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1 Introduction

The general ruin problem can be formulated as follows. We are given a family of
scalar processes X" with initial values u > 0. The object of interest is the exit
probability of X" from the positive half-line as a function of u. More formally, let
¥ :=inf{t : X;' <0}. The question is to determine the function

W(u,T):=P[t" <T]

(the ruin probability on a finite interval [0, T']) or W(u) :=P[t" < o0o] (the ruin prob-
ability on [0, 00)).

The exact solution of the problem is available only in a few rare cases e.g. for
X" =u+ W, where W is the Wiener process, W (u, T) = P[sup,.r W; > u] and it
remains to recall that the explicit formula for the distribution of the supremum of the
Wiener process was obtained already in Louis Bachelier’s thesis of 1900, which is
probably the first ever mathematical study on continuous-time stochastic processes.
Another example is the well-known explicit formula for W («) in the Lundberg model
of the ruin of an insurance company with exponential claims, i.e., when X* =u + P
and P is a compound Poisson process with drift and exponentially distributed jumps.
Of course, for more complicated cases, explicit formulae are not available and only
asymptotic results or bounds can be obtained as it is done e.g. in the Lundberg—
Cramér theory. In particular, if E[ P;] > 0 and the sizes of jumps are random variables
satisfying the Cramér condition (i.e., with finite exponential moments), then W (u) is
exponentially decreasing as u — oo.

In this paper, we consider the ruin problem for a rather general model, suggested
by Paulsen in [30], in which X* (sometimes called generalised Ornstein—-Uhlenbeck
process) is given as the solution of the linear stochastic equation

Xf=u+P,+/ X" _dR;, 1.1
0.1]

where R and P are independent Lévy processes with Lévy triplets (a, o2, IT) and
(ap, 012,, I1p), respectively.

There is a growing interest in models of this type because they describe the evo-
lution of reserves of insurance companies investing in a risky asset with the price
process S. In the financial-actuarial context, R is interpreted as the relative price
process with dR; =d S;/S;_, i.e., the price process S is the stochastic (Doléans) ex-
ponential £(R). Equation (1.1) means that the (infinitesimal) increment d X} of the
capital reserve is the sum of the increment d P; due to the insurance business activ-
ity and the increment due to a risky placement which is the product of the number
X}'_/S:;— of owned shares and the price increment dS; of a share, that is, X" dR;.

In this model, the log-price process V =1nE(R) is also a Lévy process with the
triplet (ay, o2, ITy). Recall that the behaviour of the ruin probability in such models
is radically different from that in classical actuarial models. For instance, if the price
of the risky asset follows a geometric Brownian motion, that is, R; = at + o W;, and

the risk process P is as in the Lundberg model, then ¥ (1) = 0(u1_2”/"2), u— 00,
if 2a/6% > 1, and W(u) = 1 otherwise; see [14, 21, 34].
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Ruin probabilities for a Lévy-driven generalised OU process 41

We exclude degenerate cases by assuming that I1((—oo, —1]) = 0 (otherwise
W(u) =1 for all u > 0, see the discussion in Sect. 2) and P is not a subordinator
(otherwise W (1) = O for all u > 0 because X* > 0; see (3.2), (3.1)). Also we exclude
the case R = 0 well studied in the literature; see [24].

We are especially interested in the case where the process P describing the “busi-
ness part” of the model has only upward jumps (in other words, P is spectrally posi-
tive). In the classical actuarial literature, such models are referred to as annuity insur-
ance models (or models with negative risk sums), see [16, Sect. 1.1], [36], while in
modern sources, they serve also to describe the capital reserve of a venture company
investing in the development of new technologies and selling innovations; sometimes
they are referred to as dual models, see [1], [2, Chap. 3], [3, 5], etc.

In models with only upward jumps, the downcrossing of zero may happen only in
a continuous way. This allows us to obtain the exact (up to a multiplicative constant)
asymptotics of the ruin probability under weak assumptions on the price dynamics.

Let H : g — InE[¢~9"1] be the cumulant-generating function of the increment
of the log-price process V on the interval [0, 1]. The function H is convex and its
effective domain dom H is a convex subset of R containing zero.

If the distribution of the jumps of the business process has not too heavy tails, the
asymptotic behaviour of the ruin probability W (u) as u — oo is determined by the
strictly positive root 8 of H, assumed existing and lying in the interior of dom H.
Unfortunately, the existing results are overloaded by numerous integrability assump-
tions on the processes R and P, while the law £(V7) of the random variable V7 is
required to contain an absolutely continuous component, where T is an independent
random variable uniformly distributed on [0, 1]; see e.g. [32, Theorem 3.2], whose
part (b) provides information how heavier tails may change the asymptotics.

The aim of our study is to obtain the exact asymptotics of the exit probability in
this now classical framework under the weakest conditions. Our main result has the
following easy to memorise formulation.

Theorem 1.1 Suppose that H has a root 8 > 0 not lying on the boundary of dom H
and [g x| Iy =1y T1p(dx) < co. Then

0< liminfuﬂlll(u) < 1imsupu’5lll(u) < 00.
uU—00 u— 00

If, moreover, P jumps only upward and the distribution £(V1) is non-arithmetic,
then W (u) ~ Coou™? as u — 00, where Coo > 0 is a constant.

In our argument, we are based, as many other authors, on the theory of distribu-
tional equations as presented in the paper by Goldie [15]. Unfortunately, Goldie’s
theorem does not give a clear answer when the constant defining the asymptotics of
the tail of the solution of an affine distributional equation is strictly positive. The
striking simplicity of our formulation is due to recent progress in this theory, namely
the criterion by Guivarc’h and Le Page [18]; its simple proof can be found in the
paper [9] by Buraczewski and Damek. This criterion gives a necessary and sufficient

IThat is, the distribution is not concentrated on a set Zd = {0, +d, +2d, ...} for some d.

@ Springer



42 Y. Kabanov, S. Pergamenshchikov

condition for the strict positivity of the constant in the Kesten—Goldie theorem deter-
mining the rate of decay of the tail of the solution at infinity. Its obvious corollary
allows us to simplify radically the proofs and get rid of additional assumptions pre-
sented in earlier papers; see [22, 4, 28, 29, 30, 31, 32, 33] and references therein. Our
technique involves only affine distributional equations and avoids more demanding
Letac-type equations.

The question whether the concluding statement of the theorem holds when P has
downward jumps remains open.

The structure of the paper is the following. In Sect. 2, we formulate the model and
provide some prerequisites from the theory of Lévy processes. Section 3 contains a
well-known reduction of the ruin problem to the study of the asymptotic behaviour of
a stochastic integral (called in the actuarial literature continuous perpetuity; see [11]).
In Sect. 4, we prove moment inequalities for maximal functions of stochastic integrals
needed to analyse the limiting behaviour of an exponential functional in Sect. 5. The
latter section is concluded by the proof of the main result and some comments on
its formulation. In Sect. 6, we establish Theorem 6.4 on ruin with probability one
using the technique suggested in [34]. This theorem implies in particular that in the
classical model with negative risk sums and investments in a risky asset with a price
following a geometric Brownian motion, ruin is imminent if a < o2 /2; see [21]. In
Sect. 7, we discuss examples.

Our presentation is oriented towards a reader with preferences towards Lévy pro-
cesses rather than the theory of distributional equations (called also implicit renewal
theory). That is why in the appendix, we provide rather detailed information on the
latter covering the arithmetic case. In particular, we give a proof of a version of the
Grincevicius theorem under slightly weaker conditions than in the original paper [17].

We express our gratitude to E. Damek, D. Buraczewski and Z. Palmowski for
fruitful discussions and a number of useful references on distributional equations.

2 Preliminaries from the theory of Lévy processes

Let (a, o2, IT) and (ap, af,, ITp) be the Lévy triplets of the processes R and P cor-
responding to the standard? truncation function % (x) := x I{jy|<1}-

Putting A (x) := xI{jx|>1), we can write the canonical decomposition of R in the
form

Rt=at+aW,+h>x<(u—v),+}_z*ut,

where W is a standard Wiener process and the Poisson random measure u(dz, dx)
is the jump measure of R having a deterministic compensator (the mean of 1) of the
form v(dt, dx) = dtT1(dx). For notions and results, see the books [20, Chap. 2] and
also [10, Chaps. 2 and 3].

