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Abstract. We analyze here the bidimensional boundary value
problems, for both Stokes and Navier—Stokes equations, in
the case where non standard boundary conditions are im-
posed. A well-posed vorticity—velocity—pressure formulation
for the Stokes problem is introduced and its finite element dis-
cretization, which needs some stabilization, is then studied.
We consider next the approximation of the Navier—Stokes
equations, based on the previous approximation of the Stokes
equations. For both problems, the convergence of the numer-
ical approximation and optimal error estimates are obtained.
Some numerical tests are also presented.

1 Introduction

We are interested in this paper in the stationary Navier—
Stokes problem satisfying physical boundary conditions in
a bounded domain £2 C R?, simply connected with a polyg-
onal boundary I" = 952 such that §2 is on one side only of its
boundary.

We begin by studying the linear Stokes equations with
the same non-standard boundary conditions, for which we
propose a three-fields variational formulation. After show-
ing that this new vorticity—velocity—pressure formulation is
well-posed, we discretize it by means of conforming low-
order finite elements. The discrete inf-sup condition is then
obvious, while the discrete coercivity is obtained by adding
a stabilization term. The stabilization form is given by the
jumps of the discrete vorticity and pressure on the internal
edges of the triangulation. Optimal error bounds are deduced
in a technical way. We thus obtain that the method is uncondi-
tionally convergent, i.e. without any particular hypothesis of
regularity.

Next, we consider the Navier—Stokes equations and our
goal is to propose a well-posed numerical approximation for
this problem and to prove convergence as well as optimal
error estimates. To do that, we first write the nonlinear term
in an equivalent way, by means of a modified pressure. Thus,
we can write the Navier—Stokes operator in terms of the previ-
ously introduced Stokes operator. To deal with the nonlinear
aspects of the problem, we apply a variant of the implicit

function theorem, which can be found for instance in Brezzi
etal. 1980 or in Pousin and Rappaz 1994. The discretiza-
tion is based on the approximation of the Stokes equations.
Numerical tests illustrating the theoretical results are next
presented, for both the Stokes and the Navier—Stokes cases.

For the sake of simplicity, we consider here homogeneous
boundary conditions, but the method also applies to the non-
homogeneous case.

The paper is organized as follows. In the next section we
introduce the functional framework and the variational for-
mulation corresponding to the Stokes problem. In Sect. 3 we
describe the discretization method and we establish the error
estimates. Section 4 deals with the continuous Navier—Stokes
problem, while in Sect. 5 we present its approximation and
we prove the well-posedness and the convergence results for
the discrete nonlinear problem. Finally, in the last section
some numerical tests are presented.

2 The Stokes problem

We begin by introducing some notations. For any 2D vector
field v = (vy, v2)’, we denote v+ = (v, —v;)" and also :

divv = 0;v1 + 0rv2, curl v= 0;vy — 02V

and, for any scalar field ¢, curl ¢ = (3¢, —31¢)". We sup-
pose that I" is composed of three open and disjoint subsets
I, I, I3 such that I'=T"1 UM, U3 and I # 0; we de-
note, as usually, by n the outward normal vector and by # the
tangent vector to the boundary I".

We consider the incompressible Stokes equations

in £2
in 2

—VvAu+Vp=f
divu =0

and impose the following physical boundary conditions:

on > @))]

where @ = curlu represents the scalar vorticity. The data
f € L*(£2) is given, as well as the kinematic viscosity v > 0.



48

Our approach also applies to non-homogeneous boundary
conditions, see Amara et al. 2001.

Hence, we want to find a 2D velocity field # and two
scalar fields w and p satisfying

veurlw+Vp=f inf
w=curlu in 2 2
divu =0 in $2,

together with the boundary conditions (1).
In order to write a variational formulation of this problem,
let us introduce the Hilbert spaces:

M= {v € H(div, curl; 2); v-n |[‘1UI"3 = v't|1"1u1"2 =O}
X=L*9).

The spaces H(div, curl; §2) and M are both normed by

2 . 2 2 \1/2
lvllyr = (10115 + Idiv oll§ o + llcurl v§ &)

and we also introduce the seminorm

. 2 2 1/2
|v|M=(Ildlvvllogg—i-||curlv||0’9) .

The following result will be used:

Lemma 1. M is continuously embedded in H*(S2), for some
sell/2,1].

We assume in all this paper that one of the following sit-
uations hold : || > 0, or |I}| = |I3| =0, or || =0 and
[I3] > 0 with I3 simply connected, where |-| denotes the
Lebesgue measure.

