
Comput Visual Sci (2010) 13:153–160
DOI 10.1007/s00791-010-0134-4

REGULAR ARTICLE

Multigrid and sparse-grid schemes for elliptic control problems
with random coefficients

A. Borzì

Received: 20 January 2009 / Accepted: 26 March 2010 / Published online: 23 April 2010
© Springer-Verlag 2010

Abstract A multigrid and sparse-grid computational app-
roach to solving nonlinear elliptic optimal control problems
with random coefficients is presented. The proposed scheme
combines multigrid methods with sparse-grids collocation
techniques. Within this framework the influence of random-
ness of problem’s coefficients on the control provided by
the optimal control theory is investigated. Numerical results
of computation of stochastic optimal control solutions and
formulation of mean control functions are presented.
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1 Introduction

An established tool for the construction of control strate-
gies for real systems is provided by optimal control theory
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[17,19] where an optimal control problem is formulated as
the minimization of an objective, that models the purpose
of the control and describes the cost of its action, under the
constraint given by the modeling equations. We focus on the
control of a semilinear elliptic PDE with random coefficients
where the nonlinearity is nonmonotonic. Therefore the result-
ing optimal control problem is singular [20] in the sense that
without control the model equation my not admit solutions.

With this benchmark, we investigate an elliptic optimal
control problem with a random coefficient that describes the
reaction nonlinearity. The present investigation, is based on
previous work on deterministic models [6,7] and on recent
research [22,31] on modeling and optimization problems
where the coefficients of the problem are described by ran-
dom fields. In this paper, we present an efficient multigrid
and sparse-grids methodology to solve these problems. Our
setting is based on the work in [1,12,23,29] on elliptic prob-
lems with random inputs. We assume that the reaction coef-
ficient is modeled by random fields that can be approximated
by a truncated Karhunen–Loève expansion on the probabil-
ity space. With this representation, we can use the Smolyak
sparse-grid algorithm [10,18] to model a high-dimensional
stochastic coefficient space.

We use a stochastic collocation method, where the solution
of the stochastic optimal control problem is obtained solv-
ing, in the physical space, a deterministic optimality system
for each point of the sparse-grids coefficient space. For the
solution of the deterministic optimality system, we use a col-
lective-smoothing multigrid (CSMG) scheme presented in
[3–5] that provides optimal computational performance inde-
pendently of the values of the optimization parameters and
of the problem’s coefficient [6]. The combination of sparse-
grids and multigrid techniques results in a solution process
with optimal computational complexity with respect to the
sizes of the physical and probability grids. In a companion

123



154 A. Borzì

paper [8], the methodology presented here is extended to the
case of parabolic control problems.

In the next section, we discuss the modeling of random
fields and their representation by the Karhunen–Loève expan-
sion and define the concept of solution of a stochastic PDE
problem. In Sect. 3, we formulate a representative nonlinear
ellipticoptimalcontrolproblemwitha randomcoefficientand
consider a deterministic objective. In Sect. 4, we discuss the
discretization of the stochastic parameter space using
sparse-grids collocation and describe the Smolyak scheme. In
Sect. 5, a collective-smoothing multigrid scheme for nonlin-
ear elliptic optimal control problems is discussed. Section 6 is
dedicated to numerical experiments for validating the numer-
ical performance of the CSMG multigrid scheme combined
with sparse-grids collocation techniques. Typical multigrid
convergenceratesandrobustnesswithrespect toalargechoice
of optimization parameters is obtained. Results of computa-
tion of stochastic optimal control solutions are reported with a
focusonthemomentsof thetrackingabilityof theoptimization
scheme. We investigate the construction of a robust control
obtained as the mean of the controls resulting from different
realizations of reaction fields and demonstrate that this con-
trol represents an improvement compared with the control
obtained considering a mean field reaction coefficient. A con-
clusion section completes the exposition of our work.

2 Random coefficients

In the modeling of application systems, material properties
are only known at a statistical level. On the other hand, obser-
vation (or preparation) of physical configurations is subject
to random noise. Both sources of randomness result in uncer-
tainties in model and process conditions that can be accom-
modated in the framework described below.

