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1 Introduction

Coherent risk measures were introduced by Artzner et al. [2] in finite sample spaces
and later by Delbaen [16] and [17] in general probability spaces. The aim of this
financial tool is to quantify the intertemporal riskiness which an investor would face
at a maturity date 7' in order to decide if this risk could be acceptable for him or
not. The family of coherent risk measures was extended later by Follmer and Schied
[24,25] and Frittelli and Rosazza Gianin [26, 27] to the class of convex risk measures.

g-expectations were introduced by Peng [34] as solutions of a class of nonlinear
backward stochastic differential equations (BSDEs for short), a class which was first
studied by Pardoux and Peng [33]. Financial applications and particular cases were
discussed in detail by El Karoui et al. [22].

As shown by Rosazza Gianin [39], the families of static risk measures and of
g-expectations are not disjoint. Indeed, under suitable hypotheses on the functional
g, g-expectations provide examples of coherent and/or convex static risk measures.
Furthermore, by defining a “dynamic risk measure” as a “map” which quantifies, at
any intermediate time 7, the riskiness which will be faced at maturity T, a class of
dynamic risk measures can be obtained by means of conditional g-expectations. In
particular, any dynamic risk measure induced by a conditional g-expectation satisfies
a “time-consistency property” (in line with the notion introduced by Koopmans [31]
and Duffie and Epstein [21]) or, in the language of Artzner et al. [3], a “recursivity
property.” Further discussions on dynamic risk measures and on risk measures for
processes can be found in Artzner et al. [3], Barrieu and El Karoui [5], Bion-Nadal
[6, 7], Cheridito et al. [11, 12], Cheridito and Kupper [14], Detlefsen and Scan-
dolo [20], Frittelli and Rosazza Gianin [27], and Kloppel and Schweizer [30], among
many others.

The main aim of this paper is to represent the penalty term of general dynamic
concave utilities (hence of dynamic convex risk measures) in the context of a Brown-
ian filtration, a fixed finite time horizon 7', and under the assumption of the existence
of an equivalent probability measure with zero penalty. By applying the theory of
g-expectations, we shall prove that the penalty term is of the form

g
(see the exact statement in Theorem 3.2).

The paper is organised as follows. Some well-known results on BSDEs and on
risk measures are recalled in Sect. 2. Section 3 contains the main result of the paper,
that is, the representation of the penalty term of suitable dynamic concave utilities.
As we shall see later, this representation will be obtained by applying the theory of
g-expectations.

t
s (Q)=Eg [/ S, qu)du

2 Notation and preliminaries

Let (B;);>0 be a standard d-dimensional Brownian motion defined on a probability
space (§2, F, P), and let {F;};>¢ the augmented filtration generated by (B;);>0.

@ Springer



Penalty term representation 451

In the sequel, we identify a probability measure Q < P with its Radon—Nikodym
.. dQ . . . .
density TP Furthermore, because of the choice of the Brownian setting, we also iden-
tify a probability measure Q equivalent to P with the predictable process (g;):c[0,7]
induced by the stochastic exponential, i.e., such that

dQ 1 t ) t
Ep|——|Fi | =E(q.B); :=exp ——/ llgs | ds+/ qs d By
dP 2 Jo 0

(see Proposition VIII.1.6 of Revuz and Yor [36]).
Consider now a function

g:R+x.{2xRde—>R,
tw,y, )~ glt,w,y,2)

satisfying at least the following assumptions (as in Coquet et al. [15], but without
imposing a priori a time horizon 7T'). To simplify the notation, we often write g (¢, v, z)
instead of g(¢, w, y, z).
Basic assumptions on g:
(A) g is Lipschitz in (y, z), i.e., there exists a constant u > O such that we have,
(dt x d P)-a.s., for any (y0, z0), (y1,21) € R x RY,
|8, y0,20) — g(t. y1.21)| < m(Iyo — y1l + llzo — z111).

(B) Forall (y,z) e R x R4, g(-, v, 2) is a predictable process such that for any finite

T > 0, we have E[fOT(g(t, w,y,2))?dt] < 4oo forany y e R and z € R?.
(C) (dt x dP)-as.,Vy€eR, g(t,y,0)=0.

Once the time horizon T > 0 is fixed, Pardoux and Peng [33] introduced the back-
ward stochastic differential equation (BSDE, for short)

—dY, =g(t, Yy, Z;)dt — Z; d B,
Yr=§,
where £ is a random variable in LZ(.Q, Fr, P). Moreover, they showed (see also

El Karoui et al. [22]) that there exists a unique solution (Y;, Z;)¢[0,7] consisting of
predictable stochastic processes (the former R-valued, the latter R?-valued) such that

Elf) Y?d1] < 400 and E[f |Z,]? dt] < +o0.
Peng [34] defined the g-expectation of £ as

E(8) =Y
and the conditional g-expectation of £ at time ¢ as
gg(§|~7:t) =Y.

When g(t, y, z) = pllz| (with u > 0), £, will be denoted by .
In the sequel, we shall only consider essentially bounded random variables &, i.e.,
& e L>®(2,Fr, P).
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Further assumptions on g:

(1g) g does not depend on y.
(24) gisconvexinz:Va €[0,1],Vzp,21 € R4, (dt x dP)-as.,
glt,azo+ (1 —a)z1) <agt,zo) + (1 —a)g(t, z1).

In the sequel, we shall write “g with the usual assumptions” when g satisfies
hypotheses (A)—(C) and (1)—(2¢).

Some sufficient conditions for a functional to be induced by a g-expectation have
been provided by Coquet et al. [15]. Before recalling this result, we introduce what
is needed.

Definition 2.1 (Coquet et al. [15]) A functional & : L*(Fr) — R is called an
JF-consistent expectation if it satisfies the following properties:

(1) constancy: £(c) = c for any ¢ € R.
(ii) strict monotonicity: if & > n, then £(§) > £(n). Moreover, if £ > n, then £ =7
if and only if £(&§) = E(n).
(iii) consistency: for any & € L?(Fr) and t € [0, T], there exists a random variable
E(&|F;) € L*(F;) such that for any A € F;, it holds

E(E1a) = E(EEIFD1a).

Again in the terminology of [15], £ is said to satisfy translation invariance (or to
be monetary) if for any t € [0, T],

EE+nlF)=EEIF) +n, YEeL*(Fr),ne LAX(F),
while it is said to be £#-dominated (for some © > 0) if
EE+n) —EE)<E*m), VEneL*(Fr).