Lemma 2. Under the previous assumption, the seminorm |-|
is equivalent to the norm ||-|| 3y in M.

We will denote by (-, -) the scalar product in L2(£2).
A variational formulation for the Stokes problem is given
by:

Find (o, u) € X x M such that
a(o,7)+b(t,u) =0 Vr e X, 3)
b(o, v) = —I(v) Yve M,

where, forallo = (w, p) € X, 1= (0,9) € Xandv e M,

a(o, 1) = v(w, H)
b(t, v) = —v(0, curlv) + (¢, div v)
lv)=(f,v).

Then we can prove the next result:

Theorem 1. The saddle point problem (3) has a unique so-
lution 0 = (w, p) € X and u € M, satisfying in D'($2) the
equations (2) together with the boundary conditions (1).

The proof is classical, based on the Babuska—Brezzi theo-
rem for mixed formulations (see for instance Brezzi and
Fortin 1991). One easily checks the inf-sup condition, as well
as the coercivity of a(-, -) on the kernel of b(-, -).
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From Lemma 1 and from the Sobolev theorem, it comes
that M is also continuously embedded in L*(£2).

Then one immediately gets that (3) is well-posed even
for a less regular function f € M’; in this case, [(v) = {f, v)
where (-, -) denotes the duality product between M’ and M.
In particular, one can take f € LY3(2) = (L*(2)) ¢ M’ and
obtain a unique solution (o, u) € X x L*(£2).

Let us denote by S the previous Stokes operator

S(f) = (o),

which is clearly linear and continuous.

S LY (2) — X x LY (),

3 Finite element approximation

We are interested in the discretization of (3). Let (7}), be
a regular family of triangulations of £2, consisiting of trian-
gles. We denote by hg the diameter of the triangle K, by
h =maxger, hk, by Ej, the set of internal edges and by &, the
length of the edge e.

We consider the following finite dimensional spaces

Ly={a € L*(2); quix € Po(K) VK € Th}

Xh =Lh XLh,
M, = {vh € (Co(ﬁ))2 5 vhl € Pi(K) VKG’J';,]OM
={v € M; vy, € Pi(K) VK € T}, } )

and we write the discrete problem as follows:

Find (o3, uy,) € X;, x M), such that
a(on, ) +b(th, up) =0 VY, € X, (%)
b(O’h, ‘Uh) = —l(l)h) V‘Uh € Mh .
Then the inf-sup condition, which represents the main dif-
ficulty in the velocity-pressure formulation for Stokes prob-

lem, is satisfied. However, we lose the coercivity of a(-, -) on
the discrete kernel

Vi={w € Xp; b(zy,vy) =0, Yv, € M)} .

One can only prove the following inequality, for all 7, =
(©n, qn) € Vi:

cllmlly < a(th, w)+ lveurl 6, + Vg, |2, o - (6)

In order to retrieve the coercivity, we change the bilinear
form a(-, -) in a consistent way, without changing the spaces.
For that, let us first define the jump of t = (0, ¢) € X}, across
the edge e € E;, U T by:

v[Olt. + [gln. if e € Ej,
[t]e = vot, ifeels .
qn. ifeel

Then we can establish:

Lemma3. For t, = (0, qn) € V), there exists a positive con-
stant C, independent of h, such that:

1/2

Y kI

ecE Ul

[vearl 6, +Van|l_; o <C
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We consider now the bilinear form A, : X; x X;, - R
given by

A=Y he (184, . [ml),
ecE,UI’

and we define
ang(-,-) =a(, )+ B A, ),

where 8 > 0 is a stabilization parameter, which can be chosen
eventually independently of the discretization parameter /.

Then ay(+, -) is clearly Vj-coercive, thanks to (6) and to
Lemma 3, while its continuity on X; x X;, comes from the
estimate:

Y kI

ecE,UI’

1/2

<Clwlx

with a positive constant C’ independent of A.

Therefore, we consider in the sequel the discrete prob-
lem (5) where the bilinear form a(-,-) was replaced by
ap,g(+, -). This new problem clearly fulfills the hypotheses of
the Babuska—Brezzi theorem, uniformly with respect to 4,
s0 it is well-posed. Moreover, for any f € L*3(£2) one has,
since M C L*(£2), that

)| = / Fool <cllflin vl -
2

Let us denote by S, : L¥3(£2) — X x L*(£2) the discrete
Stokes operator, defined by S, (f) = (on, u) € Xj, x Mj, the
unique solution of the previous mixed problem. Then it comes
from the Babuska—Brezzi theorem that S, satisfies

Vf e L (@), 181 (Nllxxrsa < ¢ Ifllane) )
with ¢ a positive constant independent of # but depending
on 8.