Consider the following nonlinear elliptic equation
{

�y + Gδ(y) = f in �

y = g on ∂�,
(1)

where � ⊂ R
d , d ≥ 1 is the spatial dimension. The nonlin-

ear term Gδ(y) models the reaction kinetics for the state y; δ

is a reaction coefficient that is considered subject to random-
ness. We assume that the coefficient δ is described by a spa-
tial random field. That is, we assume that δ = δ(x, ω) where
x ∈ � and ω ∈ O, where the triple (O, A,P) denotes a
probability space where O is the space of elementary events,
A is the sigma-algebra of subsets of O, and P the probability
measure on O. The values of the stochastic function δ(x, ω)

are usually spatially correlated in a way characterized by a
covariance structure. Clearly, we cannot model numerically
the resulting infinite-dimensional coefficient space and a suit-
ablefinite-dimensionalapproximationmustbeintroduced.For
thispurpose,acommonapproachis tousetheKarhunen–Loève

(KL) expansion [21] of the random field δ(x, ω), that is based
onaspectraldecompositionof thecovariancekernelof thesto-
chastic process. We assume that the mean and the covariance
of δ(x, ω) are known respectively as

δ0(x) = E(δ)(x) :=
∫
O

δ(x, ω)dP(ω) (2)

and

Cδ(x, x ′) =
∫
O

(δ(x, ω) − δ0(x))(δ(x ′, ω)

−δ0(x ′))dP(ω). (3)

We see that Cδ defines the kernel of a compact, positive,
and self-adjoint operator. Denote with λ j the real positive
eigenvalues and with z j (x) the corresponding orthonormal
eigenfunctions of Cδ as follows∫
�

Cδ(x, x ′) z j (x ′)dx ′ = λ j z j (x), x ∈ �,

where we assume to order the eigenvalues in decreasing
order. Having the eigenpairs, we can define the following
uncorrelated random variables

Y j (ω) = 1√
λ j

∫
�

(δ(x, ω) − δ0(x)) z j (x)dx, j=1, 2, . . .

with zero mean and unit variance, i.e.
∫
O Yi (ω) Y j (ω)

dP(ω) = δi j . We assume that the random variables Y j are
independent.

Now, the truncated KL expansion of δ(x, ω) is given by

δN (x, ω) = δ0(x) +
N∑

j=1

√
λ j z j (x) Y j (ω), (4)

where N denotes the number of terms in the truncation. We
see that δN (x, ω) may provide a suitable approximation to
δ(x, ω) assuming that the eigenvalues decay sufficiently fast
and N is sufficiently large.

We consider random fields characterized by squared expo-
nential covariance

Cδ(x, x ′) = s2 exp

(
−|x − x ′|2

�2

)
, x, x ′ ∈ [a, b],

with mean δ0 and variance s2. The degree of variability of this
random field can be characterized by the ratio s/δ0, while the
frequency of variation of this field is related to the ratio L/�,
where L is the characteristic length of the physical domain
and � represents the physical correlation length. One can
show that the eigenvalues have exponential decay as λ ∼
c1� exp(−c2 �2) for some positive constants c1 and c2; see,
e.g., [16,23].
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We consider random fields of the type given above that
can be approximated by (4) with good accuracy for mod-
erate values of N . Therefore, assuming finite dimensional
random fields, we can write the explicit dependence of δ on
the random variables [Y1, . . . , YN ] as follows

δ(x, ω) ≈ δ(x, Y1, . . . , YN ).

With this setting, we have that the solution to (1) can be
described in terms of spatial coordinates and the set of ran-
dom variables as follows

y(x, ω) ≈ y(x, Y1, . . . , YN ).

We see that solving a stochastic PDE problem requires to
solve for the set of all deterministic solutions correspond-
ing to all possible (infinite) events. An approximation to the
stochastic solution can be obtained considering a subset of
events in the probabilistic space.

3 An optimal control problem with random coefficients

We consider a reaction diffusion processes controlled through
source terms with the purpose of attaining a desired target
profile given by yd(x). We assume that the target is deter-
ministic and assume that the random parameter field is suffi-
ciently regular such that moments of the solution up to a given
degree exist; see [26]. We denote with Y = [Y1, . . . , YN ] and
omit the fact that all dependent variables representing the
solution to the optimal control problem are functions of the
event ω. Thus, for the state we write y(x) instead of y(x, ω),
etc..

