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1 Introduction

The present paper continues our study in [4] of an optimal portfolio selection
problem with consumption. The optimization problem captures the notions of
durability and intertemporal substitution, and was first suggested and studied
extensively by Hindy and Huang [14] for a market modeled by a geometric
Brownian motion. In [4], we extended their model to exponential pure-jump
Lévy processes and showed that the value function is the unique constrained
viscosity solution of the associated Hamilton-Jacobi-Bellman equation, which is
a first-order integro-differential equation subject to a gradient constraint (i.e., a
first order integro-differential variational inequality).

The main topic here is to present explicit consumption and portfolio allocation
rules in a market where the risky asset may have negative price shocks and the
investor has a power utility function. We use a viscosity solution framework to
validate our solution candidates, contrary to [14] which relies on a verification
theorem. To this end, we extend the results on viscosity solutions in [4] to also
account for levy processes having a continuous martingale part. We refer to
Bank and Riedel [2], Framstad et al. [11], and Kallsen [16] for related results on
portfolio optimization in levy markets.

Eberlein and Keller [8] and Barndorff-Nielsen [3] propose to model logreturns
(i.e., the logarithmic price changes) of stock prices using distributions from the
generalized hyperbolic family. Following their perspective, one is lead to an
exponential stock price dynamics driven pyre-jump Lévy processes having
paths of infinite variation. This was the main motivation in [4] for concentrating
on Lévy models without a continuous martingale part.

In this paper our basic model for the asset price dynamics will be

§ = e, (1.1)

wherel; is a pure-jump Evy processW\; is a Wiener process independent of

L; ando, & are constants. There are several reasons for studying such a model.
First of all, from the levy-Khintchine representation, we know that evedvi
process can be decomposed into a pure-jump process and a Wiener process where
the Wiener process is the continuous martingale part. Hence, from a theoretical
point of view, (1.1) is a generalization of the asset price dynamics considered
in [4]. However, we can also view (1.1) as a model for the asset price where

is a pure-jump Evy process accounting for sudden “big” changes in the price.
The Brownian motion part, on the other hand, models the “small” or “normal”
variations in the price movements. This is the modeling perspective of Eonor
[13], although he considers a slightly different price process (see also Sect. 6).
Rydberg [18] discusses an approximation procedure for numerical simulation
of the normal inverse Gaussiarély process; which is a pure-jump vy
process. She proposes to approxiniatdy a sum of a Brownian motion and a
Lévy process of finite variation, i.e.,

Li ~ oW, + Ly.
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For a givene, the jump process, is assumed to be aévy process with Evy
measure
v(dz) = L_. oc v(dz),

wherev(dz) is the Levy measure oE; and

€
o? =/ 72 v(dz).
—€
Since the support of Ts outside the interval e, ¢), L has paths of finite
variation. We remark that this procedure is not restricted to the normal inverse
Gaussian Evy process alone. Such an approximation is highly relevant for a
numerical treatment of the portfolio optimization problem using a Markov chain
discretization (see [9]). In conclusion, generalizing the theory to asset price dy-
namics of the form (1.1) is of interest from both a practical and theoretical point
of view.

The rest of this paper is organized as follows: In Sect. 2, we formulate the op-
timal portfolio-consumption problem and state the basic assumptions. In Sect. 3,
the resulting singular control problem is analyzed via the dynamic programming
method and the theory of viscosity solutions. In Sect. 4, we calculate explicit
rules for portfolio allocation and consumption when the utility function is of
HARA type and the Evy process has only negative jumps. In Sect. 5, we treat
the classical Merton problem (where utility is derived from present consumption
only) for a general Evy process. Finally, we discuss some related problems in
Sect. 6.

2 The portfolio optimization problem and basic assumptions

Let (12, °,.7) be a probability space and®) a given filtration satisfying the
usual hypotheses. We consider a financial market consisting of a stock and a
bond. Assume that the value of the stock follows the stochastic process

S = Se™, (2.1)

wherel; is a Lévy process with evy-Khintchine decomposition

t t
Lt:Mt+oV\/t+/ / zN(ds7dz)+/ / zN(ds, dz).
0 Jiz|<1 0 Jiz|>1

Herep ando are constant3); is a Wiener proces$\ (dt, dz) is Poisson random
measure ok, x R with intensity measurelt x v(dz), v(dz) is ao-finite Borel
measure oRR\{0} with the property

/ min(1, z%) v(dz) < oo, (2.2)
R\{0}

and N(dt,dz) = N(dt,dz) — dt x v(dz) is the compensated Poisson random
measure. We assunvé andN (dt, dz) are independent stochastic processes. The
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measure/(dz) is called the lEvy measure. We choose to work with the unique
cadlag version ol; and denote this also Hy. Under the additional integrability
condition on the Evy measure

/z>l e — 1] v(dz) < oo, (2.3)

we can write the differential of the stock price dynamics as (usidég Formula
[15])

dS =4S dt +0Sdw +S_ (6 — 1) N(dt, dz). (2.4)
R\ {0}
Here we have introduced the short-hand notation
1
L=p+=o? +/ (eZ —-1- zl‘z|<1) v(dz). (2.5)
2 R\{0}

Note that condition (2.3) is effective only when> 1 due to (2.2), and says
essentially thae” is v(dz) - integrable on{z > 1}. Moreover, this condition
implies thatfé E[S]ds < oo for all t > 0. Observe also tha* —1—z > 0 for
allzeR.

