 G, 11

< I
N G21G1_11

We can see that only matrix multiplications and the inversion
of the submatrices G 11 and S are required, and the inversions
can be handled by recursion.

The entire computation can be split into six steps:

Invert 511.

Compute Hip 1= @1_11612 and Hy| := 62161_11.
Compute S := 622 — H21612.

Invert S.

Compute Hj, := —H»S~ ! and Hy, = —S~'Hy,.
Compute Hy, := "1—11 — Hi2Hj,.

AR e

After these steps, the inverse is given by

~ H{, H]
-1 _ 11 12
o= (i §)

and due to the algorithm’s structure, we can directly overwrite
Gy first by S and then by S, G by H{,, Go by Hj,,
and G first by G 1_11 and then by H{,. We require additional
storage for the auxiliary matrices Hi, and H»j.

In order to take advantage of accumulated updates, we
represent all updates applied so far to the matrix G by an
accumulator. In the course of the inversion, the accumulator
is split into accumulators for the submatrices G 115 G 12, @21,
and @22.

The first step is a simple recursive call. The second step
consists of using “flush” for the submatrices G 12 and 521 R
creating empty accumulators for the auxiliary matrices Hp|
and Hj; and using “addproduct” and “flush” to compute the
required products. In the third step, we simply use “addprod-
uct” without “flush”, since the recursive call in the fourth
step is able to handle accumulators. In the fifth step, we use
“addproduct” and “flush” again to compute H{, and H,. The

@ Springer



82

S.Borm

procedure invert(t, ﬁt,m P; ¢, var G, H);

if sons(t) = () then
Glixi — Gl7 .

else begin
Split(ﬁt,ty P t, (ﬁt’,s’, Py s1) e, s esons(t))i
invert(t1, Etl,tly Py 4., G, H);
HUSh(étl,tza Py, 4y, (212);
flush(Ry, .5 Pry,tys G21);
Hi2 < 0;  Haz1 < 0
addprclduct(l, t1, @11, @12, I%tl’tz, Py, ty);
ﬂush(Rtl,tz, Pt17t27/\H122\; R
addprclduct(l, t1, Ga1, Gi1, Ry, ¢y, Pryyty);
ﬂuSh(Rt%tl, Ptz,tl’ Hgl);/\ R
addproduct(—1, t1, H21, Gi2, Rey,t,, Py,t,);
invert(tz, §t2,t27 Py, .+,, G, H);
612 — 0 @21 — 0
addprciduct(—l, ta, 1112, 622, ﬁitl,tz, Ptth);
ﬁllSh(Rt],t27 Pt“tz, g12); ~
addprciduct(—l, ta, ggz, Hosq, Rt27t1’ Ptzvtl);
ﬁllSh(th,t17 Pt27t17 GQl);A ~
addprciduct(—l, ta, 1112, Goa1, Ry, ty, Ptz,t2)§
ﬁllSh(th,t27 Ptz,t27 Gll)

end

Fig.8 Invert an H-matrix G using accumulated updates

sixth step computes H{, in the same way by using “addprod-
uct” and “flush”. The algorithm is summarized in Fig. 8.

Itis possible to prove that the computational work required
to invert an H-matrix by the standard algorithm without
accumulated updates is bounded by the computational work
required to multiply the matrix by itself.

If we use accumulated updates, the situation changes:
since “flush” is applied multiple times to the submatrices
in the inversion procedure, but only once to each subma-
trix in the multiplication procedure, we cannot bound the
computational work of the inversion by the work for the mul-
tiplication with accumulated updates. Fortunately, numerical
experiments indicate that accumulating the updates still sig-
nificantly reduces the run-time of the inversion. The same
holds for the H-LR and the H-Cholesky factorizations
[23,25, Section 7.6].

7 Numerical experiments

According to the theoretical estimates, we cannot expect the
new algorithm to lead to an improved order of complexity,
since evaluating the products of all relevant submatrices still
requires O(nk? p*) operations. But since the computationally
intensive update and merge operations require only O (nk? p)
operations with accumulated updates, we can hope that the
new algorithm performs better in practice.
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Fig.9 Runtime per degree of freedom for the 7{-matrix multiplication,
single layer V'V above, double layer K K below

The following experiments were carried out using the
H2Lib! package. The standard arithmetic operations are
contained in its module harith, while the operations
with accumulated updates are in harith?2. Both share the
same functions for matrix-vector multiplications, truncated
updates, and merging.