20ther truncation functions are also used in the literature; see e.g. [32].
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Ruin probabilities for a Lévy-driven generalised OU process 43

As in [20], we use * for the standard notation of stochastic calculus for integrals
with respect to random measures. For instance,

t
B (=), =/ /h(x)w— v)(ds. dx).
0 JR

We hope that the reader will be not confused that f'(x) may denote the whole function
f orits value at x; the typical example is In(1 + x) explaining why such a flexibility
is convenient. The symbol IT( f) or I1( f(x)) stands for the integral of f with respect
to the measure I1. Recall that

Nx2Al):= / (x> A DII(dx) < 00,
R

and that the condition ¢ = 0 and I1(|A]) < oo is necessary and sufficient for R to
have trajectories of (locally) finite variation; see [10, Proposition 3.9].

The process P describing the actuarial (“business”) part of the model admits a
similar representation as

P,:apt+0thP+h>x<(;LP—vP),+i_z>|<,utP.

The Lévy processes R and P generate the filtration FX-F = (.F,R’P)tzo, completed
to satisfy the usual conditions. Our standing assumption is

Assumption 2.1 The Lévy measure I1 is concentrated on the interval (—1, 00); o2
and T1 do not vanish simultaneously; the process P is not a subordinator.

Recall that if IT charges (—oo, —1], then ruin happens at the instant t of the first
jump of the Poisson process Ijx<_1} * i having strictly positive intensity. Indeed,
the independence of the processes P and R implies that their trajectories have no
common instants of jumps (except on a null set).

Note that T =inf{r > 0: xI{y<_1} * u; < —1} < oo when IT((—o0, —1]) > 0, and
AR; <—1. According to (1.1), AX; = X;_ AR, that is,

X: = X¢_(AR; + 1).

It follows that t* <17 < 0.

If TT does not charge (—oo, —1] but P is a subordinator, that is, an increasing Lévy
process, then ruin never happens. According to [10, Proposition 3.10], the process
P is not a subordinator if and only if either 01% > 0 or one of the following three
conditions holds:

1) Ip((—00,0)) > 0;

2) Ip((=00,0)) =0, Ip(xIx>0)) = 00;

3) Ip((=00,0)) =0, Ip(xIx>0)) <00,ap — p(xlp<x<1y) <O0.

The first condition in Assumption 2.1 implies that AR > —1 and the stochastic

exponential, solution of the linear equation dZ = Z_d R with the initial condition
Zo = 1, has the form

£(R) = eRi=30714 <, In(I+AR)—ARy)
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44 Y. Kabanov, S. Pergamenshchikov

In the context of financial models, this stands for the price of a risky asset (e.g. stock).
The log price V :=In&(R) is a Lévy process and can be written in the form

1
Vi =at — Eazt + oW+ hx (=) + (In(1+x) — k) * . (2.1

Its Lévy triplet is (ay, o2, Ty), where
o2
ay =a—— + l'[(h(ln(l +x)) — h)

and [Ty = l'[(p_1 with ¢ : x — In(1 4 x).
The cumulant-generating function H : ¢ — InE[e~7"1] of the random variable V;
admits an explicit expression, namely

H(q) :=—ayq+ %2612 + H(e_qh‘(]”) —1+gh(In(1 —i—x))).
Its effective domain dom H = {g : H(g) < oo} is the set {J(g) < 0o}, where
J(@) =T (Ijma+o=ne ™) = T(Ijnaeo =00 +x)79).
Its interior is the open interval (¢, g) with
q:=inf{g <0:J(q) < oo}, q :=sup{g >0:J(q) < oo}.

Being a convex function, H is continuous and admits finite right and left derivatives
on (¢, q). If g > 0, then the right derivative

DYH(0) = —ay — n(ﬁ(ln(l +x))) < o0,

though it may be equal to —oo, a case we do not exclude.

In the formulations of our asymptotic results, we always assume that g > 0 and
the equation H(g) = 0 has a root B € (0, g). Since H is not constant, such a root is
unique. Clearly, it exists if and only if DT H(0) < 0 and lim sup, 45 H(q)/q > 0.
In the case where ¢ < 0, the condition D™ H(0) > 0O is necessary to ensure that
H(q) < 0 for g < 0 sufficiently small in absolute value. If J(g) < oo, then the pro-
cess m = (m;(q)):<1 with

my(q) = e~1Vi—H@
is a martingale and
E[e " ]=¢HD  1e(0,1].
In particular, we have that H(q) = InE[e~7"1] = InE[MY], where M :=¢~"1. For
the above properties, see e.g. [35, Theorem 25.17]. Note that

E|:supe_qv’:| < 00, Vg €(q.9). (2.2)

r<1
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Indeed, let ¢ € (0,§). Take r € (1,G/q). Then E[m/(¢q)] = ¢f@)—"H@) < oo By
virtue of the Doob inequality, the maximal function m’l‘(q) := sup,; m;(q) belongs
to L”, and it remains to observe that e~4"" < Cymy(q) with C; = sup, e H @),
Similar arguments work for g € (g, 0).

3 Ruin problem: a reduction

Let us introduce the process

Yy=— | &NR)dP, = _/ e V- dp,. 3.1
(0,1] 0,1]

Due to the independence of P and R, the joint quadratic characteristic [ P, R] is zero,
and a straightforward application of the product formula for semimartingales shows
that the process

X! =&ER)u—-Y) (3.2)

solves the non-homogeneous linear equation (1.1), i.e., the solution of the latter is
given by this stochastic version of the Cauchy formula. The strict positivity of the
process £(R) = eV implies that % = inf{r > 0: Y; > u}.

The following lemma is due to Paulsen [30].

Lemma 3.1 IfY; — Yo almost surely as t — 0o, where Yo, is a finite random vari-
able unbounded from above, then for all u > 0, we have

G@u) - G®u)

Gu) =W¥(u) = E[G(Xqu)| T4 <00] ~ G(0)’

(3.3)

where G(u) :=P[Yoo > ul. If 1 p((—00, 0)) =0, then W (u) = G (u)/G(0).

Proof Let T be an arbitrary stopping time with respect to the filtration FX-* . As we
assume that the finite limit Y, exists, the random variable

) limyes [ e VAR, T <00,

Yroo:=
0, T=00,

is well defined. On the set {t < oo}, we have

Yroo=e""(Yoo — Vo) = X! + € (Yoo — ). (3.4)
Let & be an fTR’ P _measurable random variable. Since the Lévy process Y starts afresh
at 7, the conditional distribution of Y; o given (7, &) is the same as the distribution

of Yso. It follows that

P[Y;00 > &, 7 < 00] = E[G(£)1{r<o0}]-
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46 Y. Kabanov, S. Pergamenshchikov

Thus if P[t < 0o] > 0, then
P[Y; 00 > &, 7 <00l =E[G(§) | T < 00]P[T < 00].

Noting that W (u) := P[t" < 00] > P[Y > u] > 0, we deduce from here using (3.4)
that

G(u) =P[Yoo > u, 7" < 00] =P[Yyu oo > XY, 7" < 00]

=E[G(X")| 1" < 0o]P[T" < 0]

which implies the equality in (3.3). The result follows since X%, <0 on {t" < oo},
and in the case where I1p ((—o0, 0)) = 0, the process X" crosses zero in a continuous
way, i.e., X¥, =0 on this set. Il

In view of the above lemma, the proof of Theorem 1.1 is reduced to establish-
ing the existence of a finite limit Yo, and finding the asymptotics of the tail of its
distribution.

4 Moments of the maximal function

In this section, we prove a simple but important result implying the existence of mo-
ments of the random variable Yl*. Here and in the sequel, we use the standard notation
of stochastic calculus for the maximal function of a process, i.e., Y;* :=sup, _, |Ys|.
Before the formulation, we recall the Novikov inequalities [27], also referred to as
the Bichteler—Jacod inequalities, see [8, 26], providing bounds for the moments of the
maximal function /" of a stochastic integral / = g * (u? —v?), where g2 x vlp < 00.