Theorem 2.2 (Coquet et al. [15], Theorem 7.1) Let £ be an F-consistent expectation.
If € satisfies translation invariance and if it is dominated by some E* with . > 0, then
it is induced by a conditional g-expectation, that is, there exists a function g satisfying
(A)—~(C) and (1) such that for any t € [0, T],

EEIF) =Eg(EIF),  VE € LX(Fr).

Some relevant extensions of such a result can be found in Peng [35] and in
Hu et al. [28], while some applications to risk measures can be found in Rosazza
Gianin [39]. The last author, in particular, showed that g-expectations (respectively,
conditional g-expectations) provide static (respectively, dynamic) risk measures.
More precisely, the following result holds true. For definitions, representations, and
details on (static) risk measures, interested readers can see Artzner et al. [2], Delbaen
[16, 17], Follmer and Schied [24, 25], and Frittelli and Rosazza Gianin [26], among
many others.
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Proposition 2.3 (Rosazza Gianin [39], Proposition 11) If g satisfies the usual as-
sumptions (including convexity in z), then the risk measure p, defined as

pg(X) == Eg(—=X)

is a convex risk measure satisfying monotonicity, constancy, and translation invari-
ance.
Moreover, if g also satisfies positive homogeneity in z, then pg is coherent.

In view of the result above, some sufficient conditions for a risk measure to be
induced by a g-expectation have been found in [39] as an application of Theorem 2.2.

Note that, at least in the sublinear case and under some suitable assumptions, one
can prove a one-to-one correspondence between the functional g and the m-stable set
of generalized scenarios S of a suitable risk measure. Hence, one may find (as an ap-
plication of the results of Delbaen [18] on m-stable sets) a one-to-one correspondence
between time-consistent coherent risk measures and conditional g-expectations. See
also Chen and Epstein [9].

In the sequel, we prefer to work with concave utilities instead of convex risk mea-
sures. Note that, given a risk measure p, the associated monetary utility functional
(or, shortly, utility) is defined as u := —p.

3 Representation of the penalty term of dynamic concave utilities

In the sequel, we still work in a Brownian setting, and hence Fy is trivial. Let T be a
fixed finite time horizon. Given two stopping times ¢ and t suchthat0 <o <t <T,
consider a concave monetary utility functional us  : L°(F;) = L®(Fy), ie., a
functional satisfying

(a) monotonicity: if &, n € L®(F;) and § < n, then us  (§) < s ().

(b) translation invariance: uq (6 + 1) = Uy (§) + n for any & € L°(F;) and
neL>(Fs).

(c) concavity: ug (@€ + (1 —a)n) > aug () + (1 — ®)ug - (n) for any o € [0, 1]
and &, n € L®°(Fy).

(d) 1o, (0) =0.

The family (#4,7)o<o<r<7 i called a dynamic concave utility. In particular, we
have ug 7 : L°(Fr) — R. The acceptance set A, ; induced by u, . is defined as
Asr :={§ € L®(F;) : us - (§) > 0}. To simplify the notation, we often write u; in-
stead of u; .

On (4,1 )0<o<r<7 We impose the following:

Assumption (€): (Uq,r)0<s<r<T 1S continuous from above (or satisfies the Fatou
property), i.e., for any decreasing sequence (&, ),en in L (F7) such that lim, &, = &,
it holds true that lim, us, ¢ (§,) = uqs, (§).

Assumption (f):  (uq,z)o,r 1 time-consistent, i.e., for all stopping times o, 7, v with
O<o<t<v<T,

ug (€)= uo,r(ur,u(é’_))ﬁ V& € L™ (Fy).
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454 F. Delbaen et al.

Assumption (g):  (Ug, 1)o7 Satisfies
Ut (Ela +nlac) =t (E)1a+us(Mlac, VE neLl™(F),VAeF,. (3.1

Assumption (h): c¢;(P) := ess.supéeLw(]:T){Ep[—é|.7-",] + u;(§)} = 0 for any
tel0,T].

It is straightforward to check that the last condition is equivalent to Ep[&|F;] >0
for any & € A; 7. Furthermore, co(P) = 0 can be replaced by the hypothesis that
there is a probability measure Q equivalent to P satisfying co(Q) = 0.

Note that up to a sign, dynamic concave utilities satisfying the assumptions above
correspond to normalized time-consistent dynamic risk measures (0y,1)0<o<r<T
studied, for instance, in Bion-Nadal [7] in a general setting. More precisely, it holds
Ug,t = —Po,7-

By Bion-Nadal [7] and Detlefsen and Scandolo [20], it is known that under the
assumptions above and in the setting of a general filtration,

U1 (§) = 0 Egl&|Fs]+¢5,(Q)]

ess.inf {
~P,Q=P on F;

= Zses%?tf{EQ[éIﬂ] +e50(Q)} (3.2)

forany 0 <s <t < T, where

5,1 (Q) = ess.sup {Eg[—&|Fs]+us(§)}
EeL>(F,)

is the minimal penalty term associated to u, ;, and
Pi={Qon(2,F): 0~ P,Q=PonF}
In particular,

ur(§) = Q~P?5s;i1?£)n]-}{EQ[é|fl] +ar(Q)},

140(5)=QiEfP{EQ[%']‘f‘CO,T(Q)},

where ¢;(Q) 1= ¢; 7(Q) = ess.supgc 4, Eg[—§|F:] > 0, and A, = A, 7 denotes the
acceptance set induced by u; = u, 7. Note that

cor(Q)= sup {Eg[—&]+uor)},
EeL>(Fr)

hence co, 1 is lower semi-continuous and is the Fenchel-Legendre transform of ug, 7.