We consider two H-matrices: the matrix V is constructed
by discretizing the single layer potential operator on a
polygonal approximation of the unit sphere using piecewise
constant basis functions. The mesh is constructed by refining
a double pyramid regularly and projecting the resulting ver-
tices to the unit sphere. The H-matrix approximation results
from applying the hybrid cross approximation (HCA) tech-
nique [9] with an interpolation order of m = 4 and a cross
approximation tolerance of 107>, followed by a simple trun-
cation with a tolerance of 1074,

The second matrix K is constructed by discretizing the
double layer potential operator (plus 1/2 times the identity)
using the same procedure as for the matrix V.

In a first experiment, we measure the runtime of the
matrix multiplication algorithms with a truncation tolerance
of 10~*. Figure 9 shows the runtime divided by the matrix
dimension n using a logarithmic scale for the n axis. Both
algorithms reach a relative accuracy well below 10~* with

1" Open source, available at http://www.h2lib.org.
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Fig. 10 Runtime per degree of freedom for the H-matrix inversion,
single layer V~! above, double layer K ~! below

respect to the spectral norm, and we can see that the ver-
sion with accumulated updates has a significant advantage
over the standard direct approach, particularly for large matri-
ces. Although accumulating the updates requires additional
truncation steps, the measured total error is not significantly
larger. Since the new algorithm stores only one low-rank
matrix for each ancestor of the current block, the temporary
storage requirements are negligible.

In the next experiment, we consider the H-matrix inver-
sion, again using a truncation tolerance of 10~*. Since the
inverse is frequently used as a preconditioner, we estimate
the spectral norm ||/ — GG |l> using a power iteration. For
the single layer matrix V, this “preconditioner error’ starts
at 6 x 10™* for the smallest matrix and grows to 1072 for
the largest, as is to be expected due to the increasing con-
dition number. For the double layer matrix K, the error lies
between 2 x 1072 and 1.1 x 107! For n = 73,728, the
error obtained by using accumulated updates is almost four
times larger than the one for the classical algorithm, while
for n = 524,288 both differ by only 13%. We can see in
Fig. 10 that accumulated updates again reduce the runtime,
but the effect is only very minor for the single layer matrix
and far more pronounced for the double layer matrix.

In a final experiment, we investigate H-matrix factor-
izations. Since V is symmetric and positive definite, we
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Fig. 11 Runtime per degree of freedom for the 7{-matrix factorization,
single layer LL* = V above, double layer LR = K below

approximate its Cholesky factorization V ~ LL*, while we
use the standard LR factorization K ~ LR for the matrix K .
The estimated preconditioner error ||/ — (ZZ*)_1V||2 for
the single layer matrix of dimension n = 524,288 is close to
2.2 x 1073 for the algorithm with accumulated updates and
close t0 9.5 x 10~ for the standard algorithm. For the dou-
ble layer matrix of the same dimension, the estimated error
11— (ZIA?J)’1 K |2 iscloseto 5.6 x 10~ ! for the new algorithm
and close to 3.8 x 10~! for the standard algorithm. Figure 11
shows that accumulated updates significantly reduce the run-
time for both factorizations.

In summary, accumulated updates reduce the runtime of
the H-matrix multiplication and factorization by a factor
between two and three in our experiments while the error
is only moderately increased. The same speed-up can be
observed for the inversion of the double layer matrix, while
the improvement for the single layer matrix is significantly
smaller.

References

1. Baur, U.: Low rank solution of data-sparse Sylvester equations.
Numer. Linear Algebra Appl. 15, 837-851 (2008)

2. Bebendorf, M.: Approximation of boundary element matrices.
Numer. Math. 86(4), 565-589 (2000)

@ Springer



84

S.Borm

10.

11.

12.

13.

14.

15.

16.

