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Abstract In this paper, we give sufficient conditions guaranteeing the validity of the
well-known minimax theorem for the lower Snell envelope. Such minimax results
play an important role in the characterisation of arbitrage-free prices of American
contingent claims in incomplete markets. Our conditions do not rely on the notions
of stability under pasting or time-consistency and reveal some unexpected connec-
tion between the minimax result and path properties of the corresponding process
of densities. We exemplify our general results in the case of families of measures
corresponding to diffusion exponential martingales.
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1 Introduction

Let 0 < T < oo and let (2, F, (F;)o<t<7, P) be a filtered probability space, where
(F1)o<t<r 1s aright-continuous filtration with Fq containing only the sets of proba-
bility 0 or 1 as well as all the nullsets of F7. In the sequel, we assume without loss
of generality that 7 = Fr. Furthermore, let Q denote a non-empty set of probability
measures on F, all absolutely continuous with respect to P. We denote by £!(Q) the
set of all random variables X on (€2, F, P) which are Q-integrable for every Q € Q
and such that SUPQeQ Egl|X|] < oo. Let § = (S;)o<t<7 be a P-semimartingale with
respect to (F;)o<;<7 Whose trajectories are right-continuous and have finite left lim-
its (cadlag). Consider also another right-continuous (F;)-adapted stochastic process
Y = (Yy)o</<t With bounded paths, and let 7 stand for the set of all finite stopping
times T < T with respect to (F;)o<:<7. We also assume that Y is quasi-left-upper-
semicontinuous with respect to P, i.e., limsup,,_, ., Y7, < Y; P-a.s. holds for any se-
quence (T,)ueN in T satisfying t, /' 7 for some 7 € T .

The main objective of our work is to find sufficient conditions for the validity of
the minimax result

sup inf Eq[Y;]= inf sup Eq[Y;]. (L.1)
reT QeQ < QeQ T ?

In financial mathematics, this type of result is useful in the characterisation of arbi-
trage-free prices of American contingent claims in incomplete markets. If M stands
for the family of equivalent local martingale measures with respect to S, i.e.,

M={Q = P : §isalocal martingale under Q},

then the set I1(Y) of so-called arbitrage-free prices for Y with respect to M can be
defined as the set of all real numbers c fulfilling two properties:

(i) ¢ <Eg[Y] for some stopping time 7 € 7 and a martingale measure Q € M;
(ii) for any stopping time t’ € T, there exists some Q" € M such that ¢ > Eq/[Y,/].

The above definition implies that given ¢ € I1(Y), we have

sup inf Eqg[Y:] <c <sup sup Eq[Y:].
reT QeM €T QeM

The following important known result shows that we may characterise the set I1(Y)
more precisely. It can be found in [23, Theorem 1.20] or [24].

Theorem 1.1 Suppose that {Y; : v € T} is uniformly Q-integrable for any Q € M,
and that Y = (Y;)o</<T is upper-semicontinuous in expectation from the left with
respect to every Q € M, that is, limsup,,_, o, EqlYz, 1 < Eql[Y:] for any increasing
sequence (T,)neN converging to some t € T . If M denotes the set of equivalent local
martingale measures with respect to S, then the set T1(Y) of arbitrage-free prices for
Y corresponding to M is a real interval with endpoints

imf(Y) ;= inf EolY;] = f EglY.
Tint(Y) QmM 5?} QlY:]= Sup lenM olY:]
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Minimax theorems for American options without time-consistency 211

and

Tsup(Y) := sup sup Eq[Y;] = sup sup Eq[Y:].
QeMreT €T QeM

For a set Q of P-equivalent probability measures, the so-called lower Snell enve-
lope of Y (with respect to Q) is the stochastic process (U,i’Y)OSIST defined via

Uf’Y =essinf esssup Eq[Y|F:], tel[0,T].

QeQ teT r>1

Then Theorem 1.1 tells us that the lower Snell envelope with respect to M at time 0
gives the greatest lower bound for the arbitrage-free price of the corresponding Amer-
ican option.

A natural question is whether a similar characterisation of the lower Snell envelope
at time O can be proved for sets Q of equivalent measures which are strictly “smaller”
than M. This question can be interesting for at least two reasons. First, the buyer (or
the seller) of the option may have some preferences about the set of pricing measures
Q resulting in some additional restrictions on Q such that Q € M. Second, the set
of all martingale measures M may be difficult to describe in a constructive way, as
typically only sufficient conditions for the relation Q € M are available.

A careful inspection of the proof of Theorem 1.1 reveals that it essentially relies
on the minimax identity (1.1) with Q@ = M which is routinely proved in the liter-
ature using a special property of M which is known as stability under pasting. To
recall, a set Q of probability measures on F is called stable under pasting with re-
spect to (2, F, (Ft)o<i<T, P) if all measures in Q are equivalent to P and for every
Q1,Q2 € Qaswell as T € T, the pasting of Q1 and Qy in t, that is, the probability
measure Q3 defined by the pasting procedure

Q3[A] :=Eq, [Qa[A|F]], A€,

belongs to Q. Stability under pasting implies that the set Q is rather “big” if we
exclude the trivial case where it consists of only one element. Let us mention that the
property of stability under pasting is closely related to the concept of time-consist-
ency. As in [10], we call a set Q of probability measures on F which are all equivalent
to P time-consistent with respect to (2, F, (Ft)o<i<1,P) if for any 7,0 € T with
7 < o and any P-essentially bounded random variables X, Z, we have the implication

essinfEq[X|Fy] <essinfEq[Z|Fy] = essinfEq[ X |F;] <essinfEq[Z|F;].
00 Q[|<7] ) Q['rr] ) Q[|r] 00 Q[|r]

Other contributions to the minimax-relationship (1.1) use the property of recursive-
ness (see [3,4,5,9])

essinfEqg [ essinf Eq[ X |Fy ]
QeQ Q[QGQ olX17o

Fr | =essinf Eq[ X | F:],
r] 00 Q[ | r]

assumed for stopping times o, T € 7 with 7 <o and any P-essentially bounded ran-
dom variable X. It may be easily verified that recursiveness and time-consistency are
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212 D. Belomestny et al.

equivalent (see e.g. [10, proof of Theorem 12]). Moreover, stability under pasting
generally implies time-consistency (see Proposition 4.1 below and also [11, Theo-
rem 6.51] for the time-discrete case). To the best of our knowledge, all studies of the
minimax-relationship (1.1) so far considered only time-consistent sets Q (see Sect. 4
for a further discussion on this issue).

In this paper, we formulate conditions of a different kind on the family Q which
do not rely on the notions of consistency or stability, but still ensure the minimax
relation (1.1). The key is to impose a certain condition on the range of the mapping

pg: F—£7(Q), no(A)(Q) :=QlAl,

where £°°(Q) denotes the space of all bounded real-valued mappings on Q. This
1o is a so-called vector measure satisfying g (A1 U A2) = ug(Ar) + ng(Az) for
disjoint sets A, Ay € F. We refer to pug as the vector measure associated with Q.

The paper is organised as follows. In Sect. 2, we present our main result con-
cerning the sets Q whose associated vector measures have relatively compact range.
Next we deduce another criterion in terms of path properties of the corresponding
process of densities (dQ/dP)qcg. The latter characterisation is especially useful for
the case of suitably parametrised families of local martingale measures. Specifically
in Sect. 3, we formulate an easy-to-check criterion for the case of processes of den-
sities corresponding to nearly sub-Gaussian families of local martingales. In Sect. 4,
we discuss related results from the literature. Section 5 contains a general minimax
result for lower Snell envelopes. The proofs of all relevant results are gathered in
Sect. 6, whereas the Appendix presents some auxiliary results on path properties of
nearly sub-Gaussian random fields.