In dependence of the parameter o € [1, 2], they have the form

i} E[(lg|* % v[)P/], pe©,al,
E[[[7]1<Cpa
E[(g|* *v])P/*1 +E[|g|P xv]],  pela, 00).

Let U be a cadlag process adapted with respect to a filtration under which the
semimartingale P has deterministic triplet (ap, o%,, ITp)andlet Y, := f(o . Us_dPs.

Lemma 4.1 If p > 0 is such that T1p(|h|P) < 0o and K, := E[U|"] < oo, then
E[Y,”] < cc.

Proof The two elementary inequalities |x + y|? < [x|? + |y|? for p € (0, 1] and
|x 4+ y|? <2P~1(|x|” + |y|?) for p > 1 allow us to treat separately the integrals
corresponding to each term in the representation

P, :apt+apW,P -{-h*(/,LP —vP), +/’_l>l</,LtP,

that is, by assuming that the other terms are zero.
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The case of the integral with respect to dt is obvious (we dominate U by U™).
The estimation for the integral with respect to dW? is reduced, by applying the
Burkholder-Davis—Gundy inequality, to the estimation of the integral with respect
to dt.

Let p < 1. In more detailed notation, f * /,Lf = 0es<l: ap,~0 S (s, APs) and
U_ = (U;-). Therefore we have B l

E[(|U-|1A] % u{)?) < BIU-|P|h|? % ui 1= EQU-|P|h|” % 0] ] < Tp(1A1")K .

Using the Novikov inequality (with o = 2), we have

1 p/2
E[(U_hx (uP —vP))iP] < c,,,z(np(hz))”/zE[(fo U2 dt) }
2
< Cpa(p))"K,.
Let p € (1, 2). By the Novikov inequality with « = 1, we have

E[(U-hx (u” =v")17] = Cp 1 (BIGU-|IA] 5 v{)?) + ELU-I7|RI7 5 v 1)

=< Cp,le7

where C’p,l =Cp 1 ((TTp(|h]))? + M p(|h|P)). Using again the Novikov inequality
but with « = 2, we obtain that

E[(U_h* (" - vP))Tp] < CpoE[(U2h? 5 v{)P/?] < CP,2(HP(h2))pr~

Finally, let p > 2. Using the Novikov inequality with @ =2, we have

1 p/2
E[(U_x+ (" —vP)P] < c,,,z(np(|x|2))f”/2E[(/o U? dt) }

1
+Cp,2HP(|x|p)E|:/ IUlpdt}
0
2
= Cpa((Mp(x )" + M (1517) K .
Combining the above estimates, we conclude that E[Tl* P1<cCK p for some con-
stant C. O
5 Convergence of Y;

Using Lemma 4.1, the almost sure convergence of (¥;) given by (3.1) to a finite
random variable Y, can be easily established under very weak assumptions ensuring
also that Y, solves an affine distributional equation and is unbounded from above.
Namely, we have the following result.
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48 Y. Kabanov, S. Pergamenshchikov

Proposition 5.1 If there is p > 0 such that H(p) < 0 and I1p(|h|P) < oo, then (Y;)
converges a.s. to a finite random variable Y, unbounded from above. Its law L(Y )
is the unique solution of the distributional equation

Yooin + MY, Yoo independent of (M1, Y1), 5.1

where M| := e~ V1,

Proof If the hypotheses hold for some p, they hold also for smaller values. We as-
sume without loss of generality that p < 1 and H(p+) < oo. For any integer j > 1,
we have the identity

Yi=Y; 1=M---Mj_ 10,

where (M, Q ;) are independent random vectors with the components
Mj=eViTVi-sn Q= —/ e~ WV-"Vi-Dgp, (5.2)
(-1Jjl

having distributions £(M;) = L(M1) and L(Q ;) = L(Y1). By assumption, we have
p:=E[M]]= ") <1and E[|Y;|P] < oo by virtue of (2.2) and Lemma 4.1. Since
E[(M, ---M;-11Q; "1 = p/~'E[|Y1]"], we have that

E[Z Y, — Yj_1|P] <00

j=1

and therefore ijl |Y; —Y;_1|” < oo as. But then also ijl Y; —Yj_i| < o0
a.s. and therefore the sequence (Y,,) converges almost surely to the random variable
Yoo := 221(1/,/ —Y;_1). Put

A, = sup , n>1.

n—1<v<n

f e V5= dP;
(n—1,v]

Note that

p
/ e*(vsff nl)dPS’ :| zpnflE[Yl*p] < 00.
(n—1,v]

n—1<v<n

n—1
E[AP] = E|: ]_[ M sup
j=1

For any ¢ > 0, we get by using the Chebyshev inequality that

ZP[A,, > ¢] 5‘»3_”E[Y1*p]2:,0"_l < 00.

n=1 n>1

By the Borel-Cantelli lemma, A, (w) < ¢ for all n > ng(w) for each w € Q2 except a
null set. This implies the convergence Y; — Y a.s. as t — 00.
Let us consider the sequence

Yin=02+M03+---+Mp-- My, Qpyy
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Ruin probabilities for a Lévy-driven generalised OU process 49

converging a.s. to a random variable Y o, distributed as Y. Passing to the limit in
the obvious identity ¥, = Q1 + MY ,—1, we get that Yoo = Q1 + MY} . For fi-
nite 7, the random variables Y1 , and (M1, Q1) are independent and L(Y1 ,,) = L(Y3,).
Therefore Y1 o and (M1, Q1) are independent random variables, £(¥1,00) = L(Y0)
and L(Yx) = L(Q1 + MY1.o). These are exactly the properties abbreviated
by (5.1).

Note that our hypothesis ensures the uniqueness of the solution to the affine dis-
tributional equation (5.1). Indeed, any solution Yo can be realised on the same prob-
ability space as Y, as a random variable independent of the sequence (M;, Q).
Then

L(Voo) =L(Q1+M Vo) = LQ1+M Q24 -4+My - My_1Qp+M - My¥s0).

Since the product M; e M, — 0 in L? as n — oo, hence in probability, the
residual term M --- M, Y also tends to zero in probability, hence in law. Thus
L(Yso) =L Y0). O

It remains to check that Y, is unbounded from above. For this, the following
simple observation is useful.

Lemma 5.2 [f the random variables Q1 and Q1/M are unbounded from above,
then Y~ is also unbounded from above.

Proof Since Q1/M; is unbounded from above and independent of Y| ~, we have that
P[Y1,00 > 0] =P[Ys > 0] =P[Q1/M1 + Y1,00 > 0] > 0. Take an arbitrary u > 0.
Then

P[Ys > ul] > P[Q; + MiY1,00>u, Y100 > 0]=P[01 >u,Yc >0]
=P[O > u]P[Y] 00 >0]>0

and the lemma is proved. O
Notation Jp := [o ;¢ 7" dv, Qo := = [, ,¢7°""~ d Py, where 6 = 1.
Lemma 5.3 £(Q_1) = L(Q1/My).

Proof We have

n

n
/ Zevk/”*l((kfl)/n,k/n](v)dPu = ZEV"/"(Pk/n — Pa—1)/n),

©.11, k=1
n n
e D e Ly ) dPy =Y e V(P gy = Pa_iy ).
0,11 k=1 k=1

Note that V and P are independent, the increments Py, — P—1)/, are independent
and identically distributed, and £(V| — Vi/n) = L(V(4—k)/n)- Thus the right-hand
sides of the above identities have the same distribution. The result follows because
the left-hand sides tend in probability, respectively, to —Q_; and —Q1/M;. O
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50 Y. Kabanov, S. Pergamenshchikov

Thus Y~ is unbounded from above if so are the stochastic integrals Qg.
Lemma 5.4 below shows that the Oy are unbounded from above if the ordinary
integrals Jp are unbounded from above. For the latter property, we prove necessary
and sufficient conditions in terms of defining characteristics (Lemma 5.7). The case
where these conditions are not fulfilled is treated separately (Lemma 5.8).

Lemma 5.4 If Jy is unbounded from above, so is Qg.

