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Abstract In this paper, we consider a company whose surplus follows a rather gen-
eral diffusion process and whose objective is to maximize expected discounted div-
idend payments. With each dividend payment, there are transaction costs and taxes,
and it is shown in Paulsen (Adv. Appl. Probab. 39:669—689, 2007) that under some
reasonable assumptions, optimality is achieved by using a lump sum dividend barrier
strategy, i.e., there is an upper barrier i* and a lower barrier u* so that whenever the
surplus reaches u*, it is reduced to u* through a dividend payment. However, these
optimal barriers may be unacceptably low from a solvency point of view. It is argued
that, in that case, one should still look for a barrier strategy, but with barriers that
satisfy a given constraint. We propose a solvency constraint similar to that in Paulsen
(Finance Stoch. 4:457—-474, 2003); whenever dividends are paid out, the probability
of ruin within a fixed time 7" and with the same strategy in the future should not ex-
ceed a predetermined level . It is shown how optimality can be achieved under this
constraint, and numerical examples are given.
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1 Introduction

Finding optimal dividend strategies is a classical problem in the financial and ac-
tuarial literature. The idea is that the company wants to pay some of its surplus as
dividends, and the problem is to find a dividend strategy that maximizes the expected
total discounted dividends received by the shareholders. The typical time horizon is
until ruin occurs, i.e., until the surplus is negative for the first time.

However, left to their own, financial institutions may make decisions that can jeop-
ardize their solvency, and those with a claim on the company, e.g. account holders of
a bank or customers of an insurance company, have an unacceptably high probability
of losing all or part of their claims. As a consequence, most countries impose some
regulation on financial companies, and in addition the companies themselves will
usually have their own, albeit sometimes lax, capital requirements.

The task for the management is therefore not to maximize expected discounted
dividends as such, but to do it under proper solvency constraints. One such constraint
was suggested in [6], and we shall apply the same idea in this paper. We also let
the capital of the company follow the same diffusion process as in [6], originally
presented in [11]. To explain this, in [11] it was proved that with their model, and
provided there are no costs or taxes associated with dividend payments, an optimal
policy, if it exists, is of barrier type, i.e., there is a barrier u* so that whenever cap-
ital reaches u*, dividends are paid with infinitesimal amounts so that capital never
exceeds u*. The resulting accumulated dividend process is a singular process, hence
the name singular control. With the same setup, it was proved in [6] that when sol-
vency requirements prohibit dividend payments unless capital is at least ug > u*,
then it is optimal to use a singular control at ug. Therefore, it is natural to use ug
as a barrier, and it was suggested that uy could be determined as follows: whenever
capital is at ug, ruin within a fixed time 7 by following the same policy should not ex-
ceed a small, predetermined number ¢. We denote the corresponding ug by u.. Thus
the problem of optimal dividend payments was linked to the problem of calculating
ruin probabilities, the latter being a key concept in risk theory. Clearly, increasing
uo implies that the ruin probability is decreased, so the problem can be reduced to
a one-dimensional search problem for u,. Although in both [11] and [6] there were
no transaction costs or taxes, proportional costs or taxes will not change the problem
significantly. However, when each dividend payment carries a fixed cost, the prob-
lem changes from a singular control problem to an impulse control problem. It was
shown in [7], using the same diffusion model as in [11], that if there is an optimal
dividend strategy, it will be of a two-barrier type. To explain this, there is a lower
barrier u* > 0 and an upper barrier i* so that whenever capital reaches u#*, dividends
are paid bringing the capital down to u*.

In this paper, we make the same assumptions as in [7], but slightly differently
formulated. With each dividend payment, there is a fixed cost K and a tax rate 1 — k
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Optimal dividends with solvency constraints 479

with O < k < 1. We shall argue that if the optimal policy is too risky, one should look
for a lower barrier u, > 0 and an upper barrier #, to maximize expected discounted
dividends and at the same time satisfy the solvency constraint as presented in the
above paragraph. This problem is more difficult than that in [6] since we must look
for a pair (u,, u¢), not just a number u,. One issue is to find a fast method to calculate
the ruin probability for a given lower and upper barrier, and we shall show how we
can adapt the Thomas algorithm for solving tridiagonal systems together with the
Crank—Nicolson algorithm to solve the relevant partial differential equations. The
paper ends with numerical examples.

2 The model and a general optimality result

Let ($2, F, {F:}:>0, P) be a probability space satisfying the usual conditions, i.e., the
filtration {F;};>0 is right-continuous and P-complete. Assume that the uncontrolled
surplus process follows the stochastic differential equation

dX; =pX)dt+o(X)dW;, Xo=x, 2.1

where W is a Brownian motion on the probability space and p(x) and o(x) are
Lipschitz-continuous. Let the company pay dividends to its shareholders, but at a
fixed transaction cost K > 0 and a tax rate 0 < 1 — k < 1. This means that if £ > 0
is the amount by which the capital is reduced, then the net amount of money the
shareholders receive is k& — K. Since every dividend payment results in a transaction
cost K > 0, the company should not pay out dividends continuously, but only at
discrete time epochs. Therefore, a strategy can be described by

n:(rf’,rg,.. STy L ETLE L ET ,...),

where 7,7 and £ denote the times and amounts of dividends. For each &, we define
the corresponding ruin time as

Ti=inf{r >0: X7 <0}.

Thus, when applying the strategy 7, the resulting surplus process X7 is given by
tATT tATT
X7 :x+/ u(x;f)der/ o (XT)dW, — Zl raneby. (2.2)
0 0

The process X7 is left-continuous with right limits, so when applying e.g. Itd’s for-
mula, it will be on the right-continuous version with left limits {X;}. Also, we define
AX; =Xy — Xt

Sufficient conditions for existence and uniqueness of (2.2) are assumptions Al
and A2 below.

Definition 2.1 A strategy = is said to be admissible if we have the following.

() 0<t{ andforn>1,7; , > 7] on {77 < oo}
(ii) T is a stopping time with respect to {F;};>0,n =1,2,....
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480 L. Bai et al.

(iii) &7 is measurable with respect to ]-};,r, n=12,....
(iv) P(imyooty <T)=0,VT >0.
(v) 0<&7 <X7.

We denote the set of all admissible strategies by I7.

For each admissible strategy m, we define the performance function V (x) as

00
Ve (x) = Ex |:Z et (kg:: - K)l{r,?<t”}:| s

n=1

where P, denotes the probability measure conditioned on Xo = x. The quantity
Vi (x) represents the expected total discounted dividends received by the sharehold-
ers until ruin when the initial reserve is x. Note that it follows from (2.2) and condition
(v) above that for an admissible policy, X7 =0 for > t”.

Define the optimal return function

V*(x) = sup Vi (x)
mwell

and the optimal strategy, if it exists, by 7*. Then Vy«(x) = V*(x).

Definition 2.2 A lump sum dividend barrier strategy m = m; , with parameters u
and u satisfies for X{j < it

tf:inf{t>0:X§T:ﬁ}, £l =il —u,

and for every n > 2

rj:inf{t>r§71:Xf=ﬁ}, & =u—u.

When Xg >0,
=0, & =Xy —u,

and for every n > 2, 7 is defined as above. For a given lump sum dividend barrier
strategy 7y 4, the corresponding value function is denoted by Vi , (x).

The importance of lump sum dividend barrier strategies is exemplified in e.g. The-
orem 2.3 below, proved in [7]. In order to present the theorem, we make a list of
assumptions.

Al. |[u(x)|+|ox)| < C( + x) forall x >0 and some C > 0.

A2. p(x)and o (x) are continuously differentiable and Lipschitz-continuous, and the
derivatives i’ (x) and o”/(x) are Lipschitz-continuous.

A3. o2(x) > 0 forall x > 0.

A4. 1/ (x) < A forall x >0, where A is the discounting rate.