2 Main results

Let us emphasise that Q consists of probability measures on F which are absolutely
continuous to P, but need not be equivalent. Throughout this paper, we assume that

(2, Ft, P|x,) is atomless for every ¢ > 0. 2.1

Concerning the process Y, we assume that

Y*:= sup |¥,]€L(Q), (2.2)
1€[0,T]
and often also
lim sup EQ[Y*]J_{y*>a}] =0. 2.3)
a—)ooQEQ

Moreover, the space £°°(Q) is endowed with the sup-norm || - || 0. Using the notation
co(Q) for the convex hull of @, our main minimax result reads as follows.
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Minimax theorems for American options without time-consistency 213

Theorem 2.1 Let the range of g be relatively || - |loo-compact. If Y = (Yi)o<t<T
Sfulfils (2.3) and if (2.1) holds, then

sup inf Eg[Y;] = su inf Eo[Y:]= inf sup Eo[Y:]. 2.4)
reraeg AT gt T T qeeot@) oy O

The proof of Theorem 2.1 may be found in Sect. 6.4.

Remark 2.2 Obviously, condition (2.3) implies (2.2). On our way to verifying Theo-
rem 2.1, we establish some auxiliary results which are interesting in their own right.
They rely on the weaker condition (2.2) only.

Remark 2.3 Let Q be relatively compact with respect to the topology of total varia-
tion, that is, the topology with metric d;, defined by

dw(Q1,Q2) := sup [Q1(A) — Q2(A)].
AeF

Then it is already known that {ug(A) : A € F}isrelatively || - [|oo-compact (cf. [2]).
Moreover, if each member of Q is equivalent to P, then the set Q is not time-
consistent with respect to (2, F, (F;)o<:<r, P) whenever it has more than one el-
ement, (2, F;, P|r,) is atomless and Ly, 7, P|£,) is weakly separable for every
t > 0. This is shown in Sect. 6.9. The above conditions on the filtration (F;)o<;<r
are always satisfied if it is assumed to be the standard augmentation of the nat-
ural filtration induced by some d-dimensional right-continuous stochastic process
Z = (Z;)o<:t<t on the probability space (€2, F, P) such that the marginals Z; have
absolutely continuous distributions for any ¢ > 0, Zg is constant P-a.s. and Fy is
trivial (see [7, Remark 2.3] or [8, Remark 3]).

Let us now present a simple sufficient criterion guaranteeing the validity of the
minimax relation (2.4). It turns out that under these conditions, Q fails to be time-
consistent.

Theorem 2.4 Let (2.1) and (2.3) be fulfilled. Furthermore, let d denote a totally
bounded semimetric on Q and let (dQ/dP)qeg have P-a.s. d-uniformly continuous
paths. If supge o (dQ/dP) < U P-a.s. for some P-integrable random variable U, then

sup inf Eg[Y;] = su inf Ego[Y:]= inf sup Eo[Y:].
reg’QEQ ? regQGCO() < Qeco(Q) reg A

If in addition L' (Q, F;, P|7,) is weakly separable for every t > 0, then Q is not time-
consistent with respect to (2, F, (Fi)o<t<t, P) whenever it consists of more than one
element and all elements of Q are equivalent to P.

The proof of Theorem 2.4 is relegated to Sect. 6.5.

Remark 2.5 The most restrictive condition of Theorem 2.4 is the uniform continuity
of paths of the process (dQ/dP)qcg. In order to verify this condition, one obviously
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214 D. Belomestny et al.

needs to put some constraints on the complexity of the set Q. In the next section,
we therefore turn to suitably parametrised (possibly by a functional parameter) fami-
lies of measures. Such parametrisations naturally arise in mathematical finance when
considering families of martingale pricing models.

3 Applications to parametrised families

Fix a semimetric space (®, dg) with finite diameter A. Moreover, let us assume

0={Qp:0e® and  Qy#£Qyford#0. @3.1)

Then dg induces in a natural way a semimetric d on Q which is totally bounded if
and only if dg fulfils this property. We want to find conditions such that Q meets the
requirements of Theorem 2.4. To this end, we consider a situation where the processes
of densities corresponding to the probability measures from Q are related to a nearly
sub-Gaussian family of (local) martingales X? := (X?)OS,ST, 6 € O, that is, each
X? is a centered (local) martingale for which we assume that there is some C > 1
such that

sup E[exp(A(X! —X))] < Cexp (r2d3(6,9)/2) for6,9 € ® and A > 0.
t€[0,T]

In particular, this means that for fixed ¢ € [0, T], any process (X,e)ge@ is a nearly
sub-Gaussian random field in the sense considered in the Appendix. In the case of
C =1, we end up with the notion of sub-Gaussian families of local martingales.
The following result requires dg to be totally bounded, and it relies on metric en-
tropies with respect to dg. These are the numbers {In N(®, dg; ¢) : € > 0}, where
N (O, dg; ¢) denotes the minimal number of e-balls needed to cover ® with respect
to dg. In addition, we define

s
D@6, de) ::/ VInN(O®,dg; ¢) de.
0

Of special interest is D(8, dg) for § = A, the diameter of ® with respect to dg.

Proposition 3.1 Let Q be a parametric family of the form (3.1) such that the con-
ditions (2.3) and (2.1) are fulfilled. Furthermore, let dg be totally bounded and
let there exist a nearly sub-Gaussian family of local martingales X° = (Xf)oS,ST,
0 € O, with associated family (X9 = ([Xe],)oftsT, 0 € O, of quadratic variation
processes such that the process ([X 1)oco has de-uniformly continuous paths for
everyt €[0,T] and

dQ@ 0 2] . L.

Pl = exp(X; —[X"1;/2) pointwise in o fort € [0, T]and 6 € ©.
Fi

If sup;¢po, 7 E[exp(ZXf_)] < 00 for some 0 € ® and D(A, de) < 00, then

sup inf Eg[Y;] = su inf Eo[Y:]= inf sup Eo[Y:].
TEE—QEQ Q- Tengco(Q) Qi Qeco(Q) ,e?} Qi

@ Springer



Minimax theorems for American options without time-consistency 215

Moreover, Q is not time-consistent with respect to (2, F, (F;)o<:i<T,P) if each of
its members is equivalent to P, Q has more than one element and L! (2, F,Plx) is
weakly separable for every t > 0.

The proof of Proposition 3.1 may be found in Sect. 6.6.
The following example illustrates how Proposition 3.1 can be applied to practi-
cally interesting cases of diffusion type families of martingales.

Example 3.2 Let Z = (Zs)s>0 be a Brownian motion on (€2, F, P) such that the pro-
cess (Z;)o<:<t 18 adapted to (F;)o<;<7, and let V = (V;)o<;<7 be some R?-valued
process (volatility) adapted to (F;)o<;<7. Consider a class W of Borel functions
¥ 1[0, T1 x RY — R such that for every ¥ € W,

T
Sup/ W2 (u, x) du < oo. (3.2)
0

xeRd

Then

T
dy ¥V x ¥ —R, (Y,d)— sup \// W — )% (u, x) du
0

xeRd

is a well-defined semimetric on W. Assume that the process (¥ (¢, V;))o</<r is pro-
gressively measurable for each ¥ € W. Then the family of processes XV, ¢ € ¥,
with

1
X/ :=/ Y, V) dZ,,  1€[0,T],
0
is well-defined and the quadratic variation process of XV is given by
t
[X*”],=f V@, V) du,  1€[0,T.
0

So by (3.2), each process (exp(X;p — [X‘/’]I/Z))te[o,r] satisfies the Novikov condi-
tion. Hence it is a martingale and the density process of a probability measure on F
which is absolutely continuous with respect to P.

For arbitrary v, ¥, ¢ € ¥, we may observe by the Cauchy—Schwarz inequality for
every t € [0, T'] that

T
XV, — X% ] < (dww,%wwwﬁwz\/supfo Ez(u,x)du>dw<w, ).

xeRd

Hence for fixed ¢ € [0, T], the process ([(X ‘”)]t)weq, has dy-Lipschitz-continuous
paths if dy is totally bounded. Moreover, it can be shown that X v Y € W, is anearly
sub-Gaussian family of martingales with respect to dgy with C = 2. The proof of this
result can be found in Sect. 6.7.
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216 D. Belomestny et al.