Proof We argue by using the following observation. Let & be a real-valued random
variable and n a random variable taking values in a Polish space, with distributions
P: and P;;. Let Pg|, be a regular conditional distribution of & given n = y. If for all
real N, the set P¢y[§ > N] > 0 is not a P;-nonnull set, then & is unbounded from
above.

In the case a%, > (, we use the representation

0y = —ap/ e Vrawl +/ e V- d(opW] — P).
[0,1] (0,1]

Applying the above observation with n = (R, P — opW?’) and £ the integral with
respect to W¥ | and noting that the Wiener integral of a nonzero deterministic function
is a nonzero Gaussian random variable, we get that Qg is unbounded.

Now consider the case where af, = 0. For ¢ > 0, we denote by ¢ the locally
square-integrable martingale with

é‘tg =e V- Ijjx|<e)x * (;,LP — UP)t. (5.3)

Since (£¢)1 = e V= I{jx|<e)x? ¥ vF — 0 as & — 0, we have that sup, <1 ¢/ — Oin
probability. Note that

Qo = (Mp(xlie<ixi<n) —ap)To — ¢f — e "V jxmex x puf .

Take N > 1. Since Jp is unbounded from above, there is N > N + 1 such that the
set {N < Jp < Ny,inf,<; =" > 1/Ny} is nonnull. Then

e = {N <Jo = Niinfe™" = 1/N1, ¢ < 1}
1<

is also a nonnull set for all sufficiently small ¢ > 0.

As the process P is not a subordinator, we have only three possible cases:

1) ITp((—00,0)) > 0: Then ITp((—o0, —&p)) > 0 for some &y > 0. Due to their
independence, the intersection of I'® with the set

{|I{x<7s}x * ,U«f| > N (a;Nl + N), I{x>6} * Hf) =0}
is nonnull when ¢ € (0, gg). On this intersection, we have that

Qo= —apTy —¢f —e " Ixegxxpuf = —apNi—1+afNi+N=N—1.
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2) lTp((—00,0)) =0, ITp(h) = co: Diminishing ¢ if necessary to ensure the in-
equality ITp (xI{y>¢)) = Ny (a;N1 + N), we have that

Qo=—-apJy—¢f +e " Ipoeyx v = —af N = 1+af Ny + N> N -1

on the nonnull set I'¢ N {I{y¢} * uf =0}
3)p((—00,0)) =0, Mp(h) <ooand [1p(h) —ap > 0: Then on the nonnull set
{To = NYN {Ijx>0y * /L{) =0}, we have that

Q¢ = (Np(h) —ap)Jy = (TIp(h) —ap)N.

Since N is arbitrary, Qg is unbounded from above in all three cases. O
Remark 5.5 1f Ji1;v, <o) is unbounded from above, so is Q1/{v, <0}-

Remark 5.6 The proof above shows that in the case where op = 0, there is a constant
k > 0 such that if the set {Jp > N} is nonnull, then Qyp > ¥ N on an F IR ‘P _measurable
nonnull subset of the latter set. The statement remains valid with obvious changes if
the integration over the interval [0, 1] is replaced by the integral over an arbitrary
finite interval [0, T'].

Lemma 5.7 (i) The random variable [J is unbounded from above if and only if
02+ T((=1,0)) > 0 or M(xjp<x<1}) = 0C.

(i1) The random variable J_1 is unbounded from above if and only if we have
02 +T1((0, 00)) > 0 or T (xI{x<q)) = —o0.

Proof In the case where o> > 0, the “if” parts of the statements are obvious: W
is independent of the jump part of V and the distribution of the random variable
fol e~ 79Wug(v)dv, where g > 0 is a deterministic function, has a support unbounded
from above. So suppose that o = 0 and consider the “if” parts separately. Note that
in this case,

Vi=at+hx(u—v)+(@—h)*u, (5.4

where ¢ = ¢(x) = In(1 + x).
(i) Consider first the case where IT1((—1,0)) > 0, i.e., I[T((—1, —¢)) > 0 for some
¢ € (0, 1). Then the process V given by (5.4) admits the decomposition

Vi=(a—TI(xIj—1<x<—e))t + Vt(l) + Vt(z),

where V" = TWx 5 (u — v); + (@) — ID % py + @) =1y * 1y with
D= I{_¢<x<1) and V,(z) ‘= @(x)[{—1<x<—¢) * Hs- The processes Vv and v® are
independent. The decreasing process V® has jumps of size not less than |In(1 — &)|
and the number of jumps on the interval [0, 7] is a Poisson random variable with pa-
rameter tIT1((—1, —e)) > 0. Hence Vt(z) is unbounded from below for any 7 € (0, 1).
In particular, for any N > 0, the set where e’v(z) > N on the interval [1/2, 1] is
nonnull. The required property follows from these considerations.
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Now suppose that we have IT(h(x)I{x~0y) = 0o. We assume without loss of gen-
erality that I1(—1,0) = 0. In this case, the process V has only positive jumps.
Take arbitrary N > 1 and choose & > 0 such that we have IT(xI{z<y<1}) > 2N and
H(I{o<x55}<p2(x)) < 1/(32N2). We have the decomposition

Vi=zet + VP 4 v 4y,

where the processes V) 1= Ijg_y <0 (x) % (1 — 1), VP 1= I(e <1y (x) * (1 — v)

and VO .= Iy~ 119 (x)* p are independent and c:=a + IT((¢(x) — x)[jp<x<1}) < 00.
By the Doob inequality, P[sup, - Vt(l) < N/2] > 1/2. The processes V@ and Vv

have no jumps on [0, 1] on a nonnull set. In the absence of jumps, the trajectory of
V@ is the linear function vr = —II(@p(x) [[g<x<1})t < —2Nt. It follows that

sup Vi<c—N/2
1/2<t<1

on a set of positive probability. This implies that 7 is unbounded from above.
(i) Let first T1((0, 00)) > 0, i.e., I1((g, 00)) > O for some & > 0. Then

Vi =(a—Thlee))t+ VY + v,
where
VD = Teeph (= ) + (90) = h) ey * s,
Vl(z) = @(X) I{xse) * Uy

The processes V1 and V® are independent. The increasing process V) has jumps
of size not less than ¢(¢) and the number of jumps on the interval [0, ¢] is a Poisson

random variable with parameter ¢I1((e, 0c0)) > 0. Hence \/,(2) is unbounded from

above for any ¢ € (0, 1). In particular, for any N > 0, the set where ev(2> > N on the
interval [1/2, 1] is nonnull. These facts imply the required property.

It remains to consider the case IT(x I{y);) = —oo and IT(0, co) = 0. The process
V has only negative jumps. Take arbitrary N > 1 and choose ¢ € (0, 1/2) such that
—TI(p(xX) [{—1/2<x<—¢}) > 2N and TT(J{_s<x<0}¢*(x)) < 1/(32N?). This time, we
use the representation

Vi=et+ VO + v 4y,
where the processes
VO = [ e rcoj(x) % (1 — v),
VO = I pexs—eyo () % (1w — ),
VO = [ w10 (x) % 1
are independent and ¢ :=a + I1(¢(x)I{~1/2<x<0} — h). Due to the Doob inequality,

P[sup, Vt(l) < N/2] > 1/2. The processes V' and V® have no jumps on [0, 1]
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with strictly positive probability. In the absence of jumps, the trajectory of V?) is the
linear function y = —IT(@(x)I{—1/2<x<—¢))t = 2Nt. It follows that

sup Vi <c+N/2
1/2<t<1

on a nonnull set. This implies that J_; is unbounded from above.
Finally, the “only if” parts of the lemma are obvious. g

Summarising, we conclude that Q1 and Q1 (and hence Y,) are unbounded from
above if 62 > 0, or 03 > 0, or I1(Jh]) = 0o, or T1((—1,0)) > 0 and I1((0, 0)) > 0.
The remaining cases are treated in the following result.

Lemma 5.8 Let 0 =0, I1(|h]) < 00, op =0. If I1((—1,0))=0 or I1((0, 00)) =0,
then the random variable Y is unbounded from above.

Proof By our assumptions, V; = ct + L with the constant ¢ :=a — I1(h), [1 =0 and
L; := ¢ * ;. The assumption 8 > 0 implies that P[V] < 0] > 0 and P[V] > 0] > 0.
So there are two cases which we consider separately.