In the following, we formulate a nonlinear distributed opti-
mal control problem with a random coefficient
⎧⎨
⎩

minu∈L2(�;O) J (y, u)

�y + Gδ(Y (ω))(y) = f + u in � × O,

y = g on ∂�,

(5)

where we assume deterministic boundary conditions and
forcing term. A representative singular control problem is
obtained choosing

Gδ(y) = δ ey,

which models chemically generated heat in a solid fuel igni-
tion model [2], where � represents a solid fuel, y its tem-
perature distribution, and �y models heat transfer due to
conduction. If � is a unit square and f = 0, then there exists
a critical value δ∗ ≈ 6.808 such that there is no solution to
the governing equation if δ > δ∗; see [2,6]. However, in the
presence of control, by adding or subtracting thermal energy
to the fuel through a source term, we can drive the system to
a given target configuration.

To attain a desired target given by yd(x) ∈ L2(�), we
introduce the following deterministic cost functional

J (y, u) = 1

2
||y − yd ||2L2(�)

+ ν

2
||u||2L2(�)

. (6)

Here, ν > 0 is the weight of the cost of the control, i.e. the
optimization parameter.

The optimal control problem (5)–(6) is stochastic in the
sense that for any event ω a different control results. Each
single event corresponds to the solution of a deterministic
optimal control problem; see, e.g., [6]. For ω, we have the
occurrence δ = δ(x, ω). With this specification and choos-
ing f = 0 and g = 0, we have that the solution to (5)–(6) is
characterized by the following first-order optimality system

�y + δ ey = u in �,

�p + δ ey p + (y − yd) = 0 in �,

νu − p = 0 in �,

y = 0, p = 0 on ∂�.

(7)

At this point, we can introduce the reduced cost functional
Ĵ given by

Ĵ (u) = J (y(u), u), (8)

where y(u) denotes the solution to the state equation for
a given u. Notice that for δ > δ∗, the governing equation
may have multiple solutions. We assume that y(u) repre-
sents the solution of the lower branch [6]. The gradient of Ĵ
with respect to u is given by ∇ Ĵ (u) = νu− p(u) where p(u)

is the solution of the adjoint equation for the given y(u).
The solution of optimal control problems with random

coefficients requires to compute a control for each coeffi-
cient configuration. The space of these controls represents
the solution of the stochastic control problem. However, an
application task is to deliver a unique control for the gov-
erning random PDE model. This control should be at least
sub-optimal for all configurations of the coefficient and ide-
ally should be such to minimize the mean of the objective
while spanning the stochastic coefficient space. That is, one
could consider the following

min
u∈L2(�)

E( Ĵ )(u) = min
u∈L2(�)

∫
O

Ĵω(u) dP(ω) (9)

where Ĵω(u) = Ĵ (yω(u), u). This formulation requires to
solve an optimization problem with infinitely many terms in
the objective (the integral in O) and infinitely many PDE-
constraints (that characterize yω(u)).

In order to define a reasonable approximation to this prob-
lem, it is important to consider the following fact discussed
in [24,25]. Given a functional F depending on a random var-
iable δ with mean E(δ) and standard deviations sδ we have
the following second-order Taylor expansion
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E(F(δ)) = F(E(δ)) + 1

2

∂2 F

∂δ2 s2
δ + O(s4)

where the second derivative is evaluated at E(δ). From this
formula we conclude that a first-order approximation to (9)
corresponds to minu∈L2(�) Ĵ (u) where the state equation has
mean field E(δ) as reaction coefficient.

Notice that the state equation is nonlinear and therefore the
control obtained using the mean reaction coefficient, uE(δ),
is not the same as the mean of the controls, E(u), obtained
by averaging over all δ configurations. Therefore, while the
Taylor series expansion above shows that uE(δ) is a first-
order approximate solution to (9), it appears reasonable to
ask whether or not ũ = E(u) can be also an approximate
minimizer. This is not clear since in general we expect

J (y(uE(δ)), uE(δ)) 
= J (y(E(u)), E(u))

In the section of numerical experiments we compare these
two approximation strategies in the effort of designing a
robust optimal control. It turns out that ũ represents an
improvement upon uE(δ).