We let the bond have dynamics

dB; =rB; dt,

wherer > 0 is the interest rate. Assume furthermore that [, which means

that the expected return from the stock is higher than the return of the bond.
Consider an investor who wants to put her money in the stock and the bond

so as to maximize her utility. Let; € [0, 1] be the fraction of her wealth invested

in the stock at time and assume that there are no transaction costs in the market.

If we denote the cumulative consumption up to titney C;, we have the wealth

processx,”¢ given as

t

t
X = x—Cor [(r+ G- nm)xeC s [ omxzCaw,
0 0

t
+ / T XC / (e — 1) N(ds, dz),
0 R\{0}

wherex is the initial wealth of the investor. To incorporate the idea of intertem-
poral substitution, Hindy and Huang [14] introduce the proca§§ modeling
the average past consumption. The process has dynamics

Y = yo Bt 4+ gt /[0 e, (2.6)
it

wherey > 0 andg is a positive weighting factor. We shall frequently use the
notationY; for Yf’c and X; for X{“C. The integral is interpreted pathwise in a
Lebesgue-Stielties sense. The differential fornipfs

dY; = — Y, dt + 3dC,.
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The objective of the investor is to find an allocation procegsand a con-
sumption patterrC;* which optimizes the expected discounted utility over an
investment horizon. We shall here focus on an investor with an infinite invest-
ment horizon. We define the value function as

V(X,y)= sup ]E[/ooe‘étU(Yt”’c)dt}, (2.7)
0

m,CEe Ay y
whereé > 0 is the discount factor and?, , is a set of admissible controls. Let
g = {(x,y) eR?:x > O,y>0}.
We say that a pair of controlst(C) is admissible forx,y € & and write
m,C €. 4y y if:

(c)) C; is an adapted process that is right continuous with left-hand limits
(cadlag), nondecreasing, with initial valug,_ = 0 (to allow an initial
jump whenCy > 0), and satisfie&[C;] < oo for all t > 0.

(ci) m is an adaptedadiag process with values in [@].

(i) X™C,Y,"C > 0 almost everywhere for atl > 0.

Note that condition ;) introduces a state space constraint into our control
problem. The utility functionU : [0,00) — [0,00) is assumed to have the
following properties:

(u) U € C([0,)) is nondecreasing and concave.

(uii) There exist constants > 0 and~ € (0, 1) such thaty > k() and
U(z) <K +2),

for all nonnegativez, where
KG) = max [5(r + (i~ 1)m) — 50°%(1— ) (28)
m€l0,1] 2
+/ ((1 + (e’ — 1))7 —1—ym(e® — l)) V(dZ)].
R\{0}

By a Taylor expansion we see that the integral terr(g) is well-defined in
a neighborhood of zero. Condition (2.3) ensures that the integral is finite outside
this neighborhood, which shows that (2.8) is finite fpre (0,1]. Note that
condition {J4j) guarantees that the value function of the related Merton problem
is well-defined, see Sect. 5. In the case when the integral term is absent, i.e.,
whenv(dz) = 0, we denote&k () by ko(y).

In this paper we will assume that the dynamic programming principle holds,
that is, for any stopping time andt > 0,
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tAT
V)= sup E| / e %=U (Y7 C) ds + eIV (XS, YD), (2.9)
m,CE Ay 0
wherea A b = min(a, b).
Straightforward modifications (which we omit) of the proofs of Lemma 3.1
and Theorem 3.1 in [4] (see also Alvarez [1]) yield the next theorem concerning
the regularity properties of the value function.

Theorem 2.1 The value function defined in (2.7) is non-decreasing, concave and
uniformly continuous in &. Furthermore, V is non-negative and has the same
sublinear growth as the utility function, i.e.,, 0 < V(x,y) < K(1 +x +y) for
X,y € Z. If for some a € (0, 1], we have § > k(a) and U € C%%([0, 0)), then
V € COYP). 1§ > k(l+a)and U € C1(]0, x0)), then V € CL*(2).

To our optimization problem we can associate a Hamilton-Jacobi-Bellman
equation, which is a degenerate elliptic integro-differential equation subject to a
gradient constraint:

N 1
max{ﬂvy — o U (Y) — dv — Byvy + 7Trén[g.’)l(] [(r + (L — r)m)Xoy + Eazﬂzxzvxx
+ / (1 + (€ — 1).y) — v(x.y) — mxex Y)E — 1))
R\ {0}

xu(dz)} } =0ino. (2.10)

In other words, the Hamilton-Jacobi-Bellman equation is an integro-differential
variational inequality. Note that + 7x(e* — 1) > 0 for all x > 0 andz € R. If

v is C2 and sublinearly growing, then a straightforward Taylor expansion shows
that (2.10) is well-defined (see [4]).