The next technical estimate was established in Amara
etal. 2001:

Theorem 2. Let f € L*>(2) and let &), denote the L*($2)-
projection of o on Xy,. Then one has:

II(S—Sh)(f)IIXXMEC{EchIIU—EhIIx

+ inf Iu—vth},

thMh

where C is a constant independent of h (but depending on B)
and E. represents the consistency error:

Ec=lo—onlx+nlflog -

Therefore, with no regularity assumption, the method
is unconditionally convergent. Supposing moreover that
the exact solution (o, u) belongs to H 1(2) x H*(£2), one
gets:

1S =S (Pl xum = ch Ml fllo.2

i.e. the method has an optimal convergence rate O(h).
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4 The Navier-Stokes problem

We want to study now the stationary incompressible Navier—
Stokes equations

in 2
in 2

uVu—vAu+Vp=f
divu =0

with the same boundary conditions (1) as in the Stokes prob-
lem.

For the analysis of this problem, it is useful to write it in
a different form. By introducing the kinematic pressure p =
p+ %u -u, one has the relation

uVu+Vp=owut+Vp.
Therefore we obtain the equivalent equations:

veurlw+Vp+owut=f inf2
inQ (8)
in §2.

w=curlu
divu =0

By introducing the nonlinear operator

1

G : XxL*R) — L**(2), G(o,u)=ou',

the Navier—Stokes equations (8) can be put in the general set-
ting of a nonlinear problem as follows:

F(o,u) =(0,0) ©)
where the mapping F is defined by:

F:XxLY Q) — Xx L),
F(r,v) = (t,v) = S(f —G(t,v)).

S represents the previous Stokes operator and f belongs
a priori to L3 (£2).

In order to simplify the writing, we agree to put ¥ =
X x L*(£2). It is obvious that Y is a Banach space and that we
have X x M CY.

We assume in the sequel that there exists a solution (o, )
such that F(o, u) = (0, 0) and DF (o, u) is an isomorphism on
X x L*(£2) and we are interested in the numerical approxima-
tion of (9).

5 Discrete Navier—Stokes problem

‘We consider the discrete version of (9):

Fy(on, up) =0, (10)
for which we want to prove existence and uniqueness of the
solution, convergence of the numerical approximation as well

as optimal error estimates.
We define the mapping Fj, : Y — Y by putting

Fi(z,v) = (1, ) = S (f = G (7, v))

where S, : L*3(£2) — Y is the discrete Stokes operator previ-
ously introduced.
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Then we can establish the next result:

Lemma 4. For f € L*3(2), the following error bound is
true:

1S = S0y = [V Il + o ~Tnllx

+ inf |u—v }
thMhl h|M ’

where the constant C is independent of h.

Proof. The proof is completely similar to the one of the es-
timate given in Theorem 2, which holds in the case where f
belongs to L?(£2) instead of L*3(£2). The only difference ap-
pears when estimating , by means of an inverse inequality (cf.
Ciarlet 1978 for instance), the term:

ff¢h <N fllpan) 1énll 4o
2

<V fllng ¢nlig

where ¢, belongs to a finite dimensional space. Then we just
use that X x M is continuously embedded in Y.

So, from (7) and Lemma 4 it comes that the discrete oper-
ator Sy, : L*3(£2) — Y satisfies the following conditions, with
¢ independent of h:

AD 1S (NHlly =cllfllLam e

(A2) limy, 0 [|(S— S (Hlly = 0. Moreover, for a regular
data f € L?(£2) and assuming that the exact solution
(o0, u) belongs to H'(2) x H*(£2), one gets:

1S =S (Dlly = chllfllo.e -

These results concern only the Stokes problem and are the
key-point of our next proofs.