Bebendorf, M., Hackbusch, W.: Existence of H-matrix approx-
imants to the inverse FE-matrix of elliptic operators with L°°-
coefficients. Numer. Math. 95, 1-28 (2003)

Borm, S.: H2-matrix arithmetics in linear complexity. Computing
77(1), 1-28 (2006)

Borm, S.: Approximation of solution operators of elliptic par-
tial differential equations by H- and H>-matrices. Numer. Math.
115(2), 165-193 (2010)

Borm, S.: Efficient Numerical Methods for Non-local Operators:
H2-Matrix Compression, Algorithms and Analysis. Volume 14 of
EMS Tracts in Mathematics. EMS, Berlin (2010)

Borm, S., Christophersen, S.: Approximation of integral opera-
tors by Green quadrature and nested cross approximation. Numer.
Math. 133(3), 409-442 (2016)

Borm, S., Grasedyck, L.: Low-rank approximation of integral oper-
ators by interpolation. Computing 72, 325-332 (2004)

Borm, S., Grasedyck, L.: Hybrid cross approximation of integral
operators. Numer. Math. 101, 221-249 (2005)

Ewald, P.P.: Die Berechnung optischer und elektrostatischer Git-
terpotentiale. Ann. Phys. 369(3), 253-287 (1920)

Faustmann, M., Melenk, J.M., Praetorius, D.: H-matrix approx-
imability of the inverse of FEM matrices. Numer. Math. 131(4),
615-642 (2015)

Gavrilyuk, I., Hackbusch, W., Khoromskij, B.N.: {-matrix approx-
imation for the operator exponential with applications. Numer.
Math. 92, 83-111 (2002)

Gavrilyuk, I., Hackbusch, W., Khoromskij, B.N.: Data-sparse
approximation to operator-valued functions of elliptic operator.
Math. Comput. 73, 1107-1138 (2004)

Grasedyck, L.: Existence of a low-rank or H-matrix approximant to
the solution of a Sylvester equation. Numer. Linear Algebra Appl.
11, 371-389 (2004)

Grasedyck, L., Hackbusch, W.: Construction and arithmetics of
‘H-matrices. Computing 70, 295-334 (2003)

Grasedyck, L., Hackbusch, W., Khoromskij, B.N.: Solution of large
scale algebraic matrix Riccati equations by use of hierarchical
matrices. Computing 70, 121-165 (2003)

@ Springer

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Grasedyck, L., Kriemann, R., LeBorne, S.: Parallel black box -
LU preconditioning for elliptic boundary value problems. Comput.
Vis. Sci. 11, 273-291 (2008)

Grasedyck, L., Kriemann, R., LeBorne, S.: Domain decomposi-
tion based H-LU preconditioning. Numer. Math. 112(4), 565-600
(2009)

Grasedyck, L., LeBorne, S.: H-matrix preconditioners in
convection-dominated problems. SIAM J. Math. Anal. 27(4),
1172-1183 (2006)

Greengard, L., Rokhlin, V.: A fast algorithm for particle simula-
tions. J. Comput. Phys. 73, 325-348 (1987)

Greengard, L., Rokhlin, V.: On the numerical solution of two-point
boundary value problems. Commun. Pure Appl. Math. 44(4), 419—
452 (1991)

Hackbusch, W.: A sparse matrix arithmetic based on H-matrices
part I: introduction to H-matrices. Computing 62(2), 89-108
(1999)

Hackbusch, W.: Hierarchical Matrices: Algorithms and Analysis.
Springer, Berlin (2015)

Hackbusch, W., Nowak, Z.P.: On the fast matrix multiplication in
the boundary element method by panel clustering. Numer. Math.
54(4), 463-491 (1989)

Lintner, M.: The eigenvalue problem for the 2d Laplacian in H-
matrix arithmetic and application to the heat and wave equation.
Computing 72, 293-323 (2004)

Rokhlin, V.: Rapid solution of integral equations of classical poten-
tial theory. J. Comput. Phys. 60, 187-207 (1985)

Sauter, S.A.: Variable order panel clustering. Computing 64, 223—
261 (2000)

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.



	Hierarchical matrix arithmetic with accumulated updates
	Abstract
	1 Introduction
	2 Hierarchical matrices
	3 Basic arithmetic operations
	4 Matrix multiplication with accumulated updates
	5 Complexity analysis
	6 Inversion and factorization
	7 Numerical experiments
	References