It will be convenient to write the Hamilton-Jacobi-Bellman equation in a more
compact and simplified form. To this end, we introduce the following notations:
X = (X1,X2) e Y, Dy = (8X1,3X2), D)% = (8§Xj)i7j:172 and G(Dx’U) = ﬂvx2 — Ux,-
Furthermore, let2™ be the integral operator

AKX, ) = / (U(x1 + (€7 — 1), %) — v(X) — TXev (X)(EF — 1)) v(dz),

R\{0}

(2.11)

and let

(Xv v, DX”? D)%'U, '%)Tr(xv U)) =U (X2) —dv — /BXZUXZ

2
A o P

+ max [(r + (i = v + o n g+ A7(X, v)} .
The Hamilton-Jacobi-Bellman Eq. (2.10) can now be written as

max(G(DXv); F (X, v, Dxv, D2v,. 2™ (X, v))) = 0. (2.12)

This is the form that we will employ in Sect. 3. Finally, we define the set

lp(X))| 00}7

Ci(Z) = {gb €eC(?) : SEp7(1+xl+x2)@

g

) (2.13)
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3 Viscosity solutions

We shall rely on a viscosity solution framework to verify the closed form solu-
tions derived in Sections 4 and 5. The (constrained) viscosity solution framework
presented below is an adaption (to the second order case) of the framework de-
veloped in [4] for first order integro-differential variational inequalities. Because
of the strong similarities with [4], we will be very brief in this section and instead
refer to [4] for details not found herein. Also, we refer to [4] for an overview of
the existing literature on viscosity solutions of integro-differential equations. For
a general overview of the viscosity solution theory, we refer to the survey paper
by Crandall et al. [7] and the book by Fleming and Soner [10].

A constrained viscosity solution of (2.12) is defined as follows:

Definition 3.1 (i) Let @ ¢ &. Any v € C(Z) is a viscosity subsolution (su-
persolution) of (2.12) in ¢ if and only if we have, for every X € ¢ and
¢ € CHZ)NCy(Z) such that X is a global maximum (minimum) relative to @
of v — ¢,

max(G(Dx¢); F (X, v, Dx, Dfé,- A7 (X, 9))) > 0(< 0).

(i) Any v € C(Z) is a constrained viscosity solution of (2.12) if and only if and
v IS a viscosity subsolution of (2.12) in & and v is a viscosity supersolution of
(212)inZ.

Exactly the same argumentation (which we omit) as in the proof of Theorem
4.1 in [4] leads to the constrained viscosity property of the value function.

Theorem 3.1 The value function V (X, y) defined in (2.7) is a constrained viscos-
ity solution of the integro-differential variational inequality (2.12).

To prove that the value function is thanly solution of (2.12), we need a
comparison principle similar to Theorem 4.2 in [4]. We outline below how we
can extend the proof of Theorem 4.2 in [4] to the second order integro-differential
variational inequality (2.12).

First, note that to distinguish the singularities at zero and infinity it is advan-
tageous to split the integral operator into two parts. For amy(0,1), X € &,
¢ € CHZ)NCY(Z), andP = (p1, po) € R?, define

BT, 6, P) = /

Jz|>k

(600 + mxa(e? - 1).%) — 6(X) — mapy(€” — 1) v(d2).

For anyk € (0,1), X € &, ¢ € C3(Z), andP = (p1, pp) € R?, define

A= | (o0 male’ 1) = 6X) — o (X)(E - 1))v(e)
z|<k

Observe that fop € C3(Z) N C1(Z), we can write (see [4])

B(X,0) = B (X, 6, Dx¢) +. 57 (X, ). (3.1)
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Equipped with this decomposition, we introduce the (slightly shorter) notation

F(X,v,P, A 75X, 0,P), (X, 9)) = F(X,v,P, A, B""(X,v,P)
+ 77 (X, ),

for v € Ci(Z) and ¢ € C3(Z).

When proving comparison results for second order equations, it is more con-
venient to use a formulation of viscosity solutions based on the notions of subjet
and superijet.

Definition 3.2 Let.7"N denotes the set of N x N symmetric matrices, @@ C &,
v e C(¢), and X € . The second order superjet (subjet) 3% u(X) is the set
of (P,A) € R? x .72 such that

oY) < (> O)v(X)+<P,Y—X>+i2L(A(Y—X), Y_X)+o(X—Y[) as @ 3 Y — X.

The closure ji,’*(*)v(x) is the set of (P,A) for which there exists a sequence
(Pn, An) € 32" O0(X,) such that (Xa, v(%a), Pn, Ar) = (X, v(X), P, A) asn —
Q.

Before we can give a suitable definition of viscosity solutions based on sub-
and superjets, we need an equivalent formulation of viscosity solutioBg({#)
based on test functions (which takes into account the decomposition (3.1).)

Lemma 3.1 Let v € Cy(¥) and @ C &. Then v is a viscosity subsolution
(supersolution) of (2.12) in ¢@ if and only if we have, for every ¢ € C?(Z) and
k>0,

max( G(Dx¢); F (X, v, Dxé, DF .. #™"(X, v, Dx9),. BI(X, ¢))) = 0

whenever X € @ is a global maximum (minimum) relative to ¢ of v — ¢.