Let us now come back to the numerical approxima-
tion (10) of the initial Navier—Stokes problem. For its analysis
we use a result established in Pousin and Rappaz 1994, which
is mainly based on the implicit function theorem. Some vari-
ants can be found in Brezzi et al. 1980 or in Caloz and Rappaz
1994. To apply this general result, we first show:

Theorem 3. The following conditions are fulfilled:
(H1) for all (z, v) € Y, one has

| DFy (0, u) — DFy(z, v)lly < cll(o,u) — (7, v)lly
(H2) limy,_q || F; (0, u)|ly = 0 (consistency)

(H3) for h <1, DFy (o, u) is an isomorphism of Y and there
exists a constant M > 0 such that

|| DFy(o,u)~! HY <M (stability) .
Proof. One has that: DFj,(o,u) = I+ S,(DG (o, u)), where

DG (o,u): Y — L*3(£2) is given, for any § = (o, r) € X and
w e L*(2) by:

DG (o, u)(8, w) = (ww™ + ou’) .
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So it comes, thanks to (A1) and to Holder’s inequality, that for
anyt=(0,q) € Xandv e LY (),

| DFy(o,u)(8, w) — DF,(z, v)(8, w)|ly
< cIDG (o, u)(8, w) — DG (z, v)(6, W)l Lo3(e)
= (o=l [w] s +lel 2 [u*—v*] 2 )
<cliow)—@vly 16 wly ,

which leads to (H1).
Condition (H2) is satisfied thanks to (A2) and to the fact
that
| Fr(o, w)lly = [ Flo, u) — Fy(o, u)lly
=1(S=S(f = Glo,u)lly -
We now want to show that the linear operator D Fj, (o, u)

is an isomorphism of Y. To do that, we write it in a different
form:

DFy(o,u) = DF(o,u) (I1+ By) ,

where Bj, = DF(c,u)”'(DF, (0, u) — DF(o,u)). Since by
hypothesis DF(o, u) is invertible, one has that DFj, (o, u) is
an isomorphism if || B,|ly < 1. Let us put || DF(o,u)™! ||Y =
K and estimate:

IBully = K I(S— Sp)(DG (o, w)]ly -

We already know from (A2) that Sj,(f) converges in Y
towards S(f), for any f e L*3(£2). We show next that
DG (o, u) is compact from Y to L*/3(£2). Then

lim [[(S— 5,)(DG (0, w) ly =0
so for h sufficiently small one has || B;|ly < % This finally
gives:

-1
|pFo.w ], _
I=1Bully —

which ends the proof of (H3).

’

| DFi (o] =

Concerning the compactness of DG (o, u), we assume
that w € L2t%(£2) with « > 0. One deduces that ow' €
L’ (£2) where r > 4/3 since + = 51— + 3. On the other hand,
one has thatu € M C H*(§2) with s > 1/2. Since by the Kon-
drasov theorem H*(£2) is compactly embedded in L7($2) for
some ¢ > 4, it comes that the term ou' belongs to L (),
with 7’ > 4/3 100 (4 =} + 1) Finally, the fact that ' (%) is

compactly embedded in L*/3(£2) for any r > 4/3 achieves the
proof.

Remark 1. One may propose a more direct proof for (H3),
using the regularity of the exact solution of the associated
Stokes problem with data f € L*/3(£2). Indeed, if we assume
that (o, u) € H*(£2) x H'*5(£2) for s > 0 and moreover, that

lulps+lols <c ||f||L4/3(_Q) )

then using Lemma 4 it comes that:

1S =S (Dlly = er(r) 1 fll43 ) -



Vorticity—velocity—pressure formulation for Navier-Stokes equations

Cavity test : velocity

o

(=
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Fig. 1. Calculated velocity, pressure and vorticity for the cavity test

So, for 4 small enough one has:

1
Bully = K (S — Sp)(DG (o, w)|ly < 3

Then the next statement is true, according to Pousin and
Rappaz 1994:

Theorem 4. There exists hg > 0 such that, for all h < hy,
problem (10) has a unique solution. Moreover, the following
error estimate holds:

(o, u) = (o, un)lly <2 | DFy(o.w)™' |, | Fu(o. w)ly
<c|Fy(o,wly .

So, in conclusion, the approximation method for the
Navier—Stokes problem is unconditionally convergent and its
convergence rate is given by an upper bound for || F}, (o, u)||y.
If we consider smooth data f € L*(£2) and we admit that
the exact solution (o, u) of the initial Navier—Stokes problem
satisfies w € L*(£2), then G (o, u) € L?(£2) since u € L*(£2).
Then the second part of (A2) leads to the same convergence
rate O(h) as for the Stokes problem, that is our method is
optimal in terms of finite elements.

6 Numerical results
6.1 Stokes problem

We present first the cavity test: the domain §2 is the unit
square, the righthand side functions are equal to zero and we
impose u = (1, 0) on the upper boundary and u =0 on the
other three boundaries. We represent in Fig. 1 the calculated
solution. Remark that the method used here can rigorously
take into account boundaries conditions on # which belong
only to L?(3£2).