(i) ¢ <0 and I1((0, 00)) > 0: Take any T > 1. Then f[o T e Vidt > T /e on the
nonnull set {L7 < 1}. By virtue of Remark 5.6, on the nonnull .Ff ‘P _measurable sub-

set I'r C {L7 < 1}, we have —f[o T]e_vf* dP; > Ky, where Ky — oo as T — o0.
Forevery T > 1,

Pt N {Lry1 —Lr = |c|(T + D} =PII'rIP[Lr41 — L1 > |c|(T +1)] > 0.

Let ¢% be the square-integrable martingale given by (5.3) (note that —V is here
bounded above by a deterministic function) with 6 = 1. Take N > 1 sufficiently large
and ¢ > 0 sufficiently small to ensure that the set F;’N defined as the intersection of
Iy N {Ly41 — Ly > [c|(T + 1)} and

{ sup e_stN
sel

L _nf e NG, — gl <)
T,T+1] se[T, T+1] / } T+1 T

is nonnull. Let us consider the representation

Yooz—/ e_V’*dPt—i—a’j;/ e~ Vidt — i +¢E
0,7] (T, T+1]

—I7o0pe” "X ppsey k gy e YT oo

Take an arbitrary y < 0 such that the set {Y741,00 > y} is nonnull. Since the process P
is not a subordinator with op = 0, it must satisfy one of the characterising conditions
1)-3) of Sect. 2. Let us consider them consecutively. If T1p ((—o0, 0)) > 0, then there
is &9 > 0 such that ITp ((—o0, —&p)) > 0. Due to their independence, the intersection
of F‘;’N with the set

N
T8N = (L7 00) I <—e) * 1Yo = —(1/e)N? @, I 00) Iy} * o4y =0}
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is nonnull when ¢ € (0, g9). Due to their independence, the intersection of FET’N N IN‘;’N
and {Y741,00 > ¥} is also a nonnull set. But on this intersection, we have the inequal-
ity Yoo > K7 — 1 + y, implying that Y, is unbounded from above.

Suppose next that ITp(—o0,0) =0 and I1p(h) = oco. Thus for sufficiently small
e > 0, we have a}, > 0. On the nonnull set

F?N n {I[T,oo)l{x>s} * MITJ.H =0}N {YTJrl,oo >y},

the inequality Y, > K7 — 1 4+ y holds and we conclude as above.
Finally, suppose that [1p(—00,0) =0, [1p(h) < oo and [1p(h) — ap > 0. In this
case, we can use the representation

Yoo = —/ e Vi=dP, + (Ip(h) —ap)f e Vi dr
0,7] (T, T+1]

— I(T.00e” "X I{x=0 * M}T)H +e VY4 oo

On the nonnull set F%N N A{I(T,00) (x>0} * ,uiﬂ =0} N {Yr+1,00 > y}, we have that
Yoo > K71 + y, implying that Y, is unbounded from above.

(i) ¢ > 0 and TI(—1,0) > 0: In this case, there are 0 < y < y; < 1 such
that the sets {I(_1,—y,) * 1 =0}, {L(—y,,—y) * n12 = I(—y,,—y) * 41 = N} and
{¢I(—y,,0) * 1 > —1} are nonnull. Due to their independence, their intersection Ay
is also nonnull. On Ay, we have the bounds

c+NIn(l —y) —1<Vi<c+NIn(l —y),

Ji ::/ eV dtze"'/ e 1E gy > L — ),
[0,1] [0,1/2] 2

By virtue of Remark 5.6, there are a constant xy and an F, lR’P -measurable non-
null subset By of Ay such that Q1 > ky on By and ky — o0 as N — oo.
Take T =Ty >0 such that ¢T + NIn(l1 — y;) — 2 > 0. Then the set
{O114+7119(x) * 147 > —1} is nonnull and its intersection with By is also non-
null. On this intersection, we have e~ V1+7 < 1 and c1(N) < Vigr < c2(N), where
ci(N):=c+ NIn(l —y;) —2and c3(N) :=c(T + 1) + N In(1 — y). With this, we
accomplish the arguments by considering the cases corresponding to the properties
1)-3) with obvious modifications. O

With the above lemma, the proof of Proposition 5.1 is complete. g

Proof of Theorem 1.1 First, we relate the notations and hypotheses of Theorem 1.1
with those used in the results from implicit renewal theory summarised in Theo-
rem A.6 of Appendix A. The hypothesis that H(8) = 0 means that E[M#] = 1 with
M =M, =e"1. Also, E[M#*¢] < 0o for some ¢ > 0 since B does not belong to the
boundary of the effective domain of the function H. In view of (2.2) and Lemma 4.1,
we have that E[| Q|#] < oo, where Q = 0| = f((),l] e~Vvdv. Proposition 5.1 provides
the information that the almost sure limit Y, of the process Y given by (3.1) exists,
is finite, unbounded from above and has a law solving the distributional equation
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L(Ys) = L(Q + MY,), which can be written in the form (A.1). Thus all the condi-
tions of Theorem A.6 are fulfilled. The latter gives the statements on the asymptotic
behaviour of the tail function G(u) =P[Ys > u] as u — oo. Using Lemma 3.1 al-
lows us to transform them into statements on the asymptotic behaviour of the ruin
probability W(u) and complete the proof. d

Remark 5.9 The constant Co, in Theorem 1.1 is of the form Co, = C /G (0), where
Cy is given in (A.3).

Remark 5.10 Note that the hypothesis § € intdom H can be replaced by the slightly
weaker assumption E[e— W Vi1<oo.

Remark 5.11 The hypothesis that £(V}) is non-arithmetic can also be replaced by a
weaker one: one can assume that £(Vr) is non-arithmetic for some T > 0. Indeed,
due to the identity InE[e #Y7] = T H(B), the root 8 does not depend on the choice
of the time unit.

The following lemma shows that the condition on £(V]) can be formulated in
terms of the Lévy triplet.

Lemma 5.12 The (non-degenerate) distribution of the random variable V| is arith-
metic ifand only ifo = 0, IT(R) < oo and there is d > 0 such that Iy is concentrated
on the lattice T1(h) —a + Zd.

Proof Recall that oy = o and ITy = ITgp~!, where ¢ : x — ¢(x). So we have
[Ty (R) =TI(R). If oy > 0 or [Ty (R) = o0, the distribution of Vj has a density; see
[10, Proposition 3.12]. If o0 =0 and 0 < [Ty (R) < 0o, then V is a compound Poisson
process with drift c = a — I[1(h) and distribution of jumps Fy := [Ty /1y (R). In that
case, L(V)) is concentrated on the lattice Zd if and only if ITy is concentrated on the
lattice —c + Zd. O

Remark 5.13 The property that Y, is unbounded from above can be deduced from
the much more general Theorem 1 on the support of exponential functionals from
the paper [6]. However, the results for the supports of 7y and Qy and the arguments
presented here have own interest and can also be used without assuming, as in [6],
that the limit Y, exists.

6 Ruin with probability one

In this section, we give conditions under which ruin is imminent for any initial re-
serve.

Recall the following ergodic property of the autoregressive process (X5),>1 with
random coefficients which is defined recursively by the relations

X' = A X" |+ By, n=1,Xi=u, (6.1)

where (A, By)n>1 18 a sequence of i.i.d. random variables in R2 (see [34, Proposi-
tion 7.1], and [12] for a deeper result).
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Lemma 6.1 Suppose that E[|An|5] < 1and E[|Bn|3] < 00 for some § € (0, 1). Then
for any u € R, the sequence (X}}) converges in L? (hence, in probability) to the ran-
dom variable

oo n—1
X3, =>_B.[] A
n=1  j=I
and for any bounded uniformly continuous function f,
N
1 u 0 . iy
~ Z f(X"y — E[f(X%)]  in probability as N — oo. (6.2)

n=1

Corollary 6.2 Suppose that E[|A,|°] < 1 and E[|B,|?] < oo for some § € (0, 1).