This lemma is a straightforward extension of [4, Lemmma 4.1] and the proof
is therefore omitted. Let € C(Z) and @ C &. Then using the arguments
in, e.g., [10] one can easily prove th&,() J,Z,’+(_)U(X) if and only if there
exists¢ € C(Z) such thatp(x) = v(x), Dx#(X) = P, DZ¢(X) = A, andv — ¢

has a global maximum (minimum) relative &' at X. In view of Lemma 3.1
and continuity of the governing equation, the following formulation of viscosity
solutions inC; based on sub- and superjets is now immediate.

Lemma 3.2 ([7]) Let v € Cy(Z) be a subsolution (supersolution) of (2.12) in
O c &.Then, foral x >0, X € @, (P,A) € jifﬂ*)v(x), there exists ¢ €

C?%(Z) such that

max(G(P); F(X,v,P, A, 25X, v,P),. (X, ¢))) > 0(< 0).

The test function ¢ is such that v — ¢ has a global maximum (minimum) relative
to @ at X, with X, — X asn — oc.
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A similar formulation is also used in Pham [17]. To prove a comparison principle
for (2.12), we shall need the following maximum principle for semicontinuous
function taken from Crandall et al. [7]:

Lemma 3.3 ([7]) Let @ c RN be locally compact. Let uy, —u, be upper semi-
continuous and ¢ twice continuously differentiable in a neighborhood of @ x 7.
Suppose (X, Y) € @ x @ isalocal maximum of uy(X) — ux(Y) — (X, Y) relative
to @ x (7. Then for every ¢ > 0 there exist two matrices A,B € SN such that

(Dxp(X,¥),A) € T2 w(X),  (—Dye(X,¥),B) € 32 uy(Y),
and

1 2, A0 2, 2 % UV 2
~ (ZHIDZR, V)1 < < D%p(R. ¥)+¢(D?(X.V))". (32)
¢ 0 B

Letv € C(Z) be a subsolution of (2.12) i andv € C(Z) a supersolution
of (2.12) in . ChoosingK and?¥ € (0, 1) properly, one can show (following
closely the proof of Lemma 4.3 in [4]) that = K + (1 +xq + ;—3)7 and

7’ = (1—0)7 + fw, 6 € (0,1],
are strict supersolutions of (2.12) in any bounded subsér ofe claim that
v <’ in .,

which immediately implies that the comparison principle holds betweandw.
Except for the treatment of the second order term, which relies in an essential
way on Lemma 3.3, the proof of our comparison principle is very similar to the
proof of Theorem 4.2 in [4], which the reader is referred to for details not found
below.
As in the first-order case [4], we utilize our choice of a strict supersolution
7’ to “localize” the proof to the following bounded domain

T = {(xl,xz) L 0<x < RL+eY, 0<% < R}, (3.3)

whereR is some positive constant chosen such that 77 in {x;,x > R}. To
prove the comparison result it is now sufficient to show that 77 in .77
Assume that the contrary is true, i.e., we have
M :=maxv —7°) = (v —7%)(Z) > 0 (3.4)

T

for someZ € .77". Then eitheiZ € (O,R) x (0,R) or Z € I'sc, where
Isc= {(Xl,Xz) X =0,0<x<Ror0<x < R,XZZO}.

Here we consider only the latter case, the cdse .77 is treated similarly
(consult Case 1l in the proof of [4, Theorem 4.2]).
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Let (X,,Y,) be a maximizer of the functio®(X,Y) : .77 x .70 — R,
defined for anyo > 1 and O< e < 1 as
B(X,Y) = u(X) =0 (Y) = |[a(X = Y) +en(Z)|* —e|X = Z |~ (3.5)
The uniformly continuous function : .77 — R? satisfies

B(X +tn(2),td) c .7 for all X € .72 andt € (0, tg],

for positive constantsl, ty andB(X, r) denotes the open ball iR? centered at
X and with radiug . The construction (3.5) is ultimately due to Soner [19].

It is standard to see that the penalized maxiXg, f.,) satisfy asa — oo
(see, e.g., [4]): (Xa,Ya — Z, (i) a(Xa — Yo) +£C(Z) — 0O, (iii) (v(Xa) —
7(Y,)) — M, (iv) M, — M. In view of (i) and (3.4), we conclude that
Y. € (0,R) x (O,R) andX,, € [0,R) x [0, R). Using the maximum principle for
semicontinuous functions (Lemma 3.3) with

X, Y) = |aX = Y)+en@) P +elX =22, w=v, w=v", ©=H,

we conclude that there exist matricas= (a;)i j=1,2, B = (bjj)i j=1.2 € .¥" such

that

(P,A) € TZ0(Xa), P = Dxp(Xa, Ya) = 20[a(Xa — Ya) +en(Z)] + 2 (X — 2),
=2,—

(Q.B) € I3, 7°(Ya), Q = —Dyp(Xa, Ya) = 2a[a(Xa — Ya) +en(2)].