We present now the Bercovier—Engelman test which allow
us to compute the error between the exact solution and its nu-
merical approximation. For this test, we have £2 =]0, 1[* and
the boundary condition: # = 0 on I". The right-hand sides f;
and f, of equations are given here such that the exact solution
is:

Cavity test : Pressure
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Cavity test : vorticity
40.7 10.1
26.1 6.02
115 191
-3.01 -2.2
-17.6 -6.31
-32.1 -10.4
-46.7 -14.5
-61.3 -18.6
2758 227
-90.4 -26.8
-105 -31
Table 1. Error for the Bercovier—Engelman test
p=1 p=0.1 B=0.05 B =0.01
loo—awnll;2q) 0.57 0.2 0.2 0.32
Ip—=pull 20 1.78 0.55 1.07 4.97
luy —uinly o 1.06 0.24 0.23 0.27
luz —uzpli o 1.06 0.24 0.23 0.28

w1 (x, y) = =256y(y = )2y — DHx(x—1)*,
ua(x, y) = —ui(y, x), plx,y)=x—=0.5)(y-0.5)

Besides, in Table | we present the absolute error in
L?-norm for the unknowns @ and p and in H'-norm for
(uy, uy). These errors are calculated on a unstructured mesh
for different values of 8. The results show that 8 has to be
chosen correctly, not too big but not too small neither.

6.2 Navier—Stokes problem

We first present an academic test where the solution is given
by the next expressions:

uy = —sin(mwx) cos(mwy) ; uy = cos(mx) sin(wy) ,
p = sin(mx) sin(wy)

Velocity
T e *
Vs ERNNN N N e Sy
s ==X\ 777 NN
%557;&?\ /;2:333355
<= SN
Ve~ \ma} fwi SNy
] [ ) N ]
R A
7 A
ANy AN SRR
VS N2l )
¥\\\%ﬂﬂﬁ$kk\ SS<~—~a Y
s o —
0 - > o <-4
M T T TR R e s SN | hhraE et eSS
A ////MM\\\M v ¢¢//Ke4_<—<~—f\<\\\r\ Iy
177 =N
FAaTTIINNN LI vee TN
277NN Ve NN
(1770 AR
B
N e
e 7222 AR AR\ taaasd /)
:“\\\W/L/g ﬁ i §\\ /"/’71
A e e A R T e o 7
-1 r T r

Fig. 2. Calculated velocity for the academic test boxes
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Step test : Velocity
1 T

M. Amara et al.

Table 2. Errors for Reynolds number equal to 1

Reynolds = 1 8x8 16 x 16 32x32 64x64
lo—wnll 20 0.4 0.2 0.09 0.046
Ilp—pull;2g 22 1.07 0.54 0.26
luy —uinly o 0.17 0.08 0.04 0.02
luz —uzl @ 0.13 0.06 0.03 0.016
Table 3. Errors for Reynolds number equal to 100

Reynolds = 100 8x8 16 x 16 32x32 64x64
lo—wnll 20 2.15 1.1 0.59 0.3
Ilp—pull;2g 1.82 0.88 0.49 0.26
luy —unl; o 0.9 0.47 0.24 0.13
lug —uoply o 0.88 0.44 0.23 0.11
Table 4. Errors for Reynolds number equal to 1000

Reynolds = 1000 16 x 16 32x32 64 x 64
lo—wnll; 20 3.6 1.9 0.92
Ilp—pull;2g 2.04 0.9 0.43

luy —uinly o 1.12 0.6 0.31
luz —uzl @ 1.01 0.57 0.26

and the domain £2 is the square | — 1, 1[2. We impose the ex-
act value of w and of the normal component of the velocity on
the left and right boundaries, the pressure and the tangential
component of the velocity on the upper boundary and finally
the velocity on the rest of the boundary. We represent in Fig. 2
the exact velocity:

We give then in Tables 2, 3 and 4 the error on u, u;, p and
w for different Reynolds numbers and different meshes.

In order to improve the stability in the case of large
Reynolds numbers, we proceed to an upwinding on the con-
vection term |, wu’ - vdx.

Fig. 3. Calculated solutions for the Step Test
boxes

Finally, we represent in Fig. 3 the velocity obtained in the
case of the step test. Note that in this example, we impose the
pressure on the inlet and oulet boundaries. Assuming that the
domain £2 is the half part of the real domain, we impose the
condition w = 0 on the upper boundary. The Reynolds num-
ber for this test is taken equal to 1000. Note that, generally, for
this test the two components of the velocity are imposed on
the upperwall boundary. We obtain in this case a vortex closed
to the step and a more laminar flow.
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