ForgeC 2(0, 00), define the operator £ by
1
Lg(x) = 507 (1)g" () + p(1)g'(x) = Ag ().
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It is well known, see e.g. [5], Theorem 6.5.3, that under the assumptions A1-A3, any
solution of £g = 0is in C3(0, 00). Let g (x) and g»(x) be two independent solutions
of Lg(x) =0, chosen so that g(x) = g1(0)g2(x) — g2(0)g1(x) has g’(0) > 0. Any
such solution will be called a canonical solution. Then any solution of LV (x) =0
with V(0) =0 and V’(0) > 0 is of the form

Vx)=cgx), c¢>0.
Consider the following set of problems.
Bl: LV(x)=0, 0<x<ui¥,
V(0) =0,
Vx)=V@@*) +k(x —ia*), x>i*,
B2: V") =Vu*)+k@" —u")—K,

V'(@*) =k,
V') =k,

B3: V@w") =ku*—K,
V(@) =k.

Note that k and K are equivalent to Tldl and li—odl in [7].

Theorem 2.3 (Theorem 2.1 in [7]) Assume that A1-A4 hold. Then exactly one of the
following three cases will occur.

(1) B1 4+ B2 have a unique solution for unknown V (x), u™ and u*, and we have
V*(x) = V(x) = Vs i+ (x) for all x > 0. Thus the lump sum dividend barrier
strategy w* = i« y» is an optimal strategy.

(ii)) B1 + B3 have a unique solution for unknown V(x), and it holds that
V*(x) = V(x) = V= o(x) for all x > 0. Thus the lump sum dividend barrier
strategy w* = 1= o is an optimal strategy.

(iii) There does not exist an optimal strategy, but

V*(x) = lim Vj @) (x)
u— 00
and this limit exists and is finite for every x > 0. In terms of a canonical solution,

k
im0 8/ (@)
Here Vﬁ’ﬂ(ﬁ) (x)= SUPy,c[0,a) Vﬁ,g(x)~

Remark 2.4 As pointed out in Remark 2.2¢ in [7], if lim,_, o0 g’ (x) = 00, then either
B1+B2 or B1+B3 apply, hence a solution exists. That limy_, » g’ (x) = 00 is almost
a necessary condition for existence of a solution can be shown as in Proposition 2.4
of [8]. Therefore, for simplicity we typically assume that lim,_, o g’ (x) = 00.
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482 L. Bai et al.

Here is a useful sufficient condition for lim, _, o g’ (x) = 0. The proof is given in
Sect. 7.

Proposition 2.5 Assume A1-A4 and that there exist an xo > 0 and an ¢ > 0 so that
wx)<i—e, Vx>uxg.
Then for any canonical solution g of Lg(x) =0,
lim g'(x) = oo.
x—00

Remark 2.6 Arguing as in the end of the proof of Theorem 4.1, it follows that if there
exists an xg > 0 so that

w'(x)=»x, x=uxo,

then lim, _, o g’ (x) < 0o. Therefore, Proposition 2.5 is quite sharp.

3 Optimality under payout restrictions

Consider e.g. an insurance company that wants to use the optimal barriers i* and
u* for its dividend payments. However, when policyholders pay their premiums in
advance, they expect to have their claims covered. It is therefore reasonable that the
company should not be allowed to pay dividends if that makes the surplus too small.
One natural condition is that the surplus is not allowed to be less than some u, > 0
after a dividend payment. Mathematically, such a restriction for a policy 7 can be
written as

Y i, <up =0 (3.1)

0<tr<t”

Let ITy denote the set of all admissible strategies satisfying (3.1). Define the new
optimal return function V(' (x) as

Vi (x) = sup Vg (x). (3.2)

welly

Our aim is to find the optimal return function V;"(x) and the optimal strategy 7o € ITo
such that Vi (x) = Vi (x).

Following Remark 2.4, we assume that lim,_, o, g’(x) = 00 so that either B1 4+ B2
or B1+4 B3 have a solution. Trivially, if B1 4+ B2 have a solution V (x) for some c¢*, ii*
and u* > u, the optimal strategy in Theorem 2.3(i) is feasible under the constraint
(3.1). Then V(;" (x) = V(x) and the optimal strategy is as in Theorem 2.3(i).

Therefore we consider the cases when B1 + B2 have a solution V (x) for some
c*, u* and u* < u,, or when B1 4 B3 have a solution V(x) for some c*, #* and
u* = 0. In these cases, the optimal strategy given by Theorem 2.3 does not satisfy the
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Optimal dividends with solvency constraints 483

constraint (3.1). Consequently, we need to look for the optimal return function and
the optimal strategy again. To this end, consider the problem for unknown V and iq:

C: LV(x)=0, 0<x <ip,
V(o) =k,
V(0) =0,
V(x) = V() +k(x —ug) — K, x=>io.

The following result is proved in Sect. 7.

Theorem 3.1 Assume that A1-A4 hold and that limy_, » g'(x) = 00. Let uy > u*,
where u* is given in Theorem 2.3. Then Problem C has a unique solution for unknown
V and iy and

Vi) = V() = Viig.u (0),

where VO* (x) is defined in (3.2). Thus the lump sum dividend barrier strategy i u,
is an optimal strategy in Iy. Also, for given u, so that u* < u, < u,, it holds for the
corresponding optimal upper barriers that u* < ilg < uj.

According to Theorems 2.3 and 3.1, for a given lower barrier u,, the optimal
strategy is the lump sum barrier strategy 7 ,,,, where

7 b 9 .f *7
@ up) = | @0 to) Mg >u (33)
(u*a Z*)v lfZ() E E*

Here (*, u™) is as in Theorem 2.3, while i is as in Theorem 3.1. This addresses the
problem of not being allowed to pay dividends that bring the capital too far down.
The next result looks at the other end. What if the company cannot make a dividend
payment when it wants, but has to postpone it until capital reaches a higher level? Let
i1 > u and let IT; be the set of all admissible policies satisfying

E Ly < UX o <ity) =0,
0<tF<t”

i.e., all policies so that paying dividends when capital is less than i as well as re-
ducing it below u through a dividend payment are ruled out. Define the new optimal
return function V*(x) as

Vi*(x) = sup Vg (x). (3.4)

mwell

Consider the problem for unknown V:

D: LV(x)=0, O0<x<i,
V(0) =0,
VE)=V@w) +k(x—up), x>u.
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We then have the following theorem. It is proved in Sect. 7.

Theorem 3.2 Assume that A1-A4 hold and that lim,_, o g'(x) = 00. Let u, and
iy > u be given, where u is defined in (3.3). Then Problem D has a unique solution
for unknown V and

Vi) =V(x) = Vi u, (),

where Vl* (x) is defined in (3.4) and u, in (3.3). Thus the lump sum dividend barrier
strategy T, y, is an optimal strategy in I1;.

The message of Theorems 3.1 and 3.2 is that if the optimal barriers are too small,
it is still optimal to use lump sum barrier strategies with the barriers as close to the
optimal ones as possible in some sense. Therefore, we should look for barrier strate-
gies, but with barriers sufficiently large to satisfy solvency requirements. This is the
topic of Sect. 4.

4 Optimality under a solvency constraint

Having argued in Sect. 3 that barrier strategies are optimal also under reasonable
constraints, we show in this section how optimal barriers can be found that satisfy a
natural solvency restriction. To describe this, let T < oo be a fixed time horizon and
define the survival probability as

Gau(T.x) = P (7" > T),

where as before Py means that X9 = x and 7y, is the lump sum dividend strategy
with barriers u and u. For a given ruin tolerance ¢, we say that the strategy mj , is
solvency admissible if

Giu(T,u)>=1—¢. 4.1

Note that ¢, (T, u) = ¢, (T, u). This means that for a solvency admissible strategy
Ti,u» at the time of paying a dividend, the probability of survival during the next time
interval of length T using the same strategy cannot be smaller than 1 — ¢.

Also note that even when Theorem 2.3(iii) applies, condition (4.1) in principle
need not hold for any §-optimal dividend strategy. The reason for this is that u (i)
may be bounded as & — o0. The following result shows that even in case (iii) there
will exist a §-optimal dividend strategy. It is proved in Sect. 7.