4 Discussion

Let us discuss some related results in the literature. In [13] and [14], the mini-
max relationship (1.1) is studied for general convex sets Q of probability measures
which are equivalent to P without explicitly imposing stability under pasting or time-
consistency. However, it is implicitly assumed there (see [13, proof of Lemma B.1]
and [14, proof of Proposition 3.1]) that one can find, for every 7 € 7 and any Q € Q,
a sequence (Qk )keN of probability measures from Q which agree with Q on F; such
that

ess sup EQk[Y,LE] k_)—oo> essinf esssup Eq[Y,|F7] P-a.s.

oeT,o0>1 Qe 5eT o>1

It turns out that the above relation can hold in general only for time-consistent sets Q.

Proposition 4.1 Let each member of Q be equivalent to P and define the set S(Q) to
consist of all uniformly bounded adapted cadlag processes Z = (Z;)o<i<t such that
each of the single stopping problems

sup Eq[Z,], QeQ,
teT

has a solution. Consider the following statements:

(1) Q is time-consistent.

(2) infgeg EqlX] < infgeg Eqlessinfoeg Eq[X|F:1] holds for every P-essentially
bounded random variable X and every stopping time t € T .

3) @e ={Q¢e @ : Q= P} is stable under pasting and

essinf Eq[X|F;] =essinfEq[X|F;] for P-essentially bounded X and t € T,
QeQ QeQr

where O denotes the set of all probability measures on the o -algebra F such that
Eql[X] > info o Eq[X] for any P-essentially bounded random variable X .

(4) For an arbitrary process Z = (Z;)o<i<1 € S(Q) and for any Tt € T as well as
Q € Q, there is some sequence (Q)ren in Q whose elements agree with Q on
Fr such that

esssup Eq,[Zs|F] IH—OO> essinf esssup Eql[Zy|F:] P-a.s.

oeT o>t QeQ 4seT,0>1

(5) Q is stable under pasting.

Then the statements (1)—(3) are equivalent and (4) follows from (5). Moreover, the
implication (4) = (1) holds.

The proof of Proposition 4.1 is relegated to Sect. 6.8.
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Minimax theorems for American options without time-consistency 217

5 An abstract minimax result

Using the notation from (2.2), let us define the set X' of all random variables X on
(2, F, P) satistying

IX|<CXY*+1) P-a.s. for some C > 0.

Note that X is a Stone vector lattice containing the set {Y; : 7 € T} and the space
L*>(2, F, P) of all P-essentially bounded random variables. Moreover, X C L! (Q)
is valid under (2.2), and in this case, we may introduce the mapping

po: X =R, X+ sup Eq[X].
QeQ

We call pg continuous from above at 0 if pg(X,) \ 0 for X,, \ 0 P-a.s.

In this section, we want to present a general abstract minimax relation (1.1) which
will be the starting point to derive the main result Theorem 2.1. It relies on the fol-
lowing key assumption.

(A) There exists some A € (0, 1) such that for every 71, 72 € 77 \ {0},

inf ,OQ((]lA — (Y, — YTI)) =0,

AeFr rry

where 7 denotes the set of stopping times from 7~ with finitely many values.

Theorem 5.1 If Y = (Y;)o<i<r7 fulfils (2.2) and if pg is continuous from above at 0,
then under the assumption (A),

sup inf Eq[Y;]=sup inf [Eg[Y;]= inf sup Eq[Y:].
reT QeQ QL reT Qeco(Q) Qi Qeco(Q) T QL

The proof of Theorem 5.1 is relegated to Sect. 6.2.

At this place, we may invoke the assumption of Theorem 2.1 that the range of
the vector measure pg associated with Q is relatively compact with respect to the
sup-norm || - ||eo- As the following result shows, this condition essentially implies
assumption (A).

Proposition 5.2 Let Y = (Y;)o</<r satisfy (2.2) and let pg be continuous from

above at 0. Suppose furthermore that {ug(A) : A € F} is relatively || - || oo-compact.
If for T, 1y € Ty \ {0} the probability space (2, F, ary, Plfflmz) is atomless, then

inf IOQ((:U-A - 1/2)(Y‘[2 - Y‘[])) = 0.

E]:rl/\'rz
The proof of Proposition 5.2 may be found in Sect. 6.3.
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218 D. Belomestny et al.

6 Proofs

Let (2.2) be fulfilled. Note that under (2.2),
Y.eL'(Q fortreT. (6.1)

Condition (6.1) implies that its Radon—Nikodym derivative dQ/dP satisfies for any
Q € co(Q) that

d
Y: £ is P-integrable for every t € T

Let the set X and the mapping pg be defined as at the beginning of Sect. 5.
6.1 A topological closure of Q

Let M (2, &) denote the set of all probability measures Q on F such that X is
Q-integrable for every X € X'. Set

0= {Q € My(2.X) : sup (Eq[X] - po(X)) < 0}'
XeX

Obviously, co(Q) € Q and

Qs convex and sup Eg[X] = pg(X) forall X € X. (6.2)
QeQ

We endow Q with the coarsest topology o (Q, X') such that the mappings
¢px: Q- R, Q> Eq[X], XedX,

are continuous. In the next step, we investigate when Q is compact with respect to
o (Q, X), with co(Q) being a dense subset.

Lemma 6.1 If (2.2) holds and if pg is continuous from above at 0, then Q is compact
witﬁ respect to 0 (Q, X) and Hausdorff. Moreover, co(Q) is a 0 (Q, X)-dense subset
of Q, and Q is dominated by P.

Proof The topology 0 (Q, X) is Hausdorff because the set {py : X € X'} is separating
points in Q. Let us now equip the algebraic dual X* of X’ with the coarsest topology
o (X*, X) such that the mappings

hy : X* >R, A~ A(X), XeX,

are continuous. The functional pg is sublinear. Then by a version of the Banach—
Alaoglu theorem (cf. [19, Theorem 1.6]), the set

Agi= {A e X% sup (A(X) — po(X)) < 0}
XeX
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Minimax theorems for American options without time-consistency 219

is compact with respect to o (X, X). Moreover, pg is assumed to be continuous
from above at 0. This implies that every A € Ag satisfies A(X,) O whenever
X, \{ 0. Since X is a Stone vector lattice containing the P-essentially bounded map-
pings on €2, it generates the o-algebra J, and an application of the Daniell-Stone
representation theorem yields that each A € Ag is uniquely representable by a prob-
ability measure Q,, namely

Qa:F—1[0,1], A A(14).
Hence by the definition of O, we obtain

Ag={Aq:QeQ} and Aq#AgforQ#Q, 6.3)
where
Ag: X - R, X+ Eq[X] forQeQ.

Obviously, we may define a homeomorphism from Ag onto Q with respect to the
topologies o (X*, X') and O'(Q X). In particular, Q is compact with respect to the
topology o (Q, X).

Next, {Aq : Q € co(Q)} is a convex subset of X*. We may draw on a version of
the bipolar theorem (cf. [19, Consequence 1.5]) to observe that the o (X*, X')-closure
cl({Aqg : Q eco(Q)}) of {Ag : Q € co(Q)} coincides with Ag. Therefore (6.3) en-
ables us to define a homeomorphism from cl({Aq : Q € co(Q)}) onto Q with respect
to the topologies o (X*, X') and o (Q, X). Thus co(Q) is a o(Q, X)-dense subset of
Q, and by the definition of the topology o (@, X), it may be verified easily that Qis
dominated by P. This completes the proof. g

Consider now the new optimisation problems

maximise inf Eq[Y.] overt €7 (6.4)
QeQ
and
minimise sup Eq[Y¥;]  overQe Q. (6.5)
teT

In view of (6.2), we obtain that (6.4) has the same optimal value as the corresponding
one with respect to Q and co(Q) instead of Q.