Following, e.g., [7] it is not difficult to show that (3.2) implies

i i — - — <0. .
fim i (Z-x2iau — Zmy2ibu) <0 (3.6)
Sincew’ is a strict supersolution of (2.12) ity there exists, thanks to Lemma
3.2,¢ € C¥}(Z) such that

F(Yavﬂev Qv B7'%)W}H(Ya7697 Q)v[));:(Yom 1/1)) < _19) (37)

for some constant > 0. Similarly, sinceuv is a subsolution of (2.12) 78
there existsp € C?(Z) such that

F(Xa,2,P, A, BT (Xas v, P), BT (Xa, ) 2 0. (3.8)

Having (3.6) in mind, we now subtract (3.7) from (3.8) and send (in that order)
a — o0, ¢ = 0, andk — 0. These limit operations lead (after some tedious
work) to the contradictiony(— 7°)(Z) < 0 (consult Case | in the proof of [4,
Theorem 4.2]).

Summing up, we have proven the following comparison (uniqueness) theo-
rem:

Theorem 3.2 Let v/ > 0 be such that 6 > k(v'). Assume v € C..(¥) isa
subsolution of (2.12) in & and v € C..(Z) is a supersolution of (2.12) in &.
Then v < 7 in 7. Consequently, in the class of sublinearly growing solutions,
the Hamilton-Jacobi-Bellman Eqg. (2.12) admits at most one constrained viscosity
solution.
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4 Explicit consumption and portfolio allocation rules

In this section we study a case where we can construct an explicit solution to the
control problem. The case is taken from Hindy and Huang [14], who construct
an explicit solution to the optimization problem when the utility function is of
HARA (Hyperbolic Absolute Risk Aversion) type and the price of the stock
follows a geometric Brownian motion. We show in this section that a more
realistic price model with a &vy process instead of Brownian motion leads to
a similar solution. To obtain explicit results we need to restrict our attention
to Lévy processes having only negative jumps. Our optimization problem leads
to the second-order integro-differential variational inequality (2.10) whéiz)
has mass on the negative part of the real line. We are able to solve this equation,
and construct optimal consumption and portfolio allocation strategies by closely
following the arguments in [14]. Note, however, that our results are not as explicit
as those in [14]. For instance, the optimal allocation strategys the solution
of an integral equation involving theévy measure of the noise process. We
mention that the results presented below also hold in the limiting éase0,
which corresponds to the pure-jump case [4].

For v € (0,1), consider the utility function

U(z)zﬁ.
Y

We recall that 1— ~ is the risk aversion coefficient. Motivated by Hindy and
Huang [14], we guess that the optimization problem has a constrained viscosity
solution of the form

y + Bx
1+ 5k

X 1P v
W&W={hw4bwh&}ﬁSX<Wkﬂ ),sz>Q (4.1)
for some constantky, ks, ks, k, andp > ~. This solution is constructed from the
assumption that we can split the state space into two parts, on which each of the
terms in the variational inequality (2.10) is effective. Hence, fot 8 < ky, we
construct the solution from the assumption that

v 1
Yo v - BYVy + max [(r + (i — r)m)xVy + = 0?m?x?Vi + (4.2)
~ 7€[0,1] 2

0—
[ (Vo ax(e = 12y) = Vixy) - o) - 1) ()] = 0
and, whenx > ky > 0,

AV — Vy = 0. (4.3)

We see that the integral in (4.2) is well defined by the condition in (2.3). In
what follows, all the displayed integrals are convergent by the same condition.
In the rest of this section we derive expressions for the different constants in the
solution, and find the optimal allocation and consumption processes. Optimize the
kernel of (4.2) with respect te to find the first order condition for an optimum
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0—
(7 — )XV + 02XV + / (Vex + 7x(6% — 1), Y)X(€" — 1) — Xy (x.Y)

— 00

(€% — 1)) u(dz) = 0.

Inserting the guessed solution (4.1) fox ky, we get the expression

0—

(i—1)—(1—p)or+ / ((1+7r(ezf1))p*1(ezfl)f(ezfl)) u(dz) = 0. (4.4)
Assume from now on that* is a solution of (4.4) that lies in (@), i.e., we
assume that the parameters of the problem are so that we can find an interior
optimum. Note thatt* is constant with respect to time which gives that the
optimal investment rule is to hold a constant fraction of the wealth in the stock.
With this 7*, we can find equations for the unknown constadatandp. Inserting
(4.1) into (4.2), we obtain

V(T sk~ mka) +ey [£] {5 66—+ @+ G- e
.

- %Uzﬂzp(l— P) +/ (1+m e -1)"

e 1)) y(;)} =0.

The only way the left-hand side can be zero is when
(r+ G-y +6 - 30?20 )

0—
=5+ 6y — / ((1 riE — 1) —1— prt(e — 1)) V(dz) (4.5)

— 00

and
1

V(0 +B7)
The first equation is an expression far
From now on we assume that (4.4) and (4.5) have a solutidnpj €
(0,1) x (v,1). We can find expressions fé& and ks by imposing asmooth fit
condition along the boundanry = ky. From continuity we easily get

ky

k1+k2 = k3.