Theorem 4.1 Under the assumptions of Theorem 2.3(iii), for any b > 0 and u > 0,
there exists a u(u) < u satisfying u(u) — o0 as u — oo so that

Vaa@ () — V*(x), Vxel[0,b]asu— oo.
By this result we can choose a u so large that for any § > 0, there is a §-optimal

lump sum dividend barrier that satisfies the constraint (4.1). Consequently, from now
on it is assumed that lim, _, o g’ (x) = 00 as in Remark 2.4.
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Optimal dividends with solvency constraints 485

As in [6] it can be proved that if there exists a CY2((0, T) x (0, 1)) function v that
satisfies

ve(t, x) = %oz(x)vxx(t,x) + pu(x)ve(t, x), (,x)e0,T)x (0,u), 4.2)
with initial value
v(0,x)=1, 0<x<u, “4.3)
and boundary value for > 0
v(#,00=0 and v(t,u)=v(t,u), “4.4)

then v(T', x) = ¢z, (T, x) is the survival probability. Here v; means the partial deriva-
tive with respect to ¢ and so on. It is well known, see e.g. [12], Theorem 3.4.1,
that if o2(x) and u(x) are in C*°(0,u), then any weak solution of (4.2) is in
C°((0,T) x (0, n)).

Let us discuss how the optimal solvency admissible strategy can be found. By
definition, for u > 0, clearly

¢L_tz,£(T7 x) > ¢L_t],£(Ta -x)v 122 > ’217
by (T> X) > @i uy (T, %), 1wy >uy.

Let ¢(T,x) = Py(X; > 0, Vt € [0, T]) be the survival probability when there is no
control. If ¢ (T, u) <1 — ¢, then u cannot be the lower barrier of a solvency admis-
sible dividend strategy since paying dividends surely increases the ruin probability.
However, if ¢ (T, u) > 1 — ¢, then for sufficiently large u, 7; , will be a solvency ad-
missible strategy. The lower bound u,, for the lower barrier in a solvency admissible
strategy is therefore of interest, and it is given by

$(T.u,)=1—¢.

It is easy to show that if there exists a C 1*2((0, T) x (0, 00)) function w that satisfies
1
wy(f, x) = EUZ(X)wxx(tax) +u@we(, x), (&, x)€(0,T)x(0,00), (4.5)

with initial value
w@O,x)=1, 0<x<o0,

and boundary value for r > 0

w(,00=0 and lim w(,x)=1, (4.6)
X—>0Q
then we have w(T, x) = ¢ (T, x). Again, by [12], Theorem 3.4.1, if o2(x) and wn(x)
are C*°(0, 00), then any weak solution of (4.5) is C*°((0, T') x (0, 00)).
We are now ready for the optimality algorithm. For that, it is assumed that
lim, _, g/(x) = 0Q.
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486 L. Bai et al.

1. Calculate the optimal V*(x) with corresponding barriers #* and u*.

2. Calculate ¢+ (T, u™*). If ¢j= o+ (T, u*) > 1 — ¢, the optimal strategy satisfies the
solvency constraint and we are done. If not, continue to Step 3.

3. Find u,, as the unique solution of ¢ (T, u,,) =1 — &. This can be done using a
one-dimensional search.

4. Let § > 0 be a small number, and set u; =u,, +id,i =1,2,....

5. For each u;, find the corresponding optimal upper barrier by solving Problem C,
and call this u;. Calculate Gu;u;, (T, u;) and if Guju, (Tou;) > 1 — ¢, setu; = u;.
Also let ¢; be the scaling factor so that the solution is V(;k (x) =cig(x) for x <u;.
On the other hand, if Guju, (Tou;) <1 —¢, increase u; in steps of & until the
solvency constraint is satisfied. Let u#; be the corresponding upper barrier and c;
the scaling factor found by solving Problem D.

6. Do this until ¢; falls significantly. Then let ¢, be the highest ¢; and u, and u, the
corresponding i; and u;, respectively. The optimal solvency admissible strategy
is then 7y, 4, and the corresponding value function is

ceg(x), 0<x =<u,,

Ve(x) :{ _ _ _
Ve(ue) + k(x —ug), x> ug.

Equations (4.2) and (4.5) together with their respective initial and boundary condi-
tions are not easily solvable, but taking the Laplace transform turns them into ordinary
differential equations. To see how, consider (4.2) and define

o
(s, x) = L,(s) =/ e Su(t, x)dt.
0
Straightforward calculations, using (4.3), show that v satisfies
I 5 . - -
70 (X) Uxx (8, X) + 1 (xX) 0y (5, x) — s0(s, x) = —1. 4.7

A particular solution is given by v, (s, x) = s~L. Let 91 (s, x) and 72 (s, x) be inde-
pendent solutions of the homogeneous equation in (4.7). Then

1
v(s, x) = ai(s)v1(s, x) +ax(s)v2(s, x) + =

where a; and ap are determined from the initial and boundary conditions. Now
v(t,0) = 0 implies that v(s,0) = 0 as well, and v(z,u) = v(t,u) implies that
v(s, i) = v(s, u). Therefore, after some straightforward calculations,

a (S) _ 1 _ _ _ j}Z(S’ ”_t) - ?2(‘91 Z) _ _ _ , (48)
s v2(s, 0) (V1 (s, u) — v1(s, ) — V1(s, 0) (V2 (s, u) — v2(s, 1))
ar(s) = — 1 U1(s, i) — U1(s, 1) 4.9)

5 B2(5, 0) (B (5. i8) — D1 (s, ) — D1 (5, 0) (Do (s, i) — Da(s, 1))
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Let L;l () be the inverse Laplace transform. Then L -1 (¢) = 1, and using the Laplace
transform property for integrals, we get

T
(T, x)=1 —/ L;ll+h2(t) dt,
0

where
hi(s, x) = —sa;(s)vi (s, x), i=1,2.

Therefore, P(t™ € dt) = L;]1+h2 (t)dt whenm =7 .

Similarly, the function w(s, x) = L,,(s) also satisfies (4.7) with w(s,0) = 0 and
limy_, o0 W(s, x) = s~'. Thus, if we let w;(s, x) and W (s, x) be two independent
solutions of the homogeneous equation and assume that w; (s) = limy_, o0 W; (s, X),
i =1, 2 exist, then

(s, x) = b1(8) 1 (5, x) + ba(s)Da(s, x) + %

where
bi(s) = ~ ! ,
$ (s, 0) g5 — 1(s..0)
by(s) = l - ! .
S Wy (s, 0)228) _ G (s, 0)

wy(s)

Inversion formulas are similar to those above.

Example 4.2 Assume that p and o2 are constants. Then it is easy to see that
Ui (s, x) = i(s,x) =T, i=1,2,

where

ur o 2s 1% ur 2
o4

"
=- = >0 and =—= - /= += <o
c1(s) 2 + + 2 >0 an c2(s) 2 - + i

Plugging this into (4.8) and (4.9) gives v(s, x). Inverting this Laplace transform is
unfortunately not straightforward.
Also W1 (s) = oo and W1 (s) = 0, hence b1 (s) = 0 and b (s) = —s L. Therefore,
w(s, x) = L leCZ(S)x.
’ s s

This can be inverted using standard tables for the Laplace transform. However, the
solution can also be obtained by other methods, see e.g. [3, p. 196], and is given by

1 x T 5 _@tu?
wT,x)=1— —— t"2e 2% dt.
0

V2w o
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488 L. Bai et al.

Therefore, u,, is given as the unique solution (in x) of

J2roe

= 2
T _3 _ (xtpr)
Jo t72e 2% di

X

5 Numerical solutions

In order to provide a complete numerical solution to the problem, several differential
equations, both ordinary and partial, have to be solved.

For problems B, C and D, it is necessary to find a canonical solution g, either
analytically, or if that is not possible or practical, numerically. In the latter case, the
Runge—Kutta method can be used, together with linear interpolation between the grid
points, this for g, g’ and g”. In case the assumption of Proposition 2.5 does not hold,
the numerical solution can be helpful to assess whether lim, _, 5, g’(x) = 00 or not.