Furthermore, Bion-Nadal (see Theorem 3 in [7]) proved that (o 7):c[0,7] (and
hence (u:,1)re[0,71) admits a cadlag modification. We shall prove in the Appendix
that the same is true for (c;,1)s¢[0,7]-

Note that in [7] and [20] the representation (3.2) was shown with Q < P instead of
Q ~ P. However, assumption (h) guarantees that the representation (3.2) also holds
true (for a proof, see Kloppel and Schweizer [30] and, in discrete time, Cheridito
et al. [13] and Follmer and Penner [23]).
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Remark 3.1 Itis evident thatif (u;);>¢ is time-consistent if u,(0) = 0 and if it satisfies
condition (3.1), then

uo(E14) = uo(us (§14)) = uo(us(§)14)

forany r € [0,T], & € L°°(Fr), and A € F;. It is therefore clear that if (15 ;)0 7 is
time-consistent, then everything is defined by ug. The relevance of time-consistency
of the dynamic concave utility is also underlined by the following results. On one
hand, as shown by Delbaen [18] and Cheridito et al. [13], time-consistency is equiv-
alent to the decomposition property of acceptable sets, that is,

-Aa,u = Ao,r + Ar,v

for all stopping times o, 7, v such that 0 <o <t < v < T. On the other hand, both
the properties above are equivalent to the cocycle property of the minimal penalty
term c, that is,

Cov(Q) =co,(Q) + EQ[CLU(Q)U:U]

for all stopping times o, 7, v such that 0 <o <t <v < T (see Bion-Nadal [7] for
the definition and the proof).

In the sequel, we use the terminology of Rockafellar [37, 38] on convex functions.
Our aim is now to prove the following result.

Theorem 3.2 Let (uy,1)o<o<r<T be a dynamic concave utility satisfying assump-
tions (a)—(h).

(i) For all stopping times o, t such that 0 < o <1t < T and for any probability
measure Q equivalent to P,

for some suitable function f :[0,T] x £2 x RY — [0, +00] such that f(t, w, -)
is proper, convex, and lower semi-continuous.
(ii) For all stopping times o, T such that 0 <o <1 < T and § € L*°(Fr), the dy-
namic concave utility in (3.2) can be represented as
]-"(,].

Remark 3.3 For dynamic concave utilities satisfying assumptions (e), (g), (h), it fol-
lows from Theorem 1 of Bion-Nadal [7] that Theorem 3.2(i) is equivalent to time-
consistency (assumption (f)) of (us,r)o<o<r<T-

cO','[(Q) = EQ |:/ f(u» CIu)dM

ua,r(§)=er€sj;£fEQ[€+L S(u,qu)du

Remark 3.4 In an incomplete market, the lower price infpe Aq Eg[£] (Where M de-
notes the set of all risk-neutral probability measures) defines a utility satisfying all
our properties, but it is not given by a g-expectation. See Delbaen [18] for details
about how to get f.
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456 F. Delbaen et al.

The proof of Theorem 3.2 will be decomposed into several steps as outlined below.
Set

uy,(§) = QS%S,iliqn\IfSn{EQ[E |F1+ e (D)} (3.3)

Note that by definition of #" and by assumption (h), for any & € L°°(Fr), it holds
up (§) = Epl§| 7] and uf () < Epl[£|F7].

Remark 3.5 The reason why the truncated utility ™ has been defined as above is due
to the fact that the set {Q ~ P : ||q|| < n} is weakly compact. This property will be
useful in the proof of Proposition 3.6.

Proposition 3.6 Suppose that the dynamic concave utility (Us )o<o<r<T Satisfies
assumptions (a)—(h). Then:

(1) u” is a dynamic concave utility satisfying assumptions (e)—(g). Moreover, the
acceptance sets induced by u" satisfy the decomposition property and

st (Q) i ligll <n,

+00 otherwise

i (Q) =i

satisfies the cocycle property and c{ ,(P) = 0.
(ii) u" is induced by a conditional g,-expectation, i.e.,

) (§) = =&, (—§1F1)

for some convex function g, satisfying the usual assumptions and such that
gn (-, -, 2) is predictable for any z € RY. In other words, u™ satisfies the BSDE

{du;’(g) =g,(t,Z")dt — Z"dB;, G

ur(§) =§.

(iii) For any probability measure Q ~ P such that |q| < n, it holds for any
0<s<t<T that

t
ca',,<Q>=EQ[ [ fn<u,qu>du}

Al

where f, 1 [0,T] x £ x RY — [0, +00] is induced (by duality) by g, and
fn(t, w, ) is proper, convex, and lower semi-continuous.

(iv) The sequence of convex functions g, is increasing in n.

(v) The sequence of f, is decreasing in n and, for any n > 0, f,(t, w, q) = 400 for
llg|| > n. Furthermore, once (t, w) is fixed, for any q, either there exists n > 0
such that

t
C?J(Q) = EQ |:/ Su(u, qu) du

falt,0,q9) = fu(t,0,q9) = f(t,w,q) <+00, m=>n,
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orforalln >0,

fut, w,q) =+0c0= f(t,0,q)

for some function f :[0,T] x £ x R? — [0, +00]. Hence the function f
is given by f(t,w,x)=inf, f,(t,w,x), and f(t,w,-) is proper, convex, and
lower semi-continuous.

Remark 3.7 Notice that ¢” is indeed the minimal penalty term associated to u” since
it is lower semi-continuous, convex, and such that infg ¢" (Q) = 0.

Proof of Proposition 3.6 (i) From the representation (3.3) it follows that u" is a

dynamic concave utility which is continuous from above (see Detlefsen and Scan-

dolo [20] and Kloppel and Schweizer [30]). Still from (3.3) one deduces that

Uy (E1a) =uy ()14 forany & € L(Fr),0<o0 <7 <T, and A € F,. Hence,

by Proposition 2.9 of Detlefsen and Scandolo [20], also assumption (g) is satisfied.
The cocycle property of ¢” is guaranteed by

e, (Q) if flqll <mn,
400 otherwise.

C:-l, t(Q) =
Since for the probability measure P it holds ¢” =0, ¢y (P) =cs(P)=0. The
time-consistency of u” follows from the stability of the set {Q ~ P : ||¢|| < n} (in the
sense of [6] and [18]), from the properties satisfied by ¢, and from Theorem 4.4 of
Bion-Nadal [6]. The decomposition property of acceptance sets is due to Theorem 4.6
of Cheridito et al. [13] and, later, to Theorem 1 of Bion-Nadal [7].

(if) Set 7€) := —u (—€) = ess.supg—p g <n{EQ[€|F] — ¢, (Q)}. From (i),
(7w} Jo<o<v<T 1S time-consistent. Furthermore, it is easy to check that it satisfies
monotonicity, translation invariance, and constancy (this last follows from the as-
sumption ¢;(P) = 0). Moreover, 77y satisfies strict monotonicity. This property fol-
lows from the weak compactness of the set {Q ~ P : |g|| < n} (see Remark 3.5).
In order to verify strict monotonicity, consider 1 > & such that P(n > &) > 0. Since
75 (§) = Egl&] — co(Q) for some Q ~ P such that [lg|| < n, we have

7y () = Eglnl — co(Q) > Eglé] — co(Q) = mj (§).