Moreover, if the derivatives 0¥ are to be continuous as well, we need to have
Vx = BVy whenx = ky for the solution (4.1)X < ky). But differentiating and
equating give
oo O Bk
p/K =By —p) 6+ B7)(p(L+3K) — Bky)

Forx < ky, we need to show thatVy, — V, < 0. Direct differentiation gives
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= ]
Y = ky ket =y ] =y kel -y o]
Hence
BV — Ve =yl + e - ] g [] ).

Inserting the expressions f&g andk; yields

= 2 [ o[

We see thapVy — Vyx < 0 if and only if

h(z):=1—(1—p)z° — pz°~1 <0, for all z € [0, 1].

But h(1) =0 and
h'(2) = p(1 - p)2°*(1 - 2) > 0.

Henceh(z) is an increasing function on [@] with maximumh(1) = 0, which
implies h(z) < 0. This completes the proof ¢fvy, — V, <0 for x < ky.

For the second case we specify the valu& @b be the same as in [14] and
show that this gives the desired inequality under an additional condition on the
parameters in the problem. Let

1-p

k = )
Blp—)
This gives
S Chule) N
Y(p =)0+ B7)
and thus
V(X,y) =c(y + 8x)? for x > ky c= ¢(177’Y>177.
’ ’ - Y@+ By \p—~

We show next that
y’ - 1,55
— — 0V — ByVy + max [(r + (04— r)mXVx + 0 T XV
v wel0,1] 2

' /_: (Vox+mx(€ — 1),y) — V(x,) — mVi(x, y)(€ — 1)) w(d)] <0,

wheneveix > ky > 0. Note now that sinc¥ is concave, the integral term in this
expression is non-positive. Inserting the expressionVigx, y) in the left-hand
side of the above inequality and usings; < (0,1), we get
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y’ y

Loty + 0 1 Yty + 50
1 2
oty + 007 max [(r+ (1= )+ ot (L) e - )

y'Y
< P c(y +8x)7 (6 — ko(7)),

whereky(vy) equalsk(y) with v(dz) = 0, see (2.8). But since > ky andd —Kko(7)
andc are both positive, we have

y’Y
P (0 — ko(M(y + Bx)7

y 1
<7 =0l — KoL+ Ky =7 (5~ o5 —ko()(L+ k)",

which is less than or equal to zero if and only if
1
5 (6 — ko(M)(L + k)" < 0.

But this happens if and only if

p(L—7) S 9+6y
p—v — d—ko(y)

By constructionV is a constrained viscosity solution ifx > 0,y > 0}.
Note that a subsolution ifix > 0,y > 0} is also a subsolution i¥”. We refer
to the first remark in Sect. 3 in [1] for a proof of this. Thanks to the Theorems
3.1 and 3.2V is thus the unique constrained viscosity solution of (2.10) and
hence coincides with the value function (2.7). Summing up, we have proven the
following theorem:

(4.6)

Theorem 4.1 For y € (0,1), let U(y) = L and assume that 1/((0,00)) = 0
and (4.6) holds. Then the value function V (x, y) associated with our optimization
problem is explicitly given by (4.1), where

K = 1 ko = 1-p ke = p(1—1) K= L1=P
Y6+ By)’ (p =0 +57) Yo =@ +6y)  Blp—n)

The optimal allocation of money in the stock is given by 7*, where 7* € (0, 1)
and p € (v, 1] are solutions (when such exist) to the system of equations

(i—r1)— (1 p)om+ / > (1+7(e - 1)" (e? — 1) — (€% — 1)v(dz) = 0,

—00

(r +(p—r)m+p— %Uzﬂz(l— P))P

=6+ 3y — /_0;((1 +r(e? —1))” — 1— pr(e? — 1)) u(dz).
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Note that the constantg, k;, andks; are equal to the constants found by Hindy
and Huang [14]. However, our expressions forand 7* are quite different.
Furthermore,* is independent of time and thus gives a constant fraction of
wealth to be invested in the stock. It is easily seen that in the case of geometric
Brownian motion, Theorem 4.1 coincides with the results of Hindy and Huang
[14]. Note that we have implicitly assumed to be an interior optimum in [A].

Example 4.1 To include the possibility of a sudden price drop (a “crack”) in
a stock, a natural model could be a geometric Brownian motion with a Poisson
component:

S = SoeuHUWﬁENt

wherepu, 0,£, S are constants anl; is a Poisson process with intensity> 0.
The Lévy measure is easily seen to be

v(dz) = \o_¢(d2),

whered, is the Dirac measure located at Assume now that & £ < 1. The
expected rate of return for this stock is

Gzt %az _AM1—e9).
Moreover, the equations for* and p become
h—r—ALl- e—f)((l a9t 1) —0?(1— )7 =0,
(r +(i—r)r+ G — %gzwza— p))p =5+ 3y — )\((1 —r(1—e )’
“1+4pr(l— e*f)).
If o =0 and the conditions
p>rand @—re 8 < \Q1-e ) <pu—r

hold, we have the following explicit expression fot € (0,1) in terms ofp:

e o)L
*:1_1e5(1—[Mi_er ).