Problems B1 +B2 or B1 +B3 1In [7], it is shown how this can be reduced to a one-
dimensional search problem, but for completeness and since the notation is somewhat
different, we include it here. This method will also reveal whether an optimum solu-
tion exists.

1. Find x* € (0, 00), if it exists, so that g”(x*) = 0. If g is convex, we set x* =0,
and if it is concave we set x* = 0o. In the second case there is no solution, and by
Lemma 7.2(b), x* = 0 is equivalent to 1 (0) < 0, so this case is easy to establish.

2. Choose x < x* and let ¢ = ﬁ so that cg’(x) = k.

3. Find (if possible) y > x* so that g’(y) = ]f If this is not possible, try with a larger
x until it is satisfied.

4. Calculate k(y —x) —c(g(y) — g(x)). If this is larger than K, increase x. Otherwise
decrease x.

5. Repeat the process until a solution is obtained, or until it is clear that there is
no solution. In case there is a solution, upon convergence u* = x, u* = y and

V*(x) = cg(x) for x <u*.

Problem C Assume it is clear that lim,_, o g’(x) = co. Then the following easy
recipe works.

1. Choose x > ug and let ¢ = ﬁ so that cg’(x) = k.

2. Calculate k(x — u) — c(g(x) — g(ug)). If this is larger than K, decrease x, other-
wise increase x.

3. Repeat the process until convergence is obtained. Upon convergence, 1y = x and
V(x) =cg(x) for x <uyg.

Problem D The unique solution is given in (7.14) in Sect. 7.
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The function v(t,x) of (4.2)—(4.4) This is a standard PDE, but with nonstandard
boundary conditions. It turns out that the Crank—Nicolson algorithm together with an
adaptation of the Thomas algorithm to solve tridiagonal systems is well suited for
this problem. For more details on the Crank—Nicolson and the Thomas algorithms,
the reader can consult [1], Chaps. 2.3 and 2.9.

To explain how this adaptation works, let & be the grid length and ih, with
i=0,1,...,m, the gridpoints so that mh = u. Similarly, let k be the grid length
and jk, with j =0, 1, ..., n, the gridpoints so that nk = T. Previously k was defined
as the tax rate, but there should be no ambiguity so we follow the standard nota-
tion. Let al.z =02(@h) and p; = n(ih),i=0,1,...,m. With v;’ an approximation to
v(ih, jk), the Crank—Nicolson finite difference scheme is
(" o) = [P Ol =20 el ol - 20f o)

1 1

1=

P S R TY R j
+uih (V)] =/ 5 vl =)

Collecting terms, this can be written as
j+1 j+1 j+1 j
aiv/ T+ BT vl =df (5.1)

i i’

where, with r = k/h?,

-
o = _4_1( 7= wih),

1 2
,3i=1+§"0,'7

Yi = —%(ai2 + wih),

. . 1 ) .
dl.] = —aivl.]_l + (1 — 5}’0[2)1}[.] — yivl.j“.

To start the iterations, we use the initial value v(0, x) = 1, giving v? =1 as well, and

so the d?, i=0,1,...,m, can be calculated.
Now to the Thomas algorithm. To use it, for numerical stability we should have

li| + lvil < 1Bil, i=0,1,...,m. (5.2)

Let us check this condition:

1. al.z > pih. Then |o;| + |yi| = %rai2 < Bi, so this case is unproblematic.

2. aiz < pih. Then |o;| + |yi]l = %rmh < Bj ifand only if r < 2

In order to have case 1 at all gridpoints, we can let
oiz
h < max —,
i M

and then for good convergence, a typical choice of r is r = 5.
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Assume that (5.2) is satisfied, and for simplicity write v; = vl.j 1 and di = dl.j in
(5.1). The idea of the Thomas algorithm is to write

Vi = Pi1Vi+1 + i+l (5.3)
for unknown p; 41 and g;41. Using this in (5.1) with i — 1 instead of i, we get
@i (pivi +qi) + Bivi + vivi41 = d;. (5.4)
Comparing (5.3) and (5.4) gives

Vi di — aiq;
—— and g¢gjy1=——7>.
a;pi + Bi a;pi + Bi
The boundary condition v(¢,0) = 0 implies that 0 = vgp = pjv; + g1, which is
satisfied if p; = g1 = 0. We can now use (5.5) to recursively calculate (p;, gi),
i =2,...,m. Then using (5.3) backwards yields

Pi+1 =— (5.5

m

— Un—1 —qm 1 (Um—Z —qm-1 q ) _ _ 1 ve qi
m — - —Ym —_ = - ———

Prm Prm Pm—1 P i=0+1 P
where

m
Pim = l_[pj.
j=i

The boundary condition v (¢, #) = v(¢, u) implies that v,, = v, where h¢ = u. There-
fore,

m qi_ m i—1
dicetl PT qel Tt diceto P£+1ql'

1
1 _ pm
i =P

Uy =

We can now go backwards using (5.3) again.

Remark 5.1 Since k = rh? in the Crank—Nicolson method, the space grid is typically
much coarser than the time grid. In our problem, we are searching for optimal points
in the space variable, and therefore a fully implicit scheme with k = rh for some r
may be more suitable, since this allows for a finer space grid with the same computa-
tion time. The relation (5.1) will still apply, but with different coefficients, and so the
Thomas algorithm is again applicable. However, we have not tried this method.

The function w(t, x) of (4.5)—(4.6) This is basically the same problem as that dis-
cussed above, except that we impose instead of the nonstandard boundary condition
v(t,u) = v(t, u) the standard boundary condition w(¢, ) = 1 for some large u. This
will result in a slight overestimate of the survival probability, but if & is chosen large
enough, it should not be a real problem. Deciding when # is large enough is not an
obvious task, but one way may be to keep x fixed at a moderate value, and then try
with increasing u until the solution w(0, x) stabilizes. Given u, the Crank—Nicolson
algorithm together with the standard Thomas algorithm should work well. Also, to
find w analytically is easier than to find v, as we saw in Example 4.2.
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6 Numerical examples

In this section, we give two numerical examples where optimal strategies with and
without the solvency constraint are compared. In all plots, solid lines are for the case
with the solvency constraint, while dashed lines are without solvency constraints.
Each figure is split into three panels, where the first panel shows the optimal upper
and lower barriers, both without and with the solvency constraint. The second panel
shows the amount of dividends paid each time, i.e., ity — u, and i* — u*. The third
panel shows the constants ¢, and c* so that the value functions equal V. (x) = c.g(x),
x <ig and V*(x) = c*g(x), x <u*, where g is a canonical solution to be specified
in each example. This means that for x < u*, 1 — f—i is the percentage loss of value
due to the solvency constraint.

Before we give the examples, a few words on the numerics. All programs were
written in R, but with subprograms in C for the number crunching. The simple algo-
rithm described in Sect. 4 had to be modified. The reason is that the finite difference
scheme (5.1) for solving (4.2) is accurate of order 2. However, a perturbation of size
h in the boundary condition of a PDE will in general induce a change in the solution
of order O (h). Experimentally, this seems to be the case here also for perturbations
of u and u, i.e., the most accurate numerical evaluations of the survival probability
@i,y for a given lump sum strategy 7; , seem to come when u and u both are nodes
on the PDE grid. This is especially true for u. The general idea behind the program
is therefore to minimize the calculations of off-grid u and u by defining the grids so
that u is on the grid. To find the smallest solvency admissible u for a fixed u > u,,,
the program iterates as follows:

1. Start with a fairly coarse grid and find two adjacent points v; < w; so that accord-
ing to the numerical solution, 7y, , is solvency admissible, while 7y, , is not.
Then use one iteration of the secant method to find iz; between v; and w.

2. Repeat the procedure with a finer grid, and find adjacent points vy < wy with the
same properties as v; and w;. Since the grid has changed, so has the numerical
solution of the ruin probability, and frequently this results in vy > w;.