Proposition 6.2 Under assumption (2.2), we have

sup inf Eq[Y;]=sup inf Eq[Yr]=sup inf Egq[Y;].
€T QeQ r1eT QeQ 7T Qeco(Q)

The comparison of the optimal value of problem (6.5) with the corresponding
one with respect to co(Q) instead of Q is more difficult to handle. For preparation,

let us introduce a sequence (Yk)keN of stochastic processes Y= (Yf)OSth via
YY = (¥, Ak) v (=k). They all are adapted to (F})o<<7.
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220 D. Belomestny et al.

Lemma 6.3 If (2.2) is satisfied and if pg is continuous from above at 0, then

lim sup | sup Eq[Y;] — sup EQ[YI;] =0.
k—)oeré reT teT

Proof For T € T and k € N, we may observe that Y* € X’ by (2.2) and
<k
Yo =Y | < Lypeaiy(Y* — k).

Then due to (6.2),

<k <k
sup | sup Eq[Y;] — sup EQ[YT] < sup sup EQ[|YT - YT|]
QeQ ! teT teT QeQrteT

< SUBEQ[]l{y*>k}(Y* — k)]
QeQ

= po(Lyssny(Y* — k)

holds for any k € N. Finally, 1jys>(¥Y* — k) N\ 0, and thus the statement of
Lemma 6.3 follows because pg is continuous from above at 0. O

. . —k
In the next step, we replace in (6.5) the process Y with the processes Y . We
want to examine when the optimal value coincides with the optimal value of the
corresponding problem with respect to co(Q) instead of Q.

Lemma 6.4 If (2.2) holds and if pg is continuous from above at 0, then

—k —k
inf supEqg|Y,|= inf supEqg|Y for every k € N.
QeQreT Q[ r] Qeco(Q) reT Q[ ‘E]

Proof Letk € N and fix Qp € Q. In view of Lemma 6.1, its Radon-Nikodym deriva-
tive dQq/dP is in the weak closure of {dQ/dP : Q € co(Q)}, viewed as a subset of
the L'-space on (2, F, P). Moreover, by Lemma 6.1, the set {dQ/dP: Q € co(Q)}
is a relatively weakly compact subset of the L'-space on (R, F,P). Then by the
Eberlein-Smulian theorem (cf. e.g. [20]), we may select a sequence (Q;),eN in
co(Q) such that

. . dQ, dQo
nlingoEQ” [X] _ngngoE[X 7P } _E[Xd—P =Eq,[X] (6.6)
for every P-essentially bounded random variable X.

Let us introduce the set P¢ of probability measures on F which are equiva-
lent to P. Then for any Q € P¢, the o-algebra Fy contains all Q-nullsets of F
and Q[A] € {0, 1} for every A € Fp. In particular, the set 72 of all stopping times
with respect to (2, Fr, (Ft)o<t<T, Q) coincides with 7 for Q € P¢. Note also that
(Yf + k)o<:<r 18 a nonnegative, bounded, right-continuous and (F;)-adapted pro-
cess which is quasi-left-upper-semicontinuous with respect to every Q € P¢. Here
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quasi-left-upper-semicontinuity with respect to Q is understood as we have defined it

with respect to P. Hence by Fatou’s lemma, lim sup,,,_, ., Eq [7];" k] <EqlY +£]
for every Q € P¢ whenever (7,,;)men is a sequence in T satisfying 7, /' t for some
T € T. Then we may draw on [16, Proposition B.6] to conclude that

VQeP¢ It e T :Eo[Vh +k] = sup Eo[V' +4]. (6.7)
eT

Let us define for Q € co(Q) and A € (0, 1) the probability measure Q* on F by
Q% := 2Q + (1 — 1)P and the sets

»={Q": Qe co(Q)}, Ae(0,1).

Obviously, these sets are contained in P¢. Now define for A € (0, 1) the sequence
(fn.\)nen of mappings

—k
fn,k T —-R, 1~ EQQ[Yr +k].
Notice that the sequence (f;;,1)nen is uniformly bounded for A € (0, 1) because

|7]; +k| <2k foreveryt e 7T. (6.8)

We want to apply Simons’ lemma (cf. [22, Lemma 2]) to each sequence (f;.1)neN-
For this purpose, it remains to show for fixed A € (0, 1) that we may find for any
countable convex combination of (f,))s,eN some maximiser. So let (A,)en be a
sequence in [0, 1] with ) 7, A, = 1. We may define by

D 1Qj(A)=:Q(A)  forevery A€ F

n=1

a probability measure on F which belongs to P¢. Then by monotone convergence,

ZA fur(®) = ZA/ ¥4k x] dx
0

o —k
:/ Q[Y; +k>x]dx
0
—EQ[ . k] forteT.
Moreover, by (6.7), there exists some 7, € 7 such that

o
Z)L,,fn,;t(t*) = IEQ[YI; + k] = sup ]EQ[YIE + k = sup ZA,,fn A(1T).

1 teT teT

Therefore, the assumptions of [22, Lemma 2] are satisfied, and we obtain

sup limsup f; 2 () > inf S (7).
e S In Feco(lfu: neN})refI}f
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For any finite convex combination f = Y '_;A;fn; 2, the probability measure
Q:= Zlle AiQy, is a member of co(Q) and

f(©) =Eg [7]; + k] forteT.
Therefore, on the one hand,

sup hmsupIEQ,\[Y +k]> inf sup EQ[ . Hk].
te] n—>o0 QeQ" reT

On the other hand, by (6.6),

SuphmsupEQA[ C k] = sup (MEq,[Ys + k] + (1 — ME[T +£]).

€T n—>o0 teT
Hence by (6.8) and nonnegativity of (Yf +k)o<i<T,
—k —k —k
Asup Eqy[Y; + k] + (1 —2)2k > sup (AEq, [V, +k]+ (1 — ME[Y, +k])
teT teT

k
> inf supE +k
QeQ* reT Q[ ‘ ]

= f LE k I—AEY k
Qetré@f?}( ol¥s + k] + (1 - DE[T: +£])

>)A inf supE +k
Qeco(Q)fefI; Q[ ]

Then by sending A 7 1,

sup EQO[ +k]> inf sup EQ[ +k].

teT Qeco(Q) reT
and thus
—k
supEo,|Y. [> inf supE
‘L'Es)— QO[ r] N Qeco(Q)te%)* Q[ ]
This completes the proof because Qg was arbitrarily chosen from 0> co(Q). O

We are ready to provide the following criterion which ensures that the optimal
value of (6.5) coincides with the optimal value of the corresponding problem with
respect to co(Q) instead of Q.

Proposition 6.5 Let (2.2) be fulfilled. If pg is continuous from above at 0, then

inf sup Eg[Y:]= inf supEq[Y:].
QeQreT Qeco(Q) 7T
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Proof Firstly, we have ian O SUPreT EqlY:] < infgeco() sup,e7 EqQlY:] because
co(Q) € Q. Then we obtain by Lemma 6.4 for every k € N that

0< inf supEq[Y;]— inf sup Eq[Y:]
Qeco(Q) reT QeQreT

—k
= inf supEg[Y:]— inf supEq|Y
Qeco(Q) reT Q- Qeco(Q) reT Q[ T]

+ inf sup IEQ[YIE] — inf sup Eq[Y]
QeQreT QeQreT

<2 sup | sup Eq[Y;] — sup EQ[YI;] )
QeQ I teT teT

The statement of Proposition 6.5 follows now immediately from Lemma 6.3. g
6.2 Proof of Theorem 5.1

Let Q be defined as in the previous subsection. The idea of the proof is to verify first
duality of the problems (6.4) and (6.5), and then to apply Propositions 6.2 and 6.5.
Concerning the minimax relationship of the problems (6.4) and (6.5), we may reduce
considerations to stopping times with finite range if pg is continuous from above
at 0.

Lemma 6.6 IfY fulfils (2.2) and if pg is continuous from above at 0, then

(1) §up,€Tian€@ EqlY:]= §upr67f iane@ EqlY-].
(i) 1an€@ sup, 7 Eql[Y:] = 1ane@ SUPreT; EqlY-].