4 Discretization of the probabilistic space

We recall that the solution of a stochastic PDE problem is the
set of all deterministic solutions corresponding to all possible
events. To approximate to the set of all deterministic optimi-
zation solutions one can choose to represent the stochastic
PDE problem using the so called generalized polynomial
chaos expansion (GPCE) [11,30]. But this approach is dif-
ficult to implement and requires to solve very large-sized
coupled systems.

A viable approach is by collocation on a grid in the prob-
ability space and the physical domain is approximated using
a classical discretization scheme. On this grid we need to
solve (5)–(6) for each grid point and all statistical quantities
related to these solutions are obtained by integration on this
grid. However, a cartesian grid of a N -dimensional space will
require a number of function evaluations that grows exponen-
tially with N . This problem can be alleviated in part using
a set of nodes with improved interpolation properties (low
Lebesgue number) as the Chebyshev nodes given by

z j
i = − cos

π(i − 1)

m j − 1
, i = 1, . . . , m j ,

where m j = 2 j−1 + 1 (m1 = 1) denotes the number of
nodes of a j-order (or level) grid. One notices that the set of
Chebyshev nodes for all j is nested. Let {z j } = {z j

1, . . . , z j
m j }

then the nesting property gives that {z j } ⊂ {z j+1}. Corre-
spondingly, let {w j } be the set the quadrature weights in one
dimension which correspond to the nodes {z j }. Then, on a
tensor-product grid we have that the mean value of a function
f : R

N → R is given by

E( f ) =
m1∑

i1=1

. . .

m N∑
iN =1

f (z j1
i1

, . . . , z jN
iN

) (w j1 ⊗ · · · ⊗ w jN ).

To reduce the m1 × · · · × m N -number of function evalua-
tions, we use a Smolyak scheme [12,23,29] that constructs
interpolation as linear combination of tensor-product formu-
las on a minimal number of nodes of the multidimensional
space. A full N -dimensional grid of order J , with j1 =
j2 = · · · jN = J in each dimension, is formed using a
tensor product of the constituent one-dimensional grids and
has total order j1 + j2 + · · · + jN = N J . On the other
hand, the sparse grid of order J is composed of a strict sub-
set of full grids where J is the order of the largest allowed
grid and the orders of the constituent grids add up to a total
order given by J + N − 1. For example, consider N =
4 and a sparse grid of order J = 2. This grid results in
{z1 ⊗ z4} ⋃{z2 ⊗ z3} ⋃{z3 ⊗ z2} ⋃{z4 ⊗ z1}.

To define the weights for sparse-grid integration, we need
to define the difference weights of order j , which are η j =
w j − w j−1 on the odd numbered nodes. On the sparse grid
of dimension N and total order J , the weights are given by

wJ =
N+J −1∑

�=1

∑
|j|=�

(η j1 ⊗ · · · ⊗ η jN ).

For more details on sparse grids see [10,18].

5 A collective smoothing multigrid scheme

An advantage of the stochastic collocation approach on sparse
gridswithrespect to,e.g.,MonteCarlosimulation, is togreatly
reduce the number of solver calls. Nevertheless, the number
of optimality system solves remains considerably large thus
requiringanefficientandrobustsolutionstrategyforeachcoef-
ficient configuration. For this purpose we use the collective-
smoothingmultigridstrategy[6,7] thathasbeenproventosolve
(5)–(6) with textbook multigrid efficiency independently of
the choice of optimization parameter’s values.

To illustrate the collective-smoothing multigrid scheme,
consider L grid levels indexed by k = 1, . . . , L , where k = L
refers to the finest grid. The mesh of level k is denoted by �k

where hk = h1/2k−1. Any operator and variable defined on
the discrete space �k is indexed by k. The discretized opti-
mality system at level k with homogeneous Dirichlet bound-
ary conditions is given by

�h yh + δ exp(yh) = fh + uh,

�h ph + δ exp(yh) ph + (yh − ydh) = 0, (10)

νuh − ph = 0,

where �h represents the five-point finite differences Lapla-
cian with homogeneous Dirichlet boundary conditions. We
denote this nonlinear algebraic problem as the following
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Multigrid for random coefficients elliptic control problems 157

Ak(wk) = fk, wk = (yk, uk, pk). (11)

As well known [9,15,28], the multigrid strategy combines
two complementary schemes. The high-frequency compo-
nents of the solution error are reduced by a smoothing
iteration, denoted by Sk , while the low-frequency error com-
ponents are effectively reduced by a coarse-grid correction
method as defined below.