3. Repeat the process a certain number of times. We repeated it until there were about
100 million nodes, where we used k = %hz.

Although a bit circumstantial, this routine was in fact quite efficient in terms of to-
tal running time. As is seen from several of the figures below, the upper estimated
values of u are sometimes quite erratic. However, this does not matter much since
the corresponding values of ¢, do not vary much. When comparing different plots, it
is important to note that the y-axis varies, and when the span on the y-axis is very
small, the results may look more erratic than they actually are.

Example 6.1 Let u(x) = u and o (x) = o be constants, so that (2.1) becomes
X:=x+ut+oW;.

By Proposition 2.5, limy_, » g’ (x) = 00, hence an optimal strategy always exists.
In Figs. 1-5, © = 0 =1 and the canonical solution chosen is

g(x) = ae™%" sinh(Bx)
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Fig. 2 Values for varying 7" in Example 6.1. The other values are kept fixed at A = 0.1, k = 0.95,
K =0.05,£=0.01

with @ = 0.9636 (a bit arbitrary, admittedly) and

1
0= % and B = —2,/2102—1—;1,2.
o o

The other parameter values used are
A=0.1, T =10, k=0.95, K =0.05, e =0.01.

In the figures, four of these are kept fixed, while one is varying. In the discussion
below, i is generic for both the unconstrained upper barrier #* and the constrained
g, and similarly with u.

In Fig. 1, the discounting factor A is varied. When there is no solvency constraint,
we see from the first panel that both upper and lower barriers decrease as A increases,
which reflects the fact that with large values of A, early payments are important, since
later payments are heavily discounted. When A is small, the solvency constraint is not
binding due to the long term perspective, and hence the necessity to avoid early ruin
provides sufficiently large barriers. As A increases, the constraint becomes binding,
and the lower barrier even increases. The reason for this is that with a given constraint,
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there is more to gain by decreasing the upper barrier u, a lot, even if that means a
small increase in the lower barrier u,. However, it is interesting to see from the middle
panel that the actual payout # — u is not much affected by the solvency constraint.
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From the right panel, we see that the relative impact of the solvency constraint on
the values c* and c, increases quite a lot with A, but for moderate values of A it only
causes small reductions in the value of the company.

In Fig. 2, the time horizon T varies. Without the solvency constraint, the optimum
is independent of 7', which is also seen from the figure. For small 7', the optimiser
gives sufficiently high survival probability, hence the solvency constraint is not bind-
ing. As T increases, the solvency constraint kicks in and both the lower and upper
barriers increase, but it is seen from the middle panel that the actual dividend payout
is again not much affected by the constraint. Why the payout first goes down and then
increases, we cannot explain. The ruggednes of the graph in the middle panel is due
to numerical issues as discussed above. However, looking at the scale on the y-axis,
we see that the variations are not severe. From the right panel, it is seen that although
the barriers are much influenced by the solvency constraint, the actual values ¢, are
far less so.

In Fig. 3, the retention rate k varies. As k increases, the amount received,
k(u —u) — K, gets positive for lower amounts u — u paid, and so both barriers de-
crease with k, both in the unconstrained and the constrained case. The effect of the
solvency constraint is just to increase the barriers, but from the middle panel we see
that again the payout # — u is not much affected. From the right panel, it is seen that
the actual value of the company is not much affected neither.

In Fig. 4, the fixed cost K is varied. Since for K large, the payout & — u must
be large in order for the dividend received, k(i — u) — K, to be positive, the optimal
payout must increase with K, which is confirmed in the middle panel. For the rest, the
picture is much the same as before, with the solvency constrained barriers lying above
those without the solvency constraint, but with the payout # — u rather unaffected.
Also, as seen from the right panel, the solvency constraint does not reduce the value
of the company by very much.

Finally, in Fig. 5 the ruin tolerance ¢ varies. For sufficiently large values of ¢,
the solvency constraint is not binding, but as soon as the constraint becomes binding
(read the x-axis from right to left), the picture is much the same as before, with both
lower and upper barriers increased due to the solvency constraint, but with payouts
i — u almost the same, and values ¢, moderately lower than the optimal ¢*. When
the solvency constraint is binding, the somewhat rugged behavior of the curves in the
first two panels is again due to numerical issues, but it is seen from the right panel
that the optimal value ¢, is not much influenced. Hence these numerical issues are
rather unproblematic.

The tentative conclusion we can draw from this example is that the solvency con-
straint can have a quite large impact on the optimal barriers, but except in rather
extreme cases, the impact on the actual payout u — u as well as on the value ¢, versus
¢* is much more modest. This is good news for the shareholders, since what counts
for them is how much smaller ¢, is than c¢*, i.e., their “loss” due to the solvency
constraint.

Figure 6 shows the values of V,(x) and V*(x) for the standard parameter choice.
This gave (itg,u,) = (4.65,3.13) and (u*, u*) = (3.81,2.22). Although this is not
so easy to see from the figure, V*(x) is concave up to x = 2.82 and then convex.
As to Vg (x), it is also concave up to x = 2.82, and then convex up to u,. However,
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Fig. 6 Values of Vg (x) and V*(x) for varying x in Example 6.1. The parameters are A = 0.1, T = 10,
k=0.95, K =0.05, e =0.01

V/(iig—) = 0.978 > V/(iio+) = k = 0.95, and so V; is not convex from x = 2.82.
That V/(i,—) > V/(iis+) is a general fact, proved in Lemma 7.6 in Sect. 7.

Example 6.2 Let the basic income process follow the linear Brownian motion
Pr=x+uput+opWp,,

and assume that assets are invested in a risky investment so that the dynamics of the
noncontrolled process is

dX;=dP;+ X;dR;.

We assume that R is a Black—Scholes investment generating process, meaning that
R, = ( — o)t + 0grWg, and that Wp and Wy are independent. Here A can be seen
as the market rate, also used for discounting, while « is a proportional cost associated
with the investment.

Letting

W, = f ————————(opdWp s+ orX;dWg ),
o +0,%X2

it follows easily from Lévy’s theorem, see e.g. [3], Theorem 3.3.16, that W is a Brow-
nian motion. This gives the representation

dX;=(n+ G —a)X;) +y/oh + o X7 dW,.

By Proposition 2.5, when o > 0, we have lim,_, o g’ (x) = 00, hence an optimal strat-
egy exists. Actually, using arguments similar to those in Sect. 3 in [7], together with
the solutions given in the Appendix in [9], it can be proved that an optimal strategy
exists if and only if o > 0. Again using the solutions in that Appendix, a canonical
solution can be found, but it is complicated; so we used the more convenient Runge—
Kutta method to obtain a numerical solution of g(x), scaled so that g’(0) = 1.

In Figs. 7-12, we have u = op = 1, og = 0.25 and o = 0.02. The other param-
eters used are the same as in Example 6.1, and in the figures five of these are kept
fixed, while one is varying.
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In Fig. 7, the discounting factor A is varied. This is a somewhat different situation
from that in Fig. 1. Ignoring the random elements, in Example 6.1, the only income is
the linear , which is heavily deflated with an increasing A. In the present example,
there is in addition an investment income A — o, which is exponential in nature and
therefore partially offsets an increase in A. When A is small, the linear income u
dominates, but as A increases, the exponential investment income takes over. This
can explain the middle panel in Fig. 7 where for small X, the payout decreases with A
as in Fig. 1, but as A increases, it starts to increase again. From the left panel, we see
that the upper barrier starts to increase when A gets large, both in the unconstrained
and in the constrained case. However, from the right panel, it is seen that the overall
effect of increasing X is somewhat smaller in Fig. 7 than in Fig. 1, which is to be
expected.

Figures 8, 9, 10, 11 do not differ very much from Figs. 2-5, except that the effect
of the solvency constraint seems even less serious here. In Figs. 8 and 11 (as well as in
Fig. 7), the solvency constraint caused some ruggedness due to numerical issues, but
again looking at the corresponding right panels shows that this is of no importance.