Here Ty denotes the set of all stopping times from T with finite range.
Proof For T € T, we may define by
T[jl(w) :=min{k/2/ k€N, t(w) <k/2/} AT

a sequence (t"[j])jen in Ty satistfying t[j] \ T pointwise, and by right-continuity
of the paths of ¥,

lim Yefjie) (@) = Ye@)(@) - forany © € Q. (6.9)
For the proof of (i), fix any 7 € 7. Then |Y; — Y;(;| — O pointwise for j — oo due
to (6.9). Set

?k::suplY,—YT[jﬂ for k € N.
jzk

T/l}is defines a sequence (f’\k)keN of random variables i/}i on (2, F, P) which satisfy
|Yi| < 2sup,co,77 |Y:| so that they belong to &' Since Yi 0 for kK — oo and since
pg is continuous from above at 0, we obtain

0 < po(IYs — Yeji) < po(¥)) £ 0,
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Hence by (6.2),
0 < | inf Eq[Y,]— inf Eq[¥r(j]| < po(I¥e — Yej1)) > 0,
QeQ QeQ
and thus

sup inf Eq[Y;]> lim inf Eq[Y;;j] = inf Eq[Y:].
teT; QeQ J7QeQ QeQ

Since t was arbitrary, we may conclude that

sup inf Eq[Y;]> sup inf Eq[Y;]> sup inf Eq[Y:],
TeT; QeQ teT QeQ 1eT; QeQ

where the last inequality is obvious due to 7y € 7. So (i) is shown.
In order to prove (ii), fix any & > 0. Then for arbitrary Q € O, we may find some
79 € T such that

sup Eq[Y:] — & <Eq[Yq]. (6.10)
teT

We have Yr[j] — Yz, pointwise for j — 00 and |Yz,[;j| < sup,¢jo 7y |Y:| for every
j € N. So in view of (2.2), we may apply the dominated convergence theorem to
conclude that

lim Eq[Y1] =EQl[ Y],
J—>00
and thus by (6.10),

sup EqlY:]> lim Eq[Y 1] =Eql[Y] > sup Eq[Y:] —&.
€Ty J=0o0 teT

Letting £ \ 0, we obtain

sup Eq[Yz] > sup Eq[Y:] > sup Eq[Y7],
€Ty teT €Ty

where the last inequality is trivial due to 7y C 7. Since Q was arbitrary, (ii) follows
immediately. The proof is complete. g

In the next step, we show SUPreT; iane@ EqlY:]= iane@ SUPreT; EqlY:].

Proposition 6.7 Let (2.2) be fullfilled. If pg is continuous from above at 0, then
under assumption (A) from Sect. 5,

sup inf Eq[Y;]= inf sup Eq[Y:].
1€T; QeQ QeQreTy

Proof By assumption,

Yi/k— Yo pointwise for k — oo.
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Then
sup Y170 — Yol (O pointwise for k — oo,
>k

and sup,s Y10 — Yol € X due to supyy [Y17e — Yol < 25“Pze[0,T] |Y;]. Since pg is
continuous from above at 0, we may conclude from (6.2) that

=< sup Eq[|Y1/x — Yoll

0=<| inf EQ[Y1/k] — inf Eq[Yo]
QeQ QeQ QeQ

< PQ(SUP|Y1/Z - Yol) 2.
>k

In particular,

sup inf Eg[Y:]= sup inf Eq[Y] (6.11)
€T QeQ TeTF\{0} QeQ

and
inf sup Eq[Y:]= inf sup Eg[Y:]. (6.12)
QeQreTy QeQ1eTy\{0})

We want to apply Konig’s minimax theorem (cf. [17, Theorem 4.9]) to the mapping
h :@ X Tf \ {O} — Rs (Q7 T) = ]EQ[_Y‘L']

For preparation, we endow @_With the topology o (Q, X) as defined in Sect. 6.1.
Then by the definitions of ¢ (Q, X) and A" along with (6.1), we may observe that

h(-, T) is continuous with respect to o(Q,X)fort e Tr\ {0} (6.13)
By convexity of Q (see (6.2)), we also get for Qi, Q2 € Q, A € [0, 1], T € T that
R(AQ1 + (1 = 2)Q2,7) =2h(Qr, 7) + (1 = MA(Q2, 7). (6.14)

In view of Konig’s minimax result along with (6.13), (6.14) and Lemma 6.1, it re-
mains to investigate when the following property is satisfied:

There exists some A € (0, 1) such that for every 71, 12 € 7 \ {0},

inf sup (h(Q.7) — Ah(Q. 1) — (1 — MA(Q. 7)) <0.  (6.15)
re’Tf\{O} QE@

By assumption (A), there exists some A € (0, 1) such that for 7, 72 € 77 \ {0},

inf  po((Ta—21)(Yr, —Yy)) <0. (6.16)

Ae}—rlArz

Next, define for arbitrary 71,70 € 7y \ {0} and A € Fy , the stopping time
T4 =171 +1\aT2 € T7 \ {0}. In view of (6.2) and (6.16), we then get
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re%{{O} Szp@ (h(Q. 1) = 2h(Q, 1) — (1 = Mh(Q, 1))

=< Aegqumz QSlelp@ (h(Q, 4) = 2h(Q, 1) — (1 = MA(Q, 1))

= inf po((la—A)(Yr, —Yy)) <O0.

€S 11ATy
This shows (6.15), and by Konig’s minimax theorem, we obtain

inf sup h(Q,7t)=sup inf K(Q,1).
€T\ g5 0ea €TI0}

In view of (6.11) along with (6.12), this completes the proof of Proposition 6.7. [
Now we are ready to show Theorem 5.1.

Proof of Theorem 5.1 Under the assumptions of Theorem 5.1, we may apply Propo-
sitions 6.2 and 6.5 to obtain

sup inf Eq[Y;]=sup inf [Eg[Y;]
€T QeQ teTQECO(Q)

and

inf sup Eq[Y:]= inf supEq[Y:].
QeQreT Qeco(Q) reT

Moreover, in view of Lemma 6.6 along with Proposition 6.7, we have

sup inf Eq[Y;]= sup inf Eq[Y;]= inf sup Eq[Y;]= inf sup Eq[Y-].
€T QeQ teT; QeQ QeQreTy QeQreT

Now the statement of Theorem 5.1 follows immediately. g
6.3 Proof of Proposition 5.2
Let the assumptions of Proposition 5.2 be fulfilled. Fix ¢ > 0. Observe that we have

1Yo, — Yo, |1y, — vy, 1>k O for k — oo. Since pg is continuous from above at 0,
we may select some ko € N such that

PQ(1Ye, = Yoy [ L1y, — vy, ko)) < €/3. (6.17)

The random variable |Y;, — Y7, |1y Yo, —Ye, I <ko) is bounded so that we may find some
random variable X on (€2, F, P) with finite range satisfying

Sllg |(Yr, (@) — Yr, (w))]l{wrl — Yy, I<ko} (@) — X(w)| <&/3

(cf. e.g. [18, Proposition 22.1]). In particular with Y= Yo, = Yo,

PV L7121y — XI) = sup ¥ ()17 <o) (@) — X (@)] < ¢/3. (6.18)
we
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Since X has finite range, there exist pairwise disjoint By, ..., B, € F and in addition
Aly...,Ar € R such that X = Zle Ailp,. Now let (Ay)ren be any sequence in F.
We may observe by assumption that any sequence (1tg(Ax N B;))ken is relatively
| - lloo-compact for i =1, ..., r so that there exist a subsequence (Ayk))keNn and
f1, -+, fr €£%°(Q) such that

k— 00

liwg(Apwy N Bi) — filloo —— 0 foreveryi e {l,...,r}.

Then

’
k—o00

<> illlna(Agwy N B) = filloo —— 0.