Finally, we show that né’ is dominated by some £#. For any &, n € L*(Fr),

(€ +n) — 7 (&)
= sup {EglE+n—co(@}— sup {Eg[E]—co(Q)}

O:llgli=n O:llgli<n

< sup Egnl=&"(n).
0:llgli<n

The last equality follows from Lemma 3 of Chen and Peng [10] (R case), which may
be extended to RY. By the arguments above and Remark 3.1, (7t]")i=0 satisfies the
hypothesis of Theorem 2.2. Hence there exists a functional g, : [0, T'] x £2 x RY > R
satisfying assumptions (A)—(C) and (1) and such that 7/ (§) = &, (§1F7).
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458 F. Delbaen et al.

It can be checked that g,(-, -, z) is predictable for any z € R4 (see also Theo-
rem 3.1 of Peng [35]). Furthermore, since 7;* is a convex functional, by Theorem 3.2
of Jiang [29] it follows that g, (¢, w, -) has to be convex. Hence,

uy (§) = =&, (—§1F),
ug(§) = =&, (=§)

for some function g, satisfying the usual assumptions. It is therefore immediate to
check that u” satisfies the BSDE in (3.4). Moreover, for almost all (¢, w), it holds that
the set {z € R? : g,(f, w, z) < «} is closed for any o € R. The closedness of such a
set (or, equivalently, the lower semi-continuity of g, (¢, w, -)) is due to the fact that
gn 1s Lipschitz with constant n (see the arguments above and Theorem 2.2). Hence
gn(t, w, ) is convex, proper, and lower semi-continuous.

(iii) Set now

fn(tvqu) = Sup{CI'Z_gn(t»wsZ)}~ (35)
zeR4
Note that f, (¢, w, g) > 0 (take, for instance, z = 0 in the definition of f,) and, be-
cause of the assumption co(P) =0, f,(¢,0) = 0. Since g, (¢, w, z) is predictable
by (ii),

fn(tﬂqu) = Sup {q 'Z_gl’l(t’wﬂz)} = Sup {q 'Z_gn(tﬂa)ﬂz)}

zeRd zeQ?

is predictable for any ¢ € R? as supremum of countably many predictable elements.
Note that ||g|| > n implies f,(t,®,q) = +oo by (3.5). Since g,(t,w,-) is con-
vex, proper, and lower semi-continuous and f; (¢, w, -) is the convex conjugate of
gn(t,w,-),1e., fu(q) =gi(g),also f, is convex, proper, and lower semi-continuous;
see Rockafellar [37].

As a consequence of the dual representation of a g-expectation in Theorem 7.4 of
Barrieu and El Karoui [5], we get

T
CS’T(Q)ZEQI;/O fn(”v‘]u)du]

for any probability measure Q ~ P such that ||g|| < n. It remains to show that
C?’I(Q) = EQ[f; Ja(u,qy)du|Fs] for any 0 <s <t < T and for any probability
measure Q ~ P such that ||g|| < n. Also this result can be deduced by Theorem 7.4
of Barrieu and El Karoui [5]. Nevertheless, since the proof will be useful later, we
postpone it to Lemma 3.8.

(iv) It is easy to check that the sequences uj and c; are decreasing in n € N.
By applying the converse comparison theorem on BSDEs (see Briand et al. [8]) and
Lemma 2.1 of Jiang [29], we shall show that the sequence of convex functions g,
(which induce ") is increasing in n.

In order to prove the above assertion, we proceed in a similar way as in
Jiang [29]. By the definition of u”, u} ;- (€) > uf %' (€) and u” 1.(§) > u! %! (&) for any
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Penalty term representation 459

& € L®(Fr). By (ii), we deduce therefore that, for any & € L*°(Fr),

&g, (6) =&, (8),
Eg (E1Fy) = &g,y (61 F).

(3.6)

Denote now by 5§” the conditional g-expectation at time s with final time . To apply
Lemma 2.1 of Jiang [29], we need to verify that

ENNE) <ES (6), Vs,1€[0,T]withs <1,Y5 € L®(F). (3.7)

8n+1

Condition (3.7) has already been established for (s,7) = (0, T) and (s,t) = (s, T).

Consider now the case (s, ) = (0,1). Since &' (n) = Eg,’T(n) for any n € L*®(F))

(see Peng [34] for details), from (3.6) we deduce that Egl;t &) < Sg);il (&) for any

0<t <T and & € L®(F;). For general (s, t), inequality (3.6) can be checked as

above. Indeed, for any & € L>(F;), we have £5,/(6) = 57 (8) < E5T.(6) = &3, (©).
Set now

1
S(g) = {t €[0,T):g(t,5)=L"- fim, ggé’tﬂ(Z(Bm - Bz))}'
e—

From Lemma 2.1 of Jiang [29] it follows that
m([0,T)\ S%(g))) =0, V¥zeR,

for i =n,n+ 1, where m denotes the Lebesgue measure on [0, T]. By the arguments
above it follows that, for any z € R,

if1 € 5%(gn) NS*(gn+1) #0, then g,(t,2) < gnt1(t,2) P-as.

and

m ([0, T)\ (S%(gn) NS (gnr1))) = m(([0, T)\ S (gn)) U (10, T) \ S(gns1))) = 0.

Hence, by proceeding as in Jiang [29] it can be checked that, for any z € RY,
gn(t,2) <gni1(t,z) (dt x dP)-as.

The positivity of any g, is due to the fact that u?(é) = Epl§|Fi] = =& (€| F7)
where gg = 0. By the same arguments as above, therefore, g, > go =0.

(v) From (iii) and (iv) it follows that the sequence of f;, is decreasing in n. Con-
sider again the measurable space ([0, T'] x §2, P, m x P), where P denotes the pre-
dictable o -algebra, and m denotes Lebesgue measure on [0, T]. Denote by P the
completion of P. Take N > 0 and, for any ¢ > 0, set

E = EN,S
={(t.0.q) €[0.TI x 2 xR : ||gll <n. fus1(t.0.q) +& < fu(t.w.q) <N},

@ Springer



460 F. Delbaen et al.

and denote by 7 (E) its projection on [0, T] x £2. Note that E € P ® BRY). By
the measurable selection theorem (see Aumann [4] and Aliprantis and Border [1],
Sect. 17.4), m(E) € P, and there exists a P-measurable 7 : 7(E) — R? such that
(t,w,q(t,w)) € E for (m x P)-ae. (t,w) € 7(E).Set now g =0 on w(E)‘. To such
a g, it is therefore possible to associate a g : [0, T'] x §2 — R? which is P-measurable
and equal to g (m x P)-almost everywhere.