The action of one multigrid cycle applied to (11) can be
expressed in terms of a (nonlinear) multigrid iteration opera-
tor Bk . Starting with an initial approximation w

(0)
k the result

of one V (ν1, ν2)-cycle is then denoted by wk = Bk(w
(0)
k ) fk .

Algorithm 1 Multigrid V (ν1, ν2)-Cycle
Set B1(w

(0)
1 ) ≈ A−1

1 (e.g., iterating with S1 starting with

w
(0)
1 ). For k = 2, . . . , L define Bk in terms of Bk−1 as fol-

lows.

1. Set the starting approximation w
(0)
k .

2. Pre-smoothing. Define w
(l)
k for l = 1, . . . , ν1, by

w
(l)
k = Sk(w

(l−1)
k , fk).

3. Coarse-grid correction. Set w
(ν1+1)
k = w

(ν1)
k + I k

k−1

(wk−1 − Î k−1
k w

(ν1)
k ) where

wk−1 = Bk−1

(
Î k−1
k w

(ν1)
k

) [
I k−1
k

(
fk−Ak

(
w

(ν1)
k

))

+Ak−1

(
Î k−1
k w

(ν1)
k

)]
.

4. Post-smoothing. Define w
(l)
k for l = ν1 + 2, . . . , ν1 +

ν2 + 1, by

w
(l)
k = Sk

(
w

(l−1)
k , fk

)
.

5. Set Bk(w
(0)
k ) fk = w

(ν1+ν2+1)
k .

We choose I k−1
k to be the full-weighted restriction oper-

ator [15,28]. The prolongation I k
k−1 is defined by bilinear

interpolation. We choose Î k−1
k to be straight injection.

We remark that a key component in the development of
multigrid solvers for optimality systems is the design of
robust collective smoothing schemes [7]. In the case of sin-
gular optimal control problems the construction of a CSMG
scheme is presented in [6]. To illustrate the construction of
this scheme in the present case, let x ∈ �k , where x =
(ih, jh) and i, j index the grid points, e.g., lexicographically,
and define the stencil-setωi j={0, 0; 1, 0;−1, 0; 0, 1; 0,−1}.
We can express the action of �h on the function vh in i, j in
the following compact form

�hvh |i j = 1

h2

⎛
⎝ ∑

s,t∈ωi j , s,t 
=i, j

vst − 4vi j

⎞
⎠.

define

Ai j =
∑

s,t∈ωi j , s,t 
=i, j

yst − h2 fi j and Bi j

=
∑

s,t∈ωi j , s,t 
=i, j

pst − h2 ydhi j .

Here Ai j and Bi j are considered constant during the update
of the variables at i, j . With this setting the optimality system
at i, j becomes

Ai j − 4 yi j + h2 eyi j − h2 pi j/ν = 0, (12)

Bi j − 4 pi j + h2 eyi j pi j + h2 yi j = 0, (13)

where we replaced ui j = pi j/ν.
To approximately solve this system we apply a local New-

ton update as in [6]. Consider (12)–(13). The inverse of the
Jacobian of these two equations is given by

M−1
i j = 1

det Mi j

( −4 + h2 eyi j h2/ν

−h2 (1 + eyi j pi j ) −4 + h2 eyi j

)
,

(14)

where det Mi j = (−4+h2 eyi j )(−4+h2 eyi j ). Notice that h
can be chosen sufficiently small to guarantee that det Mi j 
=
0.

We have the following smoothing scheme

Algorithm 2 Collective Gauss-Seidel Iteration

1. Set the starting approximation.
2. For i j in, e.g., lexicographic order do

(
y
p

)(1)

i j
=

(
y
p

)(0)

i j
+ M−1

(
ry

rp

)
i j

;

3. end.

where r y
i j = −(Ai j − 4 yi j + h2 eyi j − h2 pi j/ν) and r p

i j =
−(Bi j − 4 pi j + h2 eyi j pi j + h2 yi j ), denote the residuals of
state and adjoint equations at i, j prior to the update.