,
sup ‘EQ[ILAMX] > Mifi
i= i=1

QeQ

This means that
{(EqlLaXDgeo : A € F} is relatively|| - [|oo-compact. (6.19)

Next, let L1(, Frinm P|]'—rmrz) denote the Ll—space on (2, Fyian» Pb:rmrz) and
write L*(Q, Frar, Pl Ty Mz) for the space of all P| £, . -essentially bounded ran-
dom variables. The latter is equipped with the weak* topology o (L7, Lil ATy
Since the probability space (€2, Fz,ar,, Pl Feynty ) is assumed to be atomless, we al-

ready know from [15, Lemma 3] that {114 : A € F; rr,) i a O'(Lrl/\rz, Llle) -dense
subset of the set A defined to consist of all Z € L*°(2, Fr, ar,. Pl 7'—!1”2) satisfying
0 < Z <1 P-as. In particular, we may find a net (A;);c; such that (14,);e; con-
verges to 1/2 with respect to o (L%, ., LL ). In view of (6.19), there is a subnet

TIAT? T TIAT)
(La;(;))jes such that

lim sup [Eq[l4,,X]— f(Q]=0 for some f € £°(Q).

]—)OO QE

Notice further that IE[XZII—%2 | Fz Ay ] 18 In L (2, Frinnys Pl]-‘rl Mz) for any Q € Q. This
implies for every Q € Q that

, . dQ
fQ= jll)ngo]EQ[]lAi(j)X] = IILH;OE I:ﬂAi(./')X :|

dP
. dQ
= _hm E[ﬂAi(j)E[XE‘}_“AQ:I]

j—00
_]E[ [ dQ’fMQ] }:EQ[X/z].

Hence

sup [Eq[14
QeQ

We may observe directly by the sublinearity of pg along with (6.17), (6.18) and
(6.20) that

X]—EqlX/2]l <¢&/3 for some jo € J. (6.20)

i(jo)
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po((a,, — 1/2)(Ye, = Yoy))

< pa(@ayy = 1/2Vo1) + o ((ayy, — 1/2) Yty — X))
+po((Ma,y, — 1/2)X)

< pa(1V-kl) + pa(1V<ko — X1) + po((a,;,, — 1/2)X)

<e¢/3+¢/3+¢/3=¢,

where Y>k0 = )7]1{|)7|>k0} and 175/(0 = Y]l{I?ISko}‘ Hence we have shown that

inf  po((@a—1/2)(Yr, — Yz)) <e

€Fr ary

which completes the proof by sending ¢ \ 0.
6.4 Proof of Theorem 2.1

Note first that for 71, 75 € T \ {0}, there is some 7 > 0 such that F; € F¢ r,. There-
fore by assumption (2.1), the probability space (£2, F7 Az, P ]:flﬂz) is atomless for
71, 72 € T¢ \ {0}. Then in view of Proposition 5.2 along with Theorem 5.1, it remains
to show the following auxiliary result.

Lemma 6.8 Let (2.2) be fulfilled and let the range of g be relatively || - || oo-com-
pact. If po(Y*1Liy+~qy) = 0 for a — oo, then pg is continuous from above at 0.

Proof Let (X,)neN be any nonincreasing sequence in X with X, N\ 0 P-a.s. and let
& > 0. Then by the definition of X', we may find some C > 0 such that

0<X,<X1<CX*+1D P-a.s. forn € N.
Then for any n € N and every k € N, we may observe by sublinearity of pg that

0<po(Xn) < po(Xnlire<k}) + po(Xnl{y*>k})
< po(Xuliyr<k)) + po(C(Y™ 4+ DI{y+=k))
< po(Xnliy+<t)) +2Coo (Y Liy+spy). (6.21)

Next, observe that (X1 Y*. <k})neN is uniformly bounded by some constant, say Cy,
for any k € N. Then with Xy , := X, 1{y*<x}, we obtain for k,n € N that
o 00 - C o
0<po(Xkn) = sup / Q[Xin >x]dx < / sup Q[Xin > x]dx. (622
QeQJO 0 QeQ

Now fix k € N and x € (0, Cy). Since the range of ug is relatively compact with
respect to || - || co» we may find for any subsequence (g ({Xk i) > x}))nen a further
subsequence (g ({ Xk, j i) > *}))nen such that

lim sup [uo({ Xk, jim) > *D(Q) — fi(Q)|=0
n—)ooQEQ
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for some fi € £°(Q). Furthermore, Q[Xy, j(i(n)) > x] \ 0 for n — oo if Q € Q.
This implies f; =0, and thus SUPQeQ Q[Yk,n > x] \ 0 for n — oo. Hence in view
of (6.22), an application of the dominated convergence theorem yields

PO (XnT{y*<k}) %50 for k € N.
Then by (6.21),

0 < limsup pg(X,) <2Cpo (Y Liy*=k)) for k € N.

n—o00

Finally, by assumption, Cpog (Y *1{y*~k}) — 0 for k — oo so that

0 <limsup pg(X,) <0.

n—o0o

This completes the proof. O

Proof of Theorem 2.1 As discussed before Lemma 6.8, the statement of Theorem 2.1
follows directly by combining Proposition 5.2 and Theorem 5.1 with Lemma 6.8. [

6.5 Proof of Theorem 2.4

Since d is totally bounded, the completion (Q,c?) of (Q,d) is compact (see [26,
Sect. 9.2, Problem 2]). Since (dQ/dP)qeg has P-almost surely d-uniformly con-
tinuous paths, we may find some A € F with P[A] = 1 such that we may define a
nonnegative stochastic process (ZQ) 5ed such that Z := Z,(w) is continuous for any
w € A and Zg = dQ/dP holds for Q € Q (see [26, Theorem 11.3.4]).

Now let (Qn)nen be any sequence in Q. By compactness, we may select a sub-
sequence (Q;(s))neny Which converges to some Q € Q with respect to d (see [26,
Theorem 7.2.1]). Since the process Z has d-continuous paths on A, we obtain

th (n)

(0) = Zg; () (@) 17 7. (w) forallw € A.

Moreover, by assumption, (dQ;)/dP),en is dominated by some P-integrable ran-
dom variable U. Then an application of the dominated convergence theorem yields

E| |92 _ g || 22,
dp Q

Thus we have shown that Q is relatively compact with respect to the topology of total
variation as defined in Remark 2.3, and Theorem 2.4 may be concluded by combining
Remark 2.3 with Theorem 2.1.

6.6 Proof of Proposition 3.1

Fix ¢t € [0, T]. By assumption, (Xg)ge@ is a nearly sub-Gaussian random field in
the sense of the Appendix. Then by Proposition A.2, we may fix some separable
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version (X )oeo Of (Xe)ge@ It is also assumed that there is some 6 € ® such that
]E[exp(ZXe)] = E[exp(ZXe)] < oo. In addition, by Proposition A.2 again, we may
find a nonnegative random variable U ,9 and some A; € F with P[A;] = 1 such that

]E[exp(pUg)] < 00 for every p € (0, 00), (6.23)

sup exp (X9 (@) <exp (U9 (®)) exp (Xg (»)) forw € A;. (6.24)
0e®

By assumption and since A; € F;, for every 6 € ©,
MY :=exp (X — [X71,/2) 14,

defines a Radon—Nikodym derivative of Qg|,. Then due to the nonnegativity of the
process ([XH],)QE@, (6.24) yields

sup Mm? < exp(U?) exp(f(\?) pointwise.
0e®

By (6.23) along with the assumptions on Xf, the random variables exp(ZUf) and
exp(f(\ ,9) are square-integrable. By the Cauchy—Schwarz inequality, exp(Uf ) exp(f(\ ,9)
is therefore integrable so that (M?)gce is dominated by some P-integrable random
variable. Thus by Theorem 2.4, it remains to show that (Mte )oco has de-uniformly
continuous paths. For 0, 9 € ©®, we may conclude from (6.24) and the nonnegativity
of the process ([X(’]t)ge@ that

IM? — M| < (exp(X?) +exp(XD) (1IX? — X71 +11X%1,/2 — (X" 1,/2]) L4,

PN N 1
< 2supexp(X)) (X7 = X7 [+ 510x7) = (X)),
0e®

7 58 (100 < 1
= 2exp(U) exp(R)) (1% = &7 |+ 11X = [X"11)La,. (629)

In view of Proposition A.2, the process ()? f)ge@ has dg-uniformly continuous paths
and ([X?1)gco satisfies this property by assumption. Thus by (6.25), (M,Q)ge@ has
de-uniformly continuous paths.