(i) IfP[XY, < 0] > 0, then inf,> X" < 0.
(i) If A1 > 0 and B/ A is unbounded from below, then inf,>1 X% < 0.

Proof We get (i) by a straightforward application of (6.2) to the function
) =Tty +xLi—1<x <0}
The statement (ii) follows from (i). Indeed, put X &} =Y 2, By ]_[’;;; Aj.Then
X% =B + A X% =4, (X% + By /A)).

Since B;/A; and X 251 are independent and the random variable By /A is unbounded
from below, P[Xgo <0)>0. |

Let M; and Q; be the same as in (5.2).

Proposition 6.3 Suppose that E[M;°] < 1 and E[M[°|011°] < oo for § € (0,1). If
Q1 is unbounded from above, then ¥V (u) = 1.

Proof The process X“ solving (1.1) and restricted to integer values of the time scale
admits the representation

X,‘j:ev"*v’l*‘X,';_l—f-eV"/ e Vi-dp, n>1,Xg=u.
(n—1,n]

That is, X} is given by (6.1) with A, = Mn_1 and B, = —Mn_1 Q;. The result follows
from statement (ii) of Corollary 6.2. O

Now we give more specific conditions for ruin with probability one in terms of the
triplets.

Theorem 6.4 Suppose that 0 € intdom H and Ip(|h|%) < 0o for some & > 0. If
ay + II(h(n(1 + x))) <0, then ¥ (u) = 1.

@ Springer



Ruin probabilities for a Lévy-driven generalised OU process 57

Proof Note that D™ H(0) = —ay — I1(h(In(1 + x))). If D~ H(0) > 0, then for all
q < 0 sufficiently close to zero, we have H(q) < 0, that is, E[Mi’] < 1. By virtue
of Lemma 5.3, we have /J(Mlel) =L(0_1). If T1p(|h|¢) < oo for some & > 0,
Lemma 4.1 implies that E[|Q_1]|7] < oo for sufficiently small ¢ > 0. To get the
result, we can use Proposition 6.3. Indeed, by virtue of Lemmas 5.4 and 5.7 (i), the
random variable Q1 is unbounded from above, except possibly in the case where
02 =0, 03 =0, II(|h]) < oo and TI(~1,0) = 0, T1(0, c0) > 0. Recall that in this
special case, we have V;, = ct + L, where ¢ :=a — I1(h) and L, :=In(1 + x) * u;.
Note that

XS:/ eVn=Vi- dPti/ V-dp = -Y,,
(0,n] (0,n]

where the equality in law holds by virtue of Lemma 5.3 (the latter is formulated
for [0, 1], but its extension to arbitrary intervals is obvious). The random variable
Y, is defined by the same formula as Y, with V replaced by —V. As in Proposi-
tion 5.1, we show Qlat (?n) converges to a finite value ?oo in Qrobability. It follows
that E(Xg) = L(—Y,). Asin Lemma 5.8 (i), we can show that Y, is unbounded from
above.

In the case where D™ H(0) = 0, we consider, following [34], the discrete-time
process (f( ")neN, where X # = X1, and the descending ladder times 7}, of the random
walk (V;))nen are defined by Ty := 0 and

T, :=inf{k > T, : Vi = Vr,_, <0}

Since J(q) = MMI{jin+x)>13(1 + x)77) < oo for any g € (g,q), we have that
I (In%(1 + x))) < co. The formula (2.1) can be written as

Vi=oW; +In(1 +x) * (u —v)y,

i.e., V is a square-integrable martingale so that E[V;] =0 and E[Vlz] < 00. Accord-
ing to Feller’s book [13, Chap. XII.7, Theorem la and the remark preceding it], the
above properties imply that there is a finite constant ¢ such that

P[T; >n]<cn~'/2. (6.3)

It follows in particular that the differences 7,, — 7,—1 are well defined and form a
sequence of finite independent random variables distributed as 77. The discrete-time
process (X4) = (X ’;n) has the representation

X, :eVT"_VTnleZ_l + eV / e Vi-dpr, n>1, X =u,
(Ty—1,Tnl

and solves the linear equation

where
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and Bl /A] = —Yr,, where Y is given by (3.1). By construction, A‘; < lforanyé > 0.
Using the definition of Q; given by (5.2), we have that

T T
D Vr, —=Vi_
1Bi1 <) e Vim0 <) 10l
j=1 j=1

According to Lemma 4.1, E[|Q1]?”] < oo for some p € (0, 1). Taking r € (0, p/5)
and defining the sequence ¢, := |n*" |, using the Chebyshev inequality and (6.3)
gives

T
E[|Bi|'] <1 +an’—1P[Z|Q,| >n]

n>1 j=1

Krl
<1 +anr_1P|:Z|Qj| >n] —i—anr_]P[Tl > {,]

n>1 j=1 n>1
<1+rE[Q1171D an’ P +re Y 0"l 2 < o0,
n>1 n>1

To apply Corollary 6.2 (ii), it remains to check that Y7, is unbounded from above.
Since {Q1 > N, Vi <0} € {Y7, > N}, it is sufficient to check that the probability
of the set on the left-hand side is strictly positive for all N > 0, or, by virtue of
Remark 5.5, that

P[J1 > N,V <0] >0, VN > 0. 6.4)

If 2 > 0, the conditional distribution of the process (Ws)s<1 given Wi = x coin-
cides with the (unconditional) distribution of the Brownian bridge B* = (B )s<i
with B = W 4+ s(x — Wy). Using this, we easily get for any bounded positive func-
tion g and any y, M € R that

1
P[/ e Woa(v)ydv >y, W) < M] > 0;
0

cf. [21, Lemma 4.2]. This implies (6.4).
Now suppose that 02 =0, but I((—-1,0)) > 0, i.e., I1((—1, —¢&)) > 0 for some
e € (0, 1). In the decomposition V = vD 4+ v@  where
W=1 In(1
Vil = ex<—ey In(1 + X) * g,
2
V2 = (a = T <xzme))t + Lxs—eph * (= v);
+I{x>—8}(ln(1 +x)— h) * Ut
the processes V() and V@ are independent. The process V) is decreasing

by negative jumps whose absolute values are at least |In(l — ¢)|, and the num-
ber of jumps on the interval [0, 1/2] has a Poisson distribution with parameter
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(1/2)T1((—1, —¢)) > 0. Thus p[v;;; < —n] > 0 for any real n. It follows that

1
P[Ji>N,Vi<0]=>P / e Vidt >N,V <0, Vl(/l% < —n]
0

- 1
®
>P e”/ e Vi dt> N, VI(Z) <n, Vl(/lg < —ni|
1/2

- N
=P f e_Vf( dt > Ne™, VI(Z) < n]P[Vl(/l% < —n].
LJ12

The right-hand side is strictly positive for sufficiently large n and so (6.4) holds.
Finally, the case where IT(x/jp<x<1)) = o0 is treated similarly as in the last part
of the proof of Lemma 5.7 (i). The exceptional case I1(|A|) < oo, I1((—1,0)) =0,
I1((0, o0)) > 0 is treated by a reduction to Corollary 6.2 (i). O

7 Examples

Example 7.1 Let us consider a model with negative risk sums and Lévy mea-
sure [1p(dx) = AFp(dx) with a constant A > 0, where the probability distribution
Fp(dx) is concentrated on (0, 00), and set

a(}g :=A/ xFp(dx) —ap.
[0,1]

The process P admits a representation as the sum of a Wiener process with drift and
an independent compound Poisson process, i.e.,

NF
Pt:—aOPt—i—apW,P—i—ij, (7.1)
j=1

where the Poisson process N with intensity Ap is independent of the sequence
(&j)j=1 of positive i.i.d. random variables with common distribution Fp. Suppose
that the price process is a geometric Brownian motion, i.e.,

gt(R) :eV[ :e(afaz/Z)tJraW,’

sothat o #0 and I[1=0.

For this model, we have ¢ = —00 and g = co. The condition DTH() <0 is
reduced to the inequality 0%/2 < a, and the function H(g) = (6%2/2 —a + qo?/2)q
has the root 8 =2a/o* — 1 > 0. Suppose that 012) + (a(},)+ > 0. By Theorem 1.1,
the exact asymptotic W (u) ~ Coot P as u — oo holds if E[Elﬂl] < 00. Since the
exponential distribution has the above property, we recover as a very particular case
the asymptotic result of [21] where it was assumed that af, =0 and aOP > 0.