6 Numerical experiments

We validate the collective-smoothing multigrid scheme and
sparse-grids collocation techniques with our elliptic opti-
mal control problem with random coefficient benchmark.
We investigate two robust control strategies. The first one
is obtained by the mean of the controls resulting from dif-
ferent realizations of the reaction coefficient field. The other
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Fig. 1 Two realization of δ(x1, x2, ω). Left Y1 = 0.0, Y2 = 0.0, Y3 = 1.0, Y4 = 1.0. Right Y1 = 0.0, Y2 = −1.0, Y3 = 0.0, Y4 = 1.0

control is obtained by using a reaction diffusion model with
an averaged reaction field.

We consider a random reaction coefficient given by [23]

δ(x1, x2, ω) = δ0 + exp{[Y1(ω) cos(πx2)

+Y3(ω) sin(πx2)] e−1/8 + [Y2(ω) cos(πx1)

+Y4(ω) sin(πx1)] e−1/8}
where δ0 = 2 and Y j ∈ [−1, 1], j = 1, 2, 3, 4. This field
is characterized by a squared exponential covariance typical
of Gaussian processes. Two realization of δ(x1, x2, ω) are
depicted in Fig. 1 where we see that there are realizations
of the reaction coefficient function such that δ(x1, x2) > δ∗
in a large part of the computational domain. On the other
hand, we can see in Fig. 2 that the mean field coefficient
is bounded E(δ) ≤ 3.84. Because source terms enter line-
arly into the problem, we do not expect large effects on the
optimization solution due to their randomness and we take
f = 0.

The desired target configuration is given by

yd(x1, x2) = 1 − sin(π x1) sin(π x2).

Because of homogeneous Dirichlet boundary conditions, this
target is not attainable by any control.

We use two pre- and one post-smoothing steps (ν1 = ν2 =
2)
and h = 1/4 is the coarsest space mesh size. We take � =
(0, 1) × (0, 1). Two different grids Nx × Ny are considered:
64 × 64 and 128 × 128. For the discretization of the stochas-
tic space we use a four-dimensional sparse grid and present
results with order J = 2 and J = 3. These correspond to a
total number of sparse-grid points of χ = 41 and χ = 137,
which appear to be a sufficiently large number to capture the
first few moments; compare with [31].

To describe the results of the experiments we report mean
values of the observed multigrid convergence factors ρobs ,
which are defined as the asymptotic value of the ratio of the
norm of the dynamic residuals given by ||ry ||+||rp||/ν result-
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Fig. 2 The mean field reaction coefficient E(δ) ≈ 3.83

ing from two successive multigrid cycles. In all experiments,
we iterate the multigrid algorithm to a specified stopping
criteria given by ||ry || + ||rp||/ν < 10−10.

The tracking ability of the CSMG algorithm will be
expressed in terms of the mean values of the norms of the
tracking error E(‖y−yd‖). Other important statistical observ-
able are the variance of the tracking error V ar (‖y − yd‖) =
E((‖y − yd‖ − E(‖y − yd‖))2), and its skewness Skew
(‖y − yd‖) = E((‖y − yd‖ − E(‖y − yd‖))3).

Next, we report results of experiments. The results
reported in Table 1 illustrate efficiency and robustness of the
proposed multigrid solvers. These results demonstrate usual
multigrid convergence speeds which appear to be indepen-
dent of the value of ν.

In Table 1, we see that CPU times scale linearly with the
number of spatial grid points. We also see that CPU times
scale linearly with the number of evaluation points of the
stochastic sparse grid. Altogether, we obtain optimal compu-
tational complexity in CPU time. We find less improvement
of the mean and of the other moments of the objective when
we refine the sparse-grid mesh.