6.7 Proof for Example 3.2

Firstly, each XV is a centered martingale. Secondly, by a time change, we may
construct an enlargement (Q, Fr, (]-',)0<,<T,P) of (Q,F, (Fr)o<i<T,P) with
Q=9 x  for some set such that for every fixed pair v, ¢ € W, there exists a

Brownian motion ZW # with (Z[ )ofth adapted to (]'—t)OstsT and such that for

every t €[0,T],
S
Xf_X Zf(x/f )2, V,) du
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(see e.g. [21, proof of Theorem V.1.7]). Here we set for each w = (v, @) € Q
X! @) - X @ =X, (0,0 — X (0.3 =X (@) - X{ (@).
Then for fixed A > 0, ¢ € [0, T] and v, ¢ € ¥, we obtain

E[exp ()\(X,w — X?))] = Ep[exp (Afﬁ’ip_@z(u,vu) du)]

<Ep|exp(A max 7;//’¢ )
0<s=<d(¥.$)?

Now we derive by the reflection principle for Brownian motion that

V.9 V.9 2 2
Es|exp{A max Z. <2Es| exp (AZ =2exp (A°d(y, ) /2).
P[ P( ozs it S )} P[ P( d(¢,¢)2)] p( W, 6/ )

Hence (X ;p , ¥ € W) is a nearly sub-Gaussian family of local martingales with con-
stant C = 2.

6.8 Proof of Proposition 4.1

Let @ and @e be defined as in Proposition 4.1. Furthermore, let L? (€2, F, P) denote
the classical L?”-space on (2, F, P) for p € [1, co]. We need the following auxiliary
result for preparation.

Lemma 6.9 The set IF@ ={dQ/dP:Q¢€ @} is closed with respect to the L'-norm.
It is even compact with respect to the L' -norm if Q is relatively compact with respect
1o the topology of total variation. In this case, F 5. :={dQ/dP : Q € Q°} is relatively
compact with respect to the L'-norm.

Proof The set F5 is obviously convex, and it is also known to be the topologi-
cal closure of the convex hull co(Fg) of Fg with respect to the weak topology
on L'(Q, F,P) (see [19, Theorem 1.4]). Thus by convexity, ]F@ is also the closed
convex hull of Fg with respect to the L'-norm topology. Moreover, if Q is rela-
tively compact with respect to the topology of total variation, the set I is relatively
L'-norm-compact so that its L'-norm-closed convex hull Fgis L'-norm-compact
(see e.g. [1, Theorem 5.35]). This completes the proof because F@, - ]FQ. Il

Proof of Proposition 4.1 The implication (5) = (4) is already known (see [23,
Lemma 5.3], and [11, Lemma 6.48] for the discrete-time case). Concerning the impli-
cation (1) = (2),let t € T and X € L*(R2, F,P). Then Z :=essinfgcg Eq[X| ;]
isin L*°(R2, F, P) and F;-measurable so that

essinf Eq[X|F;] =essinfEq[Z]|F;].
00 Q [ | T ] 00 Q[ | T ]
Then by the time-consistency in (1), we get

@ Springer



232 D. Belomestny et al.

inf Eg[X] = inf E
Jnf) QlX] anf) QlZ]

which shows (2).
Next, we want to show (2) = (3). Firstly, (2) obviously implies

inf Eg[X] = inf Eq| essinfEq[X|.F; fort €7 and X € L*°(Q2, F,P),
dnf) QlX] anf) Q[QEQ Q[|r]i| ( )

which may be rewritten as
po(X) = po( — pr (X)) fort € T and X € L*®(Q, F, P), (6.26)
where

ps(X) :=esssup Eq[— X | Fy] for X € L®(Q, F,P),s€{0,7},t€T.
QeQ

Since each member of Q is equivalent to P, we may observe from (6.26) that for
every T € T \ {0}, the functions pg, p, fulfil the assumptions and statement (a) from
[11, Theorem 11.22]. Then in the proof of this theorem, it is shown that

o (X) =esssupEq[—X|F:] for X € L°(Q, F,P)
QeQ¢

so that

egs infEq[X|Fr] =essinf Eq[X|F¢] fort €7 and X € L (2, F,P). (6.27)
QeQ¢

In order to_verify (3), it remains to show that Q¢ is stable under pasting. So take
Q1,Q e ¢, T eT, and let Q denote the pasting of Q;, Q> in 7. Then for any
P-essentially bounded random variable X, (6.27) yields

]EG[X] =Eq, |:EQ2 [X|]-",]i| > Eq, [ess iAnfEQ[Xl}—t]}
QeQ¢
=E essinfEq[X|F;
Q1|:Q€Q QlX| z]]
> inf IEQ|:essmfIEQ[X|]:T:|
Qe0¢ QeQ

= inf E fEQ[X|F,
Q11€1 Q[e(s}sm QlX| f]j|

Hence EG[X 1> infge g Eq[X] holds due to (2). Therefore Q belongs to @, and thus

also to @e. .
Let us now turn to the implication (3) = (1). So take X, X € L*°(2, F,P) and
0,1 € T with o < 7 such that

essinfEQ[ X |F;] < essinfEq[X|F;].
QeQ QeQ
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In view of (6.27), this means that

essmeQ[X|f ] <essinfEq[X|F7]. (6.28)
QeQ¢ QeQ¢

Let & > 0 with | X| < & P-a.s. and define the uniformly bounded, nonnegative cadlag
process H = (H;)o<i<r via H; :=1{1)(t)(e — X). Since Qe is stable under pasting
by (3), applying [23, Lemma 4.17] to H yields

ess supEQ[e — X|Fy] =ess supEQ[ess supEqle — X\ F | F
QeQ¢ QeQ¢ QeQ¢

In particular, we obtain

essinfEq[X|F,] = ess gleQ[ess infEq[X| 71| F»
QeQ* QeQ* QeQr

In view of (6.27) along with (6.28), this implies

essinfEq[X|F,] < essinfEq[ X |F, 1.
QeQ QeQ

For the implication (4) = (2), let X € L>®(2, F, P). There is some C > 0 such
that X + C > 1 P-a.s. Then Z; := 1{7}(t)(X + C) defines a uniformly bounded,
nonnegative adapted cadlag process Z = (Z;)o<;<r from S(Q). Furthermore, fix
Qe Qand r € T. By (4), we can find some sequence (Q¥)zcn in Q whose members
coincide with Q on F; such that

Eq,[X + C|F;]1= esssup Eq,[Z,|F7] lH—Oo> essinf esssup Eq[Zy|F;] P-as.

oeT,0>1 QeQ seT 0>7

Since in addition ess sup, ¢ 7 5> 7 EQ[Zs [Fr]1 = Eq[X + C|F;] for every Q € Q, we
obtain by dominated convergence that

Ea[eéseiéleQ[X + C|]—}]] = lim Eg[Eq.[X + CIF¢]]
= lim Eq:[Eq[X + C|F:]]
=k1_i)n;OIEQk[X +C]
= inf EqlX +Cl.

For the second equality, we have invoked that Q¥ F = Q| F, for every k € N. Then
(2) is obvious, and the proof is complete. g

6.9 Proof for Remark 2.3

If the sets Q and Qe are defined as in Proposition 4.1, then in view of Pr0p0s1t10n 4.1,
it remains to show that under the assumptions of Remark 2.3, the set Q¢ is not stable
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under pasting with respect to (2, F, (F;)o<:<7, P). Since the set of all probability
measures on F which are equivalent to P is stable under pasting with respect to
(2, F, (Ft)o<t<T, P) and contains Qe we may define the minimal set QSt which is
stable under pasting and contains Q¢. We want to show that O¢ is a proper subset of
O within the setting of Remark 2.3. The argumentation is based on the following
observation.