If 0123 + (a(l)))+ >0, 02/2 > a and E[Ef] < 00 for some € > 0, then Theorem 6.4
implies that ¥ (u) = 1.
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Models with a price process given by a geometric Brownian motion were inten-
sively studied by using the representation of W as solution of integro-differential
equations. To the reader interested not only in asymptotic results, but also in the be-
haviour of ruin probabilities for finite values of the initial capital, we recommend the
very detailed study [7] with a number of simulation results.

Example 7.2 Let the process P again be given by (7.1) and suppose that the price
process has a jump component, namely,

Ni
Ei(R) =exp ((a — /Dt + oW, + Zln(l + nj)>,
j=1
where the Poisson process N with intensity A > 0 is independent of the sequence
(1) j>1 of ii.d. random variables with common distribution F not concentrated at

zero and such that F ((—oo, —1]) = 0; see [25, Chap. 7]. That is, the log price process
is represented as

Vi=(a—02/2)t+0 W, +1In(l + x) * ur,
where I[1(dx) = AF (dx). The function H is given by the formula
H(q)=(0?/2—a+q0”/2)q + L(E[(1 + 7)1 —1).

Suppose that E[(1 + 71)77] < oo for all ¢ > 0. Then g = co. Let o # 0. Then
limsup,_, o, H(gq)/q = o0. If

DTH(0)=02/2—a — AE[In(1 + n1)] <0,

then the root 8 > 0 of the equation H(g) = 0 does exist. Thus if E[§ {3 ] < oo, then

Theorem 1.1 can be applied to get that W (1) ~ Coou#, where Coo > 0.
IFE[(1+11)' 2471 < 1 (resp. E[(1+n1)'~2%/°*] > 1), the root B is larger (resp.

smaller) than 2a/ o2 — 1, the value of the root of H in the model of Example 7.1 where

the price process is continuous.
Now leto = 0. If

DYH(0) = —a — AE[In(1 +711)] <0

and

limsupg 'E[(1 +n1) "¢ — 1] > a/A,
q— 00

then the root 8 > 0 also exists. Theorem 1.1 can be applied when P[5; > 0] € (0, 1),
and then we have the exact asymptotics if the distribution of In(1 + 7;) is non-
arithmetic.

Suppose again that E[(1+71) 7] < oo forall g € R. Then g = —oc and g = co. If
the conditions 02/2 —a — AE[In(1 +11)] > 0, 62 +P[n; < 0] > 0 and E[|£;]?] < 00
for some ¢ > 0 hold, then W (z) = 1 by virtue of Theorem 6.4.
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Appendix A: Tails of solutions of distributional equations
A.1 Kesten—-Goldie theorem

Here we present a short account of needed results on distributional equations (random
equations in the terminology of [15]) of the form

Yoot O+ MYs, Yo independent of (M, Q), (A.1)

where (M, Q) is an R2-valued random variable such that M > 0 and P[M #1]1>0

and £ is equality in law. This is a symbolic notation which means that we are
given, in fact, a two-dimensional distribution £ on (0, 00) x R not concentrated
on {1} x R, and the problem is to find a probability space with random variables
Yoo and (M, Q) on it such that Y, and (M, Q) are independent, L(M, Q) = L and
L(Yso) = L(Q + MY). Uniqueness in this problem means uniqueness of the distri-
bution of Y.

In the sequel, (M;, Q) form an i.i.d. sequence whose generic term (M, Q) has
the distribution £ and Zj := M, ---M;, Z; :=sup,_, Z;.

If there is p > 0 such that E[M”] < 1 and E[|Q|”] < o0, then the solution Y,
of (A.1) can be easily realised on the probability space (€2, F, P) where the sequence
(M, Q) is defined; in fact, we can take the limit in L? of the series ijo Z; 10,
see the beginning of the proof of Proposition 5.1.

The following classical result from renewal theory is the Kesten—Goldie theorem;
see [15, Theorem 4.1].

Theorem A.1 Suppose that (M, Q) is such that the distribution of In M is non-
arithmetic and, for some B > 0,

EMP]=1, E[MP(n M)t] < o, E[|0|#] < c0. (A.2)
Then

lim uPP[Yoo > u] = Cy < o0,
u— 00

lim uPP[Ys < —u]=C_ < o0,
u—>o0o

where Cy + C_ > 0.
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Theorem A.1 leaves open the question when the constant C is strictly positive.
The expression

E[((Q + MYo) NP — (MYs)T)P]
BE[MP# 1n M]

given in [15] and involving the unknown distribution of Y, is not helpful. How to
check whether the right-hand side of this formula is strictly positive? Recently, Guiv-
arc’h and Le Page [18] showed for the above case where the distribution of In M
is non-arithmetic that C; > 0 if and only if Y is unbounded from above; see also
Buraczewski and Damek [9] for simpler arguments. Of course, this criterion is not
a result formulated in terms of the given data; it involves a property of the unknown
distribution of Y, namely that the support is unbounded. But this property can be
checked in the model considered in the present paper.

The remaining part of the appendix is a compendium of facts needed to cover also
the arithmetic case.

Cy=

(A3)

A.2 Grincevicius theorem

The theorem below is a simplified version of [17, Theorem 2(b)], but with a slightly
weaker assumption on Q, namely E[|Q|#] < 0o, as used in our study. For the reader’s
convenience, we give a complete proof after recalling some concepts and facts from
renewal theory.

Theorem A.2 Suppose that (A.2) holds and the distribution of In M is concentrated
on the lattice 7Zd = {0, £d, +2d, ...}, where d > 0. Then

lim sup MﬂP[YOO >u] < oo.
u— 00

We consider the convolution-type linear operator which is well defined for all
positive as well as for (Lebesgue-) integrable functions by the formula

¥ (x) = f e Y (y)dy.

Clearly, the functions ¥ and r are simultaneously integrable or not and

/&(x)dxzf W (x)dx.
R R

Suppose that ¢ > 0 is integrable. Then &(x +38) > e—%(x) for any § > 0 and

Jjo
5 F0) =8P (j8) = e f ¥ () dx,
xe[/S (/+1)8] (j—18
implying that
U, 8):=$ > e 20 / d
UW,9): me <,+1>a]‘/’() ¥ (x) dx.
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Similarly,

U(I/V/, ) ::62 sup &(x) < e25/ &(x)dx.
R

ez xeljo.(j+D3l

Thus U(l}, §) < oo and l_](I/V/, 8) — Q(I/V/, 8) — 0 as § — oo. These two properties
mean by definition that the function xD is directly Riemann-integrable. Arguing for
the positive and negative parts, we obtain that if v is integrable, then v is directly
Riemann-integrable.

We use in the sequel the following renewal theorem (see [19, Proposition 2.1]) for
the random walk S, := > & on a lattice.

Proposition A.3 Let & be i.i.d. random variables taking values in the lattice 7d,
d > 0, and having finite expectation m := E[&;] > 0. Let F : R — R be a measurable
Sunction. If x € R is such that ZjeZ |F(x 4 jd)| < oo, then

lim E[ZF(x +nd — sk)} = %ZF(x + jd).

n— oo
k>0 jez

Proof of Theorem A.2 Let the solution of (A.1) be realised on some probability space
(2, F, P). We use the notation (M, Q) instead of (M, Q1) and as usual define the
tail function G (1) := P[Ys > u]. Set g(x) := eP*G(¢*). Since Yo, and M are inde-
pendent, we have P[M Yy, > ¢*] = E[G(e*~™M)]. Introducing the new probability
measure P := MPP and noting that

P PMYs > ¢ ] = E[MPPETM G (oMY — E[g(x — In M)],
we obtain the identity (called renewal equation)
g(x) = D(x) + E[g(x — In M)], (A.4)
where D(x) := ePX(P[Yoo > €] — P[MYs > e*]). The Jensen inequality for the
convex function x + xInx implies that E[ln M] = E[MP1InM] > 0 and hence

E[| In M|] < oo. Let us check that the function x — D(x) is integrable. To this end,
we note that for any random variables &, 7,

IP[£ >s]1—Pln>s]| <Pln" <s <&T+PET <s <nT].