123



Multigrid for random coefficients elliptic control problems 159

Table 1 Results with the CSMG sparse-grids scheme: Denote ‖�y‖ = ‖y − yd‖
ν Nx × Ny CPU(s) E(‖�y‖) V ar (‖�y‖) Skew (‖�y‖) E(ρobs)

J = 2, χ = 41
10−3 64 × 64 10.5 5.22 × 10−1 3.85 × 10−6 −4.85 × 10−9 0.07

10−6 64 × 64 11.5 1.97 × 10−1 7.90 × 10−9 −6.76 × 10−13 0.05

10−3 128 × 128 42.8 5.36 × 10−1 3.67 × 10−6 −4.52 × 10−9 0.07

10−6 128 × 128 51.4 2.28 × 10−1 6.50 × 10−9 −5.05 × 10−13 0.05

J = 3, χ = 137

10−3 64 × 64 35.5 5.22 × 10−1 3.46 × 10−6 −2.15 × 10−9 0.07

10−6 64 × 64 38.6 1.97 × 10−1 7.15 × 10−9 −5.36 × 10−13 0.05

10−3 128 × 128 145.4 5.36 × 10−1 3.30 × 10−6 −2.00 × 10−9 0.07

10−6 128 × 128 158.3 2.28 × 10−1 5.88 × 10−9 −4.00 × 10−6 0.05

Table 2 Results with a given
control (left) and moments of
tracking ability for controls
corresponding to different
realization of the reaction
coefficient (as in Table 1);
Nx × Ny = 128 × 128,

χ = 137

ν E(‖y − yd‖) V ar (‖y − yd‖) E(‖�y‖) V ar (‖�y‖)
yE(u) 10−4 4.44 × 10−1 2.91 × 10−3 4.34 × 10−1 1.60 × 10−6

yuE(δ)
10−4 5.97 × 10−1 2.82 × 10−4

yE(u) 10−6 2.42 × 10−1 3.07 × 10−3 2.28 × 10−1 5.88 × 10−9

yuE(δ)
10−6 5.76 × 10−1 3.04 × 10−4

yE(u) 10−8 1.16 × 10−1 4.36 × 10−3 9.17 × 10−2 2.75 × 10−11

yuE(δ)
10−8 5.67 × 10−1 3.38 × 10−4

We now discuss the problem of defining a unique control
that provides good tracking features for all configurations of
the reaction coefficient. As a criteria to evaluate the confi-
dence level for this control, for any given value of the control
weight ν, we compare with the mean and other moments of
the tracking functional resulting from the optimal controls
specific for each δ configuration as given in Table 1.

As possible control functions, we first consider the func-
tion ũ = E(u), i.e. the mean function of the optimal con-
trols corresponding to each point of the configuration space.
Another control function is obtained considering a mean field
coefficient and computing the corresponding control. With
these candidate control functions, we solve the forward prob-
lem corresponding to each configuration of the reaction ran-
dom coefficient. Thus, we obtain yE(u) and yE(δ) and evaluate
the corresponding tracking properties. Notice that for some δ

the operator equation is nonmonotone and solving for y with
a given u is a difficult task. However, we can compute y(u)

using E(y) as initial approximation for a nonlinear multigrid
iteration for the forward problem.

To compare the ability of yE(u) and yE(δ) to track the
desired target for each different coefficient configuration,
we consider different control weights. The results of these
experiments are given in Table 2. We see that the controlled

state yE(δ) obtained using a mean field coefficient (see Fig. 2)
has a limited tracking ability which results less sensitive to
the value of ν. On the other hand, the controlled state yE(u)

corresponding to a mean control function provides better
tracking performance than yE(δ) and this performance
improves as we consider smaller weights. In addition, we
have the desirable property that the mean tracking obtained
with yE(u) is close to the mean tracking error obtained con-
sidering different realization of the reaction coefficient.

7 Conclusions

Asingularellipticoptimalcontrolproblemwitharandomreac-
tion coefficient was formulated and a collective-smoothing
multigridmethodcombinedwithsparse-gridscollocationtech-
niqueswasimplementedtorobustlyandefficientlysolvethese
optimization problems. Results of computation of stochastic
optimal control solutions were reported with a focus on the
moments of the tracking ability of the optimization schemes.
Theconstructionofcontrol strategieswasdiscussedanditwas
found that the mean control function is robust and accurate for
all configuration of the reaction coefficient.
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