Lemma 6.10 Ler LP(Q, F, P) denote the classical LP- -space on a probability space
(Q, F,P) for p € [0, oo] and let (Ap)neN be a sequence in F satisfying

1 _
lim E[1a,Z]=EIZ]  foreveryZ e L'(Q,F,P). (6.29)
n—oo

Then for any Z € L' (Q z E \ {0}, the sequence (14,Z)nen does not have any
accumulation point in L'(Q2, F, P) with respect to the L'-norm.

Proof Assume that there is some Z € L (5_7_1_))_\ {0} such that the sequence

(14, Z)neN has an accumulation point X € L' (Q, F, P) with respect to the L'-norm.
By passing to a subsequence, we can assume that

E[|14,Z — X]] == 0. (6.30)
Therefore by Holder’s inequality,
nl_i)rréOIE[UlAnZW —XW|]=0  forany W € L*(Q, F,P). (6.31)
Applying (6.29) and (6.31), we get
E[(%Z—X)W} =0  forany W € L®(Q, F,P). (6.32)

Setting W := ((5Z—X) A1)V (—1) in (6.32), we arrive at X = 1 Z. Hence, by (6.30),

—E[|Z]] =EH (ﬂAn - é)zﬂ IZ200.

This contradicts P[Z # 0] > 0 and completes the proof. g

Proof for Remark 2.3 Let us fix different Q;, Q2 € Q C O¢. Since O™ is stable under
pasting, we may define for every 7 € T by

dQ"  E[FF1dQ
dP " E[GR|F.] dP

the Radon-Nikodym derivative with respect to P of some probability measure Q"
which is in O%. In particular, Q° = Q; and Q7 = Qy, and using the cadlag modifica-
tions of the density processes

(1%
dP

A e
0<t<T
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we derive

dqQ’ d
%—)% for ¢ \( 0.

Therefore, we may find some ty € (0, T) such that Q" = Q7. Since by assumption
(82, F, P|]%o) is atomless with L1(2, Fio» P|]:10) being weakly separable, we may
draw on [15, Lemma 3] (or [6, Corollary C.4]) along with [6, Lemma C.1 and Propo-
sition B.1] to find some sequence (A, ),ecN in Fy, such that

1
lim E[14,Z]= E]E[Z] for any F;,-measurable Z which is P-integrable.

n—oo

In particular,
. . 1 1
Jim E[1,,Z]= lim E[14,E[Z|F]] = EIE[IE[ZUT,O]] = EIE[Z] (6.33)

holds for every Z e L! (2, F,P). Moreover, 1, 1= tols, + T]lQ\A defines a se-
quence (t;)nen in T which induces the sequence (Q™),¢cn in Qgt whose Radon—
Nikodym derivatives with respect to P satisfy, by the optional stopping theorem,

Q™ _ E[dd%u:fo]]l{fn:to} +E[dd%|}-ﬂ]1{rn:n dQx
dP B9\ F i, + BISR | Frilg,—r) 4P

tho dQT
=14 1
Angp TR
dQ  dQT dQT
g, (1Q_dQTy 4"
dP dP dP

Since Q" # QT we have dQ" /dP — dQT /dP € L' (Q, F,P) \ {0}. So in view of
Lemma 6.10 along with (6.33), we may observe that the sequence

Qt() dQT
(ﬂ ( dp _W))neN

does not have any accumulation point in L' (2, F, P) with respect to the L'-norm,
and thus the sequence (dQ™ /dP),cn also hfl\s no accumulation point. Hence we have
found a sequence in F 5, :={dQ/dP: Q€ Q°%'} without any accumulation point with
respect to the L'-norm. This means that F 5 O« 1s not relatively compact with respect
to the L'-norm. However, the set Fg. from Lemma 6.9 has been shown there to
be relatively compact with respect to the L'-norm. Hence Fa. #F5 o> and thus O¢

is a proper subset of QSt So by the construction of QSt the set Qe is not stable
under pasting with respect to (2, F, (F1)o</<T, P) so that Q is not time-consistent
with respect to (€2, F, (F;)o<:<T, P) by Proposition 4.1. The proof for Remark 2.3 is
complete. O
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Appendix A: Paths of nearly sub-Gaussian random fields

Let (®, d) be some totally bounded semimetric space with diameter A. For 8, ¢ > 0,
the symbols D(8,d) and N(®,d; ¢) are used in an analogous manner as the nota-
tions D(4,dp) and N (O, de; ¢) from Sect. 3. We call a centered stochastic process
(X%)geo a nearly sub-Gaussian random field with respect to d if there is some C > 1
with

E[exp (A(X? — X"))] < Cexp (22 d(0,9)*/2)  for6,9 € ®and 1 > 0. (A.1)

Note that by symmetry, condition (A.1) also holds for arbitrary A € R. For C = 1, this
definition reduces to the ordinary notion of sub-Gaussian random fields. For further
information on sub-Gaussian random fields, see e.g. [12, Sect. 2.3]. By a suitable
change of the semimetric, we may describe any nearly sub-Gaussian random field as
a sub-Gaussian random field.

Lemma A.1 If (X%)gco is a nearly sub-Gaussian random field with respect to d,
then it is a sub-Gaussian random field with respect to d := ed for some ¢ > 1.

Proof Let C > 1 be such that (X?)gce satisfies (A.1). Then ¢ := /12(2C + 1) is as
required (cf. [12, Lemma 2.3.2]). O

The following properties of sub-Gaussian random fields are fundamental.

Proposition A.2 Let X = (X Noeo be a nearly sub-Gaussian random field on some
probability space (2, F,P) with respect to d. If D(A,d) < oo, then X admits a
separable version, and each separable version of X has P-almost surely bounded
and d-uniformly continuous paths. In particular, for any separable version X and for
every 0 € O, there is some random variable U? on (Q, F, P) such that

sup X? < U§+ X? Pas. and Eg[exp(pUg)] <00 forevery p e (0,00).
0ec®

Proof In view of Lemma A.l, we may assume without loss of generality that X is
a sub-Gaussian random field with respect to d. It is already known (see [12, Theo-
rem 2.3.7]) that X admits a separable version, and that each such version has P-almost
surely bounded and d-uniformly continuous paths. Now fix any separable version X
of X and an arbitrary # € ®. We have

sup X? < X% + sup | X0 — X,
He® fe®
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and the process (|)? o _ )?§|)9€@ is separable due to the separability of X. Then we
may find some at most countable subset ®y C ® such that

sup | X? — X% = sup | X’ —X?|  P-as.
0O 0e®

Hence U? := SUpge@, | X 0 _ X§| defines a random variable on (Q2, F, P) satisfying

U§= sup |5(\9 — 5(\§| P-ass.
0e®

It remains to show that Eg[exp(pUg)] < oo for p € (0, 00). So fix p € (0, 00). First,
observe that X is again a sub-Gaussian random field. Thus by [12, Lemma 2.3.1], we
have

X% —x? \2
Eﬁl:exp <(m) >] <2 for0,0 €O, d@,9)£0.

Hence we may apply the results from [25] with respect to the totally bounded semi-
metric d := +/6d. Note that (5(\ Noco is also separable with respect to d, and that
A = V6A for the diameter A with respect to d. Since N(©,d; &) < N(©,d; //6)
for every ¢ > 0, we obtain for every § > 0 that

) )
f,/lnN((a,E;g)dsg/ \/1nzv(®,d;s/«/5)de:JED(a/f@d).
0 0

Then in view of [25, Corollary 3.2], we may find some constant C > 0 such that

P[U? > xCV6D(A, d)] <2exp(—x?/2)  forx > 1.

Furthermore, setting C:=C V6D(A, d), we may observe that

e¢]

o —
/ P[U? > xClexp(xpC) dx < / 2exp(—x2/2) exp(xpC) dx
1 1
<242m exp(p262/2).

Then applying the change of variables formula several times, we obtain

o0 —_ oo —
/ _ ﬁ[exp(pU9)>y] dy:pC/ ?[U9>Cu]exp(pCu) du < oo.
exp(pC) 1

Hence
— OO_ —
Eplexp(pU?)] =/ Plexp(pU”) > y] dy < 00
0

which completes the proof. g
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