An optimal consumption process is provided by the following theorem:

™

Theorem 4.2 An optimal consumption process C* is given as

toXE 1—p
C*:AC*+/ ——_dz,, k=—"1,
' 0" Jo 14k Blp — )

X + ~
= sup {In 2 —n k} , Y: = (Yo + BACS)e™ ™,

. — KYo_
ACO _ [X Yo }+7 2, s 2

1+ 3k

and
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~ t ~ t ~
0

0
t 0—
+ / T X / (¢* — 1) N(ds, dz).
0 —

[e.°]

The processes X* and Y * are the state variables associated with C*.

Proof. This argument follows closely the proof in [14, Proposition 5]. From
the results in [14], we need to findlaratio barrier policy which ensures that
X /Y <k, P—a.s. at every. This leads to an initial jump of* if x/Yo_ >k,
from where we get the expression 4iC;. Now define
X +
Zi= sup|ln= —Ink
' ogsgt{ Y, }

and let IniK;*/Y;*) be the “regulated” process defined by

* X
In— =In= — Z. 4.7
el o @0

Note that the process&g andY; are unregulated in the sense that we do not apply
any consumption process except for the initial jump. The profeisseasily seen

to be nondecreasingo(w) = 0, and increasing only when MK{/Y;*) = Ink.
Applying Itd’s formula, we find that

*

din X dIan‘dInY{*(1

— +

g .
2

. N P 1 B .
r+8+@{—r)r —Eazﬂ Z)dt_(xt*-'-Yt*) dC;

07 ~
+/ In(l + 7 (eF — 1)) N (dt, dz) + o™ dBy

0—
+ / (|n(1 +(eF — 1)) — (e — 1)) (dz)
and
)Zt _ Y% " — ~ * 1 2 %2
dlnv—dlnxt — dinYi =@ +8+([@—1)w — 50 ) dt
t

o_ ~
+ / In(1+7r*(ez—l)>N(dt,dz)+a7r*dBt

0—
+ / (|n(1 + (e — 1)) — (e — 1)) (dz).
Thus, relation (4.7) is fulfilled exactly when
t Y* +ﬁxs* t XS*Y* t Xs*

Z; = =3 Y * = —>5__dzZs= Zs.
() oo o e [ [ g
Here the relation foC;* follows sinceZ; only increases whel;*/Y,* = k. This

completes the proof of the theorem.
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5 Merton’s problem with consumption and HARA utility

In this section we consider Merton’s problem with consumption when the stock
price is modeled as (2.1) for a generaJy process, i.e., here we allow both
positive and negative jumps as opposed to Sect. 4. Merton’s problem can be
thought of as the limiting case wheéh— oo in the particular model considered in
Sect. 2. In this problem we thus optimize the expected utility of the consumption
directly. The consumption process is assumed to be absolutely continuous with
respect to the Lebesgue measure on the real positive half-line, and can thus be
specified on the fornC; = fot Cs ds, wherecs is the consumption rate at tinse
The value function will only be dependent on one variable, namely the initial
fortunex. We note that this problem has been treated by Framstad et al. [11] when
the price proces§ is modeled as the solution of a stochastic differential equation
with jumps, see also [12] which takes into account transaction costs. However,
they have a more restrictive condition on théviy measure in a neighborhood
of zero. For example, the normal inverse Gaussiamylprocess of Barndorff-
Nielsen [3] does not fit into the framework of [11, 12].

In the present context, the wealth process is given as

dXt = (I’ + (ﬁ — r)ﬂ't)Xt dt — Ct dt + o Xt dBt + X _mi— / (ez — 1) N(dt, dZ)
R\{0}

with initial wealth Xo = x and ;i as defined in (2.5). We consider the optimal

control problem

V(X)= sup EX[/Ooef“[cg] dt}, for € (0, 1),
0

C,mE. Ay vy
where the set of admissible controlgy is defined as followsr, ¢ € . 2y if

(cm) ¢ is a positive and adapted process such tfjaf[cs] ds < oo for all
t>0.

(cm;i) m is an adaptedadlag process with values in [Q].

(cmiii) ¢ is such thaix[® > 0 almost everywhere for atl > 0.

Note that condition ¢m;) introduces a state space constraint into our control
problem. The Hamilton-Jacobi-Bellman equation for this problem is

max [(r + (1 — r)m)xv’(x) — cv’ () — du(X) + % + %ozwzxzv”(x)
+ (X + x(e? — 1)) — v(X) — mxv'(X)(€* — 1)) v(dz)
/R\{O} (U v v ) 14 j|

=0in {x > 0}. (5.1)

Note that the integral in (5.1) as well as the other integrals displayed in this
section are convergent by the condition in (2.3). We now construct an explicit
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(unique) constrained viscosity solution to this problem. First maximize with re-
spect toc to obtain

—V'x)+c"1=0 = c= [V’(x)}ﬁ.

Maximizing with respect tar, assuming that the optimal lies in (0 1), gives
the expression

(i — XV (X) + o?ax?V"(x) + / (V’(x +7x(e* — 1)x(e? — 1)
R\{0}
— XV(X)(€F — 1)) u(dz) = 0.