Using the Fubini theorem, we obtain that
4

00 &
/ P[n+§s <§+]s’31ds=E|:I{,,+<g+}/ sﬂldsi|
0

,7+
1
= EE[(@*)ﬂ — )]
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Applying the above bound and identity with & := Q + MY, 4 Yoo and n:= MY,
we get that

o0 1
/R|D(x)|dx=/0 |P[s>s]—P[n>s]|sf‘*1dssEE[\(&*)ﬁ—(mﬂH,
and it remains to verify that

E[[((@+n*") —a")Pf|] < (A.5)
when E[|Q|#] < co. But |((Q + n)T)? — (9P| = ¢ + ¢, with positive summands
¢ =L gen=0p(Q +mF + Lo<y=—oin® <1017,

0 = L[g4n=0.7=011(Q + )P —nP|.

If B < 1, the random variable ¢ is also dominated by the random variable |0|P. If
B > 1, the inequality |x# — y#| < B|x — y|(x v y)#~! for x, y > 0 combined with the
inequality (|a| + |b)A-1 < 2(/3’2)+(|a|/3’1 + |b|A~1) leads to the estimate
_7*t _ _
o <2972 glolnlP +101°7h.

Using the independence of (M, Q) and Y, the Holder inequality and taking into
account that E[M#] =1 and E[|Yx|?] < oo for p € [0, B), we get that

E[|Q[In|" "1 =E[QIM" E[[Yoo " ~'] < (B[ Q1P D PE[Yoo /7] < 0.
Thus (A.5) holds. The integrability of D allows us to transform (A.4) into the equality
$(x)=D) +E[g(x —InM)].

Iterating, we obtain that

N—-1

g =Y EID(x — S)]+E[Z(x — Sp)], (A.6)
n=0

where §,, := Zl 1&i for n > 1 and (&;) is a sequence of 1ndependent random vari-

ables on (2, F, P) independent of Y, such that £(&;, P) L(nM, P) In particu-
lar, E[e P51 =1.

By the strong law of large numbers, we have Sy/N — E[ln M]>0 P-as. as
N — oo and therefore y — In Sy — —o0 P-a.s. for every y. Since E[e BSN]1=1, we
have by dominated convergence that

E[g(y — S)I =E[/V VG (e V)] — 0.
It follows that the remainder term E[g(x — Sy)] in (A.6) tends to zero so that

g(x)=> E[D(x — Sp)l.

k>0
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Using Proposition A.3 (with F = D), we obtain that for any x > 0,

d
E[ln M]

Zb(x + jd) <UD, d) < .
JjEZ

lim g(x +dn)=
n— oo

Replacing in the integral below the function G(e¥) by its maximal value G(e¥),
we get

X
_ 1
S — —(x—y) By y
Xx) = e eGe)dy > ——gx
HO) fm (©)dy = 2=
and therefore

limsupu‘ﬁP[YOo > u] =limsupg(x) < (B + 1)limsup g(x) < oo.

u—>00 X—> 00 X—>0Q0

Theorem A.2 is proved. O
A.3 Buraczewski-Damek approach

The following result, usually formulated in terms of the supremum of the random
walk S, := Z?:l In M;, is well known (see e.g. Kesten [23, Theorem A] for a much
more general setting).

Proposition A.4 If M satisfies (A.2), then
liminfufP[Z}, > u] > 0.
u— 00

Proof Let F(x) := P[lnM <x], Fx):=1— F(x) and S, := Z?:l &, where
& :=1nM;. The function H (x) := P[sup, cn S» > x] admits the representation

H(x) =Pl& > x]+E[l, _ H(x —£)]=F(x) +/ H(x —t)dF(t).

Putting Z (x) := e* H(x), z(x) := e#* F(x) and P := ¢P51P, we obtain from here that
Z(x) = z(0) + E[Z(x —§D](g <u)]-
The same arguments as were used in deriving (A.6) lead to the representation
Z(x) = E[Zz(x - sk>1{sk§x}}-
k=0

The function z(x) := z(x)Ix>0} is directly Riemann-integrable. Indeed, for j > 0,
we have that
. - Jjs _
sup  z(x) < PUTDIE(j5) 5e2ﬂ5/ ePUF(v) dv
xe[j8,(j+1)8] (j—=1é
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and therefore

o0
0(2,6)=8z(0)+82 sup  z(x) S(SZ(O)-F@Z/%/ ePUF (v) dv.
=0 xelis.(j+De) -5

In the same spirit, we get
G+
inf  z(x)>ePPF F((+Dd)>e 2’%/ ePVF(v) dv
x€ljs.(j+1)é] (J+Ds

and

o0
Q(ﬁ,é):SZ sup z(x)ze_z’%/ PVF (v) dv.
(Zoxelis.(i+1s] s

Taking into account that
Bv Lgrebey = 1
e’ F(v)dv = -E[e”!'] = — < o0,
R p B

we get from here that U(Z,8) < oo and U(Z,8) — U(Z,8) — 0 as 8 — 0. Using
renewal theory, we obtain that if the law of £ is non-arithmetic,

lim e H(x)= — / z(v) dv; (A7)

X—> 00

see e.g. [13, Chap. XI, 9]. If the law of £ is arithmetic with step d > 0, then according
to Proposition A.3, for any x > 0, we have

B(x+nd)
lim e H(x +nd) = —E > 2@+ jd) et ja=0). (A.8)
JjEZ
The equalities (A.7) and (A.8) imply the statement. O

The proof of the result below, formulated in a form to cover our needs, follows
the same lines as in Lemma 2.6 of the Buraczewski—-Damek paper [9] with minor
changes to include also the arithmetic case.

Theorem A.5 Suppose that (A.2) holds. If the support of the distribution of Y is
unbounded from above, then

liminfuﬁP[YoO >ul]>0.

u— 00

Proof Let

=Y. 07Zj1, Yaeoi= Z Q; H My
j=1

j=n+1 {=n+1
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and Z :=sup;, Z;. Theorems A.1 and A.2 imply that P[Yo, < —u] < Cru™?
with C; > 0. On the other hand, by Proposition A.4, P[Z} > u] > Cou=? with
C> > 0. Of course, in both cases the inequalities hold when u is sufficiently large. Put
U, :={Z, > u, Y, > —Cu}, where CcP .= 4C1/C,. The process Y decreases. There-
fore, we have the inclusion {Z, > u} C {Yso < —Cu} U U,. It follows that for suffi-
ciently large u > 0, we have

(3/4)Cou™P <P[Z% >u]= P|: Utz > u}] < P[Yoo < —Cu] +P[ U U,,}
neN neN

<20, Put +P[ U U,,]
neN

so that P[|J, oy Unl = (1/4)Cou=P. Since ¥, + ZyYn.00 < Yn + ZnYn.00 = Yoo, We
have that

Wnoo>CH1NU, SV + ZyYnoo>u}NU, C (Yoo > u}NU,.

Note that P[Ys > C + 1] =P[Y}.00 > C + 1] because L(Yy,00) = L(Yo). Using
the independence of Y, » and the sets W, := U, N (UZ;} Uy)¢ forming a disjoint
partition of | J, ey Un, we get that

P[Ys > C + l]P[ U W,,] = ZP[{Y,,,C>o >C+1}NW,]
neN n

< > Pl{Yoo > u}) N Wyl < P[Yoo > ul.

n

Thus P[Yoo > u] > (1/4)bC2u_ﬂ, where b :=P[Y, > C + 1] > 0 by the assumption
that the support of £(Y) is unbounded from above. The obtained asymptotic bound
implies that C4 > 0. g

Summarising the above results, we get for the function G(u) = P[Ys > u] the
following asymptotic properties when u — 0.

Theorem A.6 Suppose that (A.2) holds. Then limsup,_, ., uPGu) < 0o. If Yoo is
unbounded from above, then liminf, _, o uPG(u) > 0, and in the case where L(In M)
is non-arithmetic, G (u) ~ Cu™P with C, > 0.
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