In Fig. 12, the effect of varying the cost factor « is shown. With small «, the invest-
ment return A — « is almost as large as the discounting factor A, and therefore there is
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no urgency to pay out dividends; hence the barriers can be set high, and the solvency
constraint is not binding. As « increases, it is more urgent to pay dividends, and
therefore the optimal unconstrained barriers will not satisfy the solvency constraint.
Again the payouts u — u are almost unaffected by the solvency constraint, and from
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the right panel, we see that the reduction in value due to the solvency constraint is not
very large.

The conclusion here is much the same as in Example 6.1; the solvency constraint
can have a fairly large impact on the optimal policy, but the actual payout as well as
the value of the company are only moderately affected.

We also tried with an “investment risk free” version, i.e., with og = 0 so that

dX;=(n+ A —a)X;)dt + o dW,.

However, this gave much the same results, indicating that the results are quite robust.

7 Proofs

In this section, we prove Proposition 2.5, Theorems 3.1 and 3.2 and Theorem 4.1. To
do so, we need the following lemmas, which are the same as Lemmas 2.1 and 2.2
in [7].

Lemma 7.1 Let u(x) and o (x) satisfy A2—-A4 and let f be a solution of L f (x) = 0.
Consider the interval [0, 00).

(a) If f has a zero on [0, 00), then f’ has no zero on [0, 00).
(b) If f'(x) > 0and f"(x) <0 for some X € [0, 00), then f is a concave function on
[0, X).

Lemma 7.2 Let u(x) and o (x) satisfy A2—A4 and let f satisfy L f(x) =0, f(0) =0
and f(x) > 0 for some X > 0. Then:

(a) f is strongly increasing.

(b) Thereis an x* > 0 (possibly taking the value +00) so that f is concave on (0, x™)
and convex on (x*, 00). In particular, x* = 0 if and only if u(0) < 0, and trivially
f"(x*) =0 when 0 < x* < oo.

Proof of Proposition 2.5 To keep fixed initial conditions, we restrict the definition
of a canonical solution to mean that g(0) =0 and g’(0) = 1. First note that for any
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§>0,
n(x) < w(0) +Axo+ 8 + (A — &)x,
and therefore it follows from Lemma 2.3 in [7] that it is sufficient to prove that for

any a, a canonical solution of

1
EUZ(x)f”(x) +(@+ A —e)x)f'x)—rf(x)=0

satisfies limy_ oo f/(x) = 0o. By Lemma 7.2(b), such a canonical solution f is either
ultimately convex or ultimately concave. In either case, there exists ¢ < 0o so that

lim f'()=c and lim L&)
xX—00 X—=>00 X

=cC.

Assume that ¢ < 0o. Then, since
X
Flay =1+ /0 £ dy,

there must exist a sequence {x,} with x,, — oo and f"(x,) = o(x,; 1. Also

1o2 (x)
2

a+(r—e)x @)

— )= (X)) F A" —> &c  as X —> OO.
X X

Then, considering only the leading terms,

o2 (xp) . 2ec

—> 00 asn — oQ.

3 xo( Y
But this contradicts A1, hence ¢ = oo, and we are done. O

The next step is to prove that Problem C really has a solution.

Lemma 7.3 Under the assumptions of Theorem 3.1, Problem C has exactly one so-
lution and iy > x*, where x* is given in Lemma 7.2.

Proof We are looking for a solution (¢, ug) of

cg' (i) =k, (7.1)
cg(uo) = cg(ugy) + k(g —ug) — K. (7.2)
Let
k
é_ g’(x*)’ Z() <X*,
,k Ug > x

For given ¢ > 0, consider the equation

cg'(uc) =k for some u, > maxfug, x*}. (7.3)
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If u, < x*, since g'(x) is increasing on [x*, 00), it is easy to see that (7.3) has a
solution if and only if ¢ < ¢. A similar argument shows that this holds when 1, > x*
as well. We can therefore define the function

I(c):fuc(k—cg/(y))dy, 0O<c<é.
ug

Then (7.1) and (7.2) are equivalent to the existence of a ¢ with I(c) = K. By the
implicit function theorem, u. is continuously differentiable with respect to ¢ and
I'(c)=— fu”(; g (y)dy <0, i.e., I is continuous and strictly decreasing in ¢ € (0, ¢).
Also, limc_:o u, = 00, hence lim._,¢ I (c) = co as well. Therefore, if we can prove
that 7(¢) < 0, there must exist a unique ¢ € (0, ¢) so that I (¢) = K.

To prove that 7(¢) < 0, assume first that uy < x*. Then since g’ has a minimum
at x*,

/!
g, Sk
g'(x*)
and consequently 7(¢) < 0. If u, > x*, then g’ is increasing on [u, c0), hence
¢g'(x) > k for x € [ug, 00), and so I (¢) < 0 again.
Denoting the corresponding uz by itg so that cg’(iig) = k, we thus obtain

ég'(x) =

_Jeg), 0 <x <uy,

Vix)= _ _ _
V(ug) + k(x —ug), x> ug. Il

Lemma 7.4 Under the assumptions of Theorem 3.1, let V be as in Lemma 7.3. Then
V'(x) <k for x € [ug, uo).

Proof By Lemma 7.2, it is sufficient to prove that V’ (uy) < k. If uy > x*, the result
is trivially true by convexity of g on [x*, 00). Assume therefore that u, < x™* and let
V*(x) = c¢*g(x) be the optimal value from Theorem 2.3. Assume that ¢ > c¢*. Then,
since ¢*g'(u*) = cg’ (o), it is necessary that irg < i*. But then

= = %

K :/MO(k_Eg/(x)) dx = /uo(k _C*gl(x)) dx < /M (k —c*g’(x)) dx =K,
Uy g

E*
a contradiction. Therefore ¢ < ¢* and by concavity of g on [u*, x*],
V'(ug) = ¢g'(ug) < c*g'(ug) < c*g' (™) =k. O

For a function ¢ : [0, 00) > [0, 00), define the maximum utility operator M by

sup{p(x —n) — K +kn:0<n=<x —uy}, ifx € [uy, 00),

. (7.4)
o0, if x € [0, ug).

Mo (x) :=i

Lemma 7.5 Let V be as in Lemma 7.3. Then V satisfies the quasi-variational
inequalities
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LV (x) <0, (7.5)
Vx) =MV (x), (7.6)
(V(x) =MV (x))LV(x) =0, (7.7)
V(0) =0. (7.8)

Furthermore, MV (x) < V (x) for x € [0, up) and MV (x) = V (x) for x € [ug, 00).

Proof We first prove (7.5). Since LV (x) = 0 when x < uq, assume that x > ug.
Since @19 > x* by Lemma 7.3, V" (it9—) > 0 while trivially V" (izo+) = 0. Using that
V(x) = V(ug) + k(x — i), we get by assumption A4 that
LV (x) = pwx)k — A(V (ito) + k(x — ito))
X
=k / (') = A) dy + kp(iig) — AV (ito)
uo
< ku(ig) — AV (uo)
1 _ _ _ _ _
= 502 @) V" lo=) + pliig—) V' (g=) — AV (=) = 0.
We proceed to prove (7.6). For x € [0, uy], MV (x) = —o0, hence the inequality is
trivially satisfied. When x > u, by Lemma 7.4 and the definition of V (x), we have
V’(x) < k when x € [ug, itp) and V'(x) =k when x € [iig, o0). Therefore the func-
tion V(x — n) + kn — K is increasing in n for nonnegative n and takes its maximum
when 1 = x — u,. Hence, for x € [u, uop),

MV (x) = V(x) = V() +k(x —ug) — K —V(x)

= f (k=V'(»)dy—K
Uy

70|
</ (k—=V'(y))dy — K =0.
Uy
For x > ug, we have
MV (x)=V(uy +k(x —uy) — K=V(x).

This also proves (7.7) since LV (x) =0 for x € (0,u9) and MV (x) = V(x) for
x € [ugp, 0o). Finally (7.8) follows by the definition of V. O

Proof of Theorem 3.1 Let w € Ily be an arbitrary strategy. By definition, V' is con-
tinuously differentiable on (0, co) and twice continuously differentiable on the set
(0, ug) U (i1, 00). However, for x = ug, the continuity of V" might fail. Since the set
{0 <t < 17" : X7 = iup} has Lebesgue measure zero under each Py, we can use Ito’s
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formula, see e.g. [2, p. 460], together with (7.5) to get

tATT
e MMV (XT 2l ) = V(x) + / e M L(XT)ds
0

tAnT™
+/ e Mo (XI)V/(XT)dW,
0

> T (V(XTG) - V(X))

0<tF <tAt™

tATT

v [ o) aw,
0

+ Y e (V(X) - V(X)) (19

0<tT <tAt™

Here we can let V" (i1g) = V" (i1o—). Another argument for this formula would be to
use Lemma 7.8 below, where now k = k.

Since V' is bounded and the process satisfies assumptions A1-A4, it is fairly
straightforward to show that

tATT
[ e Mo (XT)V/(XT)dW;
0
is a martingale. Taking expectations on both sides of (7.9) therefore yields
Efe V(3 )]

< V(x)+Ex|: > et (v( ’,”;,+)—V(X’,”;,)):|. (7.10)

0<t7 <tAT™

From (7.6) and the fact that X7 > X7 > u, it follows that
e (V(Xry) = V(X)) < —e W (keF —K), n=1,2,... (711
on {t] <t At"}. Then (7.10) and (7.11) together give
o0
0< V() —Ex [Ze“n (k&7 — K )l{r;fszm”}:|
n=1
— E[e MV (XT )] (7.12)

Letting ¢t — oo in (7.12), we have by nonnegativity of V that

V(x) > Ex [Ze_“'? (k& — K)l{r,fir”}:| = Vz (x),

n=1

which implies that V' (x) > V' (x).
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Now consider the lump sum dividend barrier strategy 7;;, ,,, given in Theorem 3.1.
Since X5° does not exceed g, we have £(X7°) =0 a.s. for 0 < s < 7. Therefore
the inequality in (7.9) becomes an equality with the strategy o, i.e.,

tAT™0
eTHNTOY (T ) = Vi) + /0 e Mo (XTO)V/(X°) d W,

+ Z e*)»t’;"o (V(ango ) _ V(XZ?O)) (713)

0<7,0 <tAT™0
Assume that x = X¢ > ug. Then
V() =MV(x) = V) +kx —ug) — K, x>,
and
Slnozx—go, 70 =iig—uy, n=23,....
We can conclude that

V(X:20+) - V(X:l,?()) = V(X:lgo _glﬂo) - V(Xfl??o) = —kSiTO + K

1

and

V(X:,.2°+) - V(XZ?o) =—k&§°+K, n=23,....

Also by boundedness of X7 x,.. 0,

it follows from the bounded convergence theorem that

and the fact that P(¢™ < 00) =1and X5, , =

lll)ﬂ;o Ex [eik(mrﬂo) V(X;Tgr”0+)] =0.

Therefore, taking expectations in (7.13) and then letting t — oo gives
V(%) = Vig,u, (%),

which implies that V (x) < VO* (x). In summary, we get V(x) = V(;k () = Viig,uy (X).

When the initial reserve Xo = x < ug, the result is proved similarly.

To prove the last part of the theorem, let u™ < u, < u,, and let V;(x) = Vit u,; (X)
be the two value functions. Write V;(x) = ¢;g(x) for x € [0, u;]. By what we have
just proved, Vp(x) > Vi(x), hence ¢g > ¢;. Therefore, for Vl.’(ﬁ,-) = k it is necessary
that u > uyg. Il

Now we turn to the proof of Theorem 3.2. To prove that there is exactly one solu-
tion to the equations in Problem D, let V (x) = cg(x) so that we get the equation

cgliy) =cguy) +k(ey —uy) — K.

Solving for ¢ gives

glu)—g(uy)

(7.14)
V() +k(x —uy),

k(i —u;) K -
—— 5 8(X), 0<x<u,
Vs :{ g(x) i
X
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Lemma 7.6 Let V be the solution of Problem D. Then there is ii € [u;,ii1] so that
V/'(x) <k on[uy, il and V'(x) >k on [i, i1].

Proof Since u is an upper optimality point, see (3.3) and what follows there, we know
by the previous analysis that the corresponding value function is

kg,(x), O0<x<u,
Vo(x)y=4 §@ T
Vow) +k(x —up) —K, x>u

Since V(i) = V' (uy) + k(i — u;) — K, we conclude that

u /
k/ (1 = g/():))dy —K.
u, g'(u)
Define the function G as

G()C):k/”l(l_i/iz;)dy’ u<x<uj.
uy

Since it > i > x*, g’(x) is increasing on [u, it]]. Therefore, G is a continuous and
increasing function. Furthermore,

G (i) =kful<1 _ g/():))d
Uy g ()
i g /%( g@»
=k 1— d k 1-— d
.A< ng WU v@

=K+k/ul<l—g/(}:))dy51(,
i g (u)

G(:Zl):k/ul(l— g(_y))dyzk/”(l— g(_y))dy
u, g'(uy) u, g'(uy)
zk/u(l—gl():)>dy=1(,
u, g ()

so that there must exist # € [i, #1] such that G(it) = K, that is,

and

ujp /
k/ (1 _ g,(f)) dy =K. (7.15)
u g'(u)
Let V be defined as
. ke, 0<x<i,
Vix)y=1 .8 (7.16)
V@uy) +k(x —uy), x>u.
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Then £V (x) =0 for 0 < x < it; and by (7.15),
V(i) =V (u) + k(i —u;) — K.
Using this together with (7.16) then gives for x > u that
V(x)= V@) +k(x —u) - K.

Therefore V also solves Problem D, so by uniqueness V=V.
To finish the proof, let first x € [u,, ii]. We get from [7] when (ﬁ,/gl) =(u*,u"),
and from Lemma 7.4 when (it,u;) = (ito, up), that VJ'(x) = k% W < k. Since

g’ ()
i>i>x* and g’(x) is increasing on (x*,00), V/(x) = kg,g; < ki,g; < k. Fi-
nally, let x € [i, i1]. Since V/(ii) <k, V(i) =k and V'(x) = kg’ﬁg; is increasing

on [i, it1), we can conclude that V/(x) <k on [#,#]and V'(x) >k on [i,i1). O

Note that V/(x) and V" (x) exist and are continuous except at x = it1. Let V'~ (i11)
and V' (i11) be the left and right derivatives of V (x) at iz1. From Lemma 7.6, we can
see that V'~ (i) > k = V'*(iy). Therefore V(x) may fail to be differentiable at
the point i) if V'~ (it1) > k. Thus, the classical Itd formula cannot be applied, but
its generalization, the Meyer—Itd formula, is applicable. Since we are working with
functions of the form e~ f(Y,), the standard Meyer—Itd formula needs a slight but
straightforward modification.

Lemma 7.7 Let f be the difference of two convex functions and '~ its left deriva-
tive. Let Y be a semimartingale and

t
a __ —At a
LY = /O e MdLY,,

where L?,o is the local time of Y at a. Then

t t
eMEW) = f(Yo) + / e 1Y) dYy — f re™ f(Ys_)ds
0 0

+oo

1
+ ) P (FI) ~ f) — [T ()AY) + 5 / Linda),

O<s<t -

where  is the signed measure (When restricted to compacts) which is the second
derivative of f in the generalized function sense. Furthermore, for every bounded
Borel measurable function v,

“+o00 t
/ L?v(a)da:f e Mu(Y)d[Y, Y1, (7.17)

—00 0

where [Y, Y S is the quadratic variation of the continuous martingale part of Y .
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Proof The first part follows from Theorem IV.70 in [10], using that
d(e™ f(¥)) = —he ™ f(Yn)dt +e M df (Yr)

and Fubini’s theorem on the local time term. Formula (7.17) follows from Corol-
lary IV.1 in [10] and an application of Fubini’s theorem. 0

Lemma 7.8 Let V be the solution of Problem D. Then we have for w € Il the equa-
tion
. tATT
MMV (XT . ) = V(XT) + / eV (XT)dXT
0

b

INT
- / re MV (XT)ds
0

+ Y e M(V(XE) = V(XT) = VT (XT)AXT)

O<s<t
1 - 1 AT
_ELluir”(k] —k)+§/0 g_)hso—z(X;'[)V//_(X?)dS’
where ki is the left derivative of V (x) at u1.

Proof Since V'(x) and V”(x) exist and are continuous except at x = i1, and
V'® (1), V' *(ity) exist and are finite, fairly straightforward calculations show that
V (x) can be written as the difference of the two convex functions

X ry
Vi(x) = xV'(0) +[ / (V")) " dzdy,
0 JO

X py
Vao) = (ki — B)(x — i)* +/0 /O (V') dzdy,

where xT = max(x, 0) and x~ = — min(x, 0). By the property of V (x),
] tee ] 1+ /— 1 +oo "N—
3 LY eplda) = L} (VF (@) — V'~ (@) + 3 ¢ V' (a)da
—0oQ0 —0o0
1 1 [+
"—
==L\ «(k—k)+ = / L! V" (a)da.
2 2 )

The identity (7.17) shows that

[ "n— 1 et —As 2 (ym\y/—(YxT
3 L{, =V (a)da—E A e Mot (XT)V"(X])ds.

—0o0

The result now follows from Lemma 7.7. O
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Lemma 7.9 Let V be the solution of Problem D and define the operator L~ by
1
LTV(x) = 5az(x)v”— () + 1(X)V'™(x) = AV (x).

Then V satisfies the quasi-variational inequalities

LTV =0, 0<x<i, (7.18)
LTVE) <0, x>ii, (7.19)
Vx)=MV(x), x>i. (7.20)

Here the operator M is as in (7.4), but with the lower limit u, there replaced by u .

Proof By the construction of V (x), (7.18) holds. To prove (7.19), let x > i;. Then
1
LTV(x)= Eaz(x)V”_ X))+ u)V' 7 (x) = AV () =ux)k — AV (x).

Since u'(x) < A by assumption A4 and by the fact that V'(x) =k on (i1, 00), the
function p(x)k — AV (x) is decreasing on (i1, 0o0). Therefore,

L7V () =p@)k —AV(x) < p@k — AV ().

If 4u(it1) <0, then clearly £~V (x) <O0. If (i) > 0, then V"~ (ii}) = kggggy >0

by i| > i > x*. Then, since V'~ (i) > k and u(u1) > 0, we have
_ _ 1 _ o _ - _ _
n(uk — AV (@) < Eﬁz(ul)V” () +p@)V'~ @) —AV@) =0, x>ij.
Finally, we prove (7.20). By Lemma 7.6, for x > i1,

>0, 0 — 1,
Vie—m—k{Z o ST
<0, x—u=<n=<x-—uy,

so optimality is achieved either by remaining at x or by going down all the way to u.
This gives

MV (x) =max{V(x)— K, V(@u) —k(x —u;) — K}
=max{V(u;) —k(x —u;) = 2K, V() —k(x —u;) — K}
=V, —k(x —u) — K=V(). (7.21)
O

Proof of Theorem 3.2 For m € I, we easily get from Lemma 7.8 that
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IATT

e HNTIY(XT ay) = V() +/ eHLTV(XT)ds
0

tAT”
+/0 e Mo (XT)V/T(XT) dW,

+ ) e (V(XEL) - V(X))

0<tT <tAT™
1 _
- ELt/\r” (1) (ky — k).
Since € Iy, it is necessary that X fﬂ > u1. Then by Lemma 7.9 and the fact that
ki >k,
AT

e MY (XT al) < V() +f e Mo (XT)V'T(XT) d W,
0

+ Y e (K — k).

0<tT <tAt™
Taking expectations gives
osve—g] Y el —K)| - BTV )
0<t7 <tAT™

Letting t — oo, we have by nonnegativity of V that

oo

V(x)> E, [Ze‘“ﬁ’ (k&y — K)} = Vr(x).

n=1

Taking the supremum over all strategies in 1 gives
V(x) > Vi(x). (7.22)

Now consider the lump sum dividend barrier strategy 7 = 74, 4, . By definition

of that strategy, X' < ity for all s > 0. Therefore £~ (X7') = L;' =0 for all s > 0
and so

tATTL

e HINTTDY (XTI )=V () + fo Mo (XT)V/T(XT) d W

Y (VT - V(X))

0<t) !l <tAT™l
Furthermore, by (7.21),

VX)) =MVx)=Vu)+k(x—u)— K, x>uj.
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Arguing as at the end of the proof of Theorem 3.1 now gives
. tATTL
e MDY (XTI ) = V() + / e Mo (XT)V'IT(XT) AW,
0

+ Y e (k- kg,

ks
0<t, ! <tAt™l

Taking expectations and then letting # — oo results in V(x) = V3, 4, (x) which
implies that V(x) < V" (x). Together with (7.22), we can therefore conclude that
Vi) = V(x) = Vi u, ). O

Proof of Theorem 4.1 By Theorem 2.3 and its proof in [7], Vj ,@)(x) is increasing
in u. If u(u) — oo as u — oo, there is nothing to prove, so assume that u (i) <m
for all u for some positive m. Given 6 > 0, choose u > b so large that we have
Viu@ (x) > V*(x)— %, Vx € [0, b], and also so that In# > m. Consider the following
two dividend barrier lump sum strategies:

1. The strategy mo = 75, u(i))-
2. The strategy 1 = 7 1ni-

The strategy 7 clearly satisfies the conditions of the theorem. Let t be the first time
the process hits u# (with T = oo if it hits O before i). By definition, t is the same for
both strategies when x < u. By the strong Markov property, we have for x € [0, b]

Vo, (x) = Ex[e " Vg @), i=0, L.
Now since Ini > m,

Vig (it) < ki + Viy (Init) — K,
Vi, (it) = k(@i — Init) + Vi, (Init) — K.

Therefore
Vi (¥) = Vi, (x) < Ex[e 77| (kInit + Vo (Init) — Vi, (Inid)).
Using this equation with x = Inu gives

Elnﬁ[e_)ﬂ]
1 — Epale=7]

Vao(nit) — Vo, (Inu) <k Inu,
and so
1

VJT()(-x) — Vﬂl (x) < kEx[e_AT]W In
- nu

i. (7.23)

By assumption A4, u(x) < u(0) + Ax, so by letting 7’ be the same as t, but with
the drift z(x) replaced by 1(0) + Ax, it is clear that E [e *7] < E [e~** ]. Define

@ Springer



510 L. Bai et al.

hi(x) = E, [e_“,] so that h4;(0) = 0 and h;;(u) = 1. Furthermore, by standard re-
sults, see e.g. [4, Chap. 15.3], h; satisfies

L 2o + (Ax + p(0))hj(x) — Ahg(x) =0
2 u 122 u u - Y
One solution of this equation is

hi(x) =Ax + n(0).

Another solution is then given as, see e.g. [13, p. 31],

y A4 (0)
1 e—zfo 2L © gy

o0
ha(x) =h1(x)/ 0 dy
x hi)
Shl(x)/oo 21 efcfdvﬁdtdy
x hl(y)

oo
1
=h1(x)/ ——(1+y)“dy— 0 asx— oo.
x hi(y)

Here we used assumption Al in the first inequality, where ¢ is a suitable positive
constant. Fitting the boundary conditions, we get

| o (x)
ha (x) = | Ax+uO1- :
) = T (1 = h2<“>)< T )< h2(°)>>

h2(0)

Therefore, h;(x) ~ (Ait) ! as it gets large and x is fixed. Consequently, in (7.23) we
can choose u so large that Vi, (x) — Vg, (x) < $forall x € [0, b]. O
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