Let Q be the probability measure associated to g as above. By definition, ||g| < n.
Hence, CS’T(Q) = cS}l(Q) = co,7(Q) < +00. Furthermore, by the definition of E it
follows that

r 0T
cs,T(Q>=EQ/O fn(u,qu)du}
0 )
:EQ/O fiz(uaCIM)ln(E)dMi|+EQ|:/0 fn(u,qu)ln(E)cdu]

r T
=EQ /0 fn(usQLt)ln(E)dui|

T
> Eg /0 [fn+l(”aCIu)+8]1n(E)dui|

r pT
=Eg /0 o1, @)1z () du] +e(m x Q)(n(E))
=i (Q) +e0m x Q)(w(E)).

If (m x Q)(w(E)) > 0, then c(')'";l (Q)+e < CS,T(Q) < 400, which is a contradiction.
Hence, (m x Q)(w(E)) =0, i.e.,

(m X Q)({(t,(,l))N 2 fn(tvqut) > fn+l(t’w’%)+5}) :0

By letting N tend to +oo, from the arguments above and since Q ~ P, it follows
that if f, < 400 on {x : |x|| <n}, then f, = fu+1 (m x dP)-a.s., and hence
fn = fur1 = f (m x dP)-a.s. for some functional f. In other words,

falt,w,x)= fpp1(t,0,x) = f(t,w,x) (m xdP)-as. for || x| <n.

Furthermore, we may conclude that, once (¢, w) is fixed, for any g, either (1) there
exists n > 0 such that f,(f, w, qg) < +oo (hence f,(t,w,q) = f(t,w,q) < +oo for
anym >nand m > ||q||) or (2) foralln > 0, it holds f, (¢, w,q) =400 = f(t,w, q).
Hence,

ft,w,x)= ing fu(t,w, Xx).

By the properties of the sequence f;,, it follows that f(-,-,0) =0.

It remains to prove that f(¢,w,-) is proper, convex, and lower semi-continuous. The
properness of f(t,w, ') is trivial. As f(f, w, x) =lim, f,(t, 0, x) = inf, f,(, v, x)
for almost all (¢, w) and any f; is predictable and convex in x, it is easy to check
that f also is predictable and convex in x. Furthermore, for almost all (¢, ®), the set
{geR?: f(t,w,q) <a} is closed for any « € R. Indeed, take a sequence {qk}kzo
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such that g¥ — ¢ and f (¢, w,¢*) < . There exists N € N such that ||g*|| < N
for all k. Hence f(t,w,q") = fy(t, w,q*) < a. Since fy(t,w,-) is lower semi-
continuous,

ft.o.q)=fn(t w,q) <limfn (1. 0.q") <a.

Hence f (¢, w, -) also is lower semi-continuous. O

Lemma 3.8 If CS’T(Q) = EQ[fOT fn(u, q) dul holds for any probability measure

Q ~ P suchthat ||q|| <n, then c§ ,(Q) = EQ[f; fo(u, qu) du|Fs] also holds for any
0 <s <t <T and for any probability measure Q ~ P such that ||q| < n.

Proof Let Q be a probability measure equivalent to P and such that ||g|| < n. Con-

sider the case where s = 0 and take the probability measure Q corresponding to g
given by

 (qu if0O<u<t,
W=Vo ifr<u<r,

obtained by pasting Q and P. It is clear that ||g|| < n. From the cocycle property of
c" established in Proposition 3.6(i) it follows that

co.7(0) =¢(,(Q) + Eglef 1(Q)] = § ,(0) + Eg[e] 1 (P)] = ¢ ,(Q).

From the arguments above it follows that
. . T
ch (Q) =ch (Q)=ch1(0) = Eg[/o fn(uﬁu)du]

! t
ZEE[/ fn(uﬁu)du} ZEQ[f fn(u,qu)du]
0 0

We now come back to the general case. Consider the probability measure Q*
obtained by pasting Q and P via

«_ |0 if0<u<s,
=) gula+0la ifs<u<T,

with A € F§. On the one hand, we deduce that ¢;; ((Q*) = ¢; ((P) = 0, while for any
s<t<T,

t
CSZ(Q*) = EQ* |:/0 fu(u, q;)du]

t
=EQ*|:1A/ fn(”sQu)dui|

t
=FEp |:EQ|:1A/ Sn(u, qu)du

gl
|

t
_ Ep|:1AEQ|:/ fultt, gu) du
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On the other hand, from the cocycle property, Eg+[cf ,(Q*)] = cg’ [(0%) — CS,S (0",
and hence

€§,(0%) =cf (0"~} ,(0") = Eg:[el,,(0")]

Since the set A is arbitrary, we deduce that for any A € Fj,

t
Ep |:1AEQ |:/ Jn(u, qu)du -7:31|:| = EP[IAEQ[C?,;(Q)LFS]],

and hence

t
ch (Q) = Eg|c] (QNF]=Ep [/ Jn(u, qu) du

Al .

Lemma 3.9 For any probability measure Q equivalent to P, it holds true that

T
co,T<Q>sEQ[/O f(u,qu)du},

7
Proof We start by proving the inequality for co 7(Q).
(O If fOT f(u, g,)du is bounded, we consider the probability measure Q" cor-

T
e (0) < EQU £l qu)du
t

responding to ¢" := gqlj4<n. Since fOT f(u,qy)du is bounded, from Proposi-
tion 3.6(iii) it follows that

T
lim Co’T(Qn) = li,?lEQ" |:/() fn(uvqg) dui|

n——+00

T
zlinIIlEQ"|:/ f(u,qu)lmlsnd”}
0

dor (T
zliPEQ[dQQ/O f(u,qu)lmls”du}

T
= EQ|:/ f(u,q,,)dui| < +00.
0

Since ‘2—% — % in LY, the lower semi-continuity of co 7 (Q) implies that

T
co.r(Q) < lin}linfco,T(Q") <Eg |:/0 f(u, CIu)dui|~
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Q) If fOT fu,q,)du € L'(Q), we set 0, :=inf{t > 0 : fé f(u,g,)du > n} for
any n € N. Then oy, is a stopping time, and o, 1 T. Denote by Q" the probability

dQ n dQ

measure corresponding to & —¢ (g - B)". 1t is easy to check that TP

%
in L!. Furthermore,

on on T
E gon |:/0 f(u,q,f”)dui|=EQ|:/0 f(u,qu)du]eEQ[/o f(u,qu)du],

where the equality above is due to the fact that ¢ and ¢°” coincide on the stochastic
interval [[0, o, ]]. By applying the arguments above, we obtain

On
cor(Q) < liminfco,T(Q”") <liminf E gon |:/ f(u, q,f")du]
n n 0

T
= EQ[/O f(u,qu)du}

(3) In general, if [, f(u,qu)du ¢ L'(Q), then Eqlf) f(u,qu)dul =
Hence co.7(Q) < Egl [y f (. qu) dul.

The inequality ¢; 7(Q) < Eg[ ftT f(u, qu)du|F;] can be checked by proceeding
as in the proof of Lemma 3.8. g

Lemma 3.10 Let Q be a probability measure equivalent to P with co 7 (Q) < 4o00. If
{tn}n>0 is a sequence of stopping times with P(t, < T) — 0, then co(Q™) 1 co(Q),
where Q™ is defined by ddQ—PTn = Ep[zl—glffn].

Proof On the one hand, by the cocycle property and by the definition of Q™ it fol-
lows that

c0.7(Q) = co,,(Q) + Eg[cr,.7(Q)] = c0,5,(Q) = co, 7 (Q™).

On the other hand, by the lower semi-continuity of ¢o and by =; dQ - Z—g in L', it
holds co,7(Q) < liminf, co,7(Q™). So lim, co,7(Q™) = Co,T(Q) O

Lemma 3.11 Consider a general setting where the filtration satisfies the usual hy-
potheses but is not necessarily a Brownian filtration. Let Q be a probability measure
equivalent to P such that co 1(Q) < +00 and (¢;(Q))iel0,7] is right-continuous.
Then there exists a unique increasing, predictable process (A;):ejo,1) (depending
on Q) such that Ag = 0 and

c(Q)=EglAr — Ai|F], Vte€l0,T], (3.8)
i.e., c(Q) is a Q-potential.
Proof By Theorem VIL.8 of Dellacherie and Meyer [19], (3.8) holds true if

(c:(Q))iefo,1] 1s a positive Q-supermartingale of class (D), i.e., if (¢c5(Q))ses is
uniformly integrable, where S is the family of all stopping times smaller than or
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equal to 7. The process (c;(Q)):efo0,7] 1s clearly adapted and positive and, by hy-
pothesis and the cocycle property, ¢;(Q) € L'(Q) for any ¢ € [0, T]. By the cocycle
property we deduce that forany 0 <s <¢ <T,

Egler7(Q)|Fs] =5, 7(Q) — ¢5,0(Q) < ¢5,7(Q),

i.e., (¢;(Q))iefo,77 is a Q-supermartingale. Furthermore, c¢7(Q) = 0. It remains to
show that (¢;(Q)):eo,7] s of class (D). This proof is postponed to the Appendix. [

Remark 3.12 Since in our setting (c;(Q)):<[0,7] is cadlag (see the Appendix for the
proof), as a particular case of the previous lemma, it follows that (3.8) holds for a
cadlag (As)refo,7]-

Note that (3.8) implies that ¢; ,(Q) = Eg[A, — As|F;] for0 <t <u <T. Fur-
thermore, the assumption ¢;(P) = 0 implies that for Q = P, we have A = AP =o0.

Lemma 3.13 Let o, T be two stopping times such that 0 <o <t <T, and Q', Q>
two probability measures equivalent to P. Denote by A', A% the corresponding in-
creasing processes as in (3.8). Let Q be the probability measure induced by

_ 4" onH'=10,01U]r, T
=) a* onH2=10.71,

and denote by A the corresponding process as in (3.8). Then
dA=dA" |y +dA? g2 = 1,1 dA" + 1,2 d A%

Proof Fix t € [0, T]. For t > 7, we have ¢,(Q) = ¢;(Q") = Egi[A} — A!|F;]. For
o <t < t, we deduce from the cocycle property that

¢1(Q) = ¢1,:(Q) + Eg[ce,7(Q)| 7]
= Eg[A? — A}| ]+ Ege[Egi[A} — A;| ]| 7]

= Eg[A] — A} + Ay — A | 7]

=EQ[/ (1H1dA1+1szA2)‘]-}]
(@.T]
For t < o, we deduce from the cocycle property and the case above that

¢1(Q) = 1.0 (Q) + Egco,7(Q)| 7]

% |

7

o,
=EQ[/ (lHldA1+1szA2)’]-",].
(.T]
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Since A; := f(o 1 (g dA' + Ly dA?) is cadlag, predictable, and increasing, we see
that (A;)¢[0,7] 1 the process associated to Q in the sense of (3.8). O

Corollary 3.14 Let o1,02,...,04,71,72,..., Ty be stopping times such that
O<o<n<mm<n<---<0,<1t, <T, and let Q be a probability measure
equivalent to P and whose corresponding increasing process is denoted by A. Set

H :=1Jo, iU loz, U ---U Jloy, 1.1 (3.9

Let Q' be the probability measure induced by ¢ = qly and denote by A" the
corresponding process as in (3.8). Then

dA" =15 dA.

Proof The proof of this result is a repeated application of Lemma 3.13 (with Q' = P
and Q% = Q). O

Lemma 3.15 Ler Q be a probability measure equivalent to P, and A the associated
increasing process. Then there exists a sequence (t""),cN of stopping times such that

. 10,77 . n vy .
6))] deP — j—% in L', where Q107" denotes the probability measure induced

by q]]O,-m]] n: 6]1]]0,:"]]~
(i) co,7 (QI™1) 1 ¢y 7(Q).

(iii) A¢n is bounded for each n.

Proof For any n € N, set ¢ :=inf{t > 0: A, > n}. Hence " is a predictable stop-
ping time. For any fixed n, take now a sequence (t"""),,cn such that 7% is increas-
ing (in m), ™™ < o” on {¢" > 0}, and " 1 ¢". By the definition of ¢”, from
" < o" it follows that A;».m < n. For any ¢ > 0 small enough, take now n and
consequently m big enough to have ”dQndo,%n - Z—g”l < ¢. For such indices, set
7 .= 7™M Take now t" := maxk<n 7® Tt can be checked that ("),cn is an in-
creasing sequence of stopping times and that A;» < n (since also " < o). Further-
more, since ¢ = T for sufficiently big n and t” 4 T, property (i) follows. Property
(i1) can be checked as usual (see, for instance, the proof of Lemma 3.10). O

Lemma 3.16 Let Q be a probability measure equivalent to P, and A the associated
increasing process. Suppose that A is bounded. Let H be a predictable set. Suppose

that £(q1y - B) is a uniformly integrable martingale. Set % :=E&(qly - B)r and
denote by AY the associated increasing process. Then

dA" <dA,
and hence Ag! <Ar.

Proof First of all, we recall that the sets of the form (3.9) form an algebra .4 and that
the o -algebra P of predictable sets is generated by .4. Consider now any predictable
set H € P satisfying the hypothesis. If H € A, we already know that JA” =15 dA
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from Corollary 3.14. For the general case, consider two stopping times o, T such that
0 <o <t <T and take a sequence (H"),cN C A such that

T
EQ[f |1Hn—1H|dA:|—>O,
0

T
E|:/ |1Hn—11-1|dl‘:|—>0.
0

Denote by Q" the probability measure induced by ¢” = g1y and by A" the asso-
ciated increasing process. Again from Corollary 3.14 it follows that d A" "=1pndA

since H" € A. By (3.10) we have that dgg o7 gt By the lower semi-
continuity of ¢ and by (3.8), we get

(3.10)

dP

Egu[A7 — A |Fo] = o (0")
< liminfc, - (Q"")
n

= liminf E o m [AH" — A"

7.

Because f]]o oy lHndA — f]]a o lHdA, f]]g o LHn dA is uniformly bounded, and
ENyo.rgnunq - B) = E(1yo.cynuq - B) in L', we obtain

EQH”|:/ 1HndA‘fai|_)EQH|:f lHdA
llo, 7]l Jlo, 7]l

From (3.10) and (3.11) it follows that
f,,}

<liminf E yun [AZ" — A2 | ;]

n

Tgi|. (3.11)

Eon[AY — AT Fy = Epn / dAf
L/ o, 7]]

:EQH / 1HdA‘Fg},
llo.z1l

and hf:nce Egn [f]]g’r]] dAH.|]-"G] < EQH[_/‘]]G,_[]] 1H.d.A|}'g]. .The same ineql.lality
holds if we replace Jlo, t]] with any element K € A (it is sufficient to sum over inter-
vals of the same form as in (3.9)), that is,

T T
EQH[/ leAH‘]-}] gEQH[/ 1K1HdA‘]~"g]. (3.12)
0 0

Moreover, by passing to the limit we obtain that inequality (3.12) holds true for
any K € P. So we get dAH < 1y dA as stochastic measures on (0, T'], and hence
Al < Ar. O

@ Springer



Penalty term representation 467

Lemma 3.17 Let Q be a probability measure equivalent to P and suppose that the
corresponding increasing process A is bounded. If H" is predictable, H" 1 10, 11x %,
and Q™" is the probability measure induced by ¢g"" = g1y, then

CO,T(QHn) — co,7(Q).
Proof We already know by Lemma 3.16 that
dAH" <1pndA. (3.13)

H}l
From % — % in L1, inequality (3.13), and the lower semi-continuity of co r we

get

cor(Q) < nnzinfCO,T(QH") = liminf E g [AZ"]

§liminfEQHn |;/ 1yn dA].
" 0,7]

Since f(O,T] 1ynd A is bounded and dgg — 42 iy 1 we have that

dP
co.T(Q) < liminfco,T(QHn) < liminfEQHn [/ 1yn dAi|
n n 0,T]
=EQ|:/ dA:| ZCO,T(Q)7
0,7]
and hence co’T(QHn) — co,7(Q). -

Theorem 3.18 Let Q be a probability measure equivalent to P, and A the associated
increasing process. Then there exists a sequence (Q™),enN of probability measures
with q" bounded such that % — % in L' and co,7(Q") — co.7(Q).

Proof From the arguments above and by stopping arguments, we may suppose that A
is bounded. For any n € N, take H" := 14 <, and as Q" the probability measure in-
duced by g" = g1g». Hence H" is predictable, and H" 1 1(0,71x s, so that it satisfies
the hypothesis of Lemma 3.17. It follows that % — Z—g in L' and by Lemma 3.17
that co,7(Q") — co,r(Q). [

We are now ready to prove the representation of the penalty term c in terms of f
in Theorem 3.2.

Proof of Theorem 3.2 Since (ii) is a straightforward consequence of (i) and of the
representation in (3.2), it remains to show that

T
CO,T(Q):EQ[/O f(l,%)dl}- (3.14)
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By Lemma 3.9, we already know that cp 7 (Q) < EQ[fOT f(u, q,) du] for any proba-
bility measure Q ~ P.
Suppose first that fOT f(t,w,q)dt € L'(Q). For any n € N, define

t
on :=inf{t 20:/ fu,qu) Zn}.
0

Then (o,),>0 is a sequence of stopping times such that ¢,, 1 T'. Take now a sequence
(Q™)men of probability measures as in Theorem 3.18. Then

T
cor(Q) < EQUO f(u,qu)dui|

= liFEQ |:/(;Un Sfu, %t)du]

On
< suplim E gn |:f S, qu) g <m dui|
n m 0
On
< limsup E gn |:/ S, q)yg)<m dui|
m.n 0

T
=lmEgn [/ J @, q)lg)<m dui|
m 0

=limcg'7 (Q™) =limeo,7(Q™) = co.7(Q).

where the last equality is due to Theorem 3.18. Equality (3.14) has therefore been
established for [ f(t,q:)dt € L'(Q).
If fOT f(t,w,q;)dt ¢ L'(Q), Fatou’s lemma gives

T
co,r(Q) < Eg [/0 f(t,qt)dt]

T

< liminf Egn |:f F@& a0 lyg)<m dt]
0

T . m m

—hn}nmfco,T(Q )

= lirrrlninfco,T(Qm) =co,7(Q),

and hence co.7(Q) = EQ[fOT f(t,gs)dt] = +o0. The representation of ¢, ;(Q) (and
hence of ¢, - (Q)) can be deduced as usual. Il

Acknowledgement The authors thank two anonymous referees and the Associate Editor for useful com-
ments that improved this paper.
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Appendix

Let Q be a probability measure equivalent to P and such that cp 7(Q) < +oc. In the
following, we prove that (c¢;,7(Q))sef0,7] is of class (D) and that it admits a cadlag
modification.

The following corollary of Lemma 3.10 will be useful later.

Corollary A.1 sup{Egl[c;,7(Q)] : T stopping time with P(t < T) < %} — 0 as
n— oo.

The next result is a straightforward consequence of the cocycle property of c.
Lemma A.2 Denote by S the family of all stopping times smaller than or equal to T .
The family (co. 7 (Q))ses satisfies the following property: Given any pair of stopping
times o, T suchthat 0 <o <1 <T,we have c;,7(Q) > Eglc, 7(Q)|F5].

Lemma A.3 The family (c5,7(Q))oes is Q-uniformly integrable.

Proof We have to prove that

lim sup/ co.7(0)dQ =0. (A1)
cor(Q)>n

n—>+400 ;g
Consider an arbitrary stopping time o € S and set
) o ifce7(Q)>n,
o = .
T ifcor(Q)<n.

By the cocycle property we get

c0(Q) = co(Q°") + Eglc,m 1(Q)]
> Eglcom 1(0)]

=/ ¢o1(Q)dQ = nP(cor(Q) > n).
co,7(Q)>n

Hence P(co,7(Q) >n) < ‘VOElQ) uniformly in o, so that we get

Ofsup/ Co.7(Q)dQ
Co1(Q)>n

oes
= Sup{EQ[CT,T(Q)] 7 stopping time with P(t < T) < c0(Q) }
n
Since the last term tends to 0 as n — 400 by Corollary A.1, (A.1) follows. O

@ Springer



470 F. Delbaen et al.

Lemma A4 Let ¢ > 0 be such that Eg[—£] > co(Q) — & with & € Ao, 7. Then for
any pair of stopping times o, T such that 0 <o <t < T, it holds that

EQ[CO',‘[(Q)] = EQ[MO’(E) - Mf(f)] +e.

Proof By the translation invariance of (u;7):c0,7] it follows that
ur, (€ —ur,7(£))=0, and hence & —u (&) € A, r. Furthermore, the time-consistency
and translation invariance of u and & € A r imply that u,(§) — us(§) € Ay, 7 and
that us (§) € Ap . The cocycle property or, equivalently, the decomposition property
Aot = Aos + As.r + Ar 7 implies that

c0(Q) = Eg[co.s (@] + Eg[co.c ()] + Eg[er.7(Q)]
> Eg[—us )]+ Eg[us(§) —us(§)] + Eq[u: (§) — ]
> Eg[—£]>co(Q) — ¢,

where the first inequality follows from ¢; 7(Q) = ess.supg 4, , Eo[—§|F:]. By pro-
ceeding as above we get

c0(Q) = Eq[—us(§)] + Eq[uc () — uc(§)] + Eo[u-(§) — &]

>co(Q)—¢
> Eg[—uo(®)]+ Eg[co,: (Q)] + Eo[u:(§) —&] — ¢,
and hence Eg[co « (Q)] < Egluq (§) — u(§)] + . O

Lemma A.5 Let o € S. If {0, }neN is a sequence of stopping times such that o, |, o,
then Eglcs,q5,(Q)] — 0.

Proof Suppose by contradiction that Eg[cs s, (Q)] does not tend to 0 as n — +o00.
Then there exists € > 0 such that Eg[cs,0,(Q)] > ¢ > 0 for any n € N. Take now
& € Ao, such that Eg[—&] > co(Q) — 5. Hence, by Lemma A 4,

e &
EQ[”O’(E) —Ug, (5)] > EQ[CO',O',l(Q)] - E > 5

for any n € N. This leads to a contradiction since (u;,1)sc[0,7] admits a cadlag version
with us, (§) = us(£) in L'(0Q); see Lemma 4 of Bion-Nadal [7]. O

By the cocycle property it is easy to deduce the following result from the one
above.

Corollary A.6 Let o € S. If {0,}neN is a sequence of stopping times such that
on | 0, then Eglc, 7(Q)] > Eglco,7(Q)].

Lemma A.7 (¢;,7(Q))icio,r) admits a cadlag modification. Furthermore, if
(€1)tefo,1) denotes this modification, for any stopping time o € S, it holds
co.7(Q) =C¢s as.
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We remark that this ends the proof of the statement in the beginning of the Appen-
dix.

Proof of Lemma A.7 We already know that (¢; 7(Q)):c[0,7] 1S a positive Q-super-
martingale (see the proof of Lemma 3.11) and that for any sequence {#,},en in [0, T']
and such that #, | ¢, it holds Eg[c, 7(Q)] — Eglc,7(Q)] by Corollary A.6. By
Theorem VII.4 of Dellacherie and Meyer [19] it follows that (¢;,7(Q))+e[0, 7] admits
a cadlag modification. This implies that for any stopping time o € S taking rational
values, it holds ¢, = ¢, 7(Q) a.s. For a general stopping time o € §, there exists a
sequence {0y, },<N of finite stopping times taking rational values and such that o, | o.
Hence,

lim ¢y, 7(Q)= lim ¢, =¢, as., (A.2)
n—-+00 n——+00

where the last equality follows from the fact that (c;);c[o,7] is cadlag.

It remains to prove that ¢, 7(Q) = lim,— 0 ¢, 7(Q). This proof is quite stan-
dard, and we only include it for completeness. By the cocycle property it follows
that (cs,, 7(Q), Fs,)neN is a positive reverse Q-supermartingale (see Neveu [32]).
By Proposition V-3-11 of Neveu [32], ¢, 7(Q) converges as n — 400 to a pos-
itive F,-measurable random variable 7, and Eg[cs, 7(Q)|Fs] — n as. Since
Eglcs, 7(Q)NFs] < co,7(Q), we get 1 < ¢, 7(Q). Furthermore, by the Q-uniform
integrability of (cs,,7(Q))neN (see Lemma A.3) we get

Egleor(Q)] = lirflnEQ[Cdn,T(Q)] = Eg[n],

where the first equality is due to Corollary A.6. By the arguments above it follows
that n = ¢4, (Q) a.s., hence the assertion. O
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