We guess a solution of the form(x) = Kx?. Then a straightforward calculation
gives the following integral equation for:

(1)~ @-)or [

((1 tret—1)7 - 1) (€ —1)v(dz) = 0. (5.2)
2\{0}

Note that ar solving this equation will be independent bnUsing the guessed
solution, we can obtain an expression foas well:

¢ = (Ky)7ix. (5.3)

This expression gives us an explicit consumption rule, that is, consume the frac-
tion (K~)Y7~1 of the present wealth. We now set out to find the conskant
Inserting (5.3) into the Hamilton-Jacobi-Bellman Eq. (5.1), we get

~ 1
max [(r + (1= 1)y — (K977 = 5+ (KT = Zo%y(1 - 9)r?
m€[0,1] 2

+ /]R\{O}<<1 +r(e — 1)) — 1 - ym(e — 1)1/(dz)>}KxV 0

We thus conclude that

_ } [ 11—~ ]17v
yLlo—kMm!
where k(y) is defined in (2.8). Note that the conditien > k(v) imposed in
Sect. 2 implies thaK is positive.
We state a condition ensuring the existence of a unique solutien(0, 1)
to (5.2). To this end, define the function

f(m) = (ﬁ—r)—(l—v)ozﬂ/R\{O}

Insertingm = 0 andw = 1, we obtain

((1+7r(e2 —1)" e -1 (e - 1)) (dz).

fO=g—-r>0

and
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fl) = @—r)—@A—-o*+ e ~2(e? — 1) — (e — 1)) v(d
® = G-n-a-te [ (e D@ - D) e
= (h—r)—(1—~)o? - / (1— e @2)(e? — 1)1(dz).

R\{0}

In order to have a solution in (@), we need (1) < 0, i.e.,
/ (1—e &) (e — 1)p(dz) > (2 — 1) — (1 — 7)o (5.4)
R\ {0}
This solution is unique since
f(r) = (1 - 7){o? +/ (L+n(e ~1)" e~ DPud)} <.
R\ {0}

It is well known that in the case of a geometric Brownian moti&n,=
S exp(ut +oBy), the optimal allocation of money in the portfolio is independent
of time:
. _protf2—r
TGBM — 11— o2
On the other hand, we have seen tBagiven as in (2.1) also gives a constant
fraction, denoted byr;, which solves (5.2).

Fngow) = /R (& 1T

+/ ((1 +rgamE — 1))t - 1) (€% — 1)u(d2).
2\{0}

Thus, 77 < 7égy if T(m&em) < 0 andny > wggy if f(nggy) > 0. Note that

the first integral in the expression 6{ngg,,) is positive, while the second is
negative. Where to put the most of your fortune depends on the parameters of
the specific model in question. In Benth et al. [6] we have compared numerically
geometric Brownian motion with the normal inverse Gaussian model proposed
by Barndorff-Nielsen [3].

6 Other models and concluding remarks

Instead of modeling the price proceSsdirectly as in (2.1) or (1.1), one can let
S be the solution of a stochastic differential equation with jumps

dS = uSdt +0SdB +S_ /O:zﬂ(dt,dz). (6.1)

Note thatS is positive due to the restriction of the jump size to be greater than
—1. As noted by Eberlein and Keller [8], it is the large jumps that are responsible
for the empirically observed heavy tails of the logreturn data. Therefore, (6.1)
may not be a good model if heavy tails are to be accounted for in the model.
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Assuming a price dynamics defined by (6.1), condition (2.3) must be substituted
by

/OO zv(dz) < oco. (6.2)
1

Under this restriction on thedvy measure we can show, by arguing as before,
that the value functioV (x, y) is the unique constrained viscosity solution of the
Hamilton-Jacobi-Bellman equation

1
max{ﬁvy — v U(y) — dv — Bywy + max {(r + (u — r)m)Xuy + éazwzxzvxx +

/OC (v(x +7X2,Y) — v(X,y) — 7rx2vx(x,y)) u(dz)} } =0in. (6.3)

-1

The condition (6.2), which ensures that (6.3) is well defined for all sublinearly
growing v € C?, is satisfied for the normal inverse Gaussia@vy process
discussed in Sect. 2 and for altstable levy processes with: > 1.

In Framstad et al. [11], the price model (6.1) is chosen for the analysis of
Merton’s problem with consumption. Using a verification theorem, they show
that the value function in Merton’s problem with consumption (see Sect. 5) is a
unigque classical solution of (6.3) under condition (6.2) af{—1, c0)}) < oc.
Honore [13] has developed estimation techniques for price processes of the type
(6.1). This opens for a numerical comparison of the different stock price models
for financial data.

Except for a few special cases such as those considered in Sects. 4 and 5, the
Hamilton-Jacobi-Bellman Eqg. (2.10) cannot be solved explicitly and one has to
consider numerical approximations. The construction and analysis of humerical
schemes for (first and second order) integro-differential variational inequalities
will be reported in future work (see [9]).

Finally, we mention that the portfolio model studied in this paper is general-
ized to account for transaction costs